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Factors and Zeros of Polynomials: 


\ 
Given the polynomial p(x) = a,x" + a,_,x""1}+ +--+ a,x + ao. If p(b) = 0, then d is a zero of the polynomial and a 
root of the equation p(x) = 0. Puthennore, (x — b)isa Psu of the polynomial. ‘ \ 


Fundamental Theorem of Algebra: 


An nth degree polynomial has n (not necessarily distinct) zeros. 

















Quadratic Formula: langle 
If p(x) = he + bx + c,.a #0 and b? — 4ac = 0, then If p(x) = x? + 3x — 1, then p(x) = 0 if 
the real zeros of p are x = (—b+ Jb? = 4ac)/2a. on ro + /13- \ 
erie ls 2 

Special Factors: Examples \, ° 
x?\— a? = (x — a)\(x + a) ; Ag Tee Ae Ap yee 8) 
xP a? = tele a) x dit a x3 — 8 = (x — 2)(x2 + 2x + 4) / 
x3 + a¥= (x +.a)(x? — ax + a2) uaa eal 3/4x +. 3/16) 
x4 — at = (x — a(x + a(x? + a?) x4—4=(x— V2)(x + V2)(x? + 2) 
xt at = (x2 + V2ax + a?)(x2 — V2ax + a?) \ xt +4 = (x2 + 2x + 2)(x? — 2x + 2) 
x" — a" = (x — a(x?! + ae? +--+ +.a"-}), fornodd x>— 1 = (x — 144+ x3 4+ x2? + x41) , 
Re) a? = aye Wax" 7 ta es bts) for odd as (x + 1)(x® Tee Oe ae 
xe a Se" = a(x?) + a”) —1= (3 = 13 + 1) 
Binomial Theorem: Examples 
(x +-a)? = x? +: 2ax + a? . elk dr wha heels 
(x — a)? = x2 =.2ax + a? ~ (x2 5)? = x4 — 10x? + 25 : 
(x + a)? = x3 + 3ak? + 3a2x + 3 e (x + 2)3 = x3 + 6x? + 12x + 8 
(x — a)? = x3 — 3ax? + 3a2x — a3) \ , ~ (x — 18 = x3 — 3x2 + 3x-1 
(x + a)* = x* + 4ax> + 6a2x? + 4a> + at (x + </2) = x44 4./2x3 + 12x? + 8/2x +4 
(x — a)* = x* — 4ax? + 6a?x? — 4a3x + a4 (x = 46, ='x* > 16x? + 96x? — 256x $256. 
(x + at =x" + nax?=! + AAD grgn-2 es tna" lx + an (x + 1)5 = x5 + 5x4 + 10x3 + 10x? + 5x $1 
(oe ay) St nas 3 + nD gear? —+-+:tna"xza" (x — 1)§ =x — 6x5 + 15x* — 20x3 +°15x?2 — 6x +1 
Rational Zero Test: : Example. 
If p(x) = a,x" + ay_ yx"! +--+ ++ a,x + ag has integer If p(x) "= 2x" = 9x? 5x2 Tx + 3, then the only “ 
coefficients, then every rational root of p(x) = Ois ofthe — possible rational roots are x = +1, +4, +3, and +3. 
form x = r/s, where ris a factor of a, and s is a factor of ae By testing, we find the two rational roots to be 3 and ae 
Factoring by Grouping: Example 
acx? + adx? + bex + bd = ax?(cx + d) + b(cx + d) 3x3 — 2x? — 6x + 4 = x2(3x — 2) — 2(3x — 2) 

= (ax? + b)\(cx + d) : = (x? — 2)(3x — 2), 


h 


‘Arithmetic Operations: 











| 
} ‘ a 
& ae ad +ibe Qt DMS @ itd (2) ad 
bt+ac=alb+ —4+== =—-+- =e 
ee on APES bod bd EL aeohe . be 
d 
b\ _ ab | —b_b- + 
(2)-2 ao =e = MS “K=b+'c,a#0 
Cc Cc Gd ed Kc a’ 
) 
2 i a _« 
a) ae ay: avs 
, C # “ ~ rs Any 
Exponents and Radicals: ona! ep PERE 
O = ce xry (ey =< \ n/ pm = pm/n—(n Kia 
< 1,a#0 y a 5 Be a a (v/a) 
1 
wed : (a*) = a” Va = a'?) | Jab = Yfar/b 
va 





\@a = arty . “(ab)* = atb* 2a = ai/n ) "/ (2) = 
f A - FF ( ) / r b 2/b 





ar ap Errors to Avoid: 





hie — y j = = = 3) | 
- a a b (To see this error, let a = b = x = 1.) 
wre: + = #xt+a (To see this error, let x = 3 anda = 4.) 
eee 1) ae bx b [Remember to distribute negative signs. The equation should be 
YY, 4 a=—bx = 1) = a7 bx +b] . 


early [To divide fractions, invert and multiply. The equation Should be 


eek) 


NBL (2) a)\b) 
| | = theme 


J x2'+ a? # — Sx? — a? ’ (The negative sign cannot be factored out of the une Toot.) 
aS 
eee #1+ bx (This is one aS many examples of incorrect catcellaton: The bottled should be 
a at bx _ bx bx 
oe a 4 B) 
| a ala 
euiileses eg 2 mg “119 (This error is a more complex version of the. first error.) 
Bite te 
(x2)3 # x5 [This equation should be (x?) = x?x2x? = x] 


Conversion Table: : 
1 centimeter ~ 0.394 inch / 1 joule + 0.738 foot-pound 1 mile ~ 1,609 kilometers 


( 1 meter ~ 39.370 inches 1 gram\~ 0.035 ounce 1 gallon ~ 3.785 liters 
=~ 3.281 feet 1 kilogram ~ 2.205 pounds 1 pound ~ 4.448 newtons 
1 kilometer ~ 0.621 mile 1 inch ~ 2.540 centimeters _. 1 foot-lb ~ 1.356 joules 
1 liter ~ 0.264 gallon 1 foot ~ 30.480 centimeters 1 ourice ~ 28.350 grams 


. [newton ~ 0.225 pound =~ 0.305 meter - | pound ~ 0.454 kilogram 


SOS en, 








There’s more than one way to WwW 
succeed this semester... 
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choose» subyact below: yo, 
may retneve the e-stroctor= 
response trem Your mbox 
Sichin 22 hours? Tell te Hoy, 


©) 
MART HINKING? 


SMARTHINKING's online academic support service is FREE 

©) with your new textbook. It allows access to support from a real 
person or study resources from wherever you are, whenever 
you need help. 


= o Connect immediately to live help 


o Submit a question for a 24-hour response from an e-structor 


© Pre-schedule time with an e-Sstructor 





BzJom tutor Hoo 1524 
Sexson Ect Captre Took Symbola Forts Coon Web 


Hello | am haang trouble with tts Hi there, Bryan, this Is Jon. 
Hi, Jon 


% ‘Online, Writing. Cab E-structors Response - we 












PLUS 
SMARTHINKING™ offers an 
Online Writing Lab so you 
can work on writing 
}assignments with an e- 
structor and other real-time 
tools, like a whiteboard for 
math, that will help you 
work out difficult problems. | 


Submission Information Print - Resubmit Essay 


Wintors Name: Max Case 2 
Institution: 

Course Lovel/Titlo: Eng 301 

Professor's Nama: Or. Mack 
Que Date: 20-SEP-00 


4 Have you gotten started on tits problem yet 
No, 'm totally tost 
‘What hove you beea studying in class recently” 
Wl cove tore trig funchons and mverses 
ae Ok great! What is your favorite tg function? 
gl} I don't know which inverse to use, sin I quess 
Great, that's my fovurite (oo. Sa, based on the trangie that you urew, 






Draft Numbor: 1 
‘Submission Number: Submission 2 
Essay Trtle: Rodnguez 
File & Ei 
Desenption of the Write an analytical assay. 
assignment: 
Help requested: What aro my strengths? Weaknesses? Does this 
hold togothar? 
Aroas of Interost: Content Development 
rammar @ Mechanics 














| Bryan, doyou remember which skie is “oppaske*, wrhich is “adjacent, 
send which ts “hypotenuse” ? rk 
Oh, | should have used sin(B) = t 


Good job. What is your nom step? og =sin\Z) ue thanks for thd 
i Jon 






use of Resources 






C svete teoponce 

E-structor: Jeff 

Download tho o-structor’s markup of your essay 
Markup 40S3_ 499 doc 


= O @=30 
Hi] SMARTHINKING! — excotemt ark, exyant Sure, naa ag 





More good stuff ¢ View your tutoring schedule 
¢ Choose from live help, 24-hour submission f ; 
tumaround, or scheduled appointments ¢ ACCess Content posted by instructors in any 
class 


e View past online sessions, questions, or : ; A, 
essays in an archive On your personal aca ¢ Work on other projects while waiting for help 


demic home page 


Get help in any of the following areas: ¢ Writing 


¢ Mathematics (basic-calculus Il) * Grammar 
¢ Statistics (introductory) ¢ Pre-writing brainstorming 


¢ Accounting (introductory) ¢ Chemistry 


* Economics (introductory macro and micro) ¢ Student Success/College Survival 
¢ Spanish 





Getting Started with your Houghton Mifflin SMARTHINKING Tutoring Account 


Thanks to your professor and Houghton Mifflin, you'll have free unlimited access to online tutoring 
in the subject area of your textbook from SMARTHINKING. Live help is available Sunday to 
Thursday, 9pm to 1am Eastern time; 8pm to midnight Central; and 6pm to 10pm Pacific. 


When you're studying, doing homework or preparing for exams, don’t forget that you've got an 
experienced tutor online ready to help. You can either go live using the virtual whiteboard in the 
evening or submit a question for a response, usually within 24 hrs. 


If you've got a Writing text, you'll also get one submission to our Online Writing Lab (OWL). Select 
"Submit my writing" and follow the directions. Students with College Survival texts get live math and 
writing help, and one submission to the OWL. To get the help you need when you need it, simply: 


STEP 1: CHECK YOUR TECH 

SMARTHINKING has the following minimum requirements: 

Processor: Pentium 100 processor (Or Mac equivalent) 

Browser: For IBM PC Compatibles users - Netscape Navigator or Communicator 4.07 OF better, or 
Internet Explorer 4.01 or better. For Apple Mac OS users - Intemet Explorer required. 

Connection: A 56K modem is recommended, but a 28.8K modem is acceptable. 


STEP 2: CREATE / UPDATE YOUR ACCOUNT 

** TO CREATE A NEW ACCOUNT** 

1. Go to www.smarthinking.com/noughton.html 

2. Enter the username and password found in the envelope in your new textbook. Each one will 
start with an Hou. You may also have a single username Starting with Miff. 

3. Complete the Registration Form, choosing a new Username and Password, and check your 
browser settings as the directions suggest. Remember this combination, because you will use it 
the next time you log in. 

4. The next time you login, please use the personal Username and Password you entered during 
registration, and hit the Login button. This will take you to your personal Academic Home Page. 


**TO UPDATE AN EXISTING ACCOUNT** 

if you currently have a SMARTHINKING account, please complete the following steps: 

1. GO to Www.SMARTHINKING.com and log in to your homepage. 

2. Click On "My Account" 

3. Click on the first Icon on the left side that says "If you received a new username and password 
from your school, please click here to add it to your account." 

4. Enter the new username and password shown above for your school. 


STEP 3: GET HELP 

SMARTHINKING offers many ways for you to get the help you need: 

e Connect With an e-structor Now and interact LIVE with a tutor on our interactive whiteboard. 
Note: The first time you run the whiteboard, you may get a plug-in notice. You must click "Yes" 
when asked if you will accept the plug-in. If you are having trouble loading the whiteboard you 
may need to change a setting on your browser. Please go to: 
http:/Awww.smarthinking.com/static/fix/fix.htm for more information. 

e Submit a Question and a tutor will reply, usually within 24 hours. 

e Search the Schedule and search our database of tutors to find the one who is right for you. 

¢ Submit your Writing to our Online Writing Lab and a writing tutor will give you feedback on your 
essay. Available only for students with College Survival and English textbooks. 
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A Word from the Authors 








Welcome to Precalculus, Fifth Edition. In this revision we focus on student 
success, accessibility, and flexibility. 


Student Success: During the past 30 years of teaching and writing, we have 
learned many things about the teaching and learning of mathematics. We have 
found that students are most successful when they know what they are expected 
to learn and why it is important to learn. With that in mind, we have restructured 
the Fifth Edition to include a thematic study thread in every chapter. 


Each chapter begins with a study guide called How to Study This Chapter, which 
includes a comprehensive overview of the chapter concepts (The Big Picture), a 
list of Important Vocabulary that is integral to learning The Big Picture concepts, 
a list of study resources, and a general study tip. The study guide allows students 
to get organized and prepare for the chapter. 


An old pedagogical recipe goes something like this: “First I’m going to tell you 
what I’m going to teach you, then I will teach it to you, and finally I will go over 
what I taught you.” Following this recipe, we have also included a set of learning 
objectives in every section that outlines what students are expected to learn, 
followed by an interesting real-life application that illustrates why it is important 
to learn the concepts in that section. Finally, the chapter summary (What did you 
learn?), which reinforces the section objectives, and the chapter Review Exercises, 
which are correlated to the chapter summary, provide additional study support at 
the conclusion of each chapter. 


Our new Student Success Organizer supplement takes this study thread one step 
further, providing a content-based study aid. 


Accessibility: Over the years we have taken care to write our texts for the student. 
We have paid careful attention to the presentation, using precise mathematical 
language and clear writing, to create an effective learning tool. We believe that 
every student can learn mathematics and we are committed to providing a text 
that makes the mathematics within it accessible to all students. In the Fifth 
Edition, we have revised and improved many text features designed for this 
purpose. The Technology, Exploration, and Study Tip features have been 
expanded. Chapter Tests, which give students an opportunity for self-assessment, 
now follow every chapter in the Fifth Edition. The exercise sets now include both 
Synthesis exercises, which check students’ conceptual understanding, and Review 
exercises, which reinforce skills learned in previous sections and chapters. 
Also, students have access to several media resources that accompany this text— 
videotapes, Interactive Precalculus CD-ROM, and a Precalculus website—that 
provide additional text-specific support. 


A Word from the Authors > 


Flexibility: From the time we first began writing in the early 1970s, we have 
always viewed part of our authoring role as that of providing instructors with 
flexible teaching programs. The optional features within the text allow instructors 
with different pedagogical approaches to design their courses to meet both their 
instructional needs and the needs of their students. Instructors who stress 
applications and problem solving, or exploration and technology, or more 
traditional methods, will be able to use this text successfully. In addition, we 
provide several print and media resources to support instructors, including a new 
Instructor Success Organizer. 


We hope you enjoy the Fifth Edition. 


a try 


Ron Larson 


Lehr # Gocteths 


Robert P. Hostetler 


>» Acknowledgments ix 


Acknowledgments 





We would like to thank the many people who have helped us at various stages of 
this project to prepare the text and supplements package. Their encouragement, 
criticisms, and suggestions have been invaluable to us. 


Fifth Edition Reviewers 


James Alsobrook, Southern Union State Community College; Sherry Biggers, 
Clemson University; Charles Biles, Humboldt State University; Randall Boan, 
Aims Community College; Jeremy Carr, Pensacola Junior College; D. J. Clark, 
Portland Community College; Donald Clayton, Madisonville Community 
College; Linda Crabtree, Metropolitan Community College; David DeLatte, 
University of North Texas; Gregory Dlabach, Northeastern Oklahoma A & M 
College; Joseph Lloyd Harris, Gulf Coast Community College; Jeff Heiking, St. 
Petersburg Junior College; Celeste Hernandez, Richland College; Heidi Howard, 
Florida Community College at Jacksonville; Wanda Long, St. Charles’ County 
Community College; Wayne F. Mackey, University of Arkansas; Rhonda 
MacLeod, Florida State University; M. Maheswaran, University of 
Wisconsin—Marathon County; Valerie Miller, Georgia State University; Katharine 
Muller, Cisco Junior College; Bonnie Oppenheimer, Mississippi University for 
Women; James Pohl, Florida Atlantic University; Hari Pulapaka, Valdosta State 
University; Michael Russo, Suffolk County Community College; Cynthia Floyd 
Sikes, Georgia Southern University; Susan Schindler, Baruch College-CUNY; 
Stanley Smith, Black Hills State University. In addition, we would like to thank 
all the college algebra instructors who took the time to respond to our survey. 


We would like to extend a special thanks to Hari Pulapaka for his contributions 
to this revision. 


We would like to thank the staff of Larson Texts, Inc. and the staff of Meridian 
Creative Group, who assisted in proofreading the manuscript, preparing and 
proofreading the art package, and typesetting the supplements. 


On a personal level, we are grateful to our wives, Deanna Gilbert Larson and 
Eloise Hostetler, for their love, patience, and support. Also, a special thanks goes 
to R. Scott O’ Neil. 


If you have suggestions for improving this text, please feel free to write to us. 
Over the past two decades we have received many useful comments from both 
instructors and students, and we value these comments very much. 


Ron Larson 
Robert P. Hostetler 


x Features Highlights > 





Features Highlights 





The average cost of a new domestic car increased from 
$18,064 in 1996 to $18,580 in 1997 even though sales 
(demand) and production (supply) of new domestic cars 
declined. (Source: U.S. Bureau of Economic Analysis) 

























& How to Study This Chapter 





The Big Picture 


In this chapter you will learn the 
following skills and concepts. 








» How to sketch the graphs of 
equations 

> How to find and use the slopes of 
lines to write and graph linear 
equations in two variables 


Circle (p. 105) 


(p. 110) 


» How to evaluate functions and Slope (p. 110) 


find their domains 
» How to analyze graphs of 


» How to identify and graph shifts, 
reflections, and nonrigid 
transformations of functions 

» How to find arithmetic combina- 
tions and compositions of functions 


» How to find inverses of functions 


Parallel (p.117) 


Function (p. 125) 
Domain (9. 125) 
Range (p. 125) 


Graph of an equation (p. 100) 
Intercepts (p. 102) 
Symmetry (p. 103) 


Perpendicular (p. 117) 








Important Vocabulary 


As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary, 


Linear equation in two variables 


Slope-intercept form (p. 110) 
Point-slope form (p. | )5) 
functions Two-point form (p. 115) 
General form (p. 116) 


Independent variable (1 26) 








Vertical Line Test (p. 140) 

Zeros of a function (1p. )41) 

Relative minimum (p. 143) 

Relative maximum (p. 143) 

Linear function (p. 144) 

Even function (p. 146) 

Odd function (p. 146) 

Reflection (p. 155) 

Rigid transformation (p, 157) 

Nonrigid transformation {p. 157) 

Arithmetic combination of functions 
(p.163) 

Composition of functions (p. 165) 

Inverse (p. 171) 

Horizontal Line Test (fp. 174) 

Directly proportional (p. 182) 

Constant of variation (p. 182) 








“How to Study This Chapter” 


The new chapter-opening study guide 
includes: 


¢ The Big Picture—an objective-based 
overview of the main concepts of the 
chapter 


¢ Important Vocabulary—mathematical 
terms integral to learning The Big 
Picture concepts 


¢ Study Tools 
e Additional Resources 


e Study Tip 





graphically and algebraically 


» How to write algebraic models for 
direct, inverse, and joint variation 


Dependent variable (p, | 26) 
Function notation (/. |27) 
Implied domain (9.129) 


= z antisite 





Inversely proportional (p. 184) 
Jointly proportional (p. 185) i 
Least squares regression line |p. 186) 


Soe 
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> How to Study This Chapter 





The Big Picture 


In this chapter you will learn the 
following skills and concepts. 


» How to sketch the graphs of 
equations 

» How to find and use the slopes of 
lines to write and graph linear 
equations in two variables 

> How to evaluate functions and 
find their domains 

» How to analyze graphs of 
functions 

> How to identify and graph shifts, 
reflections, and nonrigid 
transformations of functions 

> How to find arithmetic combina- 
tions and compositions of functions 


» How to find inverses of functions 
graphically and algebraically 


» How to write algebraic models for 
direct, inverse, and joint variation 


Study Tools 


+ Learning objectives at the 
beginning of each section 

* Chapter Summary (1p. 193) 

* Review Exercises (pp. 194-197) 

* Chapter Test (p. 199) 


Study Tools 


+ Learning objectives at the 
beginning of each section 

+ Chapter Summary (p. 193) 

= Review Exercises (pp. 194-197) 

+ Chapter Test (p. 199) 


Additional Resources 


+ Study and Solutions Guide 
+ Interactive Precalculus 

+ Videotapes for Chapter 1 

+ Precalculus Website 

+ Student Success Organizer 


e 


Important Vocabulary 







sTuDy TIP 





During class, take notes on defi- 
nitions, examples, concepts, and 
rules—whatever it is you identify 
as important to the instructor, 
! Then, as soon after class as 
possible, review your notes. 






As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Graph of an equation (p. 100) 

Intercepts (p. 102) 

Symmetry (p. 103) 

Circle (p.105) 

Linear equation in two variables 
(p.110) 

Slope (p. 110) 

Slope-intercept form (jp. 110) 

Point-slope form (p. 115) 

Two-point form (p. 115) 

General form (p. 116) 

Parallel (p. 117) 

Perpendicular (jp. 117) 

Function (p. 125) 

Domain (p. 125) 

Range (p. 125) 

Independent variable (p. 126) 

Dependent variable (. 126) 

Function notation (p. 127) 

Implied domain (/. 129) 





Additional Resources 


+ Study and Solutions Guide 
+ Interactive Precalculus 

« Videotapes for Chapter 1 

+ Precalculus Website 

+ Student Success Organizer 


Vertical Line Test (p. 140) 

Zeros of a function (p. 141) 

Relative minimum (p. 143) 

Relative maximum (jp. 143) 

Linear function (p. 144) 

Even function (p. 146) 

Odd function (p. 146) 

Reflection (p. 155) 

Rigid transformation (p. 157) 

Nonrigid transformation (p. 157) 

Arithmetic combination of functions 
(p. 163) 

Composition of functions (p. 165) 

Inverse (p. 171) 

Horizontal Line Test (p.174) 

Directly proportional (pp. 182) 

Constant of variation (jp. 182) 

Inversely proportional (jp. 184) 

Jointly proportional (p. 185) 

Least squares regression line (p. 186) 







STUDY TIP 


During class, take notes on defi- 
nitions, examples, concepts, and 
rules—whatever it is you identify 
as important to the instructor. 
Then, as soon after class as 

i possible, review your notes. 


} 












> Features Highlights xi 


New Section Openers include: 





p> “What you should learn” 


110 Chapter} Functions and Their Graphs 


kag Linear Equations in Two Variables 


Objectives outline the main concepts and help 
keep students focused on The Big Picture. 





®& What you should learn 


Using Slope 


The simplest mathematical model for relating two variables is the linear equation 
in two variables y = mx + b. The equation is called linear bec 


se its graph is a 77) Ora Z 
ee ea ar eae > “Why you should learn it 


+ How to use slope to graph 
linear equations in two 
variables 

+ How to find slopes of lines 








= How to write linear equations see that the line cros: 
















\ ud the y-a: b, as shown in Figure 1,14, In other 
in two variables words, the y-intercept is (0, b). The steepness or slope of the line is m. 

+ How to use slope to identify . . . 
paraleland perpendculer ines yam +b A real-life application or a reference to other 

+ How to use linear equations in “A be 5 h f h 5 ill h 1 
woNaiablestomodel and sicpe binteroopt ranches of mathematics illustrates the relevance 
solverrealnife problems The slope of a nonvertical line is the number of units the line rises (or falls) - 

> Why you should learn it vertically for each unit of horizontal change from left to right, as shown in of the section’s content 


Figure 1.14 
Linear equations in two variables . 


can be used to model and solve 

real-life problems. For instance, i 

Exercise 112 on page 123 shows | 
| 





y=mx+b 












how to use a linear equation to 
_ model the average annual 

salaries of major league baseball 
| players from 1988 to 1998, 


y-intercept 










ee =| | munits, 
m<0 


| Jy-intercept 







| m units, 
(0, by m>0 











| y=mv+b 
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Positive slope, line rises. Negative slope, line falls. 
FIGURE 1.14 


A linear equation that is written in the form y = mx + b is said to be 
written in slope-intercept form, 


The Slope-Intercept Form of the Equation of a Line 
The graph of the equation 
y=mx+b 


is a line whose slope is m and whose y-intercept is (0, b). 


Use a graphing utility to compare the slopes of the lines y = mx where 
m = 0.5, 1, 2, and 4. Which line rises most quickly? Now, let m = —0.5, 
—1, —2, and —4. Which line falls most quickly? Use a square setting to 
© corpittersindlation ofthis concept obtain a true geometric perspective. WwW hat can you conclude about the slope 
appears in the Interactive CD-ROM and and the “rate” at which the line rises or falls? 
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Internet versions of this text 

















& Chapter Summary 193 
Chapter Summary 
a“ 0 is z 
» “What did you learn?” Summary What did you learn? 
Section 1.1 Review Exercises 
; 4 © How to sketch graphs of equations 1-12 
The chapter summary provides a CONCISE, © How to use intercepts and symmetry to sketch graphs of equations 5-12 
section-by-section review of the section © How to find equations and sketch graphs of circles 13-18 
© How to use graphs of equations in real-life problems 19,20 
objectives. These objectives are correlated to Section: 12 
. © How to find slopes and use slope to graph linear equations 21-29 
the chapter Review Exercises © How to write linear equations and identify parallel and perpendicular lines 30-39 
. CO How to use linear equations to model and solve real-life problems 40,41 
Section 1.3 
© How to decide whether relations between two variables are functions 42-45 
0 How to use function notation and evaluate functions 46,47 
© How to find the domains of functions 48-51 
© How to use functions to model and solve real-life problems 52,53 
Section 1.4 
0 How to use the Vertical Line Test and find the zeros of functions 54-61 
1) How to determine intervals on which functions are increasing or decreasing 62-65 
U1 How to identify and graph linear and piecewise-defined functions 66-71 
© How to identify even and odd functions 72-75, 
Section 1.5 
0 How to recognize graphs of common functions 76,77 
© How to use transformations to sketch graphs of functions 78-83 
Section 1.6 
© How to add, subtract, multiply, and divide functions 84,85 
© How to find compositions and combinations of functions 86-89 
Section 1,7 
1 How to find inverse functions informally 90-93 
O How to use graphs of functions to decide whether functions have inverses 94-97 
© How to find inverse functions algebraically 98-103 
Section 1.8 
1 How to use mathematical models to approximate sets of data points 104 
0 How to write mathematical models for direct variation, inverse variation, 105-109 
and joint variation 
© How to use the least squares regression feature of a graphing utility to 110 
find mathematical models 














xi Features Highlights >» 


Revised Exercises and Applications 





pm Exercises 

























































































Section 1.3 ® Functions 135 
ra iste a a ea Sle eg ¢ Each exercise set contains a variety of computa- 
— 3; eS. 4 
f(x) = ox, g(x) = ox, h(x) = c/|x], and r(x) = = 4 4 
53 : Bie ane and the value of the constant c that will make the function tional, conceptual, and applied problems. 
h(x) fit the data in the table. 3 f F 
Wee Gua ¢ Each exercise set is carefully graded in 
In Exercises 43-50, find all real values of x suct a! My ¢ 
reat zi y| =32 [2 [o[ 2 [2 difficulty to allow students to gain confidence 
43. f(x) = 15 — 3x 44. f(x) = Sx +1 74. 
: : ‘fe 4] 1] 9] 1] 4 as they progress. 
48. fo) === 46. fe) = B= bf —| [0 H yP S ; 
48. fQ)=2- B15 og : ¢ Each exercise set now concludes with two new 
> fee —4 | =1 0 1 J - 
¥] =8 | 32 | uncer] 32 | 8 types of exercises: 

In Exercises 51-54, find the value(s) of x for which 76. et 4) = 4 5 
a) wa 7 -| ¢ Synthesis exercises promote further explo- 




























Sin Exercises 77-84, find the difference quotient and 


ration of mathematical concepts, critical 
Dae gar Cene thinking skills, and writing about mathe- 


TH fea dy REET 20 


















In Exercises 55-68, find the domain ofthe function. eee matics. These exercises require students to 
t) = 5x? + 2x — 56. g(x) = 1 — 2x? . f(x) = Sx — x?, AO IDNA) D - $ 
WU a eget ya oO ae ; mee synthesize the main concepts presented in the 
ae £e+o9 fe) 5 . 
Pele ah ea section and chapter. 
62. fl) = Jee se 80. fi) = 2x, LetO=S 49 : S a _ 
eh, ae as ¢ Review exercises reinforce previously learned 
Eh erty 81. eg) =3x-1, Sy 43 ; 
ae skills and concepts. 
ail FO HN 
82. fi) =", ie ie 
83. f(x) = /Sx, ee x#5 
bee ale pio ent ena naw ast 


airs that represents the function f. 
zs 2 85. Geometry Express the area A of a square as a 





2 
69. f(x) = x? 70. f(x) ee function of its perimeter P. 
: PEt 7 
4 : 86. Geometry Express the area A of a circle as a 
71. f(x) = Vx +2 72. f(x) = |x + 1| function of its circumference C. 





The symbol {Jy indicates an example or exercise that highlights 


~ 
algebraic techniques specifically used in calculus. st 














Section 2.2 lb Polynomial Functions of Higher Degree 225 
Synthesis 97. Exploration Explore the transformations of the 
form g(x) = a(x — h)> + k. 
True or False? \n Exercises 93 and 94, determine (a) Use a graphing utility to graph the functions 
whether the statement is true or false. Justify your answer. 1 
(= tebe 

93. A fifth-degree polynomial can have five turning vt 3° ae! 

points in its graph. and 
94. It is possible for a sixth-degree polynomial to have 3 

only one solution. yp = =x + 2)5 - 3. 
95. Graphical Analysis Describe a polynomial func- Determine whether the graphs are increasing or 

tion that could represent the graph, (Indicate the decreasing. Explain. 

degree of the function and the sign of its leading (b) Will the graph of g always be increasing or 

coefficient.) 


decreasing? If so, is this behavior determined 
by a, h, or kK? Explain. 


, 
Hy 
‘ © (c) Use a graphing utility to graph the function 
H(x) = x> — 3x3 + 2x + 1. 
Use the graph and the result of part (b) to deter- 
mine whether H can be written in the form 
H(x) = a(x — h)> + k. Explain. 
x 
Review 


(a) f (b) 


(c) y (a) In Exercises 98-101, solve the equation by factoring. 


98. 2x? —x— 28=0 99, 3x? — 22x — 16 =0 
100. 12x27 + Ilx-5=0 101. x? + 24x + 144=0 


In Exercises 102-105, solve the equation by completing the 
square. 





x 


102. 2x—21=0 103. x7 -— & +2=0 
104. 2x7 + 5x-—20=0 105. 3x7 +4x—-9= 







In Exercises 106-109, factor the expression completely. 
96. Graphical Reasoning Sketch a graph of the func- : 
tion f(x) = x4. Explain how the graph of g differs (if 106. 5x? + 7x — 24 107. 6x° — 61x? + 10x 
it does) from the graph of f: Determine whether g is 108. 4x4 — 7x3 — 15x? 109. y? + 216 


dG every ORCL 110. Use the graphs of the functions f and g to answer 





(a) ex) =f) +2 —(b) g(x) = f(x + 2) each question. 
(c) g(x) = f(—x) (a) g(x) = —f(x) 
(©) a(x) = FGx) (f) so) = 40) 


(g) e(x) =f (x4) (h) g(x) = (Fe f)(x) 





(a) Explain why f does not have an inverse. 
(b) Find g~'(1). 











In Exercises 69-74, use the functions f(x) = }x — 3 and 
g(x) = x? to find the indicated value or function. 


69, 
71. 
YES 


(fit gs 1) (1) 70. (g-!ef-'\(—3) 
(ff) 72. (¢-'=¢-')(—4) 
(feg)"! 74. g-'of-! 


In Exercises 75-78, use the functions f(x) = x + 4 and 
g(x) = 2x — Sto find the specified function. 


75. 
TT 


79. 


80. 


81. 


gles! 16, f-'eg-! 
Gis) 78. (g°f)-' 
Hourly Wage Your wage is $8.00 per hour plus 


$0.75 for each unit produced per hour. So, your 
hourly wage y in terms of the number of units 
produced is 

y=8 + 0.75x. 


(a) Find the inverse of the function. 

(b) What does each variable represent in the inverse 
function? 

(c) Determine the number of units produced when 
your hourly wage is $22.25. 








Cost Suppose you need a total of S0 pounds of two 
commodities costing $1.25 and $1.60 per pound, 
respectively. 





(a) Verify that the total cost is 
y = 1.25x + 1,60(50 — x), 


where x is the number of pounds of the less 
expensive commodity. 
(b 


Find the inverse of the cost function. What does 
each variable represent in the inverse function? 
(c) Use the context of the problem to determine the 
domain of the inverse function. 


(d 


Determine the number of pounds of the less 
expensive commodity purchased if the total cost 
is $73. 

Diesel Mechanics The function 

y = 0.03x? + 245.50, O<x< 100 
approximates the exhaust temperature y in degrees 
Fabrenheit where x is the percent load for a diesel 
engine. 

(a) Find the inyerse of the function. What does each 
variable represent in the inverse function? 


& (b) Use a graphing utility to graph the inverse 


function. 


Section 1.7 B® Inverse Functions 179 


(c) Determine the percent load interval if the exhaust 
temperature of the engine must not exceed 500 
degrees Fahrenheit. 


82. New Car Sales The total value of new car sales 


Jf (in billions of dollars) in the United States from 
1992 through 1997 is shown in the table. The time 
(in years) is given by f, with ¢ = 2 corresponding to 
1992. (Source: National Automobile Dealers 


Association) 


























4 5 6 7 
430.6 | 456.2 | 490.0 | 507.5 











(a) Does f~! exi: 

(b) If f~! exists, what does it mean in the context of 
the problem? 

(c) If f~' exists, find f—'(456.2), 


83. If the table in Exercise 82 were extended to 1998 and 


if the total value of new cai 
$430.6 billion, would f~! ex 





for that year was 
Xplain. 





84. Cellular Phones The average local bill (in dollars) 


for cellular phones in the United States from 1990 to 
1997 is shown in the table. The time (in years) is 
given by /, with ¢=0 corresponding to 1990. 
(Source: Cellular Telecommunications Industry 
Association) 





ie 0 1 2 3 
| f(z) | 80.90 | 72.74 | 68.68 | 61.48 











ih 4 5 6 7 
ea 
S(t) | 56.21 | 51.00 | 47.70 | 42.78 


























(a) Find f~'(51). 
(b) What does f~' mean in the context of the 
problem? 

& (c) Use the regression feature of a graphing utility to 
find a linear model for the data, y = mx + b. 
Round m and b to two decimal pla 

(d) Algebraically find the inverse of the linear model 
in part (c). 








(e) Use the inverse of the linear model you found in 
part (d) to approximate f-'(11). 








p® Algebra of Calculus 


¢ Special emphasis is given to the algebraic 


techniques used in calculus. 


¢ Algebra of Calculus examples and exercises are 
integrated throughout the text. 


¢ The symbol CP indicates an example or 
exercise in which the Algebra of Calculus is 
featured. 





> Features Highlights xiii 


p> Real-Life Applications 


¢ A wide variety of real-life applications, 
many using current, real data, are integrated 
throughout examples and exercises. 


e The icon indicates an example that 


involves a real-life application. 
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Example 8 Direct Mail Advertising @ 


The money C (in billions of dollars) spent for direct mail advertising in the United 
States increased in a linear pattern from 1990 to 1992, as shown in Figure 1.30. 
Then, in 1993, the money spent took a jump and, until 1996, increased in a 
different \inear pattern. These two patterns can be approximated by the function 


23.40 + 1.01, O<1<2 
cw=| 0+ 1.01, O<r 


¢ Diteet Mail Advertising 


19.85 + 2.501, 3<1<6 


where ¢ = 0 represents 1990, Use this function to approximate the total amount 
spent for direct mail advertising between 1990 and 1996. (Source: MeCann- 
Erickson) 
Solution 


From 1990 to 1992, use the formula C(t) = 23.40 + 1.011. 
$23.40, $24.41, $25.42 
SS een 
1990 1991 1992 


From 1993 to 1996, use the formula C(1) = 19.85 + 2.501. 





Year (0 < 1990) 


FiGuRre 1.30 


$27.35, $29.85, $32.35, $34.85 





spent was approximately $197,630,000,000. 








One of the basic definitions in calculus employs the ratio 

f(x + h) — f(x) 

h ‘ 

This ratio is called a difference quotient, as illustrated in Example 9. 


h#0. 


Example 9 & Evaluating a Difference Quotient 


BB) 


Forfa) = otis dee find Se 








h 
Solution 
fle +h) =f@) _ Ue + hy? = 40 + A) + T= G2 = 4 + 

h . h 
RST RSS ENE EY AE ST ce In we 7 
e h 
_ 2xh +h? = 4h 
- h 
_ h(2x +h — 4) 
ms h 
=x+h-4, h#0 





The symbol {}_ indicates an example or exercise that highlights algebraic techniques specifically 
used in calculus. 
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Flexibility and Accessibility 





Population Increase 


Year (2 < 1992) 


FIGURE 3.23 


Population Inerease 


4.6 8 
Year (2 < 1992) 


FiGure 3.24 
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Exponential Growth and Decay 


Example 1 ® Population Increase @ 


Estimates of the world population (in millions) from 1992 through 2000 are 
shown in the table. The scatter plot of the data is shown in Figure 3,23. (Source 
U.S. Bureau of the Census, International Data Base) 










| Year 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
| Population 5445 | 5527 | 5607 | soss | 5767 | 5847 | 5926 6005 | 6083 



































An exponential growth model that approximates this data is 

P = 53049198", 2 <1 < 10 
where P is the population (in millions) and ¢ = 2 represents 1992. Compare the 
values given by the model with the estimates given by the U.S. Bureau of the 
Census. According to this model, when will the world population reach 6.5 
billion? 
Solution 


The following table compares the two sets of population figures. The graph of the 
model is shown in Figure 3.24. 














» | Year 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 1999 | 2000 
| Population 5445 | 5527 5607 | 5688 | 5767 | 5847 | 5926 | 6005 | 6083 









| Modet | 5453 | 5529 5605 | 5683 | 5763 | 5843 | 5924 | 6006 | 6090 





acs 
‘| Technology 

-% Some graphing utilities 
have curve-fitting capabilities 


it to find a model for the data 
given in Example 1. How does 
your model compare with the 
model given in Example 1? 





that can be used to find models 
that represent data. If you have 
such a graphing utility, try using 






































To find when the world population will reach 6.5 billion, let P = 6500 in the 
model and solve for t. 


5304e901381% = p 


5304e991381% — 6500 


Write original model 
Let P = 6500. 
CPPIBEISN ens 19.2549 Divide each side by 5304, 


In £1381 = In 1.22549 Take 





ural log of each side. 
0.0138191 = 0.203341 Inverse Property 
t= 14.71 Divide cach side by 0.013819. 


According to the model, the world population will reach 6.5 billion in 2004. 





An exponential model increases (or decreases) by the same percent each 
year. What is the annual percent increase for the model in Example 1? 





oo" 


a=ua® 


, Technolo 
34 gy 


¢ Point-of-use instructions for using graphing utili- 
ties appear in the margins, encouraging the use 
of graphing technology as a tool for visualization 
of mathematical concepts, for verification of 
other solution methods, and for facilitation of 
computations. 


¢ The use of technology is optional in this text. 
This feature and related exercises can easily be 
omitted without loss of continuity in coverage. 
Exercises that require the use of a graphing 
utility are identified by the symbol =. 


p> Examples 


¢ Each example was carefully chosen to 
illustrate a particular mathematical concept or 
problem-solving skill. 


¢ All examples contain step-by-step solutions, 
most with side-by-side explanations that lead 
students through the solution process. 








Exploration 


* Before introduction of selected topics, 
Exploration engages students in active discovery 
of mathematical concepts and relationships, 
often through the power of technology. 


¢ Exploration strengthens students’ critical think- 
ing skills and helps them develop an intuitive 
understanding of theoretical concepts. 


¢ Exploration is an optional feature and can be 
omitted without loss of continuity in coverage. 


® Additional Features 


Carefully crafted learning tools designed to create 
a rich learning environment can be found 
throughout the text. These learning tools include 
Study Tips, Historical Notes, Writing About 
Mathematics, Chapter Projects, Chapter Review 
Exercises, Chapter Tests, Cumulative Tests, and 
an extensive art program. 





146 Chapter} ® Functions and Their Graphs 


@ A computer animation of this concept 
appears in the interactive CO-ROM and 


Internet versions of this text 


Exploration 


Graph cach of the following 


functions with a graphing utility. 


Determine whether the function 
is even, odd, or neither: 


L(x) =x? — x4 

g(x) = 2x7 +1 

A(x) = x5 — 23 + x 

j@) =2 —20— x" 

Kix) = x= 2x" Fe = 2) 
p(x) = x°+3x9— x3 +x 


What do you notice about the 
equations of functions that are 
odd? What do you notice about 
the equations of functions that 
are even? Can you describe a 
way to identify a function as 
odd or even by inspecting the 
equation? Can you describe a 
way to identify a function as 
neither odd nor even by 
inspecting the equation? 


Even and Odd Functions 


In Section 1.1, you studied different types of symmetry of a graph. In the 
terminology of functions, a function is said to be eyen if its graph is symmetric with 
respect to the y-axis and to be odd if its graph is symmetric with respect to the 
origin, The symmetry tests in Section 1.1 yield the following tests for even and 
odd functions. 


Tests for Even and Odd Functions Sitti 

‘A function y = f(x) is even if, for each x in the domain of f, 
S(=x) = fx). 

A function y = f(x) is odd if, for each x in the domain of f, + LE $34 ; 
S(-x) = —f@). : 


eee 


Example 9 ® Even and Odd Functions 


a. The function g(x) = x* — x is odd because g(—x) = —g(x), as follows. 
a(—x) = (—2)3 — (-x) Substitute — for 
=-x+x Simplify 


= —(x3 — x) Distributive Property 
= —g(x) Test for odd function. 


b. The function h(x) = x? + I is even because h(—x) = h(x), as follows. 


h(—x) = (-3 +1 Substitute —x for x 
=x?+1 Simplify 
= h(x) Test for even function. 


The graphs of these two functions are shown in Figure 1.42. 

















(a) Symmetric to Origin: Odd Function 
FIGURE 1.42 


(b) Symmetric to y-Axis: Even Function 
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Supplements 





Resources 


Website (college.hmco.com) 

Many additional text-specific study and interactive features for students and 
instructors can be found at the Houghton Mifflin website. 

For the Student 

Student Success Organizer 


Study and Solutions Guide by Dianna L. Zook (Indiana University/Purdue 
University—Fort Wayne) 


Graphing Technology Guide by Benjamin N. Levy and Laurel Technical 
Services 


Instructional Videotapes by Dana Mosely 
Instructional Videotapes for Graphing Calculators by Dana Mosely 


For the Instructor 
Instructor’s Annotated Edition 
Instructor Success Organizer 


Complete Solutions Guide by Dianna L. Zook (Indiana University/Purdue 
University—Fort Wayne), Laurel Technical Services, and Mike Jones 


Test Item File 


Problem Solving, Modeling, and Data Analysis Labs by Wendy Metzger 
(Palomar College) 


Computerized Testing (Windows, Macintosh) 
HMClassPrep Instructor's CD-ROM 
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Floki Fleke Flok> 





FIGURE 1 


An Introduction to Graphing Utilities 


Graphing utilities such as graphing calculators and computers with graphing 
software are very valuable tools for visualizing mathematical principles, 
verifying solutions to equations, exploring mathematical ideas, and developing 
mathematical models. Although graphing utilities are extremely helpful in learn- 
ing mathematics, their use does not mean that learning algebra is any less 
important. In fact, the combination of knowledge of mathematics and the use of 
graphing utilities allows you to explore mathematics more easily and to a greater 
depth. If you are using a graphing utility in this course, it is up to you to learn 
its capabilities and to practice using this tool to enhance your mathematical 
learning. 


In this text there are many opportunities to use a graphing utility, some of which 
are described below. 


Some Uses of a Graphing Utility 
A graphing utility can be used to 


¢ check or validate answers to problems obtained using algebraic methods. 
¢ discover and explore algebraic properties, rules, and concepts. 

* graph functions, and approximate solutions to equations involving func- 
tions. 

efficiently perform complicated mathematical procedures such as those 
found in many real-life applications. 

* find mathematical models for sets of data. 


In this introduction, the features of graphing utilities are discussed from a generic 
perspective. To learn how to use the features of a specific graphing utility, consult 
your user’s manual or the website for this text found at college.hmco.com. 
Additionally, keystroke guides are available for most graphing utilities, and your 
college library may have a videotape on how to use your graphing utility. 


The Equation Editor 


Many graphing utilities are designed to act as “function graphers.” In this course, 
you will study functions and their graphs in detail. You may recall from previous 
courses that a function can be thought of as a rule that describes the relationship 
between two variables. These rules are frequently written in terms of x and y. For 
example, the equation y = 3x + 5 represents y as a function of x. 


Many graphing utilities have an equation editor that requires an equation to be 
written in ““\y =” form in order to be entered, as shown in Figure 1. (You should 
note that your equation editor screen may not look like the screen shown in Figure 
1.) To determine exactly how to enter an equation into your graphing utility, 
consult your user’s manual. 
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oe The Table Feature 


i 


Most graphing utilities are capable of displaying a table of values with x-values 
and one or more corresponding y-values. These tables can be used to check solu- 
tions of an equation and to generate ordered pairs to assist in graphing an equation. 





To use the table feature, enter an equation into the equation editor in “y =” form. 
FIGURE 2 The table may have a setup screen, which allows you to select the starting 
x-value and the table step or x-increment. You may then have the option of 
automatically generating values for x and y or building your own table using the 
ask mode. In the ask mode, you enter a value for x and the graphing utility displays 
the y-value. 


For example, enter the equation 


es Bue 
y ae ie 2 





into the equation editor, as shown in Figure 2. In the table setup screen, set the 
table to start at x = —4 and set the table step to 1. When you view the table, 
notice that the first x-value is —4 and each value after it increases by 1. Also 
notice that the Yi column gives the resulting y-value for each x-value, as shown 
in Figure 3. The table shows that the y-value when x = —2 is ERROR. This 
means that the variable x may not take on the value —2 in this equation. 





FIGURE 3 


With the same equation in the equation editor, set the table to ask mode. In this 
mode you do not need to set the starting x-value or the table step, because you are 
entering any value you choose for x. You may enter any real value for x—an 
integer, fraction, decimal, irrational number, and so forth. If you enter 
x = 1+ \/3, the graphing utility may rewrite the number as a decimal approxi- 
mation, as shown in Figure 4. You can continue to build your own table by 
entering additional x-values in order to generate y-values. 





If you have several equations in the equation editor, the table may generate 
FIGURE 4 y-values for each equation. 


Creating a Viewing Window 


A viewing window for a graph is a rectangular portion of the coordinate plane. 


A viewing window is determined by the following six values. 


10 
Xmin = the smallest value of x 


Xmax = the largest value of x 

Xscl = the number of units per tick mark on the x-axis 
are w Ymin = the smallest value of y 

Ymax = the largest value of y 

Yscl = the number of units per tick mark on the y-axis 


ao When you enter these six values into a graphing utility, you are setting the viewing 
FIGURE 5 window. Some graphing utilities have a standard viewing window, as shown in 
Figure 5. 
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FIGURE 7 





FIGURE 8 
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By choosing different viewing windows for a graph, it is possible to obtain very 
different impressions of the graph’s shape. For instance, Figure 6 shows four 
different viewing windows for the graph of 


y= Oe Sa tee 


Of these, the view shown in part (a) is the most complete. 





(a) (b) 





(c) (d) 
FIGURE 6 


On most graphing utilities, the display screen is two-thirds as high as it is wide. 
On such screens, you can obtain a graph with a true geometric perspective by 
using a square setting—one in which 


Ymax = Yan o2 





Xmax — Xmin 3 


One such setting is shown in Figure 7. Notice that the x and y tick marks are 
equally spaced on a square setting, but not on a standard setting. 


To see how the viewing window affects the geometric perspective, graph the 
semicircles y, = /9 — x? and y, = — /9 — x? in a standard viewing window. 
Then graph y, and y, in a square window. Note the difference in the shapes of the 
circles. 


Zoom and Trace Features 


When you graph an equation, you can move from point to point along its graph 
using the trace feature. As you trace the graph, the coordinates of each point are 
displayed, as shown in Figure 8. The trace feature combined with the zoom 
feature allows you to obtain better and better approximations of desired points on 
a graph. For instance, you can use the zoom feature of a graphing utility to 
approximate the x-intercept(s) of a graph [the point(s) where the graph crosses the 
x-axis]. Suppose you want to approximate the x-intercept(s) of the graph of 
y = Deer + 2. 


(a) 
FIGURE 10 
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Begin by graphing the equation, as shown in Figure 9(a). From the viewing 
window shown, the graph appears to have only one x-intercept. This intercept lies 
between —2 and —1. By zooming in on the intercept, you can improve the 
approximation, as shown in Figure 9(b). To three decimal places, the solution is 
B= — AIG. 





(a) (b) 
FIGURE 9 


Here are some suggestions for using the zoom feature. 


1. With each successive zoom-in, adjust the x-scale so that the viewing window 
shows at least one tick mark on each side of the x-intercept. 


2. The error in your approximation will be less than the distance between two 
scale marks. 


3. The trace feature can usually be used to add one more decimal place of 
accuracy without changing the viewing window. 


Figure 10(a) shows the graph of y = x? — 5x + 3. Figures 10(b) and 10(c) show 
“zoom-in views” of the two x-intercepts. From these views, you can approximate 
the x-intercepts to be x ~ 0.697 and x ~ 4.303. 





Zero or Root Feature 


Using the zero or root feature, you can find the real zeros of functions of the 
various types studied in this text—polynomial, exponential, logarithmic, and 
trigonometric functions. To find the zeros of a function such as f(x) = 3x — 2, 
first enter the function as y, = 3x — 2. Then use the zero or root feature, which 
may require entering lower and upper bound estimates of the root, as shown in 
Figure 11. 
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(a) (b) (c) 
FIGURE 11 


In Figure 11(c), you can see that the zero is x = 2.6666667 ~ aS 


Intersect Feature 


To find the points of intersection of two graphs, you can use the intersect feature. 
For instance, to find the points of intersection of the graphs of y, = —x + 2 
and y, = x + 4, enter these two functions and use the intersect feature, as shown 
in Figure 12. 


WE -H+E 


Ve=nt4 


Second curve? 
n= "L.8res4 


First curve? 
n= 71. BPs 





(a) (b) 


Guesst 


Ho" SPAPEEY Y=SE.0ZLE766 





(c) (d) 
FIGURE 12 


From Figure 12(d), you can see that the point of intersection is (— 1, 3). 


Litt=-3 


FIGURE 13 
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Regression Capabilities 


Throughout the text, you will be asked to use the regression capabilities of a graph- 
ing utility to find models for sets of data. Most graphing utilities have built-in 
regression programs for the following. 


Regression Form of Model 
Linear y=ax+b 
Quadratic y=ax*+bxt+e 
Cubic y=ae+t+be+extd 
Quartic y=ar+be+eret+dt+e 
Logarithmic y=a+t dbin(x) 
Exponential y= ab 
Power y= ax’ 

Ge c 
Logistic hae Tere ar 
Sine y = asin(bx + c) +d 


For instance, you can find the linear regression model for the average hourly wages 
y Gin dollars per hour) of production workers in manufacturing industries from 
1987 through 1997 shown in the table. (Source: U.S. Bureau of Labor Statistics) 





cam 1987 | 1988 | 1989 | 1990 | 1991 | 1992 
y O91 | 10195) 1048.) 10583 1118 | 11.46 

















Medes, 1993 | 1994 | 1995 | 1996 | 1997 








y 11.74) 12206) 1237 12.78) 1317 























First, let x = 0 correspond to 1990 and enter the data into the list editor, as shown 
in Figure 13. Note that the list in the first column contains the years and the list 
in the second column contains the hourly wages that correspond to the years. Run 
your graphing utility’s built-in linear regression program to obtain the coefficients 
a and b for the model y = ax + b, as shown in Figure 14. So, a linear model for 
the data is 


y ~ 0.321x + 10.83. 


When you run some regression programs, you may obtain an “r-value,”’ which 
gives a measure of how well the model fits the data. The closer the value of |r| is 
to 1, the better the fit. For the data in the table above, r ~ 0.999, which implies 
that the model is a very good fit. 





FIGURE 14 


P.1 
P.2 
P.3 
P.4 
P.5 


In 1997, over $24 billion worth of corrugated and solid fiber 
boxes were produced to create shipping containers for 
products such as globes as well as containers for food and 
beverage products. (Source: U.S. Bureau of the Census) 
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Real Numbers 
Rational Expressions 


Graphical Representation of Data 









Exponents and Radicals | 
Polynomials and Factoring 


Solving Equations 


Solving Inequalities 
Errors and the Algebra of Calculus 
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> Howto Study This Chapter 


The Big Picture 


In this chapter you will learn the 
following skills and concepts. 


> How to order real numbers, use 
inequalities, and evaluate algebraic 
expressions 


» How to add, subtract, multiply, 
and factor polynomials 


» How to determine the domains of 
algebraic expressions and simplify 
rational expressions 


>» How to solve linear, quadratic, 
polynomial, radical, and absolute 
value equations 


> How to solve linear, polynomial, 
rational, and absolute value 
inequalities 


» How to use algebraic techniques 
common in calculus 


» How to plot points in the 
coordinate plane and find the 
distance between two points 


Study Tools 


* Learning objectives at the 
beginning of each section 

* Chapter Summary (p. 91) 

* Review Exercises (pp. 92-95) 

* Chapter Test (. 97) 
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Important Vocabulary 








As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Real numbers (p. 2) 
Real number line (p. 2) 
Order (p. 3) 

Inequality (p. 3) 

Infinity (p. 4) 

Absolute value (jp. 5) 
Variables (p. 6) 
Algebraic expressions (p. 6) 
Coefficient (. 6) 
Evaluate ((p. 6) 

Factors (p. 8) 
Exponential form (p. 12) 
Exponent (p. 12) 

Base (p. 12) 

Scientific notation (p. 14) 
Square root (p. 15) 
Cube root (p. 15) 
Principal nth root (p. 15) 
Index (pp. 15) 

Radicand (p. 15) 
Conjugate (p. 18) 





Additional Resources 


* Study and Solutions Guide 
« Interactive Precalculus 

* Videotapes for Chapter P 

* Precalculus Website 

« Student Success Organizer 








Rational exponent (p. 19) 

Polynomial (pp. 25) 

Degree (p. 25) 

Domain (p. 38) 

Rational expression (jp. 38) 

Complex fraction (p. 42) 

Equation (p. 49) 

Identity (p. 49) 

Conditional equation (p. 49) 

Linear equation (p. 49) 

Equivalent equations (p. 50) 

Extraneous solution (p. 51) 

Quadratic equation (p. 52) 

Linear inequality (p. 64) 

Critical numbers (p. 67) 

Rectangular coordinate system 
(p.81) 

Ordered pair (p. 81) 

Distance Formula (p. 83) 

Midpoint Formula (p. 85) 





STUDY TIP 


A good rule of thumb to use is 
to study 2 to 4 hours for every 

_ hour in class. Increase your 
study time if you do not make 
the grade you want on your first 
major test. 
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Chapter P B Prerequisites 





> What you should learn 


How to represent and classify 
real numbers 

How to order real numbers and 
use inequalities 

How to find the absolute 
values of real numbers and find 
the distance between two real 
numbers 

How to evaluate algebraic 
expressions 

How to use the basic rules and 
properties of algebra 


>» Why you should learn it 


Real numbers are used to 
represent many real-life quantities, 
such as the variance of a budget 
(see Exercises 83-86 on page 10). 


Real Numbers 






Real Numbers 
Real numbers are used in everyday life to describe quantities such as age, miles 


per gallon, container size, and population. Real numbers are represented by 
symbols such as 


4 


—5,9,0, a 0.666 . . ., 28.21, /2, a, and 37/—32. 


Here are some important subsets of the real numbers. 
{il Ok Se 

HON SA eae 

3-91 10119 23400) cb 


Set of natural numbers 
Set of whole numbers 


ets tps 


A real number is rational if it can be written as the ratio p/g of two integers, 
where g # 0. For instance, the numbers 


Set of integers 


1 125 
3 ='0.3333... Ac 0387 0125, tt = 1.126126 .. . = 1.126 


CO |r 


are rational. The decimal representation of a rational number either repeats (as in 
ee = 3.145) or terminates (as in} = 0.5). A real number that cannot be written 
as the ratio of two integers is called irrational. Irrational numbers have infinite 


nonrepeating decimal representations. For instance, the numbers 
/2 ~ 1.4142136 and a ~ 3.1415927 


are irrational. (The symbol ~ means “is approximately equal to.”) 

Real numbers are represented graphically by a real number line. The point 
0 on the real number line is the origin. Numbers to the right of 0 are positive, and 
numbers to the left of 0 are negative, as shown in Figure P.1. The term nonnega- 
tive describes a number that is either positive or zero. 








Origin 
Negative Positive 
Hare ga ames BE ies 
direction 4 3 9) l 0 1 a) 3 4 direction 
FIGURE P.1 The Real Number Line 


As illustrated in Figure P.2, there is a one-to-one correspondence between real 
numbers and points on the real number line. 








iS) 

3 0.75 1 -2.4 V2 
4 te pe f o> b~-@-+ }+—_—_}-@—}—_} > 
=o at 0 1 2 3 =3 = 27 = 0 1 2 3 


Every real number corresponds to exactly 
one point on the real number line. 
FIGURE P.2 One-to-One Correspondence 


Every point on the real number line 
corresponds to exactly one real number. 


) 


me 


a 
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=i) 


| 
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0 1 


FIGUREP.3 a < bifand only ifalies to 


the left of b. 


(b) 
FIGURE P.4 





A computer animation of this example 
appears in the /nteractive CD-ROM and 


Internet versions of this text. 
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Ordering Real Numbers 


One important property of real numbers is that they are ordered. 


Definition of Order on the Real Number Line 
If a and b are real numbers, a is less than b if b — a is positive. The order 
of a and b is denoted by the inequality 


(ar <= 19), 


This relationship can also be described by saying that b is greater than a and 
writing b > a. The inequality a < b means that a is less than or equal to b, 
and the inequality b = a means that b is greater than or equal to a. The 
symbols <, >, <, and = are inequality symbols. 


Geometrically, this definition implies that a < b if and only if a lies to the left 
of b on the real number line, as shown in Figure P.3. 


Example 1 ® Interpreting Inequalities 


Describe the subset of real numbers represented by each inequality. 


CV ees Die 


Solution 


a. The inequality x < 2 denotes all real numbers less than or equal to 2, as shown 
in Figure P.4(a). 

b. The inequality —2 < x < 3 means that x > —2 and x < 3. This “double 
inequality” denotes all real numbers between — 2 and 3, including — 2 but not 
including 3, as shown in Figure P.4(b). 





Inequalities can be used to describe subsets of real numbers called intervals. In 
the bounded intervals below, the real numbers a and b are the endpoints of each 
interval. 


Bounded Intervals on the Real Number Line 


Notation Interval Type Inequality Graph 
[a, b] Closed Ox SD —_—_}-- 
a b 
(a, b) Open Gl Kap t } 
a b 
[a, b) asyew —~-—}—- 
a b 
(a, b| ae = b ~_—_}_- 


ChapterP ® Prerequisites 
The symbols oo, positive infinity, and —oo, negative infinity, do not 


represent real numbers. They are simply convenient symbols used to describe the 
unboundedness of an interval such as (1, 00) or (—oo, 3]. 


Unbounded Intervals on the Real Number Line 


Notation Interval Type Inequality Graph 

[a, 20) . x2a eae 

(a, 00) Open o> a _ 

(— co, b] Se _ 
b 

(= 0, B) Open x =< Dd a 
b 

(— 0, 0) Entire real line Se 


Example 2 ® Using Inequalities to Represent Intervals 


Use inequality notation to describe each of the following. 


a. c is at most 2. 
b. m is at least —3. 
c. All x in the interval (— 3, 5] 


Solution 
a. The statement “c is at most 2” can be represented by c < 2. 
b. The statement “m is at least —3" can be represented by m 2 —3. 


c. “All x in the interval (—3, 5]” can be represented by —3 < x < 5. 


Example 3 ® Interpreting Intervals 


Give a verbal description of each interval. 


a. (—1, 0) b. [2, co) c. (—co, 0) 

Solution 

a. This interval consists of all real numbers that are greater than —1 and less 
than 0. 


b. This interval consists of all real numbers that are greater than or equal to 2. 


c. This interval consists of all real numbers that are less than zero (the negative 
real numbers). 


nn ener nnn nee 


The Law of Trichotomy states that for any two real numbers a and b, precisely 
one of three relationships is possible: 


C= 1 Chee Dy Oo a) S10), Law of Trichotomy 
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Absolute Value and Distance 


Absolute value expressions can The absolute value of a real number is its magnitude, or the distance between the 
be evaluated on a graphing origin and the point representing the real number on the real number line. 
utility. When an expression such 

as |3 — 8| is evaluated, paren- Definition of Absolute Value 


theses should surround the 


expression, as in abs(3 — 8). If a is a real number, then the absolute value of a is 























Evaluate each expression below. Wee nea 2.0 
What can you conclude? la] = ee afta 0. 
a. |6| b= 1| 
c. [5 — 2| d. |2 — 5| Notice in this definition that the absolute value of a real number is never 
negative. For instance, if a = —5, then |—5| = —(—5) = 5. The absolute value 
of a real number is either positive or zero. Moreover, 0 is the only real number 
whose absolute value is 0. So, |0| = 0. 
Example 4 ® Evaluating the Absolute Value of a Number 
|x| 
Evaluate — for (a) x > 0 and (b) x < 0. 
Xx 
Solution 
x x 
a. Ifxe-0;themlx|— and = = "1, 
co 183 
xl _ =x 
b. If x < 0, then |x| = —x and = =—-1, 
x a 
Properties of Absolute Values 
1. |a| > 0 2. |—a| = |a| 
3. |ab| = |al|b| gee ae, 
ise ja a “Tr iol’ 
Distance Between Two Points on the Real Line 
Let a and b be real numbers. The distance between a and b is 
d(a, b) = |b — a| = |a — DI. 
of 
aa 2 i iy a ne Absolute value can be used to define the distance between two points on the 


real number line. For instance, the distance between —3 and 4 is 
FIGUREP.5 The distance between —3 
and 4 is 7. [= 3, elena aa | 


as shown in Figure P.5. 


6 ChapterP 2 Prerequisites 


_) Acomputer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


STUDY TIP 


Try to formulate a verbal 
description of each property. For 
instance, the first property states 
that the order in which two real 
numbers are added does not 
affect their sum. 


Algebraic Expressions 


One characteristic of algebra is the use of letters to represent numbers. The letters 
are variables, and combinations of letters and numbers are algebraic expres- 
sions. Here are a few examples of algebraic expressions. 





Se Dye == 2). cietany) 


x2 +2’ 


Definition of an Algebraic Expression 


An algebraic expression is a collection of letters (variables) and real 
numbers (constants) combined using the operations of addition, subtraction, 
multiplication, division, and exponentiation. 


The terms of an algebraic expression are those parts that are separated by 
addition. For example, 


x? = 5x + 8 =x? +1(—5x) +8 


has three terms: x? and —5x are the variable terms and 8 is the constant term. 
The numerical factor of a variable term is the coefficient of the variable term. For 
instance, the coefficient of —5x is —5, and the coefficient of x? is 1. 

To evaluate an algebraic expression, substitute numerical values for each of 
the variables in the expression. Here are two examples. 


Value of Value of 
Expression Variable Substitute Expression 
ae ee) x=3 -3(3) +5 —-9+5=—4 
35 t eieael x=-l1 3(= sc is 3 - 2 =a 


When an algebraic expression is evaluated, the Substitution Principle is 
used. It states that “If a = b, then a can be replaced by b in any expression 
involving a.” In the first evaluation shown above, for instance, 3 is substituted for 
x in the expression —3x + 5. 


Basic Rules of Algebra 


There are four arithmetic operations with real numbers: addition, multiplication, 
subtraction, and division, denoted by the symbols +, x or +, —, and +. Of 
these, addition and multiplication are the two primary operations. Subtraction and 
division are the inverse operations of addition and multiplication, respectively. 


Subtraction: Add the opposite. Division: Multiply by the reciprocal. 
1 
G, Dadarg Dd) If b # 0, then a/b = a( >) =$. 


In these definitions, —b is the additive inverse (or opposite) of b, and 1/b is the 
multiplicative inverse (or reciprocal) of b. In the fractional form a/b, a is the 
numerator of the fraction and b is the denominator. 

Because the properties of real numbers on page 7 are true for variables and 
algebraic expressions as well as for real numbers, they are often called the Basic 
Rules of Algebra. 


Basic Rules of Algebra 
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Let a, b, and c be real numbers, variables, or algebraic expressions. 


Property 
Commutative Property of Addition: 


Commutative Property of Multiplication: 


Associative Property of Addition: 


Associative Property of Multiplication: 


Distributive Properties: 


Additive Identity Property: 
Multiplicative Identity Property: 
Additive Inverse Property: 


Multiplicative Inverse Property: 


ac Se I oa ee EE 
he 4 


a 
“ounlls 
ver? fo. Lead 


Br acs ine ie of a : ta. a Be } 
number and a negative number. ie 
pif ais already negative, then ‘its. 

opposite, =a, is positive. For Lo 
instance, ifa= me Saihent 1255. 


aa 
ae Sees eet MP yee 
Saeed OF dhe PY 
gt ss) Ps: Ber ae 


Py 
i a 
Rae 2 iene RAAB YA woo Slpcat, g pwitsldi Aindy 


Example 
a+b=b+a AG ae ete 
ab = ba (4) et (4 x) 


(a+b) +c=at+bt+o 
(ab)c = a(bc) 

alb + c) = ab +. ac 

(a + b)c = ac + be 


ee See Sa 5 ex?) 
(2x + 3y)(8) = (2x)(3y - 8) 
BO 25) = 3x 5 ox Or 
G8) = yy t 8% y 


a+0O=a Sy? + 0 = 5y? 
Gear (4x7 \(1 4x2 
a+(-a)=0 5x7 + (—5x?) = 0 

1 1 
sad #0 e+a(st)=1 
a * (x Aparom 


Because subtraction is defined as “adding the opposite,” the Distributive 
Properties are also true for subtraction. For instance, the “subtraction form” of 
a(b + c) = ab + acis 


a(b — c) = ab — ac. 


Properties of Negation 


Let a and b be real numbers, variables, or algebraic expressions. 


Property Example 
1. ((“la= =a (—1)7 = -7 
2. —(-a) =a —(-—6) = 6 
3. (—a)b = —(ab) = a(—D) (—5)3"= =(5 +3) =-5(—3) 
4, (—a)(—b) = ab (=2)(=x)'= 2x 
5..—(a +b) = (“a)'+ (©) —(x + 8) = (—x) + (-8) 
=x — 8 


Properties of Equality 


Let a, b, and c be real numbers, variables, or algebraic expressions. 


L. Ita — pb: thema 1c} — ) -- ¢ Add ¢ to each side. 


2. If a = b, then ac = be. Multiply each side by c. 


3: lf ad + G@— be crthena — Db: Subtract c from each side. 


4. If ac = be andc # 0, then a = b. Divide each side by c. 


ChapterP }® Prerequisites 


sTupDy Tle Properties of Zero 

; Let a and b be real numbers, variables, or algebraic expressions. 
The “or” in the Zero-Factor _ 1 EROS Ganda = Oe re ORE) 
Property includes the possibility 0 ¥ 
that either or both factors may 3. — = 0, a#0 4. — is undefined. 
be zero. This is an inclusive or, a 
and it is the way the word “or” 
is generally used in 
mathematics. 


5. Zero-Factor Property: If ab = 0, thena = 0 orb = 0. 


Properties and Operations of Fractions 


Let a, b, c, and d be real numbers, variables, or algebraic expressions such 
that b # Oandd # 0. 


1. Equivalent Fractions: 5 = : if and only if ad = be. 














Dietead a = php 
2. Rules of Signs: = = d= = = 
ules of Signs fs - poe rks 
; : ae 
3. Generate Equivalent Fractions: b = be’ c #0 
c 
: q ‘3 Mangal ae ae as1C 
4. Add or Subtract with Like Denominators: b = rags 
a. 36 GaGa 
5. Add or Subtract with Unlike Denominators: — + — = 
STUDY TIP b dee 
; : Gi Gon. “a6 
In Property 1, the phrase “if and 6. Multiply Fractions: — - — = —_— 
an hae: bead bd 
only if” implies two statements. 
One statement is: If a/b = c/d, ie ei nS mein OTe ae OG. 
then ad = bc. The other state- EU Sra SEE bo od eh abe. oe 


ment is: If ad = bc, where 
b # O and d # 0, then 











a/b = c/d. . : : 
Example 5 & Properties and Operations of Fractions 
a. Equivalent fraction fag Oa b. Divide fracti 1 3 _ io 
. Equivalent fractions: = =—= = — bb. Divide fractions: — + —=—: 
q Syaieenis x 2 2s 
; ? : P x 2k 5:x+ 3 = Deen 
c. Add fractions with unlike denominators: 3 sl zo 5 = is 





If a, b, and c are integers such that ab = c, then a and b are factors or 
divisors of c. A prime number is an integer that has exactly two positive factors: 
itself and 1, such as 2, 3, 5, 7, and 11. The numbers 4, 6, 8, 9, and 10 are 
composite because they can be written as the product of two or more prime 
numbers. The number | is neither prime nor composite. The Fundamental 
Theorem of Arithmetic states that every positive integer greater than | can be 
written as the product of prime numbers in precisely one way (disregarding 
order). For instance, the prime factorization of 24 is24=2:°2:2> 3. 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 


P.1 Exercises 


In Exercises 1-6, determine which numbers are (a) natural 
numbers, (b) integers, (c) rational numbers, and (d) irra- 
tional numbers. 


9, —2, 5, 2, 6/2, 0) 1, -4, 2) -11 


2. /5, —7, —4, 0, 3.12,2-=3, 12, 5 
B782.01,,0.666 .0i4—13,,0.010110111)..-....1,—6 
4. 2.3030030003 . . . 0.7575, — 4.63, 10, 

—75, 15, 31 


Sh gp Ts —7,$,3 De =T-5), = Wn =) 
ies, = 17, — =, V9, 3.12, 407, 7, —11.1, 13 
In Exercises 7-10, use a calculator to find the decimal form 


of the rational number. If it is a nonterminating decimal, 
write the repeating pattern. 


In Exercises 11-16, use a calculator with a fraction feature 
to write the rational number as the ratio of two integers. 


1.4.1 12. 8.5 
13. 10.2 14. 5.45 
1. — 2.012 16. — 1.65 


In Exercises 17 and 18, approximate the numbers and place 
the correct symbol (< or >) between them. 








17. t -o af tr io > 
2 = 0 1 2 3 4 

18 ir ® + t ie + ae 
i ie 4 3 2 1 0 





In Exercises 19-24, plot the two real numbers on the real 
number line. Then place the appropriate inequality symbol 
(< or >) between them. 


19. —4,-8 20. -3.5, 1 
a, 7 IgA No 
os. 2,2 24, —§, -3 


In Exercises 25-34, verbally describe the subset of real 
numbers represented by the inequality. Then sketch the 
subset on the real number line. State whether the interval 
is bounded or unbounded. 


Dds SESS 26. ee 
D7. xX <0 29. > 


odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link to 
Guided Examples for additional help. 


2M), 3¢ 22 Hl 30. x < 2 
BMI, =D <= sp] D 32 ORS Se 
33 laa) 345056 


In Exercises 35 and 36, use a calculator to order the num- 
bers from smallest to largest. 





7071 584 47 127 
35. 5000? 413> 2, 33° 90 


26 381 2103 
SOs) ol 10 20) saa 


In Exercises 37-44, use inequality notation to describe the 
set. 


37. All x in the interval (— 2, 4] 

38. All y in the interval [—6, 0) 

39. y is nonnegative. 

40. y is no more than 25. 

41. ¢ is at least 10 and at most 22. 

42. k is less than 5 but no less than — 3. 

43. The dog’s weight W is more than 65 pounds. 


44. The annual rate of inflation r is expected to be at 
least 2.5% but no more than 5%. 


In Exercises 45-48, give a verbal description of the interval. 


45. [0, 8) 46. [—5,7] 
47. (—6, 00) 48. (—00, 4] 


In Exercises 49-58, evaluate the expression. 


49. |—10] 50. |0| 
51. [3 — x| 52. |4 — x| 
fen en eo] 54 oe sl 
wh 
550 56. —3|—3| 
[a 
+ ~ 4 
57, [e+ 2/ <= “Jeguase je = 1 ee | 
x+2 Xa 


In Exercises 59-64, place the correct symbol (<, >, or =) 
between the pair of real numbers. 


59, |—3| =| =6H 60. |—4| |4| 
61. -5 -|5| 62. —|—6|  |-6| 
63. —|—2| ME —|2| 64. —(—-2) i —-2 
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In Exercises 65-72, find the distance between a and b. 








65. a=-l d= 
e + t f o- > 
=! 0 | my 3 
66. g=-4 b=-3 
© t -@- : { > 
—4 = = =i 
67.20 = 126 — 15 68. a = —126,b = —75 
69. a= —3,b=0 0. o=4, b= = 
(hh A ee * Tica: = 9.34 b= — 5.65 


In Exercises 73 and 74, use the real numbers A, B, and C 
shown on the number line. Determine the sign of each 
expression. 


CG A 
® 





TST (ESA. 
(Dp Bia 


74. a) 2C 
(bi Agee 


In Exercises 75-82, use absolute value notation to describe 
the situation. 


75. While traveling, you pass milepost 7, then milepost 
18. How far do you travel during that time period? 


76. While traveling, you pass milepost 103, then 
milepost 86. How far do you travel during that time 
period? 

77. The temperature was 60° at noon, then 23° at 
midnight. What was the change in temperature over 
the 12-hour period? 


78. The temperature was 48° last night at midnight, then 
82° at noon today. What was the change in tempera- 
ture over the 12-hour period? 

79. The distance between x and 5 is no more than 3. 

80. The distance between x and — 10 is at least 6. 

81. y is at least 6 units from 0. 


82. y is at most 2 units from a. 


Budget Variance In Exercises 83-86, the accounting 
department of a company is checking to see whether the 
actual expenses of a department differ from the budgeted 
expenses by more than $500 or by more than 5%. Fill in the 
missing parts of the table, and determine whether the actu- 
al expense passes the “budget variance test.” 


Budgeted Actual 
Expense, b Expense,a |a — b| 0.05b 


83. Wages $112,700 $113,356 cae 
84. Utilities $9,400 $9,772 ; 
85. Taxes $37,640 $37,335 . 
86. Insurance S2557/ $2,613 ey 


Federal Deficit \n Exercises 87-90, use the bar graph, 
which shows the receipts of the federal government (in 
billions of dollars) for selected years from 1960 through 
1998. In each exercise you are given the outlay of the 
federal government. Find the magnitude of the surplus or 
deficit for the year. (Source: U.S. Treasury Department) 






1700 1657.9 
ES 1500 fee 
A 1300- : he 
gs 10f | : 
s © 900 + be 
25 10, a 
5 500 +> 
= 300. 
100 a5 ea 
1960 1970 1980 1990 1995 1998 
Year 
Receipts Outlay |Receipts — Outlay| 
87. 1960 $92.2 billion 
88. 1980 $590.9 billion 
89. 1990 $1253.2 billion 
90. 1998 $1667.8 billion 


In Exercises 91-96, identify the terms. Then identify the 
coefficients of the variable terms of the expression. 


ile Tbe ae i 
93. /3x2 — 8x —- 11 


92. 6x? — 5x 
94. 3./3x2 +1 
2 


5 Se 
404+ -- 3 
95. 4x 5 5 96. 3x 4 


In Exercises 97-102, evaluate the expression for each value 
of x. (If not possible, state the reason.) 


Expression Values 
OTA 16 (ait (b) x = 0 
985.9 ic (a) x ==—3 (b) x = 3 


99. x2 — 3x + 4 (a)ee= —2 (b) S22 








Expression Values 
005 x? + 5x — 4 (a) x= —-1 (b) x= 1 
‘igi @)x=1 (x= 1 
gee 
x 
LE arene (a) x =2 (b) x = —2 


In Exercises 103-112, identify the rule(s) of algebra 
illustrated by the equation. 





103. x+9=9+-x 104, 2(4) = 1 
1 
105. h+6)=1, h#—-6 
mene ho) 


106. (x + 3) —-@ +3) =0 

w07. 24 + 3) = 2x +6 

108. (¢ — 2) + 0=z-2 
109.1-(1+x=1+x 

110. x + (y + 10) = @+ y) + 10 

111. xy) = + 3)y = Gx)y 

moe 12)=(2-7)12=1-12 = 12 


In Exercises 113-120, perform the operation(s). (Write 
fractional answers in simplest form.) 


113. ig + i hh ee 

15.3;-p+é 116) 451 3 ae 

117. 12 +4 118. —(6 - §) 
Day. ape 

| Oar 120. = 5 


In Exercises 121-124, use a calculator to evaluate the 
expression. (Round your answer to two decimal places.) 


121. -3 +3 122. 3(-3 + 3) 

11.46 — 5.37 1-8 — 9 

23. — 124. Saas 
3.91 =) 


3 
125. (a) Use a calculator to complete the table. 


1| 05 | 0.01 | 0.0001 


maT 





0.000001 














(b) Use the result from part (a) to make a conjec- 
ture about the value of 5/n as n approaches 0. 
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126. (a) Use a calculator to complete the table. 





10,000 | 100,000 


| 


(b) Use the result from part (a) to make a 
conjecture about the value of 5/n as n increas- 
es without bound. 

















Synthesis 


127. Exploration Consider |u + v| and |u| + |v]. 


(a) Are the values of the expressions always equal? 
If not, under what conditions are they unequal? 


(b) If the two expressions are not equal for certain 
values of u and y, is one of the expressions 
always greater than the other? Explain. 


128. Think About It Is there a difference between 
saying that a real number is positive and saying that 
a real number is nonnegative? Explain. 


129. Think About It Because every even number is 
divisible by 2, is it possible that there exist any even 
prime numbers? Explain. 


True or False? \n Exercises 130 and 131, determine 
whether the statement is true or false. Justify your answer. 


130. If a < b, then = < * where a # b F O. 


+ 
131, (Because 2” = Soe eS 
C C E a+b fy db 








132. Writing Describe the differences among the sets 
of natural numbers, integers, rational numbers, and 
irrational numbers. 


133. Writing You may hear it said that to take the 
absolute value of a real number you simply remove 
any negative sign and make the number positive. 
Can it ever be true that |a| = —a for a real number 
a? Explain. 
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> What you should fear 


How to use properties of 
exponents 

How to use scientific notation 
to represent real numbers 
How to use properties of 
radicals 

How to simplify and combine 
radicals 

How to rationalize denomina- 
tors and numerators 

How to use properties of 
rational exponents 


> Why you should Jearn it 


Real numbers and algebraic 
expressions are often written 
with exponents and radicals. For 
instance, in Exercise 122 on page 
23, you will use an expression 
involving a radical to find the size 
of a particle that can be carried 
by a stream moving at a certain 
velocity. 





ey cits and as 
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Exponents 


Repeated multiplication can be written in exponential form. 


Repeated Multiplication Exponential Form 


5 


Oa “aria a a 
Aa) a4) (ae 
(2x)(2x)(2x)(2x) (2x)* 

In general, if a is a real number and n is a positive integer, then 
SO! OO OGL 8 OC) 


n factors 


where n is the exponent and a is the base. The expression a” is read “a to the nth 
power.” In Property 3 below, be sure you see how to use a negative exponent. 


Properties of Exponents 


Let a and b be real numbers, variables, or algebraic expressions, and lee m- 
and n be integers. (All denominators and bases are nonzero.) 


Property Example 
tiiatal =a Bees Bie 32S 3o = 729 
Dy =qr-n ns = 5 x3 
1 ie 1 i 
SAPpailali(iV w ogee ae 
a” a y y 
4. o° = 1, a0 (x2 + 1)? =1 


Gx)? = Se = 125 


1 
6A)-4= YOO sy 2 = ya 


\(-2)°|=|-2P = (27 = 4 


It is important to recognize the difference between expressions such as (=2)4 
and — 24. In (—2)*, the parentheses indicate that the exponent applies to the 
negative sign as well as to the 2, but in —2* = — (24), the exponent applies only 
to the 2. So, 


(42)) = 16. : and . 24": 


STUDY TIP 


Rarely in algebra is there only 
one way to solve a problem. 
Don’t be concerned if the steps 
you use to solve a problem are 
not exactly the same as the steps 
presented in this text. The © 
important thing is to use steps 

_ that you understand and, of 
course, steps that are justified 
by the rules of algebra. For 
instance, you might prefer the 
following steps for Example 

2(d). 


‘eae 
Bey) te \3x2)) Ox 
_ Note how Property 3 is used 
in the first step of this solution. 


The fractional form of this 
_ property is 


oe 

Technology 
a You can use a calculator 
to evaluate expressions with 
exponents. For instance, 
evaluate — 3~2 as follows. 
Scientific: 


3 (Fs) Y) 2 ire) El 
Graphing: 
O30 6)2 





The display will be as follows. 


Sol AA, 
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The properties of exponents listed on the preceding page apply to all integers 

m and n, not just to positive integers. For instance, by Property 2, you can write 
34 


eS = Bae (SS) = 3445 = 3) 


Example 1» Using Properties of Exponents 
Use the properties of exponents to simplify each expression. 
2 
a. (—3ab*)(4ab-3) b. (2xy?)3 ¢. 3a(=4a7)° d. (=) 


Solution 

a. (—3ab*)(4ab~3) = — 12(a)(a)(b*)(b-3) = —12a2b 

b. (2xy?)? = 23(x)?(y?)> = 8x2y6 

C. 3a(—407) "= Ball )i= 3a, a = 0 

a (=)’- 57(x2)2 v 25x° 
ee y? y? 








Example 2 ® Rewriting with Positive Exponents 


Rewrite each expression with positive exponents. 











1 Dabs (=)" 
—] —— 
ache b. c. d. 
She: 4a~*b y 

Solution 

1 
ak Property 3 

Xx 

1 ih opel eats 

b. == aS The exponent —2 does not apply to 3. 


ONeae 3 3 
ath 12a nae 








= Property 3 
4a~*b Ab + b4 
3a° 5; 
=e roperty 
b> 
3x2 4 ips Wee 
= = SD Properties 5 and 7 
y iy 
207 
= = Property 6 
y 
v), 
= re Property 3 
2 
=> Simplify. 
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Historical Note Scientific Notation 


The French mathematician Nicolas 

Chuquet (ca. 1500) wrote Triparty | Exponents provide an efficient way of writing and computing with very large (or 

en la science des nombres, in which — very small) numbers. For instance, there are about 326 billion billion gallons of 

a form of exponent notation was water on earth—that is, 326 followed by 18 zeros. 

used. Our expressions 6x? and 

10x? were written as .6.7 and .10.. SEE UL AUC LOU 

Zero and negative exponents It is convenient to write such numbers in scientific notation. This notation has 

were also represented, so x° the form +c x 10”, where 1 < c < 10 and n is an integer. So, the number of 

would be written as .1.° and 3x-?_ gallons of water on earth can be written in scientific notation as 

2m 1 

Heel aetepeabe elite 3.26 x 100,000,000,000,000,000,000 = 3.26 x 10%, 

IDG BK? = OX 2: The positive exponent 20 indicates that the number is /arge (10 or more) and that 

the decimal point has been moved 20 places. A negative exponent indicates that 
the number is small (less than 1). For instance, the mass (in grams) of one elec- 
tron is approximately 


9.0 x 10778 = 0.0000000000000000000000000009. 
te ees ee Se | 


28 decimal places 





Example 3 ® Scientific Notation 


a. 1.345 x 10? = 134.5 

b. 0.0000782 = 7.82 x 107° 
c. 9.36 x 10~° = 0.00000936 
d. 836,100,000 = 8.361 x 108 


Most calculators switch to scientific notation when they are showing large (or 
small) numbers that exceed the display range. Try evaluating 86,500,000 x 6000. 
If your calculator follows standard conventions, its display should be 


SACI) On SiS ISME aa 
which is 5.19 x 10!!. 


| The Interactive CD-ROM and Internet : poe : : 
») versions of this text offer a built-in graph. Example 4 P Using Scientific Notation with a Calculator 


ing calculator, which can be used in the 


Examples, Explorations, Technology Use a calculator to evaluate 65,000 x 3,400,000,000. 
notes, and Exercises. : 
Solution 


Because 65,000 = 6.5 x 10* and 3,400,000,000 = 3.4 x 10°, you can multiply 
the two numbers using the following graphing calculator steps. 





6.5 [EE] 4 [x] 3.4 (EE) 9 (ENTER) 


After entering these keystrokes, the calculator display should read (2.21 E14). 
Therefore, the product of the two numbers is 


(6.5 x 104)(3.4 x 10?) = 2.21 x 10" 
= 221,000,000,000,000. 
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Radicals and Their Properties 


A square root of a number is one of its two equal factors. For example, 5 is a 
square root of 25 because 5 is one of the two equal factors of 25. In a similar way, 
a cube root of a number is one of its three equal factors, as in 125 = 5°, 


Definition of nth Root of a Number 
Let a and b be real numbers and let n = 2 be a positive integer. If 


a = b? 


then b is an nth root of a. If n = 2, the root is a square root. If n = 3, the 
root is a cube root. 


Some numbers have more than one nth root. For example, both 5 and —5 are 
square roots of 25. The principal square root of 25, written as ./25, is the positive 
root, 5. The principal nth root of a number is defined as follows. 


Principal nth Root of a Number 

Let a be a real number that has at least one nth root. The principal nth root 
of a is the nth root that has the same sign as a. It is denoted by a radical 
symbol 


Ya. Principal nth root 


The positive integer n is the index of the radical, and the number a is the 
radicand. If n = 2, we omit the index and write a rather than 2/a. (The 
plural of index is indices.) 


A common misunderstanding is that the square root sign implies both 
negative and positive roots. This is not correct. The square root sign implies only 
a positive root. When a negative root is needed, you must use the negative sign 
with the square root sign. 


Incorrect: >=<£2 Correct: —\/4=-2 and /4=2 


Example 5 ® Evaluating Expressions Involving Radicals 


. 36 = 6 because 62 = 36. 





a 
b. —./36 = —6 because 67 = 36. 

125 eo S\ "5 eons 
3 GA g because Tipe 6A 


d. </—32 = —2' because (—2)° = —32. 
e. ~/—81 is not a real number because there is no real number that can be raised 
to the fourth power to produce — 81. 
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Here are some generalizations about the nth roots of a real number. 





Generalizations About nth Roots of Real Numbers 







Real number a | Integer n = 3 | Root(s) ofa | 
n > O, nis even. v/a, —wV/q 


n is odd. 









a>0O 









/-8 =e 
./ —4 is not real. 
YO =0 a 


a>Oora<0O 














n is even. No real roots 


nis even or odd. | 2/0 = 0 



























Integers such as 1, 4, 9, 16, 25, and 36 are called perfect squares because 
they have integer square roots. Similarly, integers such as 1, 8, 27, 64, and 125 
are called perfect cubes because they have integer cube roots. 


Properties of Radicals 
Let a and b be real numbers, variables, or algebraic expressions such that the 
indicated roots are real numbers, and let m and n be positive integers. 


Property Example 


1. Ya" = (Ya)” YB = (98) = QP =4 








6. For n even, %/a" = |al. J(= 12)? = |=12| = 12 
For n odd, %/a” = a. Wy ==12 


A common special case of Property 6 is a? = |al. 


Example 6 ® Using Properties of Radicals 





Use the properties of radicals to simplify each expression. 


a. | Bae 2 b. (3/5) ce. 3/3 d. £/y® 


Solution 
a. /8- /2= /8-2= Jb =4 
he (2/5 Jas 


ce. 3/8 =x 
d. £/y° = |y| 
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Simplifying Radicals 


An expression involving radicals is in simplest form when the following 
conditions are satisfied. 


1. All possible factors have been removed from the radical. 


2. All fractions have radical-free denominators (accomplished by a process 
called rationalizing the denominator). 


3. The index of the radical is reduced. 


To simplify a radical, factor the radicand into factors whose exponents are 
multiples of the index. The roots of these factors are written outside the radical, 
and the “leftover” factors make up the new radicand. 


| E ; Pe 

STUDY vr p xample 7 & Simplifying Even Roots 
; Perfect Leftover 

When you simplify a radical, it 4th power factor 

is important that both expres- 

sions are defined for the same a. 49 = 4/1608 = 5 = 3 


values of the variable. For 


Perfect Leftover 
instance, in Example 7(b), square factor 
_/753 and 5x/3x are both | | 
- hone Ps oees ae Doe = 258 oe Find largest square factor. 
_ Values OF x. similarly, in au a 
_ Example 7(c), 4/(5x)4 and 5|x| mollenint ae 
are both defined for all real = yew) eis Find root of perfect square. 






values of x. ce. ~/(5x)* = |5x| = 5|x| 


In Example 7(b), the expression ./75x* makes sense only for nonnegative 
values of x. 


‘Example 8 > Simplifying Odd Roots 


Perfect Leftover 
cube factor 


a. 3/24 = 3/8 3 = ¥2? -3 = 23/3 


Perfect Leftover 
cube factor 


ff 


b. 3/24a* = 3/8a3 + 3a Find largest cube factor. 
= Gay 3a 
=e Ba Find root of perfect cube. 
c. 3/—40x8 = 3/(— 8x5) + 5 Find largest cube factor. 


= —2x2 3/5 Find root of perfect cube. 








Il 
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Radical expressions can be combined (added or subtracted) if they are like 
radicals—that is, if they have the same index and radicand. For instance, 2, 
3/2, and eo) are like radicals, but \/3 and \/2 are unlike radicals. To determine 
whether two radicals can be combined, you should first simplify each radical. 


Example 9 ® Combining Radicals 


a. 2/48 = BT = D183 a 3/9 +3 Find square factors. 
= 8n/ 8 ONS Find square roots. 

(8 e 9)/3 Combine like terms. 
sel 

b. 3/16x — 3/54x4 = 3/8 - 2x — 3/27- x3 + 2x Find cube factors. 











==) Se Oye ee Find cube roots. 
=1(2 3x) 2/2 Combine like terms. 


Rationalizing Denominators 
and Numerators 


To rationalize a denominator or numerator of the form a — b\/m or a + by/m, 
multiply both numerator and denominator by a conjugate: a + b/m and 
a — b\/mare conjugates of each other. If a = 0, then the rationalizing factor for 
Jm is itself, /m. For cube roots, choose a rationalizing factor that generates a 
perfect cube. 


Example 10 ® Rationalizing Single-Term Denominators 


Rationalize the denominator of each expression. 











Peek b. 
8 * 3/5 
Solution 
a 2 2 v3 J/3 is rationalizing f: 
° = : t tor. 
2/3 Da Be 1s rationa 1Zing actor. 
bs 
(3) 
1s 
6 
2) 2, Stee 
b. ae = x5 Sr 5 3/52 is rationalizing factor. 
Day 
7 Sh 53 
22/25 








sTupy TIP 


Do not confuse the expression 
/5 + ,/7 with the expression 
yo + 7. In general, /x + y 

_ does not equal Vx + /y. 
Similarly, \/x? + y? does not 
equal x + y. ‘ 
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Example 11 ® Rationalizing a Denominator with Two Terms 








Multiply numerator and 
: = 2 : os VI denominator by conjugate 
3+ a 34 2/1, (B= a7 of denominator. 
= 2(3 = V7) Use Distributive Propert 
= se Distributive Property. 
33) 3 ICs) 
_ 23 = V7) ee 
By — Wai 5 implify. 
= 2(3 - V7) Square terms of 
Pe: denominator. 
INS) = 
= ao) =3- a) Simplify. 





Sometimes it is necessary to rationalize the numerator of an expression. For 
instance, in Section P.4 you will use the technique shown in the next example to 
rationalize the numerator of an expression from calculus. 











Example 12 » Rationalizing a Numerator ao 
to 
ty =f Multiply numerator and 
V5 v7 = v5 v7 . V5 uy v7 denominator by conjugate 
2 2, 5 ae Gi of numerator. 
Caueleas age 
= implify. 
2(/5 + /7) ‘i 
Piel S t f t 
= quare terms of numerator. 
2(/5 + /7) 
= 2 all 





Simplify. 


PEs alee on 


Rational Exponents 


Definition of Rational Exponents 
If a is a real number and 7 is a positive integer such that the principal nth 
root of a exists, then a'/” is defined as 


a'/n = &/a, where 1/n is the rational exponent of a. 


Moreover, if m is a positive integer that has no common factor with n, then 


amln = (qi/nym = (2/a)" and aml = (amin = x/an, 





The symbol S indicates an example or exercise that highlights algebraic techniques specifically 
used in calculus. 
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STUDY TIP 


Rational exponents can be 
tricky, and you must remember 
that the expression b”/"is not 
defined unless 2/b is a real 
number. This restriction 
produces some unusual-looking 
results. For instance, the number 
(—8)!/3is defined because 
3/—8 = —2but the number 
(—8)?/%is undefined because 
6/—8 is not a real number. 


The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 


oa 
Technology 
There are four methods of 
evaluating radicals on most 
graphing calculators. For square 
roots, you can use the square 
root key (1). For cube roots, 


you can use the cube root key 
(¥).For other roots, you can 
first convert the radical to 
exponential form and then use 
the exponential key (), or you 
can use the nth root key (_). 





The numerator of a rational exponent denotes the power to which the base is 
raised, and the denominator denotes the index or the root to be taken. 


Power 
| nen a 
prin = (2/b)” = x/b™ 


When you are working with rational exponents, the properties of integer 
exponents still apply. For instance, 


91/291/3 = 20/2)+0/3) = 95/6. 


Example 13 ® Changing from Radical to Exponential Form 





5 Se b. /Gxy)? = /Gxy)> = Gye 
cs pres (2x)(03/4) = 2x1*G/9) = 2x7/4 


Example 14 ® Changing from Exponential to Radical Form 


a. (x2 + yj? = (JP ry) = VP Ty 
b. 2y2/4z1/4 = Ay 3 z)/4 = 2 yz 


ce. ao3/2 = —- = —= d. x9? = x1/5 = 3/x 


q3/2 /q3 


Rational exponents are useful for evaluating roots of numbers on a calcula- 
tor, for reducing the index of a radical, and for simplifying calculus expressions. 


Example 15 ®& Simplifying with Rational Exponents 








1 1 
el(— 32) 4 = (8/230) = (—2)-4 = sree 
a. (—32) EG ere ers 
b. (—5x5/3)(3x-3/4) = —15x6/9-G/) = 15x12, #0 
CN ee a Reduce index. 
d. By 125 = 9/125 = /(5)3 = 53/6 = 51/2 = af 5 
e. (2x — 1)4/3(2x — 1)-¥3 = (2x — 1)4/)-4/3) 
1 
50 = IL, x#= 
yD 
£ cae J eg! SOs 
“@ 202" G1)?" Ga? 
(x — 1)3/2 
(Coma)? 


= (@ —-— 1)”, coal 





P.2 Exercises 


In Exercises 1-4, write the expression as a repeated 
multiplication problem. 


1. 8 Pay (Sea 

a 0:40 beet il les 

In Exercises 5-8, write the expression using exponential 
notation. 


5. (4.9)(4.9)(4.9)(4.9)(4.9)(4.9) 
6. (2/5 )(2V5)(2/5)(2/5) 
7. (—10)(— 10)(—10)(— 10)(— 10) 


In Exercises 9-16, evaluate each expression. 


9. (a) 32-3 (ayehieks 
55 Bg 
10. (a) 5 (Wise, 
11. (a) (33) (b) —3? 
12. (a) (2 « 32)? (b) (-3)°G)’ 
Brag x 
CD prcerme (b) 32(—2) 
4-3-2 
SIO arene (b) (—2)° 
15. (a) 2-' +37! (by) Qe ')re 
16. (a) 3-1 +27? (b) (3-7)? 


In Exercises 17-20, use a calculator to evaluate the 
expression. (If necessary, round your answer to three 
decimal places.) 


a7, (—4)°(5?) 18. (8~4)(10°) 


In Exercises 21-28, evaluate the expression for the value 
of x. 


Expression Value 
may 3x7 2 
Be. Ix? 4 
23), 6x° 10 
24. 5(—x)3 3 


25. 2x3 =) 
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Expression Value 
20 i2 2 
27. 4x2 = 
2S a) 3 


In Exercises 29-34, simplify each expression. 





29. (a) (—5z)3 (b) 5x702) 
30. (a) (3x)? (b) (4x3)? 
3x> 
31. (a) 6y?(2y*)? OG) 
x 
D5y° 
3/44 
32. (a) (=2)26z) (b) 10y4 
Es 12(x + y)3 
33. (a) 33 (b) O(x a y) 
r4 4\3/3\4 
34. (a) — (b) (?) (5) 
if Vie. 


In Exercises 35-42, rewrite each expression with positive 
exponents and simplify. 


35. (ay oe ay 5 
36. (a) (Qe), & +0 


(b) (2x?)~? 
(by Nzse 2) Ag +2) 2 


37. (a) (= 2x%7)3(40e) 





38. (a) (dy *)(8y*) 


39. (a) (4a~*b3)-3 


(b) (5x22)2 (5x22) 
a~*\(b\3 
© (EN) 
x2 + x2 a? a\3 
42. (a) a3 as (b) (5 )(¢) 


In Exercises 43-54, fill in the missing form of the equation. 


40. (a) [@y"7)-"]- 


41. (a) 3” + 3%" 





Radical Form Rational Exponent Form 


43. /9 = 3 

44, </64 = 4 

45. 321/5 = 2 

46. — (1441/2) = —12 
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Radical Form Rational Exponent Form 182 
47. 1961/2 = 14 Tv A)incs/ al 20s. (b) 
48. 3/614.125 = 8.5 3206 
49. 3/—216 = —6 ae ) Vp 
50. (—243)'/5 = —3 75. @) S160 (b) J 75% 
51. 219 76. (a) /Bx (b) /96x° 
525 (4/80) 27 
53, 4/83 = 27 In Exercises 77-82, perform the operations and simplify. 
54. 16°" ="32 Ti, 3° S58 8. = 
82/5 
In Exercises 55-64, evaluate each expression without using (2x?)3/2 x4/3y2/3 
a calculator. 9. 71/244 Z (xy)!/3 
55. (a) -/9 (b) 8 oF x73 + xl/2 5-1/2 . §x5/2 
56. (a) V49 (b) 72 oes) 2 el *  (5x)3/2 
57. (aye 2a] (b) J64 In Exercises 83-86, rationalize the denominator of each 
: expression. Then simplify your answer. 
~/ Sill 
58. (a) 3/0 (b) —— 1 8 
3 83. (a) = (b) 7 
3 V2 
59. (a) (3/—125)° (Byori 5 5 
60. (a) 4/5624 (b) 36°? tO 2) a Gan 
61. (a) 3273/5 (by (48)-*”" Be ; 
a 1/2 2S ee 
62. (a) 100~3/2 (b) (2) Oa 0) owe 
Bs 1 \-1/3 1 \-2/5 5 5 
(A) (-2) © (5) 86. (a) —=—- b) ==—= 
64 32 Diao ©) Fives 
125\\e2/3 gm —4/3 
ath AE ~ /OFp. (ew 125 4 In Exercises 87-90, rationalize the numerator of each 
wy y) 
expression. Then simplify your answer. 
In Exercises 65-70, use a calculator to approximate the J/8 9 
number. (Round your answer to three decimal places.) 87. (a) Eu (D) 
65. (a) /57 (b) /-27° 2 
66. (a) 3/452 (b) £/125 SS.h(a)— (b) 
= 3) se 2! Nt 
67. (a) (12°27) 75 + 3/8 (b) ae $9. Ga fash : v3 (b) a z 
68. (a) (15.25)~!4 (byuies4)?e ayer gana aimee 2/5 b) 2.3 tren 
69. (a) (—12.4)-!8 (bile 3) D 3 
We a (4 1) B2 13 \—32 3 13/3 
70. (a) 9 (b) (= -(-3) In Exercises 91 and 92, reduce the index of each radical. 
1. @ V2 (b) /(x + 1% 
rineciphne aa removing all possible factors 92. (a) Oe (b) Bx) 
a1. (a) /8 (b) 3/24 
ema) afi (b) VE The symbol eS indicates an example or exercise that highlights 


algebraic techniques specifically used in calculus. 


In Exercises 93 and 94, write each expression as a single 
radical. Then simplify your answer. 


Be aan Wo) (b) J 42x 
94. (a) / /243(x + 1) (b) ./ 3/10a’b 


In Exercises 95-100, simplify each expression. 


95. (a) 2/50 + 12/8 (b) 10/32 — 6/18 
96. (a) 4/27 — 75 (b) 3/16 + 33/54 
97. (a) 5/x — 3V/x (b) —2/9y + 10/y 
98. (a) 8/49x — 14./100x 

(b) —3/48x?2 + 7S 75x? 
99. (a) 3V/x + 1+ 10/r4+1 

(b) 7\/80x — 2./125x 
100. (a) —V/x? —- 74+ 5/3 —-7 

(b) 11./245x3 — 9./45x3 


In Exercises 101-104, complete the statement with 
<; =, or >. 


101, /5+ /3 5 3 
102. ne se 
11 WAI 
103. 5 J 32 + 2 
104. 5 J32 + 4 


In Exercises 105-108, write the number in scientific 
notation. 

105. Land area of the earth: 57,300,000 square miles 
106. Light year: 9,460,000,000,000,000 kilometers 


107. Relative density of hydrogen: 0.0000899 gram per 
cubic centimeter 


108. One micron (millionth of a meter): 0.00003937 
inch 


In Exercises 109-112, write the number in decimal form. 


109. U.S. daily Coca-Cola consumption: 6.048 x 108 
servings (Source: The World of Coca-Cola 
Pavilion) 


110. Interior temperature of the sun: 1.5 x 10’ degrees 
Celsius 


111. Charge of an electron: 1.602 x 10~!° coulomb 
112. Width of a human hair: 9.0 x 10~> meter 
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In Exercises 113 and 114, evaluate each expression without 
using a calculator. 


113. (a) V25 x 10° 


114° G@ G2 106 10-2) (6) 


(Bev sro 
(6.0 < 10°) 
@.0 x 10-) 


In Exercises 115-118, use a calculator to evaluate each 
expression. (Round your answer to three decimal places.) 


0.11 \800 
115. (a) 750 + os 
67,000,000 + 93,000,000 
0.0052 
116. (a) (9.3 x 10°)3(6.1 x 1074) 
(2.414 x 104) 
(1.68 x 10°)> 
117.(a) 450" 
118. (a) (2.65 x 10-4)! 





(b) 


(b) 3/63 x 104 
(b) /9 x 10-4 


119. Exploration List all possible digits that occur in 
the units place of the square of a positive integer. 
Use that list to determine whether ./5233 is an 
integer. 

120. Think About It Square the real number 2/\/5 
and note that the radical is eliminated from the 
denominator. Is this equivalent to rationalizing the 
denominator? Why or why not? 


121. Period of a Pendulum The period T (in seconds) 
of a pendulum is 


P= 20) = 
oN 30 
where L is the length of the pendulum (in feet). Find 


the period of a pendulum whose length is 2 feet. 

122. Erosion A stream of water moving at the rate of 
v feet per second can carry particles of size 0.03/v 
inches. Find the size of the largest particles that can 
be carried by a stream flowing at the rate of 3 foot 
per second. 

123. Mathematical Modeling A funnel is filled with 
water to a height of h centimeters. The time ¢ (in 
seconds) for the funnel to empty is 


t = 0.03[125/2 — (12 — n)5/], O< A < 12. 


Find t for h = 7 centimeters. 


124. Speed of Light The speed of light is 11,160,000 
miles per minute. The distance from the sun to the 
earth is 93,000,000 miles. Find the time for light to 
travel from the sun to the earth. 
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125. Depreciation Find the annual depreciation rate r 
from the bar graph below. To find r by the declining 
balances method, use the formula 


1/n 
a 
C 


where vn is the useful life of the item (in years), S is 
the salvage value (in dollars), and C is the original 
cost (in dollars). 





: ae 





Value 
(in thousands of dollars) 


126. Ecology There were 2.097 x 10® tons of munici- 
pal waste generated in the United States in 1996. 
Find the number of tons for each of the categories 
in the figure. (Source: U.S. Environmental 
Protection Agency) 


Other 25.5% 


‘4 Yard waste 13.4% 
iS Plastics 9.4% 


Glass 5.9% 


Paper 38.1% 


Metals 7.7 % 


Synthesis 


True or False? \n Exercises 127 and 128, determine 
whether the statement is true or false. Justify your answer. 


xk 


127. 





ae 128. (a")* = a®™ 


129. Verify that a?=1, a # 0. (Hint: Use the property 
of exponents = cae aa 


130. Explain why each of the following pairs is not 
equal. 


(a) (Gx #5 (b) y3 + y? #98 


(c) (a2b3)4 # ab? (d) (a+ bP #ae2+h? 
(ce) 4x? # 2x (f) /2 + 3/3 fee 


131. Is the real number 52.7 x 10° written in scientific 
notation? Explain. 


132. Writing Johannes Kepler (1571-1630), a well- 
known German astronomer, discovered a relation- 
ship between the average distance of a planet from 
the sun and the time (or period) it takes the planet 
to orbit the sun. People then knew that planets that 
are closer to the sun take less time to complete an 
orbit than planets that are farther from the sun. 
Kepler discovered that the distance and period are 
related by an exact mathematical formula. 

The table shows the average distance x (in astro- 
nomical units) and period y (in years) for the five 
planets that are closest to the sun. By completing the 
table, can you rediscover Kepler’s relationship? 
Write a paragraph that summarizes your conclusions. 





Jupiter 
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> What you should learn 


P.3 


How to write polynomials in 
standard form 


How to add, subtract, and 
multiply polynomials 


How to use special products to 
multiply polynomials 


How to remove common 
factors from polynomials 


How to factor special 
polynomial forms 


How to factor trinomials as the 
product of two binomials 


* How to factor by grouping 


> Why you should learn it 


Polynomials can be used to 

~ model and solve real-life prob- 
lems. For instance, in Exercise 178 
on page 36,a polynomial is used 
to model the stopping distance 
of an automobile. 


Polynomials and Factoring 
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Polynomials 


The most common type of algebraic expression is the polynomial. Some examples 
of polynomials are 


Oe Soy wl ee eoeenand ox cye xy eS, 


The first two are polynomials in x and the third is a polynomial in x and y. The 
terms of a polynomial in x have the form ax“, where a is the coefficient and k is 
the degree of the term. For instance, the polynomial 


2x3 — 5x2 +1 = 2x3 + (-—5)x?2 + (O)x4+1 


has coefficients 2, —5, 0, and 1. 


Definition of a Polynomial in x 


Let dp, a;, >, ..., a, be real numbers and let n be a nonnegative integer. 
A polynomial in x is an expression of the form 
(OE ah cid Pah ia oe geben ay ebb ae ie 


where a,, # 0. The polynomial is of degree n, a,, is the leading coefficient, 
and dp is the constant term. 


Polynomials with one, two, and three terms are called monomials, binomi- 
als, and trinomials, respectively. In standard form, a polynomial is written with 
descending powers of x. 


Example 1 ® Writing Polynomials in Standard Form 


Polynomial Standard Form Degree 
avidin? — xe rolled ox SO Aue oe) 9 
b. 4 — 9x? —Ox7 +4 2 
c. 8 SS -Sx0) 0 





A polynomial that has all zero coefficients is called the zero polynomial, 
denoted by 0. No degree is assigned to this particular polynomial. For polyno- 
mials in more than one variable, the degree of a term is the sum of the exponents 
of the variables in the term. The degree of the polynomial is the highest degree 
of its terms. The leading coefficient of the polynomial is the coefficient of the 
highest-degree term. Expressions such as the following are not polynomials. 


x3 — S3x = x3 — (3x)!/2 


x2 + 5x7! 


Exponent in ./3x is not an integer. 


Exponent in 5x7! is not a nonnegative integer. 
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STUDY TIP 


A common mistake is to fail to 
change the sign of each term 
inside parentheses preceded by 
a negative sign. For instance, 


note that 
= (x? S43) 
Sex? Ber 3 
and 
a es) 


Fi= Ke ae Es 


-) Acomputer simulation to accompany 
this example appears in the Interactive 
CD-ROM and Internet versions of this 
text. 


Operations with Polynomials 


You can add and subtract polynomials in much the same way you add and 
subtract real numbers. Simply add or subtract the like terms (terms having the 
same variables to the same powers) by adding their coefficients. For instance, 
— 3xy? and 5xy? are like terms and their sum is 


=3xy? + Sxy? = (—34 5) ay = 20". 


Example 2 ® Sums and Differences of Polynomials 


Perform the operation on the polynomials. 
a. (5x? — 7x2 — 3) + (x3 + 2x? — x + 8) 
b. (7x4 — x2 — 4x + 2) — (x4 — 4x? + 3x) 


Solution 
a. (5x3 — 7x2 — 3) + (x3 + 2x2 — x + 8) 
= (5x3 + x3) + (Qx2 — 7x?) —x +1(8 = 3) Group like terms. 
= 659 S254? avi Combine like terms. 
b. (7x4 — x2 — 4x + 2) — (3x4 — 4x? 4+ 3x) 
= Txt — x2 — 4x + 2 — 3x4 + 4x? — 3x Distributive Property 
= (xt 3x) ae — 4) 3x 04) ee Group like terms. 
S44 3x2 = Jn +2 Combine like terms. 


To find the product of two polynomials, use the left and right Distributive 
Properties. 


Example 3 B® Multiplying Polynomials: The FOIL Method 


Multiply (3x — 2) by (5x + 7). 
Solution 
Gx — 2)6x + 7) =3xGxrF 7) = 26x +7) 
= (3x)(Sx) + 3x)(7) — Q)Gx) — 2)7) 
=e eee One 


ret i \ x 
Product of | Product of Product of Product of 
First terms Outerterms Innerterms Last terms 


= 15x? + llx — 14 


Note in this FOIL Method that for binomials, the outer (O) and inner (I) terms 
are like terms and can be combined. 
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Special Products 
Some binomial products have special forms that occur frequently in algebra. 


Special Products 


Let u and v be real numbers, variables, or algebraic expressions. 


Special Product Example 

Sum and Difference of Same Terms 
(u + vu — vy) =u? —y? Ae — 4) = x? — 4 

=x? — 16 
Square of a Binomial 
(u + v)? = u2 + Quy + v? (x + 3)? = x? + 2)(3) + 3? 

= 7 + 6x +9 
(u — v)? = u2 — Quy + v? (3x — 2)2 = Gx)? — 2(3x)(2) + 2? 
= 9x7 — 12x + 4 


Cube of a Binomial 

(u + v)? = u3 + 3u2v + 3uy2 + v3 (x + 2)? = x3 + 3x%2(2) + 3x(22) +23 
= x>° + 6x? + 12x + 8 

(u — v)3 = u3 — 3u2y + 3uy?2 — v3 @— 1) = x? —3x2(1) + 3x1?) — BP 
= x2 — 3x? + 3x -— 1 


Example 4 ® Sum and Difference of Same Terms 


Find the product of (5x + 9) and (5x — 9). 


Solution 


The product of a sum and a difference of the same two terms has no middle term 
and takes the form (u + v)(u — v) = u? — y?, 


(5x + 9)(5x — 9) = (5x)? — 92 
= 25x? — 81 


Example 5 ® The Product of Two Trinomials 


Find the product of (x + y — 2) and (x + y + 2). 


Solution 


By grouping x + y in parentheses, you can write the product of the trinomials as 
a special product. 


( ye eae or 2) = [Gite + y) + 2] 
(x: ae 
x” Seamer y? 14 


ll 
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Factoring 


The process of writing a polynomial as a product is called factoring. It is an 
important tool for solving equations and for simplifying rational expressions. 

Unless noted otherwise, when you are asked to factor a polynomial, you can 
assume that you are hunting for factors with integer coefficients. If a polynomial 
cannot be factored using integer coefficients, then it is prime or irreducible over 
the integers. For instance, the polynomial x? — 3 is irreducible over the integers. 
Over the real numbers, this polynomial can be factored as 


x2—-3=(x+ J3)(x - V3). 


Example 6 » Recognizing Completely Factored Polynomials — - 


Determine whether the polynomial is completely factored. 

a 2x + 4x-4=(@-—1)0? + 4) 

b. 28 — x? — 4x + 4= @— 1)? — 4) 

Solution 

a. x3 — x2 + 4x — 4 = (x — 1)(x? + 4) is completely factored. 


b. x3 — x2 — 4x + 4 = (x — 1)(x? — 4) is not completely factored. Its complete 
factorization would be 


x3 —x2-— 4x4 +4= (x — 1) + 2) — 2). 


ee 


The simplest type of factoring involves a polynomial that can be written as 
the product of a monomial and another polynomial. The technique used here is 
the Distributive Property, a(b + c) = ab + ac, in the reverse direction. 


ab + ac = ab + c) a is acommon factor. 


Removing (factoring out) a common factor is the first step in completely 
factoring a polynomial. 


Example 7 ® Removing Common Factors 





Factor each expression. 


a. 6x? — 4x b. —4x? + 12x — 16 c. (x — 2)(2x) + (x — 2)(3) 
Solution 
a. 6x3 — 4x = 2x(3x?) — 2x(2) 2x is a common factor. 
= 2x(3x" — 2) 
b. —4x2 + 12x — 16 = —4(x2) + (—4)(—3x) + (—4)4 —4 is a common factor. 
== A(x? art 4) 


ce. x — 22x) + & — 2)6) =—G = DVOx + 3) x — 2 isacommon factor. 


a 


Section P.3 ® Polynomials and Factoring 29 


Factoring Special Polynomial Forms 
Some polynomials have special forms that you should learn to recognize so that 
you can factor the polynomials easily. 

Factoring Special Polynomial Forms 


Factored Form Example 
Difference of Two Squares 


u2 — v2 = (ut v)(u — v) Ox? —94 = (3x)? — 2? = Bx + 2)6x — 2) 
Perfect Square Trinomial 

u2 + Quv + v? = (u + v)? x? + 6x + 9 = x? + 2(x)(3) + 3? = @ + 3)? 

bo? — Quv + v2 = (u — v)? x — 64 +9 =x? — 2(x)(3) $37 = @ = 3) 
Sum or Difference of Two Cubes 

ue + vy? = (ut v)(u2 — w + v?) x2 4+ 8 =x3 + 23 = (x + 2)(x2 — 2x + 4) 

uw — v? = (u — v)(u2 + uv + v?) 27% = 1 =(3x)*,— 1°. = Cx— NOx? +3 HD) 


One of the easiest special polynomial forms to factor is the difference of two 
squares. Think of this form as follows. 


u2 — y2 = (u + v)(u — v) 


Difference Opposite signs 


To recognize perfect square terms, look for coefficients that are squares of 
integers and variables raised to even powers. 


Example 8 ® Removing a Common Factor First 
STUDY TIP 


Factor 3 — 12x?. 
In Example 8, note that the first 


_ step in factoring a polynomial is Solution 

_ to check for a common factor. 3 — 12x? = 3(1 — 4x?) 3 is a common factor. 

. Once the common factor is = Ii? — @x)7] 

removed, it is often possible to 

i recognize patterns that were not = 3(1 + 2x)(1 = 2x) Difference of two squares 


: immediately obvious. 

Example 9 ® Factoring the Difference of Two Squares 

Bs (2) yore 2) tyler 2) | 

=(x+2+ ya +2=—y) 

b. 16x* — 81 = (4x2)? — 9? 
= (4x2 + 9)(4x2 — 9) Difference of two squares 
= (4x2 + 9)[(2x)? — 32] 
= (4x? + 9)(2x + 3)(2x — 3) Difference of two squares 
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Exploration 


Rewrite u° — v° as the differ- 
ence of two squares. Then find a 
formula for completely factoring 
u® — v®. Use your formula to 
factor completely x° — 1 and 
x GA. 


A perfect square trinomial is the square of a binomial, and it has the follow- 
ing form. 


u2 + 2uv + v2 = (ut v)? or u2 — 2uv + v2 = (u — v)? 
Like signs Like signs 


Note that the first and last terms are squares and the middle term is twice the 
product of uw and v. 


Example 10 ® Factoring Perfect Square Trinomials 


Factor each trinomial. 


ana — 10x 25 Dapl6x2c ox eel 
Solution 
a. x2 — 10x + 25 = x? — 2(x)(5) + 5? 
= (goede 
b. 16x? + 8x + 1 = (4x)? + 2(4x)(1) + 17 
= (4x hi)e 





The next two formulas show the sums and differences of cubes. Pay 
special attention to the signs of the terms. 


Like signs Like signs 


uw3t+v3=(utv)(u2—-uvt+y?) ui— v3 = (u— v)\(u? + w + vy?) 


ee ieee 


Unlike signs Unlike signs 


Example 11 ® Factoring the Difference of Cubes 


Factor x3 — 27. 


Solution 


yr —7=x —3? Rewrite 27 as 33. 


= (x - Be + 3x + 9) Factor. 


Example 12 ® Factoring the Sum of Cubes 


a. y2+8=y?t+ 2? Rewrite 8 as 2°. 
—Ny + 2)? — 2y + 4) Factor. 
b. 3(x3 + 64) = 3(x? + 4°) Rewrite 64 as 4°. 


= 3(x + 4)(x2 — 4x + 16) Factor. 





A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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Trinomials with Binomial Factors 


To factor a trinomial of the form ax? + bx + c, use the following pattern. 


Factors of a 


ae+bxtco=( xt Yoox + ) 


ce! Cc 


Factors of c 


The goal is to find a combination of factors of a and c such that the outer and 
inner products add up to the middle term bx. For instance, in the trinomial 
6x? + 17x + 5, you can write 


B O I L 


ih a) 


(2x + 5)(3x + 1) = 6x2 + 2x + 15x45 
Of 


| 


= 6x? + 17x 4+ 5. 


Note that the outer (O) and inner (I) products add up to 17x. 


Example 13 ® Factoring a Trinomial: Leading Coefficient Is 1 


Factor x2 — 7x + 12. 


Solution 


The possible factorizations are 
(x= 2) = 6), @=1)@=—12)) and ( — 3)@ — 4). 
Testing the middle term, you will find the correct factorization to be 


x? Tx +12 = Ge 3)@ — 4). 


Example 14 ® Factoring a Trinomial: Leading Coefficient Is Not 1 


Factor 2x2 + x — 15. 


Solution 
The eight possible factorizations are as follows. 


(2x — 1)(« + 15) (2x + 1)@ — 15) 
(2x — 3)(x + 5) (2x + 3)(x — 5) 
Ox = 5) 3) (2x + 5)(@=3) 
(2x — 15)(% + 1) (2x + 15)(x — 1) 
Testing the middle term, you will find the correct factorization to be 


2x? +x = 15 = Ox — 5)(x + 3). O+1=6x —-5x=x 
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Factoring by Grouping 


Sometimes polynomials with more than three terms can be factored by a method 
called factoring by grouping. It is not always obvious which terms to group, and 
sometimes several different groupings will work. 





Example 15 ® Factoring by Grouping 


Use factoring by grouping to factor 
x 2x — 3K 4 6. 


Solution 
x2 — 2x2! — 3x + 6 = (x? = 2x2) — (3x — 6) Group terms. 
seg (a? = Sa Factor groups. 
=(G— 2)0> = 3) Distributive Property 


nn nn ena IRR ESEIRINIRRSIISInRINININIERENNESOSRNENE 


Factoring a trinomial can involve quite a bit of trial and error. Some of this 
trial and error can be lessened by using factoring by grouping. 


Example 16 ® Factoring a Trinomial by Grouping 


Use factoring by grouping to factor 2x? + 5x — 3. 


Solution 

In the trinomial 2x2 + 5x — 3, a = 2 and c = —3, which implies that the 
product ac is — 6. Now, —6 factors as (6)(— 1) and 6 — 1 = 5 = b. So, you can 
rewrite the middle term as 5x = 6x — x. This produces the following. 


Qe heii 31247 ie Rewrite middle term. 
= (0x7) tnx) =: Gits3) Group terms. 
Ep 23 Wor rah) Weed Cte ey) Factor groups. 
=(@+32)2= 1) Distributive Property 


Therefore, the trinomial factors as 
Qx2 + 5x — 3 = (x + 3)(2x — 1). 


a EnEEEEEREREEDDENDDEDTETUEDIITII-INIIDINDESININUDRIIN 


Guidelines for Factoring Polynomials 

1. Factor out any common factors using the Distributive Property. 
2. Factor according to one of the special polynomial forms. 

3. Factor as ax? + bx + c = (mx + r)(nx + 5). 


4. Factor by grouping. 


P.3 Exercises 
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In Exercises 1-6, match the polynomial with its description. 
[The polynomials are labeled (a), (b), (c), (d), (e), and (f) J 

(a) 3x? 

(c) x3 + 3x2 + 3x+4+1 
(e) —3x> + 2x2 +x 


(b) TP — 2x? 

(d) 12 

(f) 3x4 + x2 +10 
1. A polynomial of degree zero 

. A trinomial of degree five 

. A binomial with leading coefficient —2 

. A monomial of positive degree 


. A trinomial with leading coefficient é 


Nn kh Ww NY 


. A third-degree polynomial with leading coefficient 1 


In Exercises 7-10, write a polynomial for the description. 
(There are many correct answers.) 


7. A third-degree polynomial with leading coefficient 
=, 
8. A fifth-degree polynomial with leading coefficient 6 


9. A fourth-degree binomial with a negative leading 
coefficient 


10. A third-degree binomial with an even leading coeffi- 
cient 


In Exercises 11-16, find the degree and leading coefficient 
of the polynomial. 


Mires 2x 

2.5 —3x1 + 2x2 — 5 
13. 1 — x + 6x4 — 4x5 
14, 3 

Bex y — 3xy? + x7y? 
Bex y + 2x2y2ceixyt 


In Exercises 17-22, is the expression a polynomial? If so, 
write the polynomial in standard form. 





17. 2x — 3x3 + 8 18. 2x3 + x — 3x7! 
3x + 4 ek 3 
io. — 51) 2 sana 
aX 2 
gay? — y* + y? 22 yy" 


In Exercises 23-38, perform the operations and write the 
result in standard form. 


Do: (2x- + 1) — (x2 — 2x + 1) 
24. —(5x? — 1) — (—3x? + 5) 


25. (15x* — 6) —(—8.3x3 — 14.7x2 = 17) 

26. (15.2x4 — 18x — 19.1) — (13.9x4 — 9.6x + 15) 
27. 5z — [3z — (10z + ea 
28. (y? + 1)— [(y? + 1) 
29. 3x(x? — 2x + 1) 

30. y2(4y2 + 2y — 3) 

319 =s262— 1) 

32. (—3x)(5x + 2) 

33. (1 — x3)(4x) 

34, 4G) 

35. (2.5x?2 + 3)(3x) 

36. (2 — 3.5y)(2y?) 

37. —4x(éx + 3) 

38. 2y(4 — Zy) 


Bre DI 


In Exercises 39-72, multiply or find the special product. 
39. (x + 3)(x + 4) 40. (x — 5)(x + 10) 


41. (3x — 5)(2x + 1) 42. (7x — 2)(4x — 3) 
43. (2x + 3)? 44, (4x + 5)? 
45. (2x — 5y)? 46. (5 — 8x)? 


47. (x + 10)(@ — 10) 

48. (2x4 3)(2e — 3) 

49, (x + 2y)(x — 2y) 

50. (2x + 3y)(2x — 3y) 

51. [(m — 3) + n][(m — 3) - n] 

52.1 + y) Fe 1G + y) = 14 

53. [(x — 3) + yP 54. [(x + 1) — yf? 
55, (2r? — 5)(2r2 + 5) 

56. (3a? — 4b?)(3a? + 4b?) 


57. (x + 1)3 58. (x — 2) 

59. (25 — ay) 

60. (4x3 — 3)? 

61. (5x — 3)’ 62. (34 + 5)’ 

63. (4x — 2)(4x + 2) 64. (2x + 4)(2x — 4) 
65. (1.2x + 3) 66. (1.5y — 3)? 


67. (1.5x — 4)(1.5x + 4) 

68. (2\5y 3) (pies) 

69. 5x(x + 1) — 3x(x + 1) 

70. (2x — 1)(x + 3) + 3(x + 3) 
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71. (u + 2)(u — 2)(u? + 4) 
72. (x + y)\(x — yx? + y?) 


In Exercises 73-76, find the product. The expressions are 
not polynomials, but the formulas can still be used. 


3. (Vx + Vy\(Vx- Vy) 
4. (5 + Vx)(5 -— Vx) 
ae v5)? 
76. (x + aK 


In Exercises 77-80, determine whether the polynomial is 
completely factored. If not, give the complete factorization. 


77, x3 + 2x2 +x4+2= («4+ 2)(x? + 1) 

78. 3 + 3x2 — 9x — 27 = (x + 3)(x? — 9) 

79, 84x72 -— 7x —-7 = (x? — 7)(x + 1) 

80. 4x4 + 12x3 — x2 — 3x = (x? + 3x)(4x? — 1) 


In Exercises 81-88, factor out the common factor. 


Sl, Seas © 
82. 5y — 30 
83. 2x3 — 6x 


S440 Ox ee 

85. x(x — 1) + 6( — 1) 

86. 3x(x + 2) — 4(x + 2) 

87. (x + 3)? — 4@ + 3) 

88. Gx = 1)? Ge a1) 

In Exercises 89-92, find the greatest common factor such 
that the remaining factors have only integer coefficients. 
89. 5x3 + 2x? — Sx 

90. 5y4 — Sy? + 2y 

91. 3x(x — 3) — 4(x — 3) 

92. #y(y + 1) — Ay + 1) 


In Exercises 93-100, factor the difference of two squares. 


93. l6y? — 9 94. 49 — 9y? 
95. 16x? — 4 96. sy — 64 
97. (x — 1)? -4 98. 25 — (¢ + 5)? 


99. 9u? — 4v? 100. 25x? — 16y 


In Exercises 101-108, factor the perfect square trinomial. 


101. x? —4x + 4 

102. x2 + 10x + 25 
103. 36y2 — 108y + 81 
104. 9x2 — 12x + 4 
105. 9u2 + 24uv + 16v? 
106. 4x? — 4xy + y? 
107. x2 — Gx +§ 

108. 22+ 244 


In Exercises 109-120, factor the trinomial. 


109) x7 ss 2 
1108275206 
fii —=59 6 
i276 
113,209 
114, 24 + 5z — z? 
115.0537 = oN ao 
116.257 — 
L172 5x7 260 FS 
DAS) ee xt 
1195977 42 32 Ee 
120; —5u? — 134.4 6 


In Exercises 121-128, factor the sum or difference of cubes. 


tie 38 122. aed 
123. y> + 64 124. z? + 125 
125 Serco! 126. 27x? 


1275 21? 128. 64x? — y° 


In Exercises 129-134, factor by grouping. 


120 Dy oa 
130.0392 5x? — Sete 
1312 232 3a Ore 8 
132. 64-25 =n — X* 
133. 6 ae Ok 
134.5869 = forse 12x? 79 


In Exercises 135-138, factor the trinomial by grouping. 


135, 3x7 + 10x + 8 
136. 2x? + 9x + 9 
m37. 15x7— lix + 2 
138. 12x? — 13x + 1 


In Exercises 139-160, completely factor the expression. 


139. 6x? — 54 140. 12x? — 48 

tale x? — 4x? 142.72 9% 

143. 2x? + 4x — 2x3 144, 2y3 = Fy? — 15y 
ee 2 ise 5 146.13x + 6 5x2 
147. gx? + 5x - 8 


La One a 
148. gx 96% 16 


MAO. x* — 44> + x? — Ax 

iO. 3u — 2u? + 6 — wv 

Pix? + 1)? — 4x2 

152. (x? + 8)2 — 36x2 

153.;2t° — 16 

154. 5x3 + 40 

955. 4x(2x — 1) + (2x = 1)? 

156. 5(3 — 4x)? — 8(3 — 4x)(5x — 1) 
M77, + 2)20 — x)? + G+ 20 — »)? 
158. 7x(2)(x? + 1)(2x) — (2? + 1)?(7) 

159. 3(x — 2)?(x + 1)4 + (x — 2)3(4)(@ + 133 
160. 5(x® + 1)4(6x>)(3x + 2)? + 3(3x + 2)2(3)(x® + 1)5 


In Exercises 161-164, find all values of 6 for which the 
trinomial can be factored. 


161. x? + bx — 15 
162. x2 + bx + 50 
163. x? + bx — 12 
164. x? + bx + 24 


In Exercises 165-168, find two integer values of c such that 
the trinomial can be factored. (There are many correct 
answers.) 


965, 2x? + 5x+-¢ 
ieG. ox%° — 10x +c 
Nee OX" — xX'+ C 
168. 2x? + 9x +c 


169. Business 


170. 


171. 


172. 
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A manufacturer can produce and sell x 
radios per week. The total cost (in dollars) for 
producing x radios is 


C = 73x + 25,000 

and the total revenue (in dollars) is 

R = 95x. 

Find the profit P obtained by selling 5000 radios 
per week. 


Business An artist can produce and sell x craft 
items per month. The total cost (in dollars) for 
producing x craft items is 


C = 460 + 12x 

and the total revenue (in dollars) is 

R = 36x. 

Find the profit P obtained by selling 42 craft items 


per month. 


Finance After 2 years, an investment of $500 
compounded annually at an interest rate r will yield 
an amount of 


SOUG Tr) 


(a) Write this polynomial in standard form. 


(b) Use a calculator to evaluate the polynomial for 
the values of r in the table. 


ee ole, | 30 | 4% 
S001 + | 





























(c) What conclusion can you make from the table? 


Finance After 3 years, an investment of $1200 
compounded annually at an interest rate r will yield 
an amount of 


1200 Cacia ka 


(a) Write this polynomial in standard form. 


(b) Use a calculator to evaluate the polynomial for 
the values of r in the table. 











: 3% | 35% | 4% | 44% 


1200( 


2% 




















(c) What conclusion can you make from the table? 
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An open box is made by cutting 
squares from the corners of a piece of metal that 
is 18 centimeters by 26 centimeters (see figure). If 
the edge of each cut-out square is x centimeters, 
find the volume when x = 1, x = 2, and x = 3. 


26 — 2x 


174. Geometry Find the area of the shaded region in 


each figure. Write your result as a polynomial in 
standard form. 


(A) it 2s 0 (b) 





—<6x—> 


i< 9x—— 


175. Geometry Find the area of the shaded region in 


Geometry 


each figure. Write your result as a polynomial in 
standard form. 





In Exercises 176 and 177, find a polynomial 


that represents the total number of square feet for the floor 
plan shown in the figure. 


176. 


<— X >< «x —> = —_—_ 14 ft —— 














<— ¥ —> 1 «_— 18 ft ———>1/<—__ 1 


178. Stopping Distance The stopping distance of an 


Distance (in feet) 


automobile is the distance traveled during the 
driver’s reaction time plus the distance traveled 
after the brakes are applied. In an experiment, these 
distances were measured (in feet) when the 
automobile was traveling at a speed of x miles per 
hour, as shown in the bar graph. The distance 
traveled during the reaction time was R = 1.1x, and 
the braking distance was 


B = 0.14x? — 4.43x + 58.40. 
(a) Determine the polynomial that represents the 
total stopping distance T. 


(b) Use the result of part (a) to estimate the total 
stopping distance when x = 30, x = 40, and 
x = 55 miles per hour. 


(c) Use the bar graph to make a statement about the 
total stopping distance required for increasing 
speeds. 


yy === Reaction time distance 
350 gaan Braking distance 

300 ee 
2504 
200 |= 
150 
100 


50 





Speed (in miles per hour) 


Geometric Modeling 


For instance, a factoring model for 


2x? + 3x + 1 = (2x + 1)(x + 1) 


is shown in the figure. 





179. 
180. 


Geometry 


Bx xe 2 = Bx + 1)(x + 2) 
Dye ix =1(20+ 1) + 3) 


In Exercises 181-184, write an expression in 


factored form for the shaded portion of the figure. 


181. 


185. 


0 oe 





<3 (0 + 3) 


Geometry The volume of concrete used to make 

the cylindrical concrete storage tank shown in the 

figure is 

V = Rh — ar?h. 

(a) Factor the expression for the volume. 

(b) From the result of part (a), show that the volume 
of concrete is 


27 (average radius)(thickness of the tank)h. 


In Exercises 179 and 180, draw a 
“geometric factoring model” to represent the factorization. 
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186. Chemistry 
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FIGURE FOR 185 


The rate of change of an autocatalytic 
chemical reaction is kOx — kx*, where Q is the 
amount of the original substance, x is the amount of 
substance formed, and k is a constant of propor- 
tionality. Factor the expression. 


Synthesis 


True or False? 


In Exercises 187-190, determine whether 


the statement is true or false. Justify your answer. 


187. 


188. 
189. 


190. 


191. 


192. 


193. 


194. 


195. 


196. 
197. 


The product of two binomials is always a 
second-degree polynomial. 


The sum of two binomials is always a binomial. 


The difference of two perfect squares can be 
factored as the product of conjugate pairs. 


The sum of two perfect squares can be factored as 
the binomial sum squared. 

Find the degree of the product of two polynomials 
of degrees m and n. 


Find the degree of the sum of two polynomials of 
degrees m and n if m < n. 


Logical Reasoning Verify that (x + y)? is not 
equal to x* + y? by letting x = 3 and y = 4 and 
evaluating both expressions. Are there any values of 
x or y for which (x + y)? = x? + y?? Explain. 


Pattern Recognition Perform the multiplications. 
Gt DG 1) 
(b) Geiser 1) (a? + x + 1) 
6) GS) + x* ee 1) 


From the pattern formed by these products, can you 
predict the resultiot (7— 1)(q* + x° + x2 + x41)? 


Factor x?" — y?” completely. 
Factor x3” + y>” completely. 


Factor x3” — y?" completely. 
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Rational Expressions 





> What you should learn 


* How to find domains of 


Domain of an Algebraic Expression 


algebraic expressions The set of real numbers for which an algebraic expression is defined is the 
* How to simplify rational domain of the expression. Two algebraic expressions are equivalent if they have 

tal SSE the same domain and yield the same values for all numbers in their domain. For 
* How to add, subtract, multiply, instance, (x + 1) + (x + 2) and 2x + 3 are equivalent because 


and divide rational expressions 
* How to simplify complex 
fractions = 3 Sei D 


G1) @+ 2)=0 4 ex 2 


> Why you should learn it = Diba: 


Rational expressions can be used 

to solve real-life problems. For Example 1 ® Finding the Domain of an Algebraic Expression _ 
instance, in Exercise 102 on page SESE Se 
48, a rational expression is used 
to model the cost per ounce of 
precious metals from 1992 I ae ae oe 
through 1997. 


a. The domain of the polynomial 


is the set of all real numbers. In fact, the domain of any polynomial is the set 
of all real numbers, unless the domain is specifically restricted. 


b. The domain of the radical expression 
ETO! 
is the set of real numbers greater than or equal to 2, because the square root of 
a negative number is not a real number. 
c. The domain of the expression 
be SP 
Kise 
is the set of all real numbers except x = 3, which would produce an 
undefined division by zero. 









i 


The quotient of two algebraic expressions is a fractional expression. 
Moreover, the quotient of two polynomials such as 
Qe 1 age a 


A or 
x+1 x?74+1 


Patrick Cocklin/Tony Stone Images 








1 
crs: 
G 
is a rational expression. Recall that a fraction is in simplest form if its numera- 
tor and denominator have no factors in common aside from +1. To write a 
fraction in simplest form, divide out common factors. 

a ieee 


ee it) 
piste pew 





The key to success in simplifying rational expressions lies in your ability to 
factor polynomials. 


STUDY TIP 


In Example 2, do not make the 
mistake of trying to simplify 
further by dividing out terms. 


Brey mi : ) 
Peek Oj Xi 6 
ee 
RSE Suh ed: 

Remember that to simplify 


fractions, divide out common 
factors, not terms. — 





ee ete a) 
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Simplifying Rational Expressions 


When simplifying rational expressions, be sure to factor each polynomial 
completely before concluding that the numerator and denominator have no 
factors in common. 


Example 2 ® Simplifying a Rational Expression 








isk idx Fos. oe 
Write -——_——_ + in simplest form. 
3uF = © 
Solution 
eo 4g 12 et Olle) 7 ne 
= a i a a rs actor completely. 
3x — 6 3(x—2) ie i 
a O 
= AL x#2 Divide out common factors. 


Note that the original expression is undefined when x = 2 (because division by 
zero is undefined). To make sure that the simplified expression is equivalent to 
the original expression, you must restrict the domain of the simplified expression 
by excluding the value x = 2. 





Sometimes it may be necessary to change the sign of a factor to simplify a 
rational expression, as shown in Example 3(b). 


Example 3 » Simplifying Rational Expressions 


Write each expression in simplest form. 

















Meg ak pie 
PO TENG st 
Solution 
Kaa SEN eee) 
Mee ey eee) 
x(x+2)(x — 2) : fa 
a actor completely. 
2) (al) 
= 1) 
= alta x#-—2 Divide out common factors. 
eel) 
12 x =e ee) a wy 
nov? el On SME (2x 2s Do = 4) actor completely. 
mie 43 x) 
= 4— 3) =—G =4) 
(2x = 1)\(x—4) 
3) 46 
iii - x #4 Divide out common factors. 


2x- 1 
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Operations with Rational Expressions 


To multiply or divide rational expressions, use the properties of fractions discussed 
in Section P.1. Recall that to divide fractions, you invert the divisor and multiply. 


Example 4 ® Multiplying Rational Expressions 


oer tx — 6 xo — 3x7 + le Oe 3) + 2) a ee 
x2 4 4x — 5 4x? — 6x (x + 5)(Q-—T) 24(2%— 3) 
. eer 2) 2) 


5) 
+5)” x#0, x FI FG 





In Example 4, note that when multiplying rational expressions you must 
follow the convention of listing by the product all values of x that must be specif- 
ically excluded from the domain in order to make the domain of the product agree 
with the domains of the factors. 


Example 5 & Dividing Rational Expressions 


Fo uON pedestal mea i ats 


cea = mere tics ei 9 Wye Ta Invert and multiply. 
G22 ar) e+ Die? See 
(+2 a—2) x2 +2744 


= x27-2x+ 4, x#+42 





To add or subtract rational expressions, you can use the LCD (least common 
denominator) method or the basic definition 





b#Oandd + 0. Basic definition 


This definition provides an efficient way of adding or subtracting two fractions 
that have no common factors in their denominators. 





Example 6 ® Subtracting Rational Expressions 


x te re Wd) eae 3) 
x-3 3x+4 (x — 3)(3x + 4) 
CBR Rate Amie ae 16 
(x — 3)(3x + 4) 
3x* 26 


= Combine like terms. 


(x — 3)(3x + 4) 





Basic definition 


Distributive Property 
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For three or more fractions, or for fractions with a repeated factor in the 
denominators, the LCD method works well. Recall that the least common denom- 
inator of several fractions consists of the product of all prime factors in the 
denominators, with each factor given the highest power of its occurrence in any 
denominator. Here is a numerical example. 


5 pili. cdi Seah Medes ks al alee! 





1 
CG) “437 El. Bea eas The LCD is 12 
Eee a eee 
2 eel 
yee 
12 
aed: 
4 


Sometimes the numerator of the answer has a factor in common with the 
denominator. In such cases the answer should be simplified. For instance, in the 
example above, 7 was simplified to i 


Example 7 ® Combining Rational Expressions: The LCD Method 


Perform the operations and simplify. 


3 QD x+3 
a 
6 1 ne xe 





Solution 
Using the factored denominators (x — 1), x, and (x + 1)(x — 1), you can see that 
the LCDis ate + DQ — 1), 
ow ae XD year 8 
x-1 x («*+1@-1) 
2 BOGS © 26 t)G =a) (x + 3)(x) 
xx t+ DG -1 xe t+ DQ-1)) xe t+ De- 1) 
3G SED FG — 1) es 3G) 
ef x(x + 1)(x — 1) 
EB ee Oxted ey 
7 x(x + 1)(x - 1) 
3x2 — 2x2 + x2 + 3x + 3x42 
x(x + 1) — 1) 
2x? + 6x + 2 
x(x + 1)@-- 1) 
2(x? + 3x + 1) 
x(x + 1) — 1) 





Distributive Property 
= Group like terms. 


Combine like terms. 


Factor. 
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Complex Fractions 


Fractional expressions with separate fractions in the numerator, denominator, or 
both are called complex fractions. Here are two examples. 


and: = 
x2 +1 ( 1 
a er | 
A complex fraction can be simplified by combining its numerator and denomina- 
tor into single fractions, then inverting the denominator and multiplying. 








Simplifying a Complex Fraction 











Example 8 > 
G-) 9 
x 7 x hyo 
( % i “= 1G: = 7 * : Combine fractions. 
ge = Al ig 














= z Simplif: 
(: . 5 implify. 
v= 
= Bye 5¢ = oll 
= : Invert and multiply. 
xX = 2 
p= 3) =I 
CS \omiiiad 3 
x(x — 2) 


Another way to simplify a complex fraction is to multiply the numerator and 
denominator by the LCD of all fractions in its numerator and denominator. This 
method is applied to the fraction in Example 8 as follows. 


p) 2 
(¢ a 3) . a 3) 
x x(x — 1) 
Pe ————e LEDs (Gly) 


x 














bs (2 — 3x)(@ — 1) : 
x(x — 2) ve 
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The next three examples illustrate some methods for simplifying rational 
expressions involving radicals and negative exponents. These types of expres- 
sions occur frequently in calculus. 

To simplify an expression with negative exponents, one method is to begin 
by factoring out the common factor with the smaller exponent. Remember that 
when factoring, you subtract exponents. For instance, in 3x~>/? + 2x~3/? the 
smaller exponent is —5 and the common factor is x~5/2, 


8x2 xe? = en | 
= °/2Grehi2x)) 


ee ey 


x5/2 


Example 9 ®& Simplifying an Expression ay 
Simplify the following expression containing negative exponents. 
x = 2x)? (1 2) ae 
Solution 
Begin by factoring out the common factor with the smaller exponent. 
KL DX ap! oat lee 92x) ae eb dg 2x) ee (1 — JO = @3/2)] 
= (1 — 2x)-3/4x + (1 — 2x)4] 
ex, 
(25) 


A second method for simplifying an expression with negative exponents is 
shown in the next example. 
Example 10 ® Simplifying a Complex Fraction a 


(4 a x?)l/2 + x2(4 = x?)- 1/2 














4 — x? 
2 (Gigs x2)1/2 + x24 —x2)-/2 (4 — x2)1/2 
‘< 4 — x2 ae)? 
fi (4 — x)! + x2(4 — x?)° 
a (4 ~ x2)3/2 
Di ate 
ve (4 rs x2)3/2 


a 4 
Cs (4 = x2)3/2 
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Example 11 > Rewriting a Difference Quotient 





The expression from calculus 


tap 
h 


is an example of a difference quotient. Rewrite this expression by rationalizing its 
numerator. 


Solution 
S/N ile BN DE ey ee ee IN 
h - h Jxt+th+ Sx 
ele 
hJx+h+ Jax) 
h 
A Ve +h + Vx) 
1 
ane IEE ee sien 


Notice that the original expression is undefined when h = 0. So, you must 
exclude h = 0 from the domain of the simplified expression so that the expres- 
sions are equivalent. 








hF0 





Difference quotients, such as that in Example 11, occur frequently in calcu- 
lus. Often, they need to be rewritten in an equivalent form that can be evaluated 
when h = 0. Note that the equivalent form is not simpler than the original form, 
but it has the advantage that it is defined when h = 0. 





Comparing Domains of Two Expressions Complete the table by evaluating the 
expressions 


x2 — 3x +2 


and x-1 
= DP 


for the values of x. If you have a graphing utility with a table feature, use it to help 


create the table. Write a short paragraph describing the equivalence or nonequiva- 
lence of the two expressions. 























P.4 Exercises 
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In Exercises 1-8, find the domain of the expression. 








1. 3x2 — 4x +7 2. 2x2 + 5x -—2 
S74 +3, x20 4. 6x?-9, x>0 
5. 1 eae 

Rae 2x + 1 
"5 lag aa | 8 V6=x 


In Exercises 9-14, find the missing factor in the numerator 
such that the two fractions are equivalent. 








. xe : 

jo, 2 - AEB) 

— -* Lu 2) 
- Gy a 
in ame S oa : 

14, east ae ) 


In Exercises 15-32, write the rational expression in simplest 
form. 














1x° 18y? 
SS SS 16. 
10x 60y> 
3 2 
eee 18, 
BC yacteaX. 28) = 
Ay — By? 9x? + 9x 
oo SSS A) =< 
: Oy Dig ce D2 
RSS 1, abs 
é D2. —<——— 
a LOR 2% w= es 
» 16 Gas 
23. 24. 
y+4 or x 
x? + 5x? + 6x x? + 8x — 20 
— QO SS 
ca x2-—4 x? + 11x + 10 
2— Ty + 2 Tx +6 
nea ee yt eee 
y*> + 3y — 18 Ma ty +10 
Metts Ox? x? 29 
Pepe PAT | ag x 


x2-4 x3+x2-—9x-9 


Zz 8 


Vide 2) 0 8y 
“z2+2z7+4 


32. 5 


In Exercises 33 and 34, complete the table. What can you 
conclude? 






































35. Error Analysis Describe the error. 


Sie eee 5 ene, 
DN ete eye Aue Ann 








36. Error Analysis Describe the error. 


ee re les abe eee eS) 
x2—-2x-15 (x —5)(x + 3) x 
_ xe Siu + 5) 
(= 5 )eacee3) 
Paxc@et) 
» dx 


Geometry \n Exercises 37 and 38, find the ratio of the 
area of the shaded portion of the figure to the total area of 
the figure. 


hd 
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38. x+5 I i 1 
~< —— >1 62. 
oe | xe 2 mae 2 
x+5 1 a 
63. 
| 5 I OBE 
Y 2, 10 
oe 0 3 64. a 
‘ pi as a OY OOS a fate 
In Exercises 39-54, perform the multiplication or 1 y 1 
division and simplify. 65. Ue 2 ee eee ay 
5 x1 x+13 x(x - 3) 2 2 1 
39. 3 40. : + + 
x 1) DB 2) x3(3 — x) a 00 Se x-1 x*-1 
(x + 5)(x — 3) 1 
41. ieee . G+ 5)@ +2) CA In Exercises 67-74, factor the expression by removing the 


( \( common factor with the smaller exponent. 
ae NGS sie iG 
















































































42. 7 ee 61. x= 68. x = Sa 
sear i Os , 
3/2 — 7y-1/2 5 Lo =3/2 
‘ c : : 2D 5). (ee —4 
pe | r2 Sy+ 15 4-y 71x el (x + 1) 
hy oe Tete Epa 3 122K Ge See — 4x Nt 3S ae 
:? Doig Gy ubeaeed 73.207, — 1)2" — Six — 1) 2 
og Ay Taare — 1) ee 
eS OR ar eee 
e u a Error Analysis \n Exercises 75 and 76, describe the error. 
ay Xo ey = ne oS 
; x3 + x2y x2 + 3xy + 2y? gg 24 an = 8 _xtA — 30-8 x 
3 . e-DIe ED x+2 
48 Meee mt Geet 
“xyt+1 x2-1 ogqs-ttas 
Set a). aocteey, ae x-2 ia ta 
49. + 5p 
4 2 S(e3)e 56 — 3) _ =2e +2) _ 
x2+16 x+4 3x + 18 x+6 ~e205 
51. Se S25 i Pe 
Oh Sel O Xv eeaee x x 6% x 2 8 ye 
: ~ + 
53 flier MN ase 08 yea) xe x7(% + 2) 
zag 
ae ie é * x(6 — x) + (x + 2)74+8 
Mae LA ar be = 5 
: AGS sp 2D 
Sri eae) x+7 ( ) 
- Oe Se hae A 
In Exercises 55-66, perform the addition or subtraction and x?(x + 2) 
simplify. 
ee + 2)e 6 
55. 5 a x 56. DG Ae jh 85 x2Xx+2) x? 
Cie JS el | ar 3 36 ae 3 
5 3 In Exercises 77-92, simplify the complex fraction. 
SW) = 58. =5 
Xi weet (: 
== | 
3 5 2x 5 2 larrad) 
59. =F 60. = pinata ee gear rate 
2 es 9 
61. 


















































Seal a san 

eI ve 
aa epee I 

a E+4 

x+1 y 

(3) (+ - XG 
=3 Sees 

-) a 84. se scl 

(4 fe = 4 

was aes 

I ae fee - = 
ae ese 86. xth+t1 x+1 

h h 

(ve->] ( = - V1) 
fe) 2a) 1 
e /x ° t2 

3x1/3 — x-2/3 
a a 

- tes x2)-1/2 — 2x(1 — x2)!/2 
90. 

x 
x Os Sp ae Ue 
ee 
4x 

2x + 11/3 — ———___ 
& ao!) 3(2x + 1)2/3 
: (2x + 1)2/3 


_ In Exercises 93 and 94, rationalize the numerator of the 


expression. 


aes one yz 

a Oh a, 
2 3 

95. Rate A photocopier copies at a rate of 16 pages per 

minute. 

(a) Find the time required to copy one page. 

(b) Find the time required to copy x pages. 

(c) Find the time required to copy 60 pages. 


96. Rate After working together for tf hours on a 
common task, two workers have done fractional 
parts of the job equal to t/3 and 1/5, respectively. 
What fractional part of the task has been completed? 


97. Average Determine the average of the two real 
numbers x/3 and 2x/5. 
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98. Partition into Equal Parts Find three real 
numbers that divide the real number line between 
x/3 and 3x/4 into four equal parts. 


Finance \n Exercises 99 and 100, use the formula that 
gives the approximate annual interest rate r of a monthly 
installment loan 


[as = “| 


where N is the total number of payments, M is the monthly 
payment, and P is the amount financed. 


99. (a) Approximate the annual interest rate for a 
4-year car loan of $16,000 that has monthly 
payments of $400. 


(b) Simplify the expression for the annual interest 
rate r, and then rework part (a). 


100. (a) Approximate the annual interest rate for a 
5-year car loan of $20,000 that has monthly 
payments of $400. 


(b) Simplify the expression for the annual interest 
rate r, and then rework part (a). 


101. Refrigeration When food (at room temperature) 
is placed in a refrigerator, the time required for the 
food to cool depends on the amount of food, the air 
circulation in the refrigerator, the original tempera- 
ture of the food, and the temperature of the 
refrigerator. Consider the model that gives the 
temperature of food that has an original tempera- 
ture of 75°F and is placed in a 40°F refrigerator 


4t2 + 16t + >) 





T = 10 
(ee 


where T is the temperature (in degrees Fahrenheit) 
and tf is the time (in hours). 


(a) Complete the table. 





| O 2 | 4 Omieoe 10 
— + 
E 














hk 12 | 14 | 16 | 18 | 20 | 22 
pe 





























(b) What value of T does the mathematical model 
appear to be approaching? 
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102. Precious Metals The costs per fine ounce of gold 
and silver for the years 1992 through 1997 are 
given in the table. (Source: U.S. Bureau of Mines, 
U.S. Geological Survey) 














1992 | 1993 1994 | 1995 1996 | 1997 
$345 | $361 $385 | $386 | $389 | $333 
$3.94 | $4.30 | $5.29] $5.15 | $5.19| $4.90 


















Mathematical models for these data are 


=35- obo Ot 


Coats wotate eee ele reas 
oat Sane", eran, RE Tea 


and 


0.242t? — 1.86r + 4.02 


Cost of silver = 0.056r2 — 0.45 + 1 


where t = 2 corresponds to the year 1992. 


(a) Create a table using the models to estimate the 
prices of the two metals for the given years. 
Compare the estimates given by the models 
with the actual prices. 


(b) Determine a model for the ratio of the price of 
gold to the price of silver. Use the model to find 
this ratio over the given years. Over this period 
of time, did the price of gold increase or 
decrease relative to the price of silver? 


Probability \n Exercises 103-106, consider an experi- 
ment in which a marble is tossed into a box whose base is 
shown in the figure. The probability that the marble will 
come to rest in the shaded portion of the box is equal to the 
ratio of the shaded area to the total area of the figure. Find 
the probability. 


103. 


104. } 


———<——> 


ans (== 


105. 





x+2 4(¢42) 


Synthesis 


True or False?  \n Exercises 107-109, determine whether 
the statement is true or false. Justify your answer. 


2n-— 12n 
(one See 
oe —— |” 
2 — 3x + 
108. soe? = x — 2 for all values of x. 


109. The least common denominator of two or more 
fractions is always the product of all the denomina- 
tors of the fractions. 


110. How do you determine whether a rational expres- 
sion is in simplest form? 

111. Think About It Is the following statement true for 
all nonzero real numbers a and b? Explain. 
ax—b _ 
bi=sax 





| 


M. Greenlar/The Image Works 
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> What you should learn 


How to identify different types 
of equations 

How to solve linear equations 
in one variable 


How to solve quadratic 
equations by factoring, extract- 
ing square roots, and using the 
Quadratic Formula 

How to solve polynomial equa- 
tions of degree three or greater 


How to solve equations 
involving radicals 

How to solve equations 
involving absolute values 





° 


> Why you should learn it 


Linear equations are used in 
many real-life applications. For 
example, Exercises 185 and 186 
on page 60 show how linear 
equations can model the 
relationship between the length 
of a thigh bone and the height of 
ie person, helping researchers 
learn about ancient cultures. 


Solving Equations 
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Equations and Solutions of Equations 


An equation in x is a statement that two algebraic expressions are equal. For 
example, 


By SS 72 ay 6 =20 sand ~/2x = 4 


are equations. To solve an equation in x means to find all values of x for which 
the equation is true. Such values are solutions. For instance, x = 4 is a solution 
of the equation 


eS |) = 1, 
because 3(4) — 5 = 7 is a true statement. 

The solutions of an equation depend on the kinds of numbers being consid- 
ered. For instance, in the set of rational numbers, x” = 10 has no solution because 
there is no rational number whose square is 10. However, in the set of real 
numbers, the equation has the two solutions /10 and — ./10. 


An equation that is true for every real number in the domain of the variable 
is called an identity. For example, 


x2 —9 = (x + 3)(x — 3) Identity 
is an identity because it is a true statement for any real value of x, and 


ny 1 


SS SS Identit 
By ess g 


where x # 0, is an identity because it is true for any nonzero real value of x. 

An equation that is true for just some (or even none) of the real numbers in 
the domain of the variable is called a conditional equation. For example, the 
equation 

p= 91) Conditional equation 


is conditional because x = 3 and x = —3 are the only values in the domain that 
satisfy the equation. The equation 2x — 4 = 2x + 1 is conditional because there 
are no real values of x for which the equation is true. Learning to solve condi- 
tional equations is the primary focus of this section. 


Linear Equations 


Definition of Linear Equation 


A linear equation in one variable x is an equation that can be written in the 
standard form 


ax+b=0 


where a and b are real numbers with a # 0. 
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A linear equation has exactly one solution. To see this, consider the follow- 
ing steps. (Remember that a # 0.) 


ax + b=0 Write original equation. 
ax = —b Subtract b from each side. 
b 
DES ee ae Divide each side by a. 
a 


To solve a conditional equation in x, isolate x on one side of the equation 
by a sequence of equivalent (and usually simpler) equations, each having the 
same solution(s) as the original equation. The operations that yield equivalent 
equations come from the Substitution Principle and simplification techniques. 


Generating Equivalent Equations 


An equation can be transformed into an equivalent equation by one or more 
of the following steps. 


Equivalent 
Given Equation Equation 
1. Remove symbols of grouping, 2x-x=4 x=4 
combine like terms, or simplify 
fractions on one or both sides 
of the equation. 
2. Add (or subtract) the same x+1=6 x=5 


quantity to (from) each side 
of the equation. 


3. Multiply (or divide) each 2x = 6 x=3 
side of the equation by the 
same nonzero quantity. 


4. Interchange the two sides of 2=x x=2 
the equation. 


Example 1 ® Solving a Linear Equation 





BO — 0) Write original equation. 
3x = 6 Add 6 to each side. 
x=2 Divide each side by 3. 
Check 
After solving an equation, you should check each solution in the original equation. 
Bee Ol— Write original equation. 
3(2\—= 6 0 Substitute 2 for x. 
0=0 Solution checks. 


So, the solution is De 





British Museum 





Historical Note 

This ancient Egyptian papyrus, 
discovered in 1858, contains one of 
the earliest examples of mathe- 
matical writing in existence. The 
papyrus itself dates back to around 
1650 B.c., but it is actually a copy of 
writings from two centuries earlier. 
The algebraic equations on the 
papyrus were written in words. 
Diophantus, a Greek who lived 
around A.D. 250, is often called the 
Father of Algebra. He was the first 
to use abbreviated word forms in 
equations. 
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To solve an equation involving fractional expressions, find the least common 
denominator of all terms and multiply every term by this LCD. 


Example 2 ® An Equation Involving Fractional Expressions 
sdiveeenkes =0: 
3 4 


Solution 


ED) 
4 


Write original equation. 


x OX 
(12)5 a (| 12) = (12)2 Multiply each term by the LCD of 12. 


4x + 9x = 24 Divide out and multiply. 
13x = 24 Combine like terms. 
24 
= B Divide each side by 13. 


The solution is = Check this in the original equation. 





When multiplying or dividing an equation by a variable quantity, it is 
possible to introduce an extraneous solution. An extraneous solution is one that 
does not satisfy the original equation. 


Example 3 ® An Equation with an Extraneous Solution 














Solve = cee 
2-2 ee ate 
Solution 
The LCD is x? — 4, or (x + 2)(x — 2). Multiply each term by this LCD. 
ss : 5 + 2)(x = 2) = z : 5 + 2)(x — 2) — _ a + 2)(x — 2) 
x 2= 35 = 2) — 6x, Xs? 
2A Sh eal OX 
ele) == Oy 6 
4x = —8 
Xe 
In the original equation, x = —2 yields a denominator of zero. Therefore, 


x = —2 is an extraneous solution, and the original equation has no solution. 
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Quadratic Equations 
A quadratic equation in x is an equation that can be written in the general form 
ax? + bx +c =0 


where a, b, and c are real numbers, with a # 0. A quadratic equation in x is also 
known as a second-degree polynomial equation in x. 

You should be familiar with the following four methods for solving quadratic 
equations. 


Solving a Quadratic Equation 
Factoring: If ab = 0, then a = 0 or b = 0. 


Example: = x SO = 0 
(x — 3)\(x + 2) =0 

x-3=0 ED x=3 

x+2=0 x=-2 


Square Root Principle: If u2 = c, where c > 0, then u = + J/c. 


Example: (x + 3)? = 16 
x+3=+4 
x=-3244 
TS OOF ae Lae 


Completing the Square: If x” + bx = c, then 





D Aes 
Example: i egy 5 
x2 + 6x + 32 =5 + 3? 
(oy = 14 
x+3=+VJ/14 
x=-3+ J/14 
Quadratic Formula: If ax? + bx + c = 0, then x = + 
Example: Dy Dt Be a ee 
3+ VE 4OED 
2(2) 
pee 17 


4 
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Example 4 ® Solving a Quadratic Equation by Factoring 








a.” 2270 Oxia 13 Write original equation. 
2x + 9x 14 = 0 Write in general form. 
(2x + 1)(x + 4) =0 Factor. 
2x+1=0 x= 5 Set Ist factor equal to 0. 
x+4=0 => x=-4 Set 2nd factor equal to 0. 
The solutions are -3 and —4. Check these in the original equation. 
bo 6x7 — 3x =0 Write original equation. 
3x(2x — 1) =0 Factor. 
3x = 0 => x=0 Set Ist factor equal to 0. 


1 
Daal) x= 3 Set 2nd factor equal to 0. 


The solutions are 0 and * Check these in the original equation. 


Note that the method of solution in Example 4 is based on the Zero-Factor 
Property given in Section P.1. Be sure you see that this property works only for 
equations written in general form (in which the right side of the equation is zero). 
Therefore, all terms must be collected on one side before factoring. For instance, 
in the equation 


(GS) 2)as8 


it is incorrect to set each factor equal to 8. Can you solve this equation correctly? 


Example 5 » Extracting Square Roots 


Solve each equation by extracting square roots. 


a. 4x2=12 db, && - 3) = 


Solution 
a. 4x? = 12 Write original equation. 
x2 =3 Divide each side by 4. 
ip = ae 3 Extract square roots. 


The solutions are \/3 and — ./3. Check these in the original equation. 


b. (x = 3 =7 Write original equation. 
x-3=4+J/7 Extract square roots. 
x =i8 BAT Add 3 to each side. 


The solutions are 3 + \/7. Check these in the original equation. 
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>») A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Example 6 ® The Quadratic Formula: Two Distinct Solut 





Use the Quadratic Formula to solve 








bes wey 
Solution 
Leet O Write original equation. 
x7 + 3x —9 =0 Write in general form. 
= Dit bl Age 
C= Quadratic Formula 
2a 
ay SE /()? — 4€1)(— 9) Substitute 1 for a, 3 for b, 
ai 2(1) and —9 for c. 
Siete 45) 
B= Simplify. 
2 
13 9032/5 
io ae Simplify. 
2; 
The equation has two solutions: 
—-3 + 3/5 = 
Ki HDF, ty Lites and ie IPs mats 


Check these in the original equation. 


Example 7 ® The Quadratic Formula: One Solution 


Use the Quadratic Formula to solve 


8x2 — 24x + 18 = 0. 





Solution 
Saxe = 245 18 = 0 Write original equation. 
4x2 — 12x +9 =0 Divide out common factor of 2. 
—b + /b* — 4ac 
68 ae ey Quadratic Formula 
2a 
—(-12) + /(- 12)? — 4(4)0) 
= a a nen a Substitute. 
2(4) 
12+ -/0 
0 ae es Simplify. 
8 
=e Simplif 
53 5 implify. 


This quadratic equation has only one solution: 2, Check this in the original 
equation. 





STUDY TIP. 
A common mistake that is made 
in solving an equation such as 
that in Example 8 is to divide 


both sides of the equation by the | 


variable factor x”. This loses the 
solution x = 0. When solving 
an equation, be sure to write the 
equation in general form, then 
factor the equation and set each 
factor equal to zero. Don’t 
divide both sides of an equation 
by a variable factor in an 
attempt to simplify the equation. 
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Polynomial Equations of Higher Degree 


The methods used to solve quadratic equations can sometimes be extended to 


polynomials of higher degree. 


Example 8 ® Solving a Polynomial Equation by Factoring 


Solve 3x* = 48x?. 


Solution 


First write the polynomial equation in general form with zero on one side, 
factor the other side, and then set each factor equal to zero. 


3x4 = 48x? 
3x4* — 48x? = 0 
3x7(x2 = 16)T= 0 
3x7 ANG; 4) = 20 





Write original equation. 
Write in general form. 
Factor. 

Write in factored form. 
Set Ist factor equal to 0. 
Set 2nd factor equal to 0. 


Set 3rd factor equal to 0. 


Write original equation. 
0 checks. Y 


—4 checks. J 


3x7 = 0 E> x=0 
x+4=0 E> x=-4 
x-4=0 E> x=4 
You can check these solutions by substituting in the original equation, as 
follows. 
Check 
3x4 = 48x? 
3(0)* = 48(0)? 
3(—4)* = 48(—4)? 
3(4)* = 48(4)2 


4 checks. J 


After checking, you can conclude that the solutions are 0, —4, and 4. 


Example 9 ® Solving a Polynomial Equation by Factoring 


Solve.x> = 3x2. 3x aa 9 = 10: 
Solution 

A 3S OK ioe 0) 

x(x — 3) — 3(x — 3) = 0 

(xqrad li gs) =O 

Ra = 0 

ease ( 





E> 
==> 





The solutions are 3, J3, and —~/3. 


x=3 


eee /3 


Write original equation. 
Factor by grouping. 
Distributive Property 
Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 
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_sTUDY TIP : 


The essential operations in 
Example 10 are isolating the 


factor with the rational exponent 


and raising each side to the: 7 or 
reciprocal power. In Example - 


11, this is equivalent to isolating 


the square root and Squaritiy” 
each side. 


Radical Equations 


The steps involved in solving the remaining equations in this section will often 
introduce extraneous solutions. Extraneous solutions occur during operations 
such as squaring each side of an equation, raising each side of an equation to a 
rational power, and multiplying each side by a variable quantity. So, when you 
use any of these operations, checking is crucial. 





Example 10 ® Solving an Equation Involving a Rational Exponent 
4x3/2 -8 =0 Write original equation. 
4x3/2 = 8 Add 8 to each side. 
viz = 2 Divide each side by 4. 
= Raise each side to the 3 power. 
x = 1.587 Round to three decimal places. 


The solution is 27/3. Check this in the original equation. 


Example 11 ® Solving Equations Involving Radicals 


a. J/2x+7-x=2 Write original equation. 
Je +71 =x+2 Add x to each side. 
wt =x7 + 404+4 Square each side. 
Or=n2- 2x — "3 Write in general form. 
0 = (x + 3) - 1) Factor. 
eo 10 X= 3 Set Ist factor equal to 0. 





co i=) xsl Set 2nd factor equal to 0. 


By checking these values, you can determine that the only solution is 1. 
b. /2x—5- Vx -3=1 Write original equation. 
J —5 = V/x-34+1 Add /x — 3 to each side. 
x —5=x—3+2Sx—3 41 Square each side. 


x —-5=x-2+2Vx-3 Combine like terms. 
x-3=2/x-3 Add —x + 2 to each side. 
x2 — 6x +9 = A(x — 3) Square each side. 
x? — 10x + 21 =0 Write in general form. 
(x — 3)(x — 7) =0 Factor. 


x —3= 0 x=3 Set 1st factor equal to 0. 
x-7=0 x=7 Set 2nd factor equal to 0. 


The solutions are 3 and 7. Check these in the original equation. 
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Absolute Value Equations 


To solve an equation involving an absolute value, remember that the expression 
inside the absolute value signs can be positive or negative. This results in two sep- 
arate equations, each of which must be solved. For instance, the equation 


(ee 2\—=3 


results in the two equations x — 2 = 3 and —(x — 2) = 3 which implies that the 
equation has two solutions: 5 and — 1. 


Example 12 ® Solving an Equation Involving Absolute Value 





Solve |x?x= 3x| = —4x+ 6. 
Solution 


Because the variable expression inside the absolute value signs can be positive or 
negative, you must solve the following two equations. 


First Equation 


x7 3k =" 45 6 Use positive expression. 
x7 + x6 =0 Write in general form. 
(x + 3) — 2) =0 Factor. 
x+3=0 Xess 3 Set Ist factor equal to 0. 
x-2=0 x=2 Set 2nd factor equal to 0. 


Second Equation 


—(x2,-— 3x) = —44 + 6 Use negative expression. 
x? — 71x +6=0 Write in general form. 
(x — 1) — 6) = 0 Factor. 
ela () x=1 Set 1st factor equal to 0. 
x-6=-0 @® x= Set 2nd factor equal to 0. 
Check 
(G=3)2— 33) at —4(-3) + 6 Substitute —3 for x. 
18 = 18 —3 checks. A 
|(2)? — 3(2)| = —4(2) + 6 Substitute 2 for x. 
24% =2 2 does not check. 
\(1)2 — 3(1)| 4 —4(1) + 6 pieiie | for: 
fa 9) I checks. / 
(6? — 3(6)| 4 —4(6) + 6 Bebstante 6:forss 
18 # —18 6 does not check. 


The solutions are —3 and 1. 
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P.5 Exercises 


SS ES a SLL SEES I EIS CEE ADELE EE TL ESE PELE LIDDELL EET NEN IEOILE LES, 


In Exercises 1-10, determine whether the equation is an 
identity or a conditional equation. 


L261) =24—2 





2. Sit a) = bra a 

3. —6(x — 3) +5 = —-2x + 10 

4. 3(x+2)-5=3x4+1 

5. A(at +i 1) 2 = 2+ 2) 

6. — ile — 3) 44e = 37 x) 

1. k= 8s — 5 =] = 4) = 11 

8. x7 + 28x — 2) =x2+ 6x -—4 

Nae ee esate! Tee 
sese ll © ear il Xx 


In Exercises 11-26, solve the equation and check your 
solution. 


Ue seer ha 129 
iS, J = Dee = DS 14. 7x + 2 = 23 
5S, Sire = 5) SS Se se Oe 16:67% =,°3) —s8xa 


17. 2G 5) = Ga) 
18. 344+ 3) =5-—x)-1 
195% —"3(0%-F 3) = 8" 5x 
20. 9x — "10 ="5x + 2(2%— 5) 





Swe 1 1 5 em 55 aie 
Dy ee Set gs 2 =e 

At 2 5 a 10 
23. 3(z + 5) — 4(z + 24) = 
24 eee — 2) =10 

wa 7 


25. 0.25% + 0: 7510 x)= 3 
26. 0.60x + 0.40(100 — x) = 50 


In Exercises 27-48, solve the equation and check your 
solution. (If not possible, explain why.) 


27. 448 = 2y = 2) = 7 
28. Ses) = 324 1) = 2 ces) 
100 — 4x 5x +6 














29. iG 
3 4 
+ + 
30) ee ino 
y 
Mee Re 
Bs Sac aee 43 Weaecaae 
a ne 5 









































13 5 IS) 6 
33. 10 —— = 4 += 340 
x 
4 
ee +2=0 
Wa aka 
D 
36.3 =2 + 
ZA 2 
1 D 
Lipo =0 
i = 5 
if 8 
38. eee 7 
2x spall Dl 
2 1 2 
39. = + 
(«-4)@—-—2) x-4 x-2 
4 6 15 
40. + = 
xe Jl 3x + 1 She ae il 
1 1 10 
41. + = 
es Ce x2 — 9 
1 3 4 
42. 
x-—-2 x+3 +2%+x-6 
3 4 1 
43. 
i — 3x x” S38 
+ 
4a 2, wl: 5) 
Kee 3 x 3x 


slr E52)? 45: =i + 3) 
~ (x + 1) + 2x — 2) = &@ + 1I@ —- 2) 
AT. (Cet2)" = 37 = 4(x 1) 


48. (2x + 1)? = 402+ x4 1) 


In Exercises 49-54, write the quadratic equation in general 
form. 


49, 2x? = 3 = 8x 
51. (x — 3)? = 
53. 5(3x? — 10) = 18x 


50. x7 = 167 
52, 13’ 3@aageee 
54, x(x + 2) Sayed 


In Exercises 55-68, solve the quadratic equation for x by 
factoring. 


55. 6x7 + 3x = 0 56.. 9x? = F=o 
57..x* —2ai— 8 = 0 58. x? — 10% O0 
59, x7 + 107 + 25 = 0 60. 4x7 + 12x +9 =0 
61. 3 + 3x = 2x7 = 0 62. 2x? = 19x + 33 
63. x7 + 4% = 12 64. —x? + 8x =12 


65. 
67. 


332+ 8x + 20=0 
x2 + 2ax +a? = 


66. 
68. 


In Exercises 69-82, solve the equation by extracting 
square roots. List both the exact solution and the 
decimal solution rounded to two decimal places. 


69. x? = 49 

eeex = 11 

iae377* = 81 

fe — 12 = 16 

77. (x + 2)2=14 
MeO 1)? = 18 

Rae — 7)" = (x + 3)2 


70. 
72. 
74. 
76. 
78. 
80. 
82. 


x? = 169 

x? = 32 

9x? = 36 

813) =5 
G5)? =30 

(ay a2 44 
(x. + 5)* = (x + 4)? 


In Exercises 83-92, solve the quadratic equation by 
completing the square. 


83. x7 — 2x = 0 

Bee 4x — 32°= 0 
Bree + Ox + 2 = 0 
Box — 18x = —3 


91. 


8+ 4x —- x27 =0 


84. 
86. x? 
88. 
90. 
92. 


x2 + Ax = 0 

= 2H Bi=0 
x + Ser 14 = 0 
9x? — 12x = 14 
Ay Ax — 99:= 10 


In Exercises 93-116, use the Quadratic Formula to solve the 
equation. 


93. 
95. 
97. 
99. 

101. 

103. 

105. 

106. 

107. 

109. 

111. 

113. 

115. 4 


2x2 + x%-1=0 
16x2\+ 8x —3 =0 
2+ 2x +x*= 

x2, +. 14x +44=0 
x7+8x-4=0 
ia oy = —3 
Or + 24x + 16 =.0 
36x- + 24x = Fe=0 
ax? + 4y = 7 

28x — 49x? = 

82 = 5 + 20? 
Wi D)- = 2y 

x2 +3x=2 


94, 
96. 
98. x? 
100. 
102. 
104. 


108. 
110. 
112. 
114. 
116. 


Dil =u) 
5x7 — 20%4+ 3.= 0 
ala — 0) 
6% = 4om x 

Ay 4x 14 0 
16x” + 22 = 40x 


16x? — 40x +5 =0 
ox — | = 0 
25h? + 80h + 61 = 0 
(z+ 6)? = —2z 
(2x — 14)? = 8x 


In Exercises 117-124, use the Quadratic Formula to solve the 
equation. (Round your answers to three decimal places.) 


117. 


Bitxe 


Ble — 3.20 


118. 2x? — 2.50x — 0.42 = 0 
= 0.0oIx — 0.852x + 1.277 =0 


119. 
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120. 
121. 
122. 
123. 
124. 


—0.005x? + 0.101x — 0.193 = 0 
422x* — 506x — 347 = 0 
110007 326% — 715 = 0 
12.697 43155x +.8109= 0 
—3,22x? — 0.08x + 28.651 = 0 


In Exercises 125-134, solve the equation for x by any 
convenient method. 


125. x2 - 2x -1=0 126. 11x? + 33x = 0 
127. (x + 3)? = 81 128. x2 — 14x + 49 = 0 
129. 2-x-=0 130. x2 + 3x —-2=0 
131. (x + 1)? = x? 132. a?x? — b? =0 
133. 3x +4 =22 —7 

134. 4x7 + 2x +4=2x+ 8 


In Exercises 135-152, find all real solutions of the equation. 
Check your solutions in the original equation. 


135. Ax leks = 136. 20x7 = 125x = 0 
137. x7 —-81 = 138. x° — 64 =0 
139. -x*++-216'=-0 140. 27x° — 512 =0 
141. 5x + 30x72 + 45x = 0 

142. 9x4 — 2473 + 16x? = 0 

143. x3 3G eee eet su, 0 

144. 4° + 2x? + 3RA2GS70 

145. 4 —-e+x-1=0 

146, ot 2x? = 8x =1 160 

147, KA 3 = )0 

148. 44° 5x?" — 361=/0 

149. ‘44 = 65x7"+ 16 = 0 

150. 3674 + 2917 -7=0 

151. 2° +7 —8=0 

152° +3 + 2.=.0 


In Exercises 153-170, find all solutions of the equation. 
Check your solutions in the original equation. 


153. /2x — 10 =0 154. 4/x — 3 =0 
155. /x— 10 -4=0 156. /5 —x-3=0 
157. 2x +5+3=0 158. 33x +1-5=0 
159. —/26 —- llx+4=x 

160. x + /31 — 9x =5 

161. /x+1= 3x41 

162. /x +5 = J/x—5 
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163. (x — 5)?/2 =8 

165. (x + 3? =8 

167. (x2 — 5)3/2 = 27 

168. (x2 — x — 22)3/2 = 27 
169. 3x(x — 1)!/2 + 2@ - 13/7 =0 
170. 4x2(x — 1)'/3 + 6x(x — 1/47 =0 


164. (x + 3)7/7 =8 
166. (x + 2)?/2 =9 


In Exercises 171-184, find all solutions of the equation. 
Check your solutions in the original equation. 




















DAO 38 Ae 52 SPX 
171. = 2 — 
i : tie ILS 10 
1 1 EX: 1 
VB == 33 174. + = 3 
x exo x2-4 x+2 
1 3 
trek See We 43. 
bee ws iG 
4 3 +1 Stall 
177. pes al ean ig A a eae 
sede ll weae 2 3 x+2 
179. |2x — 1] =5 180. |3x + 2| =7 


181. [xls = 3 182. 
183), |% 424 |= 426 184. 


|x? + 6x| = 3x + 18 
|x — 10| = x? — 10x 


Anthropology \n Exercises 185 and 186, use the 
following information. The relationship between the length 
of an adult's thigh bone and the height of the adult can be 


approximated by the linear equations 
y = 0.432x — 10.44 Female 
y = 0.449x — 12.15 Male 


where y is the length of the femur (thigh bone) in inches 
and x is the height in inches (see figure). 








185. An anthropologist discovers a thigh bone belonging 
to an adult human female. The bone is 16 inches 
long. Estimate the height of the female. 


186. 


187. 


188. 


189. 


190. 


191. 


192. 


From the foot bones of an adult human male, an 
anthropologist estimates that the person’s height 
was 69 inches. A few feet away from the site where 
the foot bones were discovered, the anthropologist 
discovered a male adult thigh bone that was 19 
inches long. Is it likely that both the foot bones and 
the thigh bone came from the same person? 


Operating Cost A delivery company has a fleet of 
vans. The annual operating cost per van is 


C = 0.32m + 2500 


where m is the number of miles traveled by a van in 
a year. What number of miles will yield an annual 
operating cost that is equal to $10,000? 


Flood Control Suppose a river has risen 8 feet 
above its flood stage. The water begins to recede at 
a rate of 3 inches per hour. Write a mathematical 
model that shows the number of feet above flood 
stage after t hours. If the water continually recedes 
at this rate, when will the river be 1 foot above its 
flood stage? 


Floor Space The floor of a one-story building is 
14 feet longer than it is wide. The building has 1632 
square feet of floor space. 


(a) Draw a diagram that gives a visual representa- 
tion of the floor space. Represent the width as 
w and show the length in terms of w. 

(b) Write a quadratic equation in terms of w. 

(c) Find the length and width of the building floor. 

Packaging An open box with a square base (see 

figure) is to be constructed from 84 square inches of 

material. What should be the dimensions of the 


base if the height of the box is to be 2 inches? (Hint: 
The surface area is S = x? + 4xh.) 





Geometry The hypotenuse of an isosceles right 
triangle is 5 centimeters long. How long are its 
sides? 

Geometry An equilateral triangle has a height 
of 10 inches. How long are its sides? (Hint: Use the 
height of the triangle to partition the triangle into 
two congruent right triangles.) 


193. 


194, 


195. 


196. 


197. 


Flying Speed Two planes leave simultaneously 
from the same airport, one flying due north and the 
other due east (see figure). The northbound plane is 
flying 50 miles per hour faster than the eastbound 
plane. After 3 hours the planes are 2440 miles apart. 
Find the speed of each plane. 





Airline Passengers An airline offers daily flights 
between Chicago and Denver. The total monthly 
cost of these flights is 


C= 15/0 201 


where C is the cost (in millions of dollars) and x is 
the number of passengers (in thousands). The total 
cost of the flights for a certain month is 2.5 million 
dollars. How many passengers flew that month? 


Economics The demand equation for a certain 
product is p = 20 — 0.0002x, where p is the price 
per unit and x is the number of units sold. The total 
revenue for selling x units is 


Revenue = xp = x(20 — 0.0002x). 


How many units must be sold to produce a revenue 
of $500,000? 


Economics The demand equation for a certain 
product is modeled by 


p = 40 — V0.0ix + 1 


where x is the number of units demanded per day 
and p is the price per unit. Approximate the demand 
if the price is $37.55. 


Saturated Steam The temperature T (in degrees 
Fahrenheit) of saturated steam increases as pressure 
increases. This relationship is approximated by 


T = 75.82 — 2.11x + 43.51-/x, 5 <x < 40 


where x is the absolute pressure (in pounds per 
square inch). Approximate the pressure if the 
temperature of the steam is 240°F. 
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Synthesis 


True or False? 


In Exercises 198-200, determine whether 


the statement is true or false. Justify your answer. 


198. 
199. 
200. 


201. 


202. 


203. 


204. 


205. 


The equation x(3 — x) = 10 is a linear equation. 
If (2x — 3)(x + 5) = 8, then 2x -3 =8 orx+5=8. 


When solving an absolute value equation, you will 
always have to check more than one solution. 


To solve the equation 
De 3 = 15x 


a student divides both sides by x and solves the 

equation 2x + 3 = 15. The resulting solution 

(x = 6) satisfies the given equation. Is there an 

error? Explain. 

Think About It What is meant by “equivalent 

equations”? Give an example of two equivalent 

equations. 

Writing In your own words, describe the steps 

used to transform an equation into an equivalent 

equation. 

Exploration Solve 3(x + 4)? + (x + 4) -2=0 

in two ways. 

(a) Let u = x + 4, and solve the resulting equation 
for u. Then solve the u-solution for x. 

(b) Expand and collect like terms in the equation, 
and solve the resulting equation for x. 


(c) Which method is easier? Explain. 


Exploration Solve the equations, given that a and 
b are not zero. 


(a) ax? + bx = 0 


(b) ax? — ax = 0 


In Exercises 206 and 207, consider an equation of the form 
x + |x — a| = b, where aand bare constants. 


206. 


207. 


Exploration Find a and b if the solution to the 
equation is x = 9. (There are many correct answers.) 
Writing Write a short paragraph listing the steps 
required to solve this equation involving absolute 
value. 





Brian Smith/Stock Boston 
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P.6 


> What you should learn 


* How to recognize solutions of 
linear inequalities 





- How to use properties of 
inequalities to solve linear 
inequalities 

* How to solve inequalities 
involving absolute values 

* How to solve polynomial and 
rational inequalities 


> Why you should learn it 


Inequalities can be used to 
model and solve real-life 
problems. For instance, Exercise 
144 on page 72 shows how to 
use a linear inequality to analyze 
data about the maximum weight 
a weightlifter can bench press. 


Solving Inequalities 





Introduction 


Simple inequalities were reviewed in Section P.1. There, you used the inequality 
symbols <, <, >, and > to compare two numbers and to denote subsets of real 
numbers. For instance, the simple inequality 

ie 3) 


denotes all real numbers x that are greater than or equal to 3. 
In this section you will expand your work with inequalities to include more 
involved statements such as 


So = 7 < Sve ae © 
and 
=ByeS Grab <3). 


As with an equation, you solve an inequality in the variable x by finding all 
values of x for which the inequality is true. Such values are solutions and are said 
to satisfy the inequality. The set of all real numbers that are solutions of an 
inequality is the solution set of the inequality. For instance, the solution set of 


lea 


is all real numbers that are less than 3. 

The set of all points on the real number line that represent the solution set is 
the graph of the inequality. Graphs of many types of inequalities consist of 
intervals on the real number line. You can review the nine basic types of intervals 
on the real number line by turning to pages 3 and 4 in Section P.1. On those pages, 
note that each type of interval can be classified as bounded or unbounded. 


Example 1 & Intervals and Inequalities 


Write an inequality to represent each interval and state whether the interval is 
bounded or unbounded. 

a. (—3,5] 

b. (—3, co) 

c. [0, 2] 

d. (—©co, co) 

Solution 

a. (—3,5] corresponds to —3 < x < 5. Bounded 

. (—3, cc) corresponds to —3 < x. Unbounded 


[0, 2] corresponds to0 < x < 2. Bounded 


aos 


(— 00, co) corresponds to —co < x < ©. Unbounded 


eal 
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Properties of Inequalities 


The procedures for solving linear inequalities in one variable are much like those 
for solving linear equations. To isolate the variable, you can make use of the 
properties of inequalities. These properties are similar to the properties of 
equality, but there are two important exceptions. When each side of an inequality 
is multiplied or divided by a negative number, the direction of the inequality 
symbol must be reversed. Here is an example. 


= DiS Write original inequality. 
= oN 2) S (= 3)(5) Multiply each side by —3 and reverse inequality. 
Os ils Simplify. 


Two inequalities that have the same solution set are equivalent. For instance, 
the inequalities 


je a De 5) 
and 
Se Ke 8 


are equivalent. To obtain the second inequality from the first, you can subtract 2 
from each side of the inequality. The following list describes the operations that 
can be used to create equivalent inequalities. 


Properties of Inequalities 
Let a, b, c, and d be real numbers. 


1. Transitive Property 
a<bandb<c E> a<c 


2. Addition of Inequalities 








a< bandc<d 
3. Addition of a Constant 
a= bd => 4-6 < DiHEe 
4. Multiplication by a Constant 
Forc > 0a<b [E> ac < be 
Forc< 0,a< b [> ac> be 





Each of the properties above is true if the symbol < is replaced by < and > is 
replaced by 2. For instance, another form of the multiplication property would be 
as follows. 


IA 


be 
be 


Ror ¢ >. 05a 0 ac 





IV 


ac 





For c <30,aasaD 
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STUDY TIP 


Checking the solution set of an 
inequality is not as simple as 
checking the solutions of an 

equation. You can, however, get 
an indication of the validity of a 
solution set by substituting a 
few convenient values of x. 


Linear Inequalities 


The simplest type of inequality is a linear inequality in a single variable. For 
instance, 2x + 3 > 4 is a linear inequality in x. 


In the following examples, pay special attention to the steps in which the 


inequality symbol is reversed. Remember that when you multiply or divide by a 
negative number, you must reverse the inequality symbol. 


Example 2 ® Solving Linear Inequalities 


Solve each inequality. 


Fes aa a Meo 2 ame) b1-ex-4 
Solution 
ay Sea > 3x +9 Write original inequality. 
340> 7 3x 416 Add 7 to each side. 
S34 SG Subtract 3x from each side. 
DES AMG Combine like terms. 
35 Ss) Divide each side by 2. 


The solution set is all real numbers that are greater than 8, which is denoted 
by (8, 00). The graph of this solution set is shown in Figure P.6. 


6 7 8 2 10 


Solution interval: (8, 00) 
FIGURE P.6 


= 
| 
| 
IV 
& 
| 
A 


Write original inequality. 


~) 
| 
2 
IV 
Y 
| 
oo 


Multiply each side by 2. 


=8)9 2 h7 = 10 Subtract 2 from each side. 
=5;7 2 =e Subtract 2x from each side. 
ys D2 Divide each side by —5 and reverse the inequality. 


The solution set is all real numbers that are less than or equal to 2, which is 
denoted by (— 00, 2]. The graph of this solution set is shown in Figure P.7. 


Solution interval: (— co, 2] 
FIGURE P.7 


rr 
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Sometimes it is possible to write two inequalities as a double inequality. For 
instance, you can write the two inequalities —4 < 5x — 2 and5x — 2 < 7 more 
simply as 


SB ae ue eee ea 


This form allows you to solve the two inequalities together, as demonstrated in 
Example 3. 


Example 3 ® Solving a Double Inequality 


To solve a double inequality, you can isolate x as the middle term. 


=3 5 Ge — il< 3 Write original inequality. 
Siar lS GP sr lS Bae il Add 1 to each part. 

HDS (03K A Simplify. 
NL Es Divide each part by 6 
Shes S ivide each part : 
Ge Gee soe 

: < 2 Simplif 
mer oe So oe implify. 

3 3 Pury: 


The solution set is all real numbers that are greater than or equal to -3 and less 
than S which is denoted by —i, 2) The graph of this solution set is shown in 
Figure P.8. 








Solution interval: [-4, 2) 
FIGURE P.8& 


The double inequality in Example 3 could have been solved in two parts as 
follows. 


By (Oy Il and oe = il << 3 


—2 < 6x 6x < 4 
LZ pee 
Sage ss 


The solution set consists of all real numbers that satisfy both inequalities. In other 
words, the solution set is the set of all values of x for which 
Wen é 93 
me Seo 
3 3 

When combining two inequalities to form a double inequality, be sure that 
the inequalities satisfy the Transitive Property. For instance, it is incorrect to 
combine the inequalities 3 < xandx < —las3 < x < —1. This “inequality” 
is obviously wrong because 3 is not less than — 1. 


8 


eles © 
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on™ 


A graphing utility can be 
used to identify the solution set 
of an inequality. For instance, to 
find the solution set of 

|x — 5| < 2 (see Example 4a), 
enter 


Yile—sabsi(xe—15) eee 


and press the graph key. The 
graph should look like the one 
shown below. 

















[Technology| Absolute Value Inequalities 


Solving an Absolute Value Inequality 


Let x be a variable or an algebraic expression and let a be a real number such 
that a = 0. 


1. The solutions of |x| < a are all values of x that lie between —a and a. 
|x| <a if and only if —G a x <a: 


2. The solutions of |x| > a are all values of x that are less than —a or 
greater than a. 


ll eva. ) “itandionly af asa. or (x Som 


These rules are also valid if < is replaced by < and > is replaced by 2. 


10 
-10 10 Example 4 ® Solving an Absolute Value Inequality 
Solve each inequality. 
a a. |x—5)< 2  b. [x +3/ 27 
The solution set is indicated Solution 
by the line segment above the ad Ne opea 2 Write original inequality. 
X-axis. 
ve =e =) Zip = 5) < PD Write equivalent inequalities. 
a) a 56 — Slap 5) & ap Add 5 to each part. 
VS Ge Se) Simplify. 


The solution set is all real numbers that are greater than 3 and less than 7, which 
is denoted by (3, 7). The graph of this solution set is shown in Figure P.9. 


b. |x ate 3| = iI Write original inequality. 
X ches 7 or gear 8) 2 7/ Write equivalent inequalities. 
igor S== 3S Sy = 3) jae 3 = 3) ee I 3 Subtract 3 from each side. 
Se el\()) x24 Simplify. 


STUDY TIP 


Note that the graph of the 
inequality |x — 5| < 2 can be 
described as all real numbers 
within 2 units of 5, as shown in 
Figure P.9. 


ee crrinnnnnnnnnNnEIEEEEEEEnEEEenennmmmenemnnsenmnemmnnmnmmmnn 


The solution set is all real numbers that are less than or equal to — 10 or greater 
than or equal to 4. The interval notation for this solution set is 
(—co, — 10] U[4, co). The symbol U is called a union symbol and is used to 
denote the combining of two sets. The graph of this solution set is shown in 
Figure P.10. 


2units 2 units 7 units 7 units 
Sa 
+ $+ +} — + a x 
w 3 4 5 6 U 8 -12-10-8 -6 -4 2 0 2 4 6 
|x — 5| < 2:Solutions lie inside (3, 7) |x + 3| = 7:Solutions lie outside (— 10, 4) 


FIGURE P.9 FIGURE P.10 


STUDY TIP 


As with linear inequalities, you 
can check the reasonableness of 
a solution by substituting x- 
values into the original inequali- 
ty. For instance, to check the 
solution found in Example 5, try 
substituting several x-values 

_ from the interval (— 2, 3) into 
the inequality 


x7-x-6<0. 


_ Regardless of which x-values 
_ you choose, the inequality 
_ should be satisfied. 
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Other Types of Inequalities 


To solve a polynomial inequality, you can use the fact that a polynomial can 
change signs only at its zeros (the x-values that make the polynomial equal to 
zero). Between two consecutive zeros a polynomial must be entirely positive or 
entirely negative. This means that when the real zeros of a polynomial are put in 
order, they divide the real number line into intervals in which the polynomial has 
no sign changes. These zeros are the critical numbers of the inequality, and the 
resulting intervals are the test intervals for the inequality. 


Example 5 ® Solving a Polynomial Inequality 


Solve x7 —x—-6 < 0. 


Solution 
By factoring the quadratic as 


Mae KOs (Ga ee 3) 
you can see that the critical numbers are 
y= — 2) Vandy x =33. 


So, the polynomial’s test intervals are 





(—oo, —2); .(=2, 3),. and .G, ce). Test intervals 
In each test interval, choose a representative x-value and evaluate the polynomial. 
Interval x-Value Polynomial Value Conclusion 
(—co, —2) x=-3 (—3)? — (-—3) -6 =6 Positive 
(—2, 3) x=0 (0)? — (0) —6 = -6 Negative 
(3, co) 4 (A)>— (4) -—6=6 Positive 


From this you can conclude that the polynomial is positive for all x-values in 
(—co, —2) and (3, 00) and is negative only for all x-values in (—2, 3). This 
implies that the solution of the inequality x? — x — 6 < O is the interval (—2, 3), 
as shown in Figure P.11. 





: Choose x = 4. 
| @& + 2)@- 3) 





“Choose x =—3. _ 




















FIGURE P.11 
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The concepts of critical numbers and test intervals can be extended to ratio- 
nal inequalities. To do this, use the fact that the value of a rational expression can 
change sign only at its zeros (the x-values for which its numerator is zero) and its 
undefined values (the x-values for which its denominator is zero). These two 
types of numbers make up the critical numbers of a rational inequality. 





Example 6 ® Solving a Rational Inequality 





Ase ==] 
Solve <53: 
3 = 5) 

Solution 


Begin by writing the rational inequality in general form. 


ta | 
5) Write original inequality. 
xa 
2x1, 
== = BE Write in general form. 
bait) 
2S Set 15 
—______—= <0 Add fractions. 
Soe ie 
59 Pits 
oS Simplify. 
KS 
Critical numbers: x = 5,x = 8 Zeros and undefined values of rational expression 
Test intervals: (—o0, 5), (5, 8), (8, 0) 
26 aie 403 
Test: Is‘. 0? 
= 5 


After testing these intervals, as shown in Figure P.12, you can see that the rational 
expression (—x + 8)/(x — 5) is negative in the open intervals (—oo, 5) and 
(8, 00). Moreover, because (—x + 8)/(x — 5) =0 when x= 8, you can 
conclude that the solution set consists of all real numbers in the intervals 
(— oo, 5) U[8, co). (Be sure to use a closed interval to indicate that x can equal 8.) 





FIGURE P.12 


oe neneeeee ene ene 
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A common application of inequalities is finding the domain of an expression 
that involves a square root, as shown in Example 7. 


Example 7 ® Finding the Domain of an Expression 


Find the domain of \/64 — 4x2. 
Solution 


Remember that the domain of an expression is the set of all x-values for which 
the expression is defined. Because ./64 — 4x? is defined (has real values) only if 
64 — 4x? is nonnegative, the domain is given by 64 — 4x?>0. 


64 —~4x2 S10) Write in general form. 
16—"x? 20 Divide each side by 4. 
(4-—x)(4+.x) 20 Write in factored form. 


So, the inequality has two critical numbers: —4 and 4. You can use these two 
numbers to test the inequality as follows. 


Critical numbers: x = —4,x=4 
Test intervals: (—co, —4), (—4, 4), (4, 00) 
Test: Is (4 — x)(4 + x) = 0? 


A test shows that 64 — 4x? is greater than or equal to 0 in the closed interval 
[—4, 4]. So, the domain of the expression \/64 — 4x? is the interval [—4, 4], as 
shown in Figure P.13. 











Communicating Mathematically Four different properties of inequalities are listed 
on page 63. For each property, (a) translate the mathematical statement into a 
verbal statement, (b) compile a list of several numerical examples that demonstrate 
the property, and (c) construct a number line or series of number lines that graphi- 
cally illustrates the property. 
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P.6 Exercises 


re 


In Exercises 1-6, write an inequality to represent the 
interval, and state whether the interval is bounded or 
unbounded. 


iri) 2. (2, 10] 
3, (iiltco) 4. [—5, co) 
5. (—oo, —2) 6. (—co, 7] 


In Exercises 7-12, match the inequality with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 











(a) <—+——}—_ 4+ _+—__+—__+_ ++ {> « 
5 Aes On ie ees ae aS 
(b) ~_+____} } —— 
2 3 4 5 6 
(c) —_,—__|_—_+}+__+____+_} +> « 
ei 0 1 D 3 4 5 


(d) —_~_4j__} +} ++ > « 
a epeey Gh we Nil bee’ cq lth Ue als AG 

(e) {#4} + + + +} ++ > « 
oni Bini; Hz ni Gl pking Ie gyiiits Tamu 5 


(f), —4+—__—__+—_+— « 
4 5 6 7 8 


He STS Sige) 
9. -3<x<4 10/0 = =, 
11. |x| a5 12. |x| Se 


In Exercises 13-18, determine whether each value of x is a 
solution of the inequality. 








Inequality Values 

13. 5x — 12 >0 (a= (b) x = -3 
(ce) x=? (d) x=3 

14. 2x +1 < -3 (a) x =0 (b) x= 4 
Cu 4" 4d) 

150m = 22. \ ages (b) x = 10 
(c) x =0 Gy x= 

16g ee ee. (a) BO (b) x= —5 
()x=1 (Daria 5 

17. |x — 10| > 3 (a) x=13 (b)x=-1 
(c) x = 14 (d) x =9 

18. |2x — 3| < 15 (a) =—-—6 (= 0 
()e=12 “Oma 7 


In Exercises 19-44, solve the inequality and sketch the 
solution on the real number line. 


19. 4x < 12 20. —10x < 40 

pa bee ese 22. —6x > 15 
23.x-527 24.x+7< 12 

25. 2x +7<3+ 4x 26. 3x +122+% 
27. 2x -121- 5x 28. 6x — 4 < 2+ 8x 
29. 4 — 2x < 3(3 — x) 30. 4(x + 1) =< Ze 3 
31. 3x -6<x-7 32.3 +4x>x-2 


33. (8x + 1) > 3x +3 
34. 9x — 1 < 3(16x — 2) 
35. 3.6x + 11 > —-3.4 
36. 15.6 — 1.3x < —5.2 
Slot oe ora, 
38. —8 < —(x +5) < 13 

Die = 3 

3 





395A <4 


yotnS EE Ls 





41.35 x+1>4 


ie ee 


43.325. 0.4x—1 <5 44 


Lowe oe (6 
> ——— > 


44. 4.5 5 


10.5 


In Exercises 45-60, solve the inequality and sketch the 
solution on the real number line. (some equations have no 
solution.) 


























45. |x| < 6 46. |x| > 4 
ATala\ > 5 48. |=| > 3 
2 5) 
49) in ee | 50. |x — Siteno 
51, |x — 20| < 6 52, |x —7| = =5 
53. |3 — 4x| = 9 54. |1 — 2x| <5 
B= 3 Wis 
P = oie 
55. | 5 56. | ai. 
57, 0 ees < —1 58. |x + 14+ 35> 17 
59, 2|x + 10| = 9 60. 3|4 — 5x| < 9 


=: Graphical Analysis \n Exercises 61-68, use a graphing 
utility to graph the inequality and identify the solution set. 


61. 6x > 12 
62s 1 <5 
63575) — 2x = | 


64. 34+ 1)<x+7 
65. |x — 8| < 14 
66. |2x + 9| > 13 
Gi. |x5+ 7| = 13 
68. 3|x + 1| 


IA 
U2 


In Exercises 69-74, find the interval(s) on the real number 
line for which the radicand is nonnegative (greater than or 
equal to zero). 


69. 


75. Think About It The graph of |x — 5| < 3 can be 
described as all real numbers within 3 units of 5. 
Give a similar description of |x — 10| < 8. 

76. Think About It The graph of |x — 2| > 5 can be 
described as all real numbers more than 5 units 
from 2. Give a similar description of |x — 8| > 4. 


In Exercises 77-84, use absolute value notation to define 
the interval (or pair of intervals) on the real number line. 


a ee a ee 





78. a 4 + - ee + t— Xx 
3 





79. < | 4 4 } { {. «KR. - - x 
ec eis OO peiae) 13 4 
a 
ee ee en ee ee 


81. All real numbers within 10 units of 12 
$2. All real numbers at least 5 units from 8 
83. All real numbers more than 5 units from —3 


$4. All real numbers no more than 7 units from —6 
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In Exercises 85-88, determine whether each value of x is a 
solution of the inequality. 
Values 
(b) x = 0 
(c)ax = un (eed 
86. x7 —x-— 1220 @)ie=h (Oa —0 
(CO) Eee (Ce ae 


Inequality 


85. x7 -3 <0 @) se = 3 








5p ap 2 
87. >3 (a) x =5 (b) x = 4 
ig = 4 9 9 
()x=-} x= 
She 
88. = a) x=-—2 bial 
iw (a) (b) 
(c) x =0 (d) x =3 


In Exercises 89-92, find the critical numbers. 











89. 2x2? —x -— 6 90. 9x? — 25x? 
S12 ee ne 
y= 5D Lark = il 


In Exercises 93-108, solve the inequality and graph the 
solution on the real number line. 


93. x7 < 9 94x47 <5 

95) (ens 96. G3)? 34 

OT. x Ax Ae 9 98.37 — 6% 4, 9 = 16 
99, 5714+ x < 6 100. x7 + 2x S83 
101 eee 1025 a 0) 


103) 37 -8r 5 0 

104. —2x7 + 6x+15<0 
105 a, 
106. 4? 2x? — 4x — 8 < 0 
NOT ee Oe — es 1) 
108. 2x° + 13x? — 8x — 46 => 6 


In Exercises 109-114, solve the inequality and write the 
solution set in interval notation. 


109. 4x? — 6x7 = 0 

110° 45° S12 0) 
DIG = 4570 
2 — yea 

113. (@ — 17a + 220 
114. x4@ - 3) <0 


The symbol = indicates an exercise or parts of an exercise in which you are instructed to use a graphing utility. 
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In Exercises 115-128, solve the inequality and graph the 


solu 


115. 


116. 


117. 


118) am S 


AN ee emer 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


tion on the real number line. 












































In Exercises 129-134, find the domain of x in the expression. 


129 
130 


131. 


132 


n33: 


134. 


mea x" 
ey eae 


x2 — 7x + 12 





In Exercises 135-140, solve the inequality. (Round your 
answers to two decimal places.) 


135. 
136. 
137. 
138. 


139. 


141. 


142. 


143. 


144. 


145. 


146. 


Ax? "5.267 102 
Ase 3 oe ole 
=05x7 + 12.5x'+ 16°50 
12x? + 48x 3.1053 
1 Z 


ee 140, Ss 
Cy ak ). 7 ee 


Car Rental You can rent a midsize car from 
Company A for $250 per week with unlimited 
mileage. A similar car can be rented from Company 
B for $150 per week plus 25 cents for each mile 
driven. How many miles must you drive in a week 
in order for the rental fee for Company B to be 
greater than that for Company A? 


Copying Costs Your department sends its copying 
to the photocopy center of your company. The 
center bills your department $0.10 per page. You 
have investigated the possibility of buying a depart- 
mental copier for $3000. With your own copier, the 
cost per page would be $0.03. The expected life of 
the copier is 4 years. How many copies must you 
make in the 4-year period to justify buying the 
copier? 

Investment 1n order for an investment of $1000 to 
grow to more than $1062.50 in 2 years, what must 
the annual interest rate be? [A = P(1 + rt)] 


Weightlifting For 60 men enrolled in a weightlift- 
ing class, the relationship between body weight x 
(in pounds) and maximum bench-press weight y (in 
pounds) can be modeled by the equation 
y = 1.266x — 35.766. Use this model to estimate 
the range of body weights of the men in this group 
that can bench press more than 200 pounds. 


Height The heights h of two-thirds of the mem- 
bers of a certain population satisfy the inequality 


; = 685 


aa 
Deh 





where h is measured in inches. Determine the interval 
on the real number line in which these heights lie. 
Meteorology A certain electronic device is to be 
operated in an environment with relative humidity h 
in the interval defined by 


|h — 50| < 30. 


What are the minimum and maximum relative 
humidities for the operation of this device? 


147, 


148. 


149. 


150. 


151. 


152. 


Geometry A rectangular playing field with a 
perimeter of 100 meters is to have an area of at least 
500 square meters. Within what bounds must the 
length of the rectangle lie? 


Geometry A rectangular parking lot with a 
perimeter of 440 feet is to have an area of at least 
8000 square feet. Within what bounds must the 
length of the rectangle lie? 


Investment P dollars, invested at interest rate r 
compounded annually, increases to an amount 


A= P(1 + r)? 


in 2 years. If an investment of $1000 is to increase 
to an amount greater than $1100 in 2 years, then the 
interest rate must be greater than what percent? 


Economics The revenue and cost equations for a 
product are 


R = x(50 — 0.0002x) 
C = 12x + 150,000 


where R and C are measured in dollars and x repre- 
sents the number of units sold. How many units 
must be sold to obtain a profit of at least 
$1,650,000? 

Resistors When two resistors of resistances R, 
and R, are connected in parallel (see figure), the 
total resistance R satisfies the equation 


Find R, for a parallel circuit in which R, = 2 ohms 
and R must be at least 1 ohm. 





Safe Load The maximum safe load uniformly 
distributed over a 1-foot section of a 2-inch-wide 
wooden beam is approximated by the model 


Load = 168.5d? — 472.1 


where d is the depth of the beam. 

(a) Evaluate the model for d = 4,d = 6,d = 8, 
d = 10, and d = 12. Use the results to create a 
bar graph. 
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(b) Determine the minimum depth of the beam that 
will safely support a load of 2000 pounds. 


Synthesis 


True or False? \n Exercises 153-156, determine whether 
the statement is true or false. Justify your answer. 


153. If a, b, and c are real numbers, and a < b, then 
ac S be. 

154. If —10 < x < 8, then —10 => —x and —x = —8. 

155. The zeros of the polynomial x° — 2x? — 11x +12 >0 
divide the real number line into four test intervals. 


156. The solution set of the inequality 342 eK One 0 
is the set of real numbers. 


157. Identify the graph of the inequality |x — a| > 2. 


@) $~—+—}-1 () ~~} +f; 
Ce at a-2 a a+t+2 
© —J—+_- @ $+} -s 


2-a 2 2+a 2-a 2 2+a 


158. Exploration Find sets of values for a, b, and c 
such that 0 < x < 10 is a solution of the inequality 
|e Dl -=e 


Exploration \n Exercises 159-162, find the interval for b 
such that the equation has at least one real solution. 

159. x7 ++ bx + 4=0 160. x? + bx —4=0 
161. 3x? + bx + 10 =0 162; 27 bx + 5:— 0 


163. Conjecture Write a conjecture about the interval 
for b in Exercises 159-162. Explain your reason- 
ing. 

164. Think About It What is the center of the interval 
for b in Exercises 159-162? 


165. Consider the polynomial (x — a)(x — b) and the 
real number line shown below. 





(a) Identify the points on the line at which the 
polynomial is zero. 

(b) In each of the three subintervals of the line, 
write the sign of each factor and the sign of the 
product. 


(c) For what x-values does the polynomial change 
signs? 
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Errors and the Algebra of Calculus 





> What you should learn 


* How to avoid common algebraic 
errors 


Algebraic Errors to Avoid 


This section contains five lists of common algebraic errors: errors involving 
parentheses, errors involving fractions, errors involving exponents, errors involv- 
ing radicals, and errors involving dividing out. Many of these errors are made 
because they seem to be the easiest things to do. 


* How to recognize and use 
algebraic techniques that are 
common in calculus 


> Why you should learn it 


An efficient command of algebra 
is critical in the study of calculus. 


Errors Involving Parentheses 


Potential Error Correct Form Comment 
a-—(x—b)#a-x-—b a—(x—b)=a-—x+b Change all signs when distributing minus sign. 
(a + b)? # a? + b? (a+)? =a? + Jab +b Remember the middle term when squaring binomials. 
(54)(52) # 5 (ab) (Fa)(50 l= (ab) = 2 + occurs twice as a factor. : 
(3x + 6)? # 3(x + 2)? (3x + 6)? = [B@+ - When factoring, apply exponents to all factors. 
= 3c + 2)? 


Errors Involving Fractions 

















Potential Error Correct Form Comment 
a a a 
a aig aa Leave as & Do not add denominators when adding fractions. 
Kier bod 3 rear le 
a Na x 
ay i Moy |e) ee Multiply by the reciprocal when dividing fractions. 
b a]\b ab 
eal 1 lee AE baste, 
Taaie -+-= Use the property for adding fractions. 
de Or tag b Opa ab 
1 jel 
ee ae Use the property for multiplying fractions. 
ey oud S) 3 > aay 
1 1 he 
(1/3)x # ev (1/3)x = 3 “x= 2 Be careful when using a slash to denote division. 
X 
1 1 Teele 
1/2 (i/xs) +2=-+2= Be careful when using a slash to denote division. 


ie are 2 x x 
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Errors Involving Exponents 


Potential Error 
(x2)3 # x3 
Kx? = x® 


Oy (2x)? 


Correct Form 
(x2)3 = x23 = x6 
ORIG eee y Ee eee 
2x? = 2(x?) 


1 
Eeaveas 
yea 


Errors Involving Radicals 


Potential Error 


J5x # 5\/x 
ee to fx ta 


Ree 1  './ XG 


Correct Form 


SI = /5/x 
Leave as x? + a?. 
Weave as ~/.— x 4.0: 


Errors Involving Dividing Out 


Potential Error 


eh 
ee | + bx 
a 


@ + ax 





Fatx 


x 1 
feet 1 
Dye 3 


Correct Form 








Cece DX b 
ee ee tay, 
a a a a 
+ 1+ 
atar_allta)_ 1, 
a a 
(2 
Des SEE) 


Comment 


Multiply exponents when raising a power to a power. 
Add exponents when multiplying powers with like bases. 


Exponents have priority over coefficients. 


Do not move term-by-term from denominator to numerator. 


Comment 


Radicals apply to every factor inside the radical. 
Do not apply radicals term-by-term. 


Do not factor minus signs out of square roots. 


Comment 


Divide out common factors, not common terms. 


Factor before dividing out. 


Divide out common factors. 
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For many people, a good way to avoid errors is to work slowly, write neatly, 
and talk to yourself. Each time you write a step, ask yourself why the step is 
algebraically legitimate. For instance, you can justify the step written below 
because dividing the numerator and denominator by the same nonzero number 
produces an equivalent fraction. 


2x 2°x % 
(a Arte tae 





Example 1 ® Using the Property for Adding Fractions 


1 1 
Describe and correct the error. ae + — = — x 


Solution 


When adding fractions, use the property for adding fractions: 


aye. BBE 


I 
—+ 
a 





1 1 She ap Dye oye 5 
+—= = — 


Dye Bye 6x? 


6x? Ox 
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Some Algebra of Calculus 


In calculus it is often necessary to take a simplified algebraic expression and 
“unsimplify” it. See the following lists, taken from a standard calculus text. 


Unusual Factoring 


Expression Useful Calculus Form Comment 

5x Sis 
ge a Write with fractional coefficient. 
bade a 3 Lie 
mee Pa 6 a 3x) Write with fractional coefficient. 

2 ie ¥ 3 ‘ c 
PS, atest dence: Ph (eet = one Factor out the leading coefficient. 
x x + 1)71? 
a + 1)71/2 + (x + 1)! ears + 2(x + 1)] Factor out factor with least power. 


j 
} 


Writing with Negative Exponents 


Expression Useful Calculus Form Comment 
9 ae 
Par pee Move the factor to the numerator and change the 
Sx 5 sign of the exponent. 
a 
oe es 7(2x = 3)> 1/2 Move the factor to the numerator and change the 
yee 


sign of the exponent. 


Writing a Fraction as a Sum 

















Expression Useful Calculus Form Comment 
ae DUA a | 
coh aan xh/2 + 2x3/2 + x“ 1/2 Divide each term by x!/?. 
x 
deste % 1 x : 
2 Briere he A Rewrite the fraction as the sum of fractions. _ 
aoe Beal eA otel ee eect 
2X. Das a=) =P eee : 
SS eT RT See and subtract the same term. 
ys x? +2 ek 
sata z Rewrite the fracti he diff f fracti 
= = ewrite the fraction as the difference of fractions. 
x? +2x+1 («+ 1)? 
x2 ee 1 
Xie Use long division. (See Section 2.3.) 
Meo 56 see | 
sear i D 1 








Use the method of partial fractions. (See Section 2.7.) 


Inserting Factors and Terms 
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Expression Useful Calculus Form Comment 
1 
(2x — 1)? 5 (2x 12) Multiply and divide by 2. 
Mass 1/2 as 1/2 2). ae 
7x7(4x3 — 5) rial =O) b2x?) Multiply and divide by 12. 
4x? se 2 
oe = 4y? = 9/4 _ ne =] Write with fractional denominators. 
< ab oe Sage ae sas : 
me | ney ts +] any Add and subtract the same term. 


The next five examples demonstrate many of the steps in the preceding lists. 


Example 2 ® Factors Involving Negative Exponents | 


Factor x(x + 1)7!/2 + (« + 1)!/2, 


Solution 
When multiplying factors with like bases, you add exponents. When factoring, 
you are undoing multiplication, and so you subtract exponents. 


ME De 2 ee eee 2 eet 1) Cee) 
SiOsee ) Ae (1) 
= (71) 7x 1) 


Here is another way to simplify the expression in Example 2. 





(x + 1)1/2 
—1/2 a, {2 = a iP) ae Se WU ee 
x(x + 1) + (x + 1) x(x + 1) (x + 1) + DP 
Pater ot Git 1)! 
yt (x + 1)!/2 
Ds ie II 
Wiese Il 


Example 3 ® Inserting Factors in an Expression 
: year 2 1 
Se Oss 2 $+ 4+). 
Insert the required factor (is apy (a) a 3)? (2% )-5i4) 


Solution 
The expression on the right side of the equation is twice the expression on the left 
side. To make both sides equal, insert a factor of 7 


Ley = 1 1 Right side is multiplied 
@? Har =e Ge + 4¢ 3 (2x + 4) and divided by 2. 
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Example 4 ® Rewriting Fractions 


Explain the following. 


eee ae ihe VES 
9 9/4 1/4 
Solution 


To write the expression on the left side of the equation in the form given on the 
right side, multiply the numerators and denominators of both terms by a 


2 aft 





9 9 \1/4 1/4 
2p y? 
0/4 4/4 


Example 5 ®& Rewriting with Negative Exponents 


Rewrite each expression using negative exponents. 








Sj eam pu ape ee 

"= 2x) P52 Byes (4x)? 

Solution 

a. (i oy = =4x(1 — 2x7) 

b. Begin by writing the second term in exponential form. 
2 1 3 2 1 3 








ae = - 
5x3 ~/x---5(4x)2-5x3 x l/2 5 (4x)? 


D 3 
= ae — x t/2 + 5 (4) 


Example 6 ® Writing a Fraction as a Sum of Terms © 


Rewrite each fraction as the sum of three terms. 





Lexa Ane pe 
e x ° /x 
Solution 
Tee Oe Wee a a oor 
Die DDG eek ID oe D152 
XG 4 
eae") eis Se 
y) : x 
one |S ye 
: Jx = oT een 


= x1/2 ae x3/2 ae x 1/2 
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In Exercises 1-22, describe and correct the error. 


non = 


21. am 


~ 16x — (2x + 1) 


PG=—x(-x) 
. (5z)(6z) = 302 


au Gy 4 4)=2x-3y+4 
Sat 3(x — 2) = 52+ 3x-2 


4 4 


eer x 
5p = Il << 


cube oD) 
6. xyz) = (oO) X 


8. (4x)? = 4x2 X 





{) = Be 





10. / 252 =5. eX 


ee = /x +3 xX 


2x27 +1 2+] 
ain 5 ~ 


6x + y eee. x 
6x —y n= 


ial ne hee 
Ep \a'b 
1 = y x 


xty x+1 














» (x2 + Sx)I/2 = x(x + 52 
. x(2x — 1)? = (2x2 - x)? & 
| Gx? = 61)? = ats — 29° 
YP tT = PATI xX 


et (x + 3) 
sear 3 


= 12 
ee 22. 5 = 





(1/2)y X 


x 


In Exercises 23-44, insert the required factor in the 





parentheses. 
Sie se 2 all 
ier Al ) 
Tee 7 
24. = at ) 
25.22 +h 4+5=1 ) 


26. 


+> = 3( el) 


27. 
28. 
29. 


30. 


Sf 


32. 


33. 


34. 


35: 


36. 


SY ic 


38. 


39. 
40. 
41. 


5c? — 4c + 2 = ( WM )(1022 — z + 8) 


(x3 — 1)4=( G3 — 14322) 
x(1 — 2x23 =(——_)(1 — 2x2)3(—4x) 
AO 1 
amen SM epa apt 
seaP Ml 1 
+o ap Ml Cr apt?) 


1 z ( am) 
" &/e 1 4 


























= + 25S \(6x + 5 — 3x3) 
(«- 1)? Messi 
es pO) ERY al pune 

Ox? 1Oy- ee 4 We 

25 49 (ge) (ee) 
chicas) g a xe y? 

4 16 (i) (i) 

20a oe Bye 

1/12 2/3 (() =) 

2 y 9x2 By? 

= + 

49 7/8 (am) (mm) 
CANS BE eee x1/3( ) 


3(2x + 1)x'/2 + 4x3/2 = x2) 
(1 — 3x)43 = 4x(1 = 3x)" = (1 = 3x) ) 


1 1 
42. — = + 5x3/2 — 10x5/2 = — = 
Dn i me 
1 1 (2x + 1)3/2 
4385 — 27) 2 = O> al) ee 
3 19 ) 5 ) E ( ) 
3 3 3(¢ + 1/47 
440 (hh = (he 
airmail ealtzer TI al 


In Exercises 45-50, write the fraction as a sum of two or 


more terms. 
16 — 5x - 3 5,244 
45. —_ 46, ———* 
x x 
4x3 — 7x2 +1 2x> — 3x3 + 5x - 1 
(Si aaa aS ee 
3 — 5x? — x4 x? — 5x4 
49, SS 
Jx Bx 
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In Exercises 51-62, simplify the expression. 


207 3) lone td) Oe a 








i. (& +P 
es (Saas 4 (2a Lean 


(6x + 1)7(27x? +2) — Ox? + 2x)(G)(6x + 1)7(6) 
[(6x + 1)3]? 
(4x2 + 9)'/2(2) — (2x + 3)(3)(4x2 + 9)-/72(8x) 
[(4x2 + 9)'72]2 
(x + 2)3/4(x + 3)-2/3 — (x + 3)1/3(x + 2)-1/4 
(eae) 
56. (2x — 1)!/2 — (« + 2)(2x — 1)-'2 
2(3x — 1)*/2 — (2x +)1)(4)(Gx — 1)=24() 
(x — 1) 
(x + 1)(3)(2x)— 3x2)-1/2(2 — 6x) — (2x — 3x2)1 
(x + 1)2 





Sb 





54. 


SBE 








57. 


58. 





59. ate 6 a 4)-1/2(2x) 
I 
i 6 26er 5) 
61. (x? + 5)'/2(3)(3x — 2)'/2(3) + 
(3x — 2)3/2(5)(x2 + 5)-/2(2x) 
62. (3x + 2)~1/2(3)(% — 6)¥2(1) + 
(x — 6)3(—3)(3x + 2)-3/°(3) 


Nl 








60. (2x) + 


63. (a) Verify that y, = y, analytically. 
y, = x2(4)(x2 + 1)-2/3(2x) + (x? + 1)'/3(2x) 


| 2x(Anees) 
%2 32 + 127 


(b) Complete the table and demonstrate the equality 
in part (a) numerically. 




















65. Logical Reasoning Verify that y, # y, by letting 
x = 0 and evaluating y, and y,. 


Ve Se Aa eee 


1 — x? 
Fe SbH 
a ears: 


Change y, so that y, = y>. 
Synthesis 


True or False? \n Exercises 66-69, determine whether 
the statement is true or false. Justify your answer. 





2 
Ls; Dae V eatage 1 bog 
66. x ' + y ro 67. x+y Koay 
1 J/x—4 x? —9 
68. = 0. =e +3 
Ty Vea vx 


In Exercises 70-73, find and correct any errors. 
105 x = 
71. (x”)2n ails (x2n)r = Dx 2" 
Te yaa (Xe 
xn G xn 5n 


By 
73. 3n 2 = 3n 2 
Ge aes Gere ee ie 





(b) Complete the table and demonstrate the equality 3 74, Think About It Suppose you are taking a course in 


in part (a) numerically. 





| 
— 
| 
NIK 
S 
— 
NO 
Nin 























64. (a) Verify that y, = y, analytically. 
B/D me 1 


ar 2 9 — x? 





calculus, and for one of the homework problems you 
obtain the following answer. 


1 1 

ss 2] )5/ 2 Oe 3/2 

1 o(2 1) 6(2* ) 

The answer in the back of the book is 
1 

—(2x — 1)3/2 ae ii) 

; 5(2x )3/2(3x + 1) 


Are these two answers equivalent? If so, show how 
the second answer can be obtained from the first. 


Alex Bartel/Tony Stone Images 





> What you should learn 


* How to plot points in the 
Cartesian plane 

* How to use the Distance 
Formula to find the distance 
between two points 


* How to use the Midpoint 
Formula to find the midpoint 
of a line segment 


* How to use a coordinate plane 
to model and solve real-life 
problems 


> Why you should learn it 


The Cartesian plane can be used 
to represent relationships 
between two variables. For 

__ instance, Exercise 68 on page 90 
shows how to represent graphi- 
cally the number of recording 
artists elected to the Rock and 
Roll Hall of Fame from 1986 to 
1999. - 








FIGURE P.16 


ae «Graphical Representation of Data 
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The Cartesian Plane 


Just as you can represent real numbers by points on a real number line, you can 
represent ordered pairs of real numbers by points in a plane called the 
rectangular coordinate system, or the Cartesian plane, named after the French 
mathematician René Descartes (1596-1650). 

The Cartesian plane is formed by using two real number lines intersecting at 
right angles, as shown in Figure P.14. The horizontal real number line is usually 
called the x-axis, and the vertical real number line is usually called the y-axis. 
The point of intersection of these two axes is the origin, and the two axes divide 
the plane into four parts called quadrants. 


y-axis 
| 


3 
Quadrant II | Quadrant I 
2 


(Vertical 
number line) 


So 1} 2 3 
-1-+ (Horizontal 
4 number line) 


Quadrant uo - Quadrant IV 





y Directed 
distance 





FIGURE P.14 FIGURE P.15 


Each point in the plane corresponds to an ordered pair (x, y) of real numbers 
x and y, called coordinates of the point. The x-coordinate represents the directed 
distance from the y-axis to the point, and the y-coordinate represents the directed 
distance from the x-axis to the point, as shown in Figure P.15. 


Directed distance 
from x-axis 


Directed distance 
from y-axis 


(x, y) 


The notation (x, y) denotes both a point in the plane and an open interval on 
the real number line. The context will tell you which meaning is intended. 


Example 1 & Plotting Points in the Cartesian Plane 


Plot the points (— 1, 2), (3, 4), (0, 0), (3, 0), and (—2, —3). 


Solution 


To plot the point (— 1, 2), imagine a vertical line through — 1 on the x-axis and a 
horizontal line through 2 on the y-axis. The intersection of these two lines is the 
point (— 1, 2). The other four points can be plotted in a similar way, as shown in 
Figure P.16. 
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A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Amount Spent on Archery Equipment 


Dollars (in millions) 





1989 1991 1993 1995 1997 
Year 


FIGURE P.17 


Technology 


The scatter plot in Example 2 
is only one way to represent the 
data graphically. Two other tech- 
niques are shown at the right. The 
first is a bar graph and the second 
is a line graph. All three graphical 
representations were created with 
a computer. If you have access to a 





graphing utility, try using it to 
represent graphically the data 
given in Example 2. 


S 


The beauty of a rectangular coordinate system is that it allows you to see 
relationships between two variables. It would be difficult to overestimate the 
importance of Descartes’s introduction of coordinates to the plane. Today, his 
ideas are in common use in virtually every scientific and business-related field. 


Example 2 ® Sketching a Scatter Plot a [©) 





From 1988 through 1997, the amount A (in millions of dollars) spent on archery 
equipment in the United States is given in the table, where ¢ represents the year. 
Sketch a scatter plot of the data. (Source: National Sporting Goods Association) 








t | 1988 | 1989 | 1990 | 1991 | 1992 | 1993 ] 1994 | 1995 | 1996 | 1997 
FA | 235 | 261 | 265 [270 | 334 | 285 | 306 | 287 | 272 | 273 

















Solution 


To sketch a scatter plot of the data given in the table, you simply represent each 
pair of values by an ordered pair (¢, A) and plot the resulting points, as shown in 
Figure P.17. For instance, the first pair of values is represented by the ordered pair 
(1988, 235). Note that the break in the f-axis indicates that the numbers between 
0 and 1988 have been omitted. 


In Example 2, you could have let t = | represent the year 1988. In that case, 
the horizontal axis would not have been broken, and the tick marks would have 
been labeled 1 through 10 (instead of 1988 through 1997). 





Amount Spent on Archery Equipment Amount Spent on Archery Equipment 
A A 


Dollars (in millions) 
Dollars (in millions) 


= t 
1989 1991 1993° 19951997, 


Year Year 


Bar graph Line graph 
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The Distance Formula 


Recall from the Pythagorean Theorem that, for a right triangle with hypotenuse 
of length c and sides of lengths a and b, you have 


Gap = 6" Pythagorean Theorem 


as shown in Figure P.18. (The converse is also true. That is, if a + b? = c?, then 
the triangle is a right triangle.) 

Suppose you want to determine the distance d between two points (x,, y,) 
and (x>, y>) in the plane. With these two points, a right triangle can be formed, as 
FIGURE P.18 shown in Figure P.19. The length of the vertical side of the triangle is |y, — y,|, 
and the length of the horizontal side is |x, — x,|. By the Pythagorean Theorem, 
you can write 





o |x, - ile ot ly = y,|? 
a, [x5 a x," a ly a yi 
— 6S moose el cee) 


This result is the Distance Formula. 





The Distance Formula 
The distance d between the points (x,, y,) and (x,, y,) in the plane is 


FIGURE P.19 d= '5/ (x, 16 Nec i peal 





Example 3 ® Finding a Distance 


Find the distance between the points (— 2, 1) and (3, 4). 





Solution 
Let (x,, y,) = (—2, 1) and (x, y,) = (3, 4). Then apply the Distance Formula. 
d= J/@,—x" +0) —-y)" Distance Formula 
= /B-— (2 + 4-1) Substitute for x,, y,. x5 and y,. 
="/(5)* + (3)? Simplify. 
= Jz 
= 5.83 Use a calculator. 


Note in Figure P.20 that a distance of 5.83 looks about right. 
You can use the Pythagorean Theorem to check that the distance is correct. 





9 
d* =37 35" Pythagorean Theorem 
sy 
(34) pat BYP aL Sys Substitute for d. 
34 = 34 Distance checks. / 


FIGURE P.20 
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FIGURE P.21 


_ STUDY nes 


In ‘Example 5, the scale aden» 
the goal line does ‘not normally 
appear on a football field. 
However, when: you use a 


nate geometry 1 to solve real-life ; 
problems, you are free to place 
_ the coordinate system if apy’) 


| way that is convenient to the © 
& solution of the problem. 


eB eS secant RRR amoR aE 


Example 4 > Verifying a Right Triangle = 





Show that the points (2, 1), (4, 0), and (5, 7) are vertices of a right triangle. 


Solution 


The three points are plotted in Figure P.21. Using the Distance Formula, you can 
find the lengths of the three sides as follows. 


d, = JS— 2? +7 IP = V9 +36 = VE 
a, = J@= 2? + 0-1 = Var 1 = V5 
= JS=4 + 7-0 = VIF B= V5 
Because 
d? + d2=45+5 = 50 = d,’, 


you can conclude that the triangle must be a right triangle. 





The figures provided with Examples 3 and 4 were not really essential to the 
solution. Nevertheless, it is strongly recommended that you develop the habit of 
including sketches with your solutions—even if they are not required. 


Example 5 » Finding the Length of a Pass” : 





A football quarterback throws a pass from the 5-yard line, 20 yards from the 
sideline. The pass is caught by a wide receiver on the 45-yard line, 50 yards from 
the same sideline, as shown in Figure P.22. How long is the pass? 


Football Pass 


i) 
n 


Distance (in yards) 
a 


n 





LOR 20 S00 S40 a0 
Distance (in yards) 


FIGURE P.22 


Solution 


You can find the length of the pass by finding the distance between the points 
(20, 5) and (50, 45). 


= ./(50 — 20)? + (45 — 5)? Distance Formula 
= ./900 + 1600 
= 50 Simplify. 


So, the pass is 50 yards long. 





Section P.8 % Graphical Representation of Data 85 


The Midpoint Formula 


To find the midpoint of the line segment that joins two points in a coordinate 
plane, you can simply find the average values of the respective coordinates of the 
two endpoints using the Midpoint Formula. (See Appendix A for a proof of the 
Midpoint Formula.) 


The Midpoint Formula 
The midpoint of the segment joining the points (x,, y,) and (x, y,) is given 
by the Midpoint Formula 


+ 23 
Midpoint = (2 us), 


PN) 


Example 6 P Finding a Line Segment’s Midpoint : 
Find the midpoint of the line segment joining the points (— 5, —3) and (9, 3), as 
shown in Figure P.23. 


Solution 
Let (x, y,) = (—5, —3) and @, y,) = @, 3). 











Midpoint = (4 ; 72 v1 - 22) Midpoint Formula 
FIGURE P.23 point is io rabaly = (3 ck _ *) Substitute for x,, y,, x5, and y,. 
(2210) Simplify. 
Example 7 > Estimating Annual Sales Ke 





Winn-Dixie Stores had annual sales of $1.30 billion in 1996 and $1.36 billion in 
: a. 1998. Without knowing any additional information, what would you estimate the 
Winn-Dixie Stores Annual Sales 1997 gales to have been? (Source: Winn-Dixie Stores, Inc.) 


Solution 


One solution to the problem is to assume that sales followed a linear pattern. With 
this assumption, you can estimate the 1997 sales by finding the midpoint of the 
segment connecting the points (1996, 1.30) and (1998, 1.36). 


1996 + 1998 1.30 + as 
2 ; a 
= (1997, 1.33) 


Year So, you would estimate the 1997 sales to have been about $1.33 billion, as shown 
FIGURE P.24 in Figure P.24. (The actual 1997 sales were $1.32 billion.) 


Sales 
(in billions of dollars) 





Midpoint = ( 





1996 1997 1998 





Paul Morrell 
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Much of computer graphics, 
including this computer-generated 
goldfish tesselation, consists of 
transformations of points in a 
coordinate plane. One type of 
transformation, a translation, is 
illustrated in Example 8. Other 
types include reflections, rotations, 
and stretches. 


e e 
Ap pli catl on A computer animation of this example appears in the 


; Interactive CD-ROM and Internet versions of this text. 


Example 8 ® ‘Translating Points in the Plane 


The triangle in Figure P.25(a) has vertices at the points (—1, 2), (1, —4), and 
(2, 3). Shift the triangle 3 units to the right and 2 units up and find the vertices of 
the shifted triangle, as shown in Figure P.25(b). 





FIGURE P.25 


Solution 


To shift the vertices 3 units to the right, add 3 to each of the x-coordinates. To shift 
the vertices 2 units up, add 2 to each of the y-coordinates. 


Original Point Translated Point 
(aie) (+ 3, 2° 2) = @,4) 
(1, —4) (C+ 3, —4 +2) = (4, —2) 
(2, 3) Qeeea. j=) = (555) 





Weiting avout matuemarics 













Extending the Example Example 8 shows how to translate points in a coordinate 
plane. Write a short paragraph describing how each of the following transformed 
points is related to the original point. 


Original Point Transformed Point 
(x, y) (—x,y) 
(x, y) (x, -y) 


(x, y) (= ay) 





P.8 Exercises 
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In Exercises 1-4, sketch the polygon with the indicated 
vertices. 


Setangle: (—1, 1), (2, —1), 3, 4) 
Zeerciangle: (083),(—1, —2), (4, 8) 

Somauare: (2, 4).(5,1);.(2, 2), (—1, 1) 

4. Parallelogram: (5, 2), (7, 0), (1, —2), (—1, 0) 


In Exercises 5 and 6, approximate the coordinates of the 
points. 





6. y 
A 
Cor 
i) a+ 
D mt Se 
XG 
ya: 
ay) B 
tA 
kL © 





In Exercises 7-10, find the coordinates of the point. 
7. The point is located 3 units to the left of the y-axis 
and 4 units above the x-axis. 
8. The point is located 8 units below the x-axis and 
4 units to the right of the y-axis. 
9. The point is located 5 units below the x-axis and the 
coordinates of the point are equal. 


10. The point is on the x-axis and 12 units to the left of 
the y-axis. 


In Exercises 11-20, determine the quadrant(s) in which 


(x, y) is located so that the condition(s) is (are) satisfied. 


In Exercises 21-24, the polygon is shifted to a new position 
in the plane. Find the coordinates of the vertices of the 
polygon in its new position. 


21. 








23. Original coordinates of vertices: 
(Ie SON ON) SN OS ae, 
Shift: 8 units up, 4 units to the right 
24. Original coordinates of vertices: 
(528)(Gron 7s O)ROe2) 
Shift: 6 units down, 10 units to the left 
In Exercises 25 and 26, sketch a scatter plot of the data 
given in the table. 


25. Meteorology The table shows the lowest tempera- 

ture of record y (in degrees Fahrenheit) in Duluth, 
Minnesota, for each month x, where x = | repre- 
sents January. (Source: NOAA) 





x] | 2 | ee ee a: 




















11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 


x >Oandy <0 

x < Oandy <0 

x = —-4andy > 0 

x >2andy =3 

Vax) 

x>4 

(x, —y) is in the second quadrant. 
(—x, y) is in the fourth quadrant. 


ay > 0 20. xy < 0 


























7/8 |9 {Or eine 
y | 35 32 | Dou ltsan inn ad 
26. Business The table shows the number y of 


Wal-Mart stores for each year x from 1992 through 

















1999. (Source: Wal-Mart Stores, Inc.) 
x | 1992 | 1993 | 1994 | 1995 

y | 2136 | 2440 | 2759 | 2943 

fy 1996 | 1997 | 1998 | 1999 

-y | 3054 | 3406 | 3630 | 3815 
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Milk Prices \n Exercises 27 and 28, use the graph below, 
which shows the average retail price of one-half gallon of 
milk from 1992 to 1997. (Source: U.S. Bureau of Labor 
Statistics) 


Average price in dollars 
(per one-half gallon) 





Year 


27. Approximate the highest price of one-half gallon of 
milk shown in the graph. When did this occur? 


28. Approximate the percent change in the price of milk 
from the price in 1992 to the highest price shown in 
the graph. 


Advertising \n Exercises 29 and 30, use the graph below, 
which shows the cost of a 30-second television spot (in 
thousands of dollars) during the Super Bowl from 1987 to 
1999. (Source: USA Today Research) 





Cost of 30-second TV spot 
(in thousands of dollars) 
S 
Ss 





1987 1989 1991 1993 1995 1997 1999 
Year 


29. Approximate the percent increase in the cost of a 
30-second spot from Super Bowl XXI in 1987 to 
Super Bowl XXXIII in 1999. 


30. Estimate the increase in the cost of a 30-second spot 
(a) from Super Bowl XXI to Super Bowl XXVII and 
(b) from Super Bowl XXVII to Super Bowl XXXIII. 


Labor Force  \n Exercises 31 and 32, use the graph below, 
which shows the minimum wage in the United States (in 
dollars) from 1950 to 1999. (Source: U.S. Employment 
Standards Administration) 


SL UN 


N 





Minimum wage (in dollars) 


1950 1960 1970 1980 1990 1999 
Year 


31. Which decade shows the greatest increase in 
minimum wage? 

32. Approximate the percent increase in the minimum 
wage (a) from 1990 to 1995 and (b) from 1955 to 
1995. 


Data Analysis \n Exercises 33 and 34, use the graph 
below, which shows the mathematics entrance test scores 
x, and the final examination scores y, in an algebra course 
for a sample of 10 students. 


Final examination score 





Mathematics entrance test score 


33. Find the entrance exam score of any student with a 
final exam score in the 80s. 


34. Does a higher entrance exam score imply a higher 
final exam score? Explain. 


In Exercises 35-38, find the distance between the points. 
(Note: In each case the two points lie on the same horizon- 
tal or vertical line.) 


35:, (6, =3))(6, 5) 
37 — Site 2, — 1) 


36. (1, 4), (8, 4) 
38. (—3, —4) ae) 


In Exercises 39-42, (a) find the length of each side of the 
right triangle, and (b) show that these lengths satisfy the 
Pythagorean Theorem. 


39. 





41. » 






ii) 6 8 





In Exercises 43-54, (a) plot the points, (b) find the distance 
between the points, and (c) find the midpoint of the line 
segment joining the points. 
43. (1, 1), (9, 7) 

a5. (—4, 10), (4, —5) 
a7e(— 1, 2), (5, 4) 

49. (3, 1),(—3.4) 

(6.2, 5.4), (—3.7, 1.8) 
522 —16:8, 12.3), (5.6, 4.9) 
S3; (—36, — 18), (48, —72) 
54. (1.451, 3.051), (5.906, 11.360) 


44. (1, 12), (6, 0) 

46. (—7, —4), (2; 8) 
48. (2, 10), (10, 2) 

s0. (—}, 8) (-5 


Business \n Exercises 55 and 56, use the Midpoint 
Formula to estimate the sales of a company in 1998, given 
the sales in 1996 and 2000. Assume that the sales followed 
a linear pattern. 





| 1996 | 2000 | 
$520,000 | $740,000 | 











x | 1996 "2000 
: $4,200,000 | $5,650,000 
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In Exercises 57-60, show that the points form the vertices 

of the polygon. 

57. Right triangle: (4, 0), (2, 1), (—1, —5) 

58. Isosceles triangle: (1, —3), (3, 2), (—2, 4) 

59. Parallelogram: (2,5), (0, 9), (—2, 0), (0, —4) 

60. Parallelogram: (0, 1), (3, 7), (4, 4), (1, —2) 

61. Aline segment has (x,, y,) as one endpoint and 
(Xnn» Ym) aS its midpoint. Find the other endpoint 


(x,, y>) of the line segment in terms of x,, y,, x 
and y,,. 


m? 


62. Use the result of Exercise 61 to find the coordinates 
of the endpoint of a line segment if the coordinates 
of the other endpoint and midpoint are, respectively, 
(a) (1, =2), 4 =1) and (b) (— 5; 11), (@, 4). 

63. Use the Midpoint Formula three times to find the 
three points that divide the line segment joining 
(x,, y,) and (x, y>) into four parts. 

64. Use the result of Exercise 63 to find the points that 
divide the line segment joining the given points into 
four equal parts. 

(a) (1; —2), 4, —1) (b).(—2)— 3), (0, 0) 

65. Sports In a football game, a quarterback throws a 
pass from the 15-yard line, 10 yards from the 
sideline, as shown in the figure. The pass is caught 
on the 40-yard line, 45 yards from the same sideline. 
How long is the pass? 


Distance (in yards) 





1059 20 30) A0 Rees 0, 
Distance (in yards) 


66. Flying Distance A plane flies in a straight line to a 
city that is 100 kilometers east and 150 kilometers 
north of the point of departure. How far does it fly? 


90 


67. 


68. 


69. 


70. 
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Make a Conjecture Plot the points (2, 1), (—3, 5), 
and (7, —3) on a rectangular coordinate system. 
Then change the sign of the x-coordinate of each 
point and plot the three new points on the same 
rectangular coordinate system. Make a conjecture 
about the location of a point when each of the 
following occurs. 


(a) The sign of the x-coordinate is changed. 
(b) The sign of the y-coordinate is changed. 


(c) The signs of both the x- and y-coordinates are 
changed. 


Rock and Roll Hall of Fame The graph below 
shows the numbers of recording artists who were 
elected to the Rock and Roll Hall of Fame in the 
years from 1986 to 1999. 


Number elected 





1987 


LOSS IS OS 93 


Year 


1995 1997" 1999 


(a) Describe any trends in the data. From these trends, 
predict the number of artists elected in 2001. 


(b) Why do you think the numbers elected in 1986 
and 1987 were greater than in other years? 


Business Starbucks Corp. had annual sales of 
$696.5 million in 1996 and $1308.7 million in 1998. 
Use the Midpoint Formula to estimate the sales in 
1997. (Source: Starbucks Corp.) 


Business Wands’ End, Inc. had annual sales of 
$1118.7 million in 1996 and $1371.4 million in 
1998. Use the Midpoint Formula to estimate the 
sales in 1997. (Source: Lands’ End, Inc.) 


Synthesis 


True or False? 


In Exercises 71 and 72, determine 


whether the statement is true or false. Justify your answer. 


71. 


In order to divide a line segment into 16 equal parts, 
you would have to use the Midpoint Formula 16 
times. 


72 


gos 


74. 


1D 


The points (—8, 4), (2,11), and (—5, 1) represent 
the vertices of an isosceles triangle. 


Think About It What is the y-coordinate of any 
point on the x-axis? What is the x-coordinate of any 
point on the y-axis? 

Think About It When plotting points on the 
rectangular coordinate system, is it true that the scales 
on the x- and y-axes must be the same? Explain. 


Prove that the diagonals of the parallelogram in the 
figure intersect at their midpoints. 






(b,c) (a+b, c) 







(0, 0) (a, 0) 


In Exercises 76-79, use the plot of the point (x,, Yo) in the 
figure. Match the transformation of the point with the 
correct plot. [The plots are labeled (a), (b), (c), and (d).] 


78. las 5Y0) 





@ 
(X9> My) 


(a) y (b) y 
x x 
e @ 
(c) y (d) y 
e 
@ 
x x 
76. (Xo. —Yo) 77. (—2Xo, Yo) 


79. (=X, = Ja) 
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Chapter Summary 





What did you learn? 




















Section P.1 Review Exercises 
L] How to represent, classify, and order real numbers and use inequalities 1-6 
LJ How to find the absolute values of real numbers and find the distance between 7-13 

two real numbers 
L] How to evaluate algebraic expressions 14,15 
[J How to use the basic rules and properties of algebra 16-21 
Section P.2 
CL] How to use properties of exponents 2223 
L] How to use scientific notation to represent real numbers 24,25 
L] How to use properties of radicals to simplify and combine radicals 26-31 
L] How to rationalize denominators and numerators 32, 33 
L] How to use properties of rational exponents 34-39 
Section P.3 
L] How to write polynomials in standard form 40-43 
CL] How to add, subtract, multiply, and factor polynomials 44-62 
Section P.4 
LJ How to find domains of algebraic expressions 63,64 
LC) How to simplify, add, subtract, multiply, and divide rational expressions 65-72 
[| How to simplify complex fractions 73,74 
Section P.5 
CL} How to identify different types of equations 75-78 
CL] How to solve a linear equation in one variable 79-83 
L] How to solve polynomial equations 84-97 
CL] How to solve equations involving radicals and absolute values 98-110 
Section P.6 

How to recognize solutions of linear inequalities 117,112 
CL) How to use properties of linear inequalities to solve linear inequalities 113-118, 123 
L]} How to solve inequalities involving absolute values 119-122 
L] How to solve polynomial and rational inequalities 124-134 
Section P.7 
LC] How to avoid common algebraic errors 135-142 
CL] How to recognize and use algebraic techniques that are common in calculus 143-152 
Section P.8 
L] How to plot points in the Cartesian plane 153-166 
L] How to use the Distance Formula and the Midpoint Formula 159-166 
L] How to use a coordinate plane to model and solve real-life problems 167 
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Review Exercises 





| P.1 | In Exercises 1 and 2, determine which numbers in the 
set are (a) natural numbers, (b) integers, (c) rational num- 
bers, and (d) irrational numbers. 


1. {11, -14, -8,3, 6, 0.4} 
2. {5/150 208 POs 5252} 


In Exercises 3 and 4, use a calculator to find the decimal 
form of each rational number. If it is a nonterminating 
decimal, write the repeating pattern. Then plot the 
numbers on the real number line and place the appropriate 
inequality sign (< or >) between them. 


3. (a) 2 (b) Z Ana) ss (b) 3 


In Exercises 5 and 6, give a verbal description of the subset 
of real numbers represented by the inequality, and sketch 
the subset on the real number line. 


aye SU i oe S il 


In Exercises 7 and 8, find the distance between a and b. 


7. a= 9770 = 63 
8. a = —12.4, b = —27.13 
9. At 5:00 P.M. the temperature is 23.7°F, and it drops to 


—0.9°F by 5:00 A.M. What is the change in tempera- 
ture over the 12-hour period? 


In Exercises 10-13, evaluate the expression. 


10. |—37.234| 11. |0.017| 
12. |34 + (—6.8)| 13. —5|14 — 21| 


In Exercises 14 and 15, evaluate the expression for each 
value of x. (If not possible, state the reason.) 





Expression Values 
1457 x — 1 (a) x =a (b) x =—1 
15. — (@) x==3 (0) x=3 
ye 3) 


In Exercises 16-21, perform the operations without using a 
calculator. 


—10 
16. |-3| + 4(-2)-6 17. fen} 
—10 
19. (16= 8) =4 


21. —4[16 — 3(7 — 10)] 


bee JO) 
18. ig + 3 


20. 6[4 — 2(6 + 8)] 


In Exercises 22 and 23, simplify each expression. 
62ves 3-4, Tee 


12u-2v 





Daa (a) 
23a) (et ye) 


In Exercises 24 and 25, write the number in scientific 
notation. 


24. Sales of K-Mart Corporation in 1998: $33,674,000 
(Source: K-Mart Corporation) 


25. Number of meters in 1 foot: 0.3048 


In Exercises 26-29, use the properties of radicals to simpli- 
fy the expression. 


26. (3/216)’ 
joe Re 0) 29. 


eee 


3/3u 





In Exercises 30 and 31, simplify each expression. 


30. (a) /50 — V/18 (b) 2./32 + 3/72 
31. (a) /88 + 2x (b) \/18x5 — /8x3 


In Exercises 32 and 33, rewrite the expression by rationaliz- 
ing the denominator or numerator. Simplify your answer. 


1 = || 
eis tahe | 


32, ——_—} : 
2-3 y) 


In Exercises 34-37, simplify the expression. 

34. (16)?/? 35. (64)-2/3 

36. (3x?/5)(2x!/2) 37. (x — 1)'3(x — 1)- 4 
In Exercises 38 and 339, fill in the missing form of the 
equation. 


Radical Form 


38. 16 = 4 
39. Ha = 2 


Rational Exponent Form 
yj =4 
16/4 =2 


In Exercises 40-43, write the polynomial in standard 
form. 


40. 3 — 11x? 
42. —4 — 12x? 


41. 3x7 —5x°+x-4 
43. 12x — 7x2 + 6 


In Exercises 44-47, perform the operations and write the 
result in standard form. 


44, —(3x? + 2x) + (1 — 5x) 
45. 8y — [2y? — (3y — 8)] 


46. (3x — 6)(5x + 1) 47. (x — ac 2) 


In Exercises 48-51, find the product. 

48. (2x — 3)? 49. (6x + 5)(6x — 5) 
50. (3/5 + 2)(3/5—2) 51. (x — 4) 

52. Business The revenue from selling x units of a 


product at a price of p dollars per unit is R = xp. For 
a particular product the revenue is 


R = 1600x — 0.50x?. 


(a) Find the revenue when the number of units sold 
is 3000. 


(b) Find the price when the number of units sold is 
2000. 


In Exercises 53-62, factor completely. 


53. x° — x 54. x(x — 3) + 4 — 3) 
55. 25x? — 49 56. x? — 12x + 36 

57. x° — 64 58. 8x? + 27 

59. 2x2 + 21x + 10 60. 3x2 + 14x + 8 
Glo — x7 + 2x —2 62. x? — 4x2 + 2x-—8 


| PA | In Exercises 63 and 64, find the domain of the 
expression. 


63. 64. /x +4 


eae 





In Exercises 65 and 66, write the rational expression in 
simplest form. 
ie 164 

* 5(3x + 24) 


x? +27 


G0 x7+x-6 


In Exercises 67-72, perform the operations and simplify. 











ee A pores 
a ____——_"- 
fer x? — 8 Xe 
68. a 6 Vege Ss 
(x-—1)? x2+2x-3 
] B= il 
69. 24 + ———_ MW, == 
2(x — 4) ae? 
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1 ij) == 35 
Til + 
x-1 x2 +x4+1 
3x 4x? — 5 
fea 2x2 + 3x -—2 


In Exercises 73 and 74, simplify the complex fraction. 


aN beac bs bees ag 


4) east) 
a Mie Dg a= 3} 
PS | In Exercises 75-78, determine whether the equation 
is an identity or a conditional equation. 

7136 —“(te> 2) = 2 ax — x? 

76. 3(% — 2) + 2 = 2 + 3) 

77. —x3 + x(7 — x) +3 =x(—x?-—x) +7(¢+1)-4 
78. 3(x? — 4x + 8) = —10(« + 2) — 3x2 + 6 











In Exercises 79-82, solve the equation (if possible) and 
check your solution. 


19- 3x 20-5) S10 80. 4x + 2(7 — x) =5 

81. 4(x + 3) — 3 = 2(4 — 3x) — 4 

82. 5(x — 3) — 2x + 1) =5 

83. Mixture Problem A car radiator contains 10 liters 
of a 30% antifreeze solution. How many liters will 


have to be replaced with pure antifreeze if the 
resulting solution is to be 50% antifreeze? 


In Exercises 84-93, use any method to solve the equation. 


$4.15 + x — 2x7 = 0 S550) ia 0 
86. 6 = 3x? 875 1ox=25 

88. (& + 4)? = 18 89. (x = 8)? = 15 
9057 — 124-30 = 0 91 on — 3 — 0 
OF ee ot 2) 
RI b en ie het N 


In Exercises 94-109, find all solutions of the equation. 
Check your solutions in the original equation. 


94. 5x* — 127° =0 95. 4x3 — 6x2 =0 
96. x* — 5x7 +6=0 
97. 9x4 + 27x? — 4x2 — 12x = 0 


98. /x + 4 =3 99. /x —-2-8=0 
100. 2/x —5 =x 101. 3x -2=4-x 


102% = 1)*Cee = 0 103. (x + 2)3/4 = 27 
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104. (x + 4)!/2 + 5x(x + 4)? =0 

105. 8x2(x2 — 4)!/3 + (x? — 4/42 = 0 

106. |x — 5| = 107. |2x + 3] =7 

108. |x? — 3| = 2x 109. |x? — 6| =x 

110. Economics The demand equation for a product is 


= 42 — ~/0.001x + 2 


where x is the number of units demanded per day 
and p is the price per unit. Find the demand if the 
price is set at $29.95. 


ia In Exercises 111 and 112, determine whether each 
value of x is a solution of the inequality. 





11t-6r 7 = 0 (a)x=3 (bd) x=-4 
(c) = 29 @x=1 

{deren gue 2 = aah sirleses tealan )eee 
(c)x=13 (x= -18 

In Exercises 113-122, solve the aes 

113. 9x — 8 < 7x + 16 114. Bx +4 > 3x-—5 

115. 4(5 — 2x) < 3(8 — x) 

116. $(3 — x) > 3(2 — 3x) 

117). 2 195Son ITS 34 118) -3< <5 

119. |x| < 120. |x — 2| < 1 


> 





121. |x —3| >4 122. |x - 3 


NIw 


123. Business The revenue for selling x units of a 
product is R = 125.33x. The cost of producing x 
units is C = 92x + 1200. To obtain a profit, the 
revenue must be greater than the cost. Determine 
the smallest value of x for which this product 
returns a profit. 

124. Geometry The side of a square is measured as 
19.3 centimeters with a possible error of 0.5 
centimeter. Using these measurements, determine 
the interval containing the area of the square. 


In Exercises 125-132, solve the inequality. 














150 ore 2 0 126. 2 eS 
127. 6x2 + 5x < 4 128. 2x? + x => 15 
(29, 2-2 ee 130, 0 
x+1 se = Al 3) ak 
ae 
131 132, ee 
x rH 2 x 


133. Investment P dollars invested at interest rate r 
compounded annually increases to an amount 


A=P( +r? 


in 2 years. If an investment of $5000 is to increase 
to an amount greater than $5500 in 2 years, then the 
interest rate must be greater than what percent? 


134. Biology A biologist introduces 200 ladybugs into 
a crop field. The population P of the ladybugs is 
approximated by the model 


un 1000(1 + 32) 
Sse @ 


where ¢ is the time in days. Find the time required 
for the population to increase to at least 2000 
ladybugs. 


In Exercises 135-142, describe and correct the error. 
135. 10(4- 7) = 40-70 < 136. (4x) Gy) = 4xy X 
137. (2x)* = 2x* 138. (=x)9 =a 
139. (3*)* = 38 SC 

140. / $ =3 +4.x 

141. (5 + 8)? = 57+ 8 x 

142. (9x + 12)? = 3G. +4) 


In Exercises 143-146, insert the missing factor. 


143. ox4 — 343 + = = tx? ( ) 


t 1 
Ta a 
145, 2x(x2 — 3)"3 — 5(2 — 3)* = (2 — 3)9( Hl) 
146. yy — 1)/4 — yy — 1)/4 = yy — 1)/4 (0) 


144. 











In Exercises 147 and 148, factor the expression. 
147. x(x + 2)712 + (x + 2)!7 
148. 2x(4 + x)? — £4 + x)? 


In Exercises 149-152, write the fraction as a sum of terms. 





2S Ae 3 ae 2 ak 53 
140 eee 2 150, 
x x 
2x3 — 4x2 + 3 8x4 + 5x3 — 10x +5 
151. F 152. = 


PS | Geometry \n Exercises 153 and 154, plot the points 
and verify that the points form the polygon. 


(2, 3)dis, 1) Geo 
(1, 2),\(8, 3), , 6), (2; 3) 


153. Right triangle: 
154. Parallelogram: 


In Exercises 155-158, determine the quadrant(s) in which 
(x, y) is located so that the condition(s) is (are) satisfied. 


155. x > Oandy = —2 156. y > 0 
157. (—x, y) is in the third quadrant. 
158 xy = 4 


In Exercises 159-162, (a) plot the points and (b) find the 
distance between the points. 


159. (—3, 8), (1,5) 
161. (5.6, 0), (0, 8.2) 
162. (—2.3, 4.8), (6.1, —5.2) 


160. (14, —3), (—9,7) 


In Exercises 163-166, (a) plot the points and (b) find the 
midpoint of the line segment joining the points. 

163. (—2,6), (4, —3) 164. (12, 2), (2, 8) 

165. (0, —1.2), (—3.6, 0) 

166. (—3.2, 4), (—4.5, —6.8) 


167. Meteorology The apparent temperature is a 
measure of relative discomfort to a person from 
heat and high humidity. The scatter plot shows the 
apparent temperatures (in degrees Fahrenheit) for a 
relative humidity of 75%. 


Apparent temperature 





70 AS 80 85 90 95 100 
Actual temperature (in °F) 


Find the change in the apparent temperature when 
the actual temperature changes from 70°F to 100°F. 


Synthesis 


True or False? \n Exercises 168-172, determine whether 
the statement is true or false. Justify your answer. 


x-— 1 4 
i = x*- + x + | for all values of x. 





168. 


169. A binomial sum squared is equal to the sum of the 
terms squared. 
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170. x” — y” factors as conjugates for all values of n. 


171. The Quadratic Formula can be used to solve any 
quadratic equation, but not all quadratic equations 
can be factored. 

172. The equation 325x* — 717x + 398 = 0 has no 
solution. 

173. The graphs show the solutions of equations plotted 
on the real number line. In each case, determine 
whether the solution(s) is (are) for a linear equa- 
tion, a quadratic equation, both, or neither. Explain. 





(a) —e —@—_—@—> x 
a b @ 


(b) ———e——> x 





a 
—__@- @—_> x 
(c) : ; 
—e—_e—_e—_e> <x 
(d) a b Cc d 


174. Exploration The surface area of a right circular 
cylinder is S = 2ar? + 2arh. 


(a) Draw a right circular cylinder of radius r and 
height h. Use the figure to explain how the 
surface area formula was obtained. 


(b) Find the surface area when the radius is 6 inch- 
es and the height is 8 inches. 


175. Writing Explain why /5u + /3u # 2/2u. 
176. Explain why it is important to check your solutions 
to certain types of equations. 


177. Create a solution that solves a real-life problem 
using a linear model. 


178. Error Analysis What is wrong with the following 
solution? 


[Vi 4) 26m 


Lie = —26 or) liza = 26 
11x = —22 lix = 30 

30 

=-2 opus 

x. oS ae 


») 
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Whaat. Numerically Finding a Maximum Volume 


Many mathematical results are discovered by calculating examples and looking 
for patterns. Prior to the 1950s, this mode of discovery was very time-consuming — 
because the calculations had to be done by hand. The introduction of computer 
and calculator technology has removed much of the drudgery of calculation. 

Using technology to conduct mathematical experiments usually involves 
creation of an algebraic model to represent the quantity under question. 


= 


Example > Modeling the Volume of a Box - @ 






ye, Consider a rectangular box with a square base and a surface area of 216 square 
inches. Let x represent the length (in inches) of each side of the base. Use the 
variable x to write a model for the volume of the box. 


i 


—<_— X ——qI1 < 


A computer simulation to accompany this Solution 


t the Interactive CD-ROM 
apenas mee Sab ne ‘ ae Begin by expressing the areas of the base, top, and sides in terms of x and h. 


The expression for the surface area of the box in terms of x and h is 
Surface 


ee 2 
Base, x Height Area Volume 5S = x2 + x? + 4xh. Express the variable h in terms of x. 


TO | 535" 2160 53.5 ING = 2x7 + 4h Substitute 216 for S. 
15 85:3 216.0 79.3 54a 
2.08260 21608" 1040 ree 


25 20:4 > 216.08" 127.2 

3.0 165 216.0 148.5 

75) 13jiem 21GOS 4167-6 (# *) 
Vi = xX ° 35, . 


1 
oF say on Oa Ie 
WY ILS 2160 A840 p ome + 


4.5 Oe 16 So, a model for the volume is V = 54x — 5x3, 
5.0 8.3 MGEO BOIS aa 
S55 el DVGOm 21358 


6.0 60 2160 972160 

6.5 51. 2160 213.7 Chapter Project Investigations 

70 42 2160 206.5 1. In the example, what happens to the height of the boxes as x gets Hole 
and closer to 0? Of all boxes with square bases and surface areas. of ie 

je 35) 2100 Pe square inches, is there a tallest? Explain your reasoning. oh 

8.0 2:8) \ 216.055 AgOL 


Find an expression for the volume of the box in the figure above in terms of x. 






2. In the example, what happens to the height of the boxes as x gets c 


8.5 2.1 216.0 151.9 and closer to \/108? Is there a shortest box that has a square b 
9.0 1S) 66:216:0% VIS surface area of 216 square inches? Explain your reasoning. 


o> 09. 216.07 984.5 3. Complete the table. Why does it support the conclusion in the me 


1007. 04 216.0 400 
nea =] 


The table shows the surface areas 
whose dimensions are 4. Of all rectangular boxes with surface areas of 216 square inches an 


and volumes of boxes with different 

bases and heights. From the table, 

6 inches by 6 inches by 6 inches) of x inches by 2x inches, which has the maximum volume? Expl 3 
has the greatest volume. coer, 














it appears that the cube (the box 


e 


Chapter Test 


> Chapter Test 97 





») The /nteractive CD-ROM and Internet 
versions of this text provide answers to 


the Chapter Tests and Cumulative Tests. 


They also offer Chapter Pre-Tests 
(which test key skills and concepts 
covered in previous chapters) and 
Chapter Post-Tests, both of which have 
randomly generated exercises with 
diagnostic capabilities. 


Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 
1. Place < or > between the real numbers — 5 and —|—4]. 


2. Find the distance between the real numbers — 5.4 and a 


In Exercises 3-6, evaluate each expression without using a calculator. 


2 sas 3) 32) 
3. (a) 21( -2) (b) i + 4. (a) ( >| (b) ( 


8 2 
Ax 108 
5. (a) V5 + 125) a Gnas —— (b) (3 x 104)3 


In Exercises 7 and 8, simplify each expression. 





—2,,2\ — 
7. (a) 32°22’)? (bye 2) AD) (c) E - 7 


8. (a) 9zV/8z — 3/223 (b) —5./l6y + 10Vy (c) aye 


In Exercises 9 and 10, perform the operations and simplify. 





9. (x2 + 3) — [3x + (8 — x2)] 10. (x + /5)(x — V5) 

11. Factor (a) 2x* — 3x? — 2x? and (b) x3 + 2x? — 4x — 8 completely. 
16 6 

12. Rationalize each denominator. (a) Wie (b) eae 


In Exercises 13-18, solve the equation (if possible). 
13. (x — 1) + ix = 10 14, (x — 3)(x + 2) = 14 
ie =) 
a 
Sea De 3g ap OF 


1722/0 / 2 18537 








15. +4=0 16. x4 + x7 -6=0 


In Exercises 19-22, solve the inequality. Sketch the solution on the real number line. 





D) 5 
19. —3 < 24+ 4) < 14 20> 
oe KEG 
QI 2x2 2 Sx 12 22: n= 15| 25) 
3x2 + 5x -2 


23. Simplify the expression 2, ara taU 7a 

24. After working for x hours together on a carpentry job, two workers have done 
fractional parts of the job equal to x/4 and 2x/7, respectively. What 
fractional part of the job has been completed? What fractional part of the 
work that has been completed was done by the first worker? 


25. The positions of two boats on a lake are given by the coordinates (— 2, 5) and 


(6, 0), where x and y are measured in miles. Find the distance between the 
boats, and the coordinates of the point that is halfway between them. 


The average cost of anew domestic car increased from 
$18,064 in 1996 to $18,580 in 1997 even though sales 
(demand) and production (supply) of new domestic cars 
declined. (Source: U.S. Bureau of Economic Analysis) 


1.1 
1.2 
1.3 
1.4 
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Analyzing Graphs of Functions 
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Inverse Functions 
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Functions and 


Their Graphs 





The Big Picture 


In this chapter you will learn the 
following skills and concepts. 


» How to sketch the graphs of 
equations 


» How to find and use the slopes of 
lines to write and graph linear 
equations.in two variables 


» How to evaluate functions and 
find their domains 


» How to analyze graphs of 
functions 


» How to identify and graph shifts, 
reflections, and nonrigid 
transformations of functions 


» How to find arithmetic combina- 
tions and compositions of functions 
» How to find inverses of functions 
graphically and algebraically 


» How to write algebraic models for 
direct, inverse, and joint variation 


Study Tools 
* Learning objectives at the 
beginning of each section 
* Chapter Summary (p. 193) 


* Review Exercises (pp. 194-197) 
* Chapter Test (p. 199) 





How to Study This Chapter 





Important Vocabulary 






As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Graph of an equation (p. 100) 

Intercepts (p. 102) 

Symmetry (p. 103) 

Circle (jp. 105) 

Linear equation in two variables 
(p. 110) 

Slope (p. 110) 

Slope-intercept form (p. 110) 

Point-slope form (pp. 115) 

Two-point form (1. 115) 

General form (p. 116) 

Parallel (0. 117) 

Perpendicular (p. 117) 

Function (p. 125) 

Domain (p. 125) 

Range (p. 125) 

Independent variable (p. 126) 

Dependent variable (jp. 126) 

Function notation (p. 127) 

Implied domain (p. 129) 


Additional Resources 


* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 1 

* Precalculus Website 

* Student Success Organizer 


Vertical Line Test (jp. 140) 

Zeros of a function (p. 141) 

Relative minimum (p. 143) 

Relative maximum (p. 143) 

Linear function (p. 144) 

Even function (p. 146) 

Odd function (pp. 146) 

Reflection (pp. 155) 

Rigid transformation (p. 157) 

Nonrigid transformation (jp. 157) 

Arithmetic combination of functions 
(p. 163) 

Composition of functions (p. 165) 

Inverse (p. 171) 

Horizontal Line Test (jp. 174) 

Directly proportional (p. 182) 

Constant of variation (p. 182) 

Inversely proportional ()p. 184) 

Jointly proportional (1p. 185) 

Least squares regression line (p. 186) 





STUDY TIP 


During class, take notes on defi- 
nitions, examples, concepts, and 
rules—whatever it is you identify 
as important to the instructor. 
Then, as soon after class as 
possible, review your notes. 
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> What you should learn 


* How to sketch graphs of 
equations 

How to find x- and y-intercepts 
of graphs 

How to use symmetry to sketch 
graphs of equations 

How to find equations and 
sketch graphs of circles 


How to use graphs of equations 
in real-life problems 


> Why you should learn it 


The graph of an equation can 
help you see relationships 
between real-life quantities. For 
example, Exercise 74 on page 109 
shows how a graph can be used 
to estimate the life expectancies 
of children who are born in the 
years 2002 and 2004. 
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Graphs of Equations 





The Graph of an Equation 


In Section P.8, you used a coordinate system to represent graphically the 
relationship between two quantities. There, the graphical picture consisted of a 
collection of points in a coordinate plane. 

Frequently, a relationship between two quantities is expressed as an equa- 
tion in two variables. For instance, y = 7 — 3x is an equation in x and y. An 
ordered pair (a, b) is a solution or solution point of an equation in x and y if the 
equation is true when a is substituted for x and b is substituted for y. For instance, 
(1, 4) is a solution of y = 7 — 3x because 4 = 7 — 3(1) is a true statement. 

In this section, you will review some basic procedures for sketching the 
graph of an equation in two variables. The graph of an equation is the set of all 
points that are solutions of the equation. 


Example 1 ® Sketching the Graph of an Equation 


Sketch the graph of y = 7 — 3x. 


Solution 


The simplest way to sketch the graph of an equation is the point-plotting method. 
With this method, you construct a table of values that consists of several solution 
points of the equation. For instance, when x = 0, 

y=7— 30) =7, 
which implies that (0, 7) is a solution point of the graph. 


0 1 2 3 4 
Pale: | ip een RSS 
From the table, it follows that (0,7), (1, 4), (2, 1), (3, —2), and (4, -5) are 
solution points of the equation. After plotting these points, you can see that they 


appear to lie on a line, as shown in Figure 1.1. The graph of the equation is the 
line that passes through the five plotted points. 














FIGURE 1.1 


Section 1.1. B® Graphs of Equations 101 


») The Interactive CD-ROM and Internet 
~ versions of this text offer a built-in 
graphing calculator, which can be used 





in the Examples, Explorations, Sketch the graph of y = x? — 2. 
Technology notes, and Exercises. 


Solution 


Begin by constructing a table of values. 








Next, plot the points given in the table, as shown in Figure 1.2(a). Finally, 
connect the points with a smooth curve, as shown in Figure 1.2(b). 





A computer animation of this example (a) (b) 
appears in the /nteractive CD-ROM and FIGURE 1.2 
Internet versions of this text. 





The point-plotting technique demonstrated in Examples 1 and 2 is easy to 
use, but it has some shortcomings. With too few solution points, you can badly 
misrepresent the graph of an equation. For instance, using only the four points 


(42.2) (1 1) le and2) 


in Figure 1.2, any one of the three graphs in Figure 1.3 would be reasonable. 





FIGURE 1.3 
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Intercepts of a Graph 


It is often easy to determine the solution points that have zero as either the 
x-coordinate or the y-coordinate. These points are called intercepts because they 
are the points at which the graph intersects the x- or y-axis. It is possible for a 
graph to have no intercepts or several intercepts, as shown in Figure 1.4. 








— > Xx ——> X > xX 








- 


No x-intercept Three x-intercepts One x-intercept No intercepts 
One y-intercept One y-intercept Two y-intercepts 
FIGURE 1.4 


Note that an x-intercept is written as the ordered pair (x, 0) and a y-intercept is 
written as the ordered pair (0, y). 


Finding Intercepts 
1. To find x-intercepts, let y be zero and solve the equation for x. 


2. To find y-intercepts, let x be zero and solve the equation for y. 














Example 3 ® Finding x- and y-Intercepts 





Find the x- and y-intercepts of the graph of each equation. 
a. y =x? — 4x b y2=x+4 
Solution 
a. Let y = 0. Then 
0=x — 4x = x(x? - 4) 





FIGURE 1.5 


has solutions x = 0 and x = +2. 
y x-intercepts: (0, 0), (2, 0), (—2, 0) 
Let x = 0. Then y = (0)? — 4(0) = 0. 














y-intercept: (0, 0) (See Figure 1.5.) 
b. Let y = 0. Then (0)? = x + 4, and —4 = x. 





x-intercept: (—4, 0) 





Let x = 0. Then y? = 0 + 4 = 4has solutions y = +2. 





y-intercepts: (0, 2), (0, —2) (See Figure 1.6.) 


FIGURE 1.6 scene ene 


) A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 























y-Axis symmetry 


FIGURE 1.8 
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Symmetry 


The graphs shown in Figures 1.2(b), 1.5, and 1.6 each have symmetry with 
respect to one of the coordinate axes or with respect to the origin. 


Figure 1.2(b) y=x=—2 y-Axis symmetry 
Figure 1.5 y=x— 4x Origin symmetry 
Figure 1.6 Neer el x-Axis symmetry 


Symmetry with respect to the x-axis means that if the Cartesian plane were folded 
along the x-axis, the portion of the graph above the x-axis would coincide with 
the portion below the x-axis. Symmetry with respect to the y-axis or the ori gin can 
be described in a similar manner, as shown in Figure 1.7. 

















(x, -y) 








y-Axis symmetry x-Axis symmetry Origin symmetry 


FIGURE 1.7 


Knowing the symmetry of a graph before attempting to sketch it is helpful, 
because then you need only half as many solution points to sketch the graph. There 
are three basic types of symmetry. A graph is symmetric with respect to the y-axis 
if, whenever (x, y) is on the graph, (—x, y) is also on the graph. A graph is 
symmetric with respect to the x-axis if, whenever (x, y) is on the graph, (x, —y) is 
also on the graph. A graph is symmetric with respect to the origin if, whenever (x, y) 
is on the graph, (—x, —y) is also on the graph. 


Example 4 > Testing for Symmetry 


The graph of y = x* — 2 is symmetric with respect to the y-axis because the 
point (—.x, y) satisfies the equation. 


y= x2 = 2 Write original equation. 
y= \(—x7 2 Substitute (—x, y) for (x, y). 
y= x2 -—2 Replacement yields equivalent equation. 


See Figure 1.8. 
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>) A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 














FIGURE 1.9 








3 2 4 





= 


FIGURE 1.10 








Tests for Symmetry 


1. The graph of an equation is symmetric with respect to the y-axis if replacing 
x with —x yields an equivalent equation. 


2. The graph of an equation is symmetric with respect to the x-axis if replacing 
y with —y yields an equivalent equation. 


3. The graph of an equation is symmetric with respect to the origin if replac- 
ing x with — x and y with —y yields an equivalent equation. 


Example 5 ® Using Intercepts and Symmetry as Sketching Aids. 


Use intercepts and symmetry to sketch the graph of 


x—y?=1. 
Solution 
Letting x = 0, you can see that —y? = 1 or y? = —1 has no real solutions. So, 


there are no y-intercepts. Letting y = 0, you obtain x = 1. So, the x-intercept is 
(1, 0). Of the three tests for symmetry, the only one that is satisfied is the test for 
x-axis symmetry. So, the graph is symmetric with respect to the x-axis. Using 
symmetry, you need only to find the solution points above the x-axis and then 
reflect them to obtain the graph, as shown in Figure 1.9. 











Example 6 > Sketching the Graph of an Equation — 





Sketch the graph of 
Ve al, 
Solution 


Letting x = 0 yields y = 1, which means that (0, 1) is the y-intercept. Letting 
y = Oyields x = 1, which means that (1, 0) is the x-intercept. This equation fails 
all three tests for symmetry and consequently its graph is not symmetric with 
respect to either axis or to the origin. The absolute value sign indicates that y is 
always nonnegative. 











The graph is shown in Figure 1.10. 








FIGURE 1.11 





x 





FIGURE 1.12 
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Throughout this course, you will learn to recognize several types of graphs 
from their equations. For instance, you will learn to recognize that the graph of a 
second-degree equation of the form 


y=ax?+bxt+c 


is a parabola (see Example 2). Another easily recognized graph is that of a circle. 


Circles | 


Consider the circle shown in Figure 1.11. A point (x, y) is on the circle if and only 
if its distance from the center (h, k) is r. By the Distance Formula, 


NAGS ee @ ae ee 


By squaring both sides of this equation, you obtain the standard form of the 
equation of a circle. 


Standard Form of the Equation of a Circle 
The point (x, y) lies on the circle of radius r and center (h, k) if and only if 


(c — A)? + (y— 2 = 7. 


From this result, you can see that the standard form of the equation of a 
circle with its center at the origin, (h, k) = (0, 0), is simply 


Circle with center at origin 





The point (3, 4) lies on a circle whose center is at (—1, 2), as shown in Figure 
1.12. Find the standard form of the equation of this circle. 





Solution 
The radius of the circle is the distance between (— 1, 2) and (3, 4). 


r= J/«—-h? +0 —k&P Distance Formula 
r= /B-(C DP + 4-27 Substitute for x, y, h, and k. 
= /4 +22 Simplify. 
= /16+4 Simplify. 
=) 0) Radius 
Using (h, k) = (—1, 2) and r = ./20, the equation of the circle is 


2 


(— We + (y— WP =F 
[x re (= Wie a (y = 22 — (ey 20)? Substitute for h, k, and r. 
@+ 12 Gwe)? =" 20. Standard form 
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Weight (in pounds) 
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Recommended Weight 


y 





62 64 66 68 70 72 74 76 
Height (in inches) 


FIGURE 1.13 


Application 


In this course, you will learn that there are many ways to approach a problem. 
Three common approaches are illustrated in Example 8. 


A Numerical Approach: Construct and use a table. 
A Graphical Approach: Draw and use a graph. 
An Analytical Approach: Use the rules of algebra. 


We strongly recommend that you develop the habit of using at least two 
approaches with every problem. This helps build your intuition and helps you 
check that your answer is reasonable. 


Example 8 ® Recommended Weight @ 


The median recommended weight y (in pounds) for men of medium frame who 
are 25 to 59 years old can be approximated by the mathematical model 


y = 0.073x" — 6.986x + 288.985, 625x576 


where x is the man’s height in inches. (Source: Metropolitan Life Insurance 
Company) 


a. Construct a table of values that shows the median recommended weights for 
men with heights of 62, 64, 66, 68, 70, 72, 74, and 76 inches. 


b. Use the table of values to sketch a graph of the model. Then use the graph to 
estimate graphically the median recommended weight for a man whose height 
is 71 inches. 


c. Use the model to confirm analytically the estimate you found in part (b). 
Solution 


a. You can use a calculator to complete the table, as shown below. 





64 66 6s 70 7 +174 | 76 | 
140.9 | 145.9 | 151.5 | 157.7 | 164.4 171.8 | 179.7 | 





























b. The table of values can be used to sketch the graph of the function, as shown 
in Figure 1.13. From the graph, you can estimate that a height of 71 inches 
corresponds to a weight of about 160 pounds. 


c. To confirm analytically the estimate found in part (b), you can substitute 71 for 
x in the model. 


y= 0.073x? — 6.986x + 288.985 Write original model. 
= 0.073(71)* — 6.986(71) + 288.985 Substitute 71 for x. 
= 160.97 Use a calculator. 


So, the graphical estimate of 160 pounds is fairly good. 


1.1 Exercises 


In Exercises 1-4, determine whether each point lies on the 
graph of the equation. 


Equation Points 
ly=Vx+4 (a) (0, 2) (b) (5, 3) 
Ze x — 3x + 2 (a) (2, 0) (b) (—2, 8) 
By 4— |x — 2| (a) (1, 5) (b) (6, 0) 
4. y = 8 — 2x? (a) (2, 72) () (-3,9) 


In Exercises 5-8, complete the table. Use the resulting 
solution points to sketch the graph of the equation. 


eevee 2x + 5 




































































In Exercises 9-16, check for symmetry with respect to both 
axes and the origin. 





ae vy. =0 
ox — y- = 0 
11. y = x3 
Py xt — x? + 3 

Z, 
eae | 
14. y= /9-x 
a + 10 = 


16. xy = 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 
odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link 
to Guided Examples for additional help. 


In Exercises 17-20, assume that the graph has the indicated 
type of symmetry. Sketch the complete graph of the 
equation. 


17. 





4 


x-Axis symmetry 





y-Axis symmetry 
19. y 20. 





Origin symmetry y-Axis symmetry 


In Exercises 21-24, match the equation with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) . (b) 4 





(d) 








Avy lx Dey = x? 2x 
23. i= x — Sal 24. y 


I 
Sa 
| 
we) 
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In Exercises 25-28, find the x- and y-intercepts of the graph 
of the equation. 

25. y = 16 = 4x? 
Vg EES PE 9 OSS CO 


26. ya 2) 
28. y=x+1 


In Exercises 29-40, use intercepts and symmetry to sketch 
the graph of the equation. 


29. y= =3Kx al 30. y = 2x — 3 
31. ya x 320 Sa 
33: yi 34. y=x?>-1 
35. y= Vx —3 36. y= J/1 — x 
37. y = |x — 6| 38. y=1— |x| 
39.x=y?-1 40. x =y?—5 


® In Exercises 41-52, use a graphing utility to graph the equa- 


tion. Use a standard setting. Approximate any intercepts. 





Ad i as 42, yan! 
43. y=x?—4x + 3 44 yt x 2 
2x 4 

AS: ees eee 46. = ag aera 
AT, yaa 432 y = 
49. y=xJ/x+ 6 50. y = (6 — x)Vx 
51. y = |x + 3| 52 ye Disp la 


In Exercises 53-60, find the standard form of the equation 
of the specified circle. 


53. Center: (0, 0); radius: 4 

54. Center: (0, 0); radius: 5 

55. Center: (2, — 1); radius: 4 

56. Center: (—7, —4); radius: 7 

57. Center: (— 1, 2); solution point: (0, 0) 
58. Center: (3, —2); solution point: (—1, 1) 
59. Endpoints of a diameter: (0, 0), (6, 8) 

60. Endpoints of a diameter: (—4, — 1), (4, 1) 


In Exercises 61-66, find the center and radius, and sketch 
the graph of the equation. 


61. x2 + y? = 25 

63. (x — 1) + (y + 3)? =9 
64. x2 + (y- 1)? =1 

65. (x4) + (y—3) =3 
66. (x — 2)? + (y+ 1)? =3 


62. x? + y? = 16 





In Exercises 67 and 68, use a graphing utility to graph y, 


and y,. Use a square setting. Identify the graph. 
67. y, = 4+ J25 = x? 
ye = 4- af Day? 
68. y= 2216 Si 1 
yy =2- JI6-@= DP 
69. Business A manufacturing plant purchases a new 


molding machine for $225,000. The depreciated 
value y after ¢ years is 


y = 225,000 — 20,0007, 0 5 fs8s 


Sketch the graph of the equation. 


70. Consumerism You purchase a jet ski for $8100. 
The depreciated value y after f years is 


y = 8100 — 9291, Oss 6; 


Sketch the graph of the equation. 


71. Geometry A rectangle of length x and width w has 
a perimeter of 12 meters. 


(a) Draw a rectangle that gives a visual representa- 
tion of the problem. Use the specified variables 
to label the sides of the rectangle. 


(b) Show that the width of the rectangle is 

w = 6 — xand its area is A = x(6 — x). 
(c) Use a graphing utility to graph the area equation. 
(d) From the graph in part (c), estimate the dimen- 


sions of the rectangle that yields a maximum 
area. 


72. Geometry A rectangle of length x and width w has 
a perimeter of 22 yards. 


(a) Draw a rectangle that gives a visual representa- 
tion of the problem. Use the specified variables 
to label the sides of the rectangle. 


(b) Show that the width of the rectangle is 
w = 11 — xand its areais A = x(11 — x). 
(c) Use a graphing utility to graph the area equation. 
Be sure to adjust your window settings. 


(d) From the graph in part (c), estimate the dimen- 
sions of the rectangle that yields a maximum area. 


The symbol indicates an exercise or parts of an exercise in which you are instructed to use a graphing utility. 


Data Analysis \n Exercises 73 and 74, (a) sketch a scatter 
plot of the data, (b) graph the model for the data and 
compare the scatter plot and the graph, and (c) use the 
model to estimate the values of y for the years 2002 and 
2004. 


73. Federal Debt The table shows the per capita 
federal debt of the United States for several years. 
(Source: U.S. Treasury Department, U.S. Bureau of 
the Census) 











1960 | 1970 | 1980 





Per capita | 
a $1572 


$1807 | $3981 














ani ar | 
1994 1997 1998 





$15,750 | $20,063 | $20,513 























A model for the per capita debt during this period is 
Pa 02230> — 0.7330 — 78.255t + 1837.433 


where y represents the per capita debt and f is the 
time in years, with t = 0 corresponding to 1950. 


74. Population Statistics The table shows the life 
expectancy of a child (at birth) in the United States 
for selected years from 1920 to 2000. (Source: 
U.S. National Center for Health Statistics, U.S. 
Bureau of the Census) 








‘Year _ 
ie 
expectancy | 





1920 | 1930 | 1940 | 1950 








Saab Meso. 1a) 02.9 1 68.2 

















1970 | 1980 | 1990 | 2000 





TOSI Sd | 19.40 76.4 























A model for the life expectancy during this period is 


66.93 +1 
ee T+ 0.01 


where y represents the life expectancy and ¢ is the 
time in years, with t = 0 corresponding to 1950. 
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75. Electronics The resistance y in ohms of 1000 feet 
of solid copper wire at 77 degrees Fahrenheit can be 
approximated by the model 


10,770 
ya 2 
x, 





= 0:37, 3 Sx Ss 100 


where x is the diameter of the wire in mils (0.001 
in.). Use the model to estimate the resistance when 
x = 50. (Source: American Wire Gage) 


Synthesis 


True or False? \n Exercises 76 and 77, determine 
whether the statement is true or false. Justify your answer. 


76. In order to find the y-intercepts of the graph of an 
equation, let y = 0 and solve the equation for x. 


77. The graph of a linear equation of the form 
y = mx + b has one y-intercept. 


== 78. Think About It Suppose you correctly enter an 


expression for the variable y on a graphing utility. 
However, no graph appears on the display when you 
graph the equation. Give a possible explanation and 
the steps you could take to remedy the problem. 
Illustrate your explanation with an example. 


79. Think About It Find a and b if the graph of 
y = ax* + bx? is symmetric with respect to (a) the 
y-axis and (b) the origin. (There are many correct 
answers.) 


== 80. In your own words, explain how the display of a 


graphing utility changes if the maximum setting for 
x is changed from 10 to 20. 


Review 


True or False? \n Exercises 81 and 82, determine 
whether the statement is true or false. Justify your answer. 


aetlils 
3040 
83. Identify the terms: 9x° + 4x? — 7. 


81 =3:-4 82. (3. + 4)? = 3? + 42 


84. Write the expression using exponential notation: 
=(7 1 SS 


In Exercises 85-90, simplify the expression. 


85. /18x — ./2x 86. 2/6 





70 55 
87. 335 
AIX SI) = 3 


89. £/12 90. 3//y 
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> What you should learn 


How to use slope to graph 
linear equations in two 
variables 


Chapter 1 





How to find slopes of lines 


How to write linear equations 
in two variables 


How to use slope to identify 
parallel and perpendicular lines 


How to use linear equations in 
two variables to model and 
solve real-life problems 


> Why you should learn it 


Linear equations in two variables 
can be used to model and solve 
real-life problems. For instance, 
Exercise 112 on page 123 shows 
how to use a linear equation to 
model the average annual 
salaries of major league baseball 
players from 1988 to 1998. 


A computer simulation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Linear Equations in Two Variables 


» Functions and Their Graphs 


Using Slope 


The simplest mathematical model for relating two variables is the linear equation 
in two variables y = mx + b. The equation is called linear because its graph is a 
line. (In mathematics, the term line means straight line.) By letting x = 0, you can 
see that the line crosses the y-axis at y = b, as shown in Figure 1.14. In other 
words, the y-intercept is (0, b). The steepness or slope of the line is m. 


y=mx+b 


za le y-Intercept 


The slope of a nonvertical line is the number of units the line rises (or falls) 
vertically for each unit of horizontal change from left to right, as shown in 
Figure 1.14. 


Slope 





y=mx+b 











y-intercept 
















} m units, 
' | m units, m<0 
(0, b) 


y-intercept 








pt > X 








Positive slope, line rises. Negative slope, line falls. 


FIGURE 1.14 


A linear equation that is written in the form y = mx + b is said to be 
written in slope-intercept form. 


The Slope-Intercept Form of the Equation of a Line 
The graph of the equation 


y=mx+b 


is a line whose slope is m and whose y-intercept is (0, b). 


Exploration 


Use a graphing utility to compare the slopes of the lines y = mx where 

m = 0.5, 1, 2, and 4. Which line rises most quickly? Now, let m = = 00: 
—1, —2, and —4. Which line falls most quickly? Use a square setting to 
obtain a true geometric perspective. What can you conclude about the slope 
and the “rate” at which the line rises or falls? 





FIGURE 1.15 Slope is undefined. 
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Once you have determined the slope and the y-intercept of a line, it is a 
relatively simple matter to sketch its graph. In the following example, note that 
none of the lines is vertical. A vertical line has an equation of the form 


35 =O Vertical line 


The equation of a vertical line cannot be written in the form y = mx + b because 
the slope of a vertical line is undefined, as indicated in Figure 1.15. 


Example 1 ® Graphing a Linear Equation 


Sketch the graph of each linear equation. 
a y=2x+ 1 

b. y = 2 

Cy ae ay =) 

Solution 


a. Because b = 1, the y-intercept is (0, 1). Moreover, because the slope is m = 2, 
the line rises 2 units for each unit the line moves to the right, as shown in 
Figure 1.16(a). 


b. By writing this equation in the form y = (0)x + 2, you can see that the 
y-intercept is (0, 2) and the slope is zero. A zero slope implies that the line is 
horizontal—that is, it doesn’t rise or fall, as shown in Figure 1.16(b). 


c. By writing this equation in slope-intercept form 


xt+ty=2 Write original equation. 
SES See ae Subtract x from each side. 
y =(-1)x +2 Write in slope-intercept form. 


you can see that the y-intercept is (0,2). Moreover, because the slope is 
m = —1, the line falls 1 unit for each unit the line moves to the right, as shown 
in Figure 1.16(c). 





(a) When m is positive, the line rises. 


FIGURE 1.16 


(b) When m is 0, the line is horizontal. (c) When m is negative, the line falls. 
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Manufacturing 
9000 ->« 
E8000 
S 7000 
S 6000 
5000 
§ 3000 + Fixed cost: 3500 
2000 --~ 
1000 


50 100 150 
Number of units 


FIGURE 1.18 Production Cost 





In real-life problems, the slope of a line can be interpreted as either a ratio 
or a rate. If the x-axis and y-axis have the same unit of measure, then the slope 
has no units and is a ratio. If the x-axis and y-axis have different units of mea- 
sure, then the slope is a rate or rate of change. 


Example 2 ® Using Slope as a Ratio 





The maximum recommended slope of a wheelchair ramp is = A business is 
installing a wheelchair ramp that rises 22 inches over a horizontal length of 24 
feet. Is the ramp steeper than recommended? (Source: Americans with 
Disabilities Act Handbook) 

Solution 

The horizontal length of the ramp is 24 feet or 12(24) = 288 inches, as shown in 
Figure 1.17. So, the slope of the ramp is 


vertical change 
Slope? = =a a ee 
horizontal change 


22 in. 
288 in. 


=~ 0.076. 


Because + ~ 0.083, the slope of the ramp is not steeper than recommended. 














FIGURE 1.17 


Example 3 > Using Slope as a Rate of Change 





A manufacturing company determines that the total cost in dollars of producing 
x units of a product is 


C= 925% 3000: Cost equation 
Describe the practical significance of the y-intercept and slope of this line. 


Solution 


The y-intercept (0, 3500) tells you that the cost of producing zero units is $3500. 
This is the fixed cost of production—it includes costs that must be paid regardless 
of the number of units produced. The slope of m = 25 tells you that the cost of 
producing each unit is $25, as shown in Figure 1.18. Economists call the cost per 
unit the marginal cost. If the production increases by | unit, then the “margin,” or 
extra amount of cost, is $25. So, the cost increases at a rate of $25 per unit. 


ee 


Corbis-Bettmann 








(x9, y2) 


FIGURE 1.19 


Historical Note 

René Descartes (1596-1650) was 
largely responsible for the devel- 
opment of analytic geometry. His 
use of the symbol m for slope 
came from the French verb 
monter, meaning to mount, to 
climb, or to rise. 
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Finding the Slope of a Line 


Given an equation of a line, you can find its slope by writing the equation in 
slope-intercept form. If you are not given an equation, you can still find the slope 
of a line. For instance, suppose you want to find the slope of the line passing 
through the points (x,, y,) and (x, y,), as shown in Figure 1.19. As you move 
from left to right along this line, a change of (y, — y,) units in the vertical direc- 
tion corresponds to a change of (x, — x,) units in the horizontal direction. 


Y2 — y, = the change in y = rise 
and 
X_ — xX, = the change in x = run 


The ratio of (y, — y,) to (x, — x,) represents the slope of the line that passes 
through the points (x,, y,) and (%, y,). 


change in 
Slope = eae! 
change in x 


rise 


run 


Vemma 
XX, 


The Slope of a Line Passing Through Two Points 
The slope m of the nonvertical line through (x,, y,) and (x5, y) is 
Bn eT 
yp oe 
ae 


where x, # Xp. 


When this formula is used for slope, the order of subtraction is important. 
Given two points ona line, you are free to label either one of them as (x,, y,) and 
the other as (x,, y,). However, once you have done this, you must form the 
numerator and denominator using the same order of subtraction. 


Mon Mi ama) ea 
Xx ~ XY Lui) Te) xy 
Ss Soee St Say ee 
Correct Correct Incorrect 


For instance, the slope of the line passing through the points (3, 4) and (5, 7) can 
be calculated as 


hee 
UO 5G aa 
or 
4 = TAs 3 
e Notes 
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) The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 


STUDY TIP 


In Figure 1.20, note the relation- 
ships between slope and the 
description of the line. 


a. Positive slope; line rises from 
left to right 

b. Zero slope; line is horizontal 

c. Negative slope; line falls 
from left to right 

d. Undefined slope; line is 
vertical 


Example 4 Finding the Slope of a Line Through Two Points 


Find the slope of the line passing through each pair of points. (See Figure1.20.) 
a. (—2, 0) and (3, 1) b. (—1, 2) and (2, 2) 

c. (0, 4) and (1, — 1) d. (3, 4) and (3, 1) 

Solution 

a. Letting (x,, y,) = (—2, 0) and (x, y.) = (3, 1), you obtain a slope of 


= ee i nO, ee 
m= = =x. 
aaa © yl ae Coes a 


b. The slope of the line passing through (— 1, 2) and (2, 2) is 




















D xi 0 
m= ——()F 
N= (— 1s 3 
c. The slope of the line passing through (0, 4) and (1, —1) is 
-1-4 —-5 
nm = = =5), 
lea) 1 


d. The slope of the vertical line passing through (3, 4) and (3, 1) is 


ie 


Because division by 0 is undefined, the slope is undefined. 




















G3, 1) (1,2) (2, 2) 
(-2, 0) ge oes 1+ 
—2 = ] 2 3 ‘ —2 -l at 2, 3 ( 
(a) (b) 
(3, 4) 
6.) 
x 
4 5 





(c) (d) 
FIGURE 1.20 





_ FIGURE 1.21 
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Writing Linear Equations in Two Variables 


If (x,, y,) is a point on a line of slope m and (x, y) is any other point on the line, 
then 


Vary it 
See 


= Ihe 


This equation, involving the variables x and y, can be rewritten in the form 
y—Y =m — x), 


which is the point-slope form of the equation of a line. 


Point-Slope Form of the Equation of a Line 
The equation of the line with slope m passing through the point (x,, y,) is 


Ve awy = m(x — x). 


The point-slope form is most useful for finding the equation of a line. You 
should remember this formula. 


Example 5 ® Using the Point-Slope Form 
Find the slope-intercept form of the equation of the line that has a slope of 3 and 
passes through the point (1, —2), as shown in Figure 1.21. 


Solution 
Use the point-slope form with m = 3 and (x,, y,) = (1, —2). 


Vi Sie mem ae) Point-slope form 
y= (2) =30 —) Substitute for m, x,, and y,. 
war 2 = 2e— 3 Simplify. 
R= 3x — 5 Write in slope-intercept form. 





The point-slope form can be used to find an equation of the line passing 
through points (x,, y,) and (x5, y,). To do this, first find the slope of the line 
Sour 
ie = ee Weak 
eo i 


and then use the point-slope form to obtain the equation 





(x st Ba) Two-point form 


This is sometimes called the two-point form of the equation of a line. 
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Yahoo! Inc. 





Cash flow per share 
(in dollars) 


iL 2 BB 2b 5 Oo Pos 
Year (0 < 1997) 


FIGURE 1.22 










Given 
points 


Estimated 
point 


(a) Linear extrapolation 













Given 
points 


Estimated 
point 


(b) Linear interpolation 
FIGURE 1.23 










Example 6 ® Predicting Cash Flow Per Share @ 
The cash flow per share for Yahoo! Inc. was $0.03 in 1997 and $0.30 in 1998. 
Using only this information, write a linear equation that gives the cash flow per 
share in terms of the year. Then predict the cash flow for 1999. (Source: Yahoo! 
Inc.) 





Solution 


Let t = 0 represent 1997. Then the two given values are represented by the data 
points (0, 0.03) and (1, 0.30). The slope of the line through these points is 


_ 0.30 — 0.03 
1-0 
=o 


Using the point-slope form, you can find the equation that relates the cash flow y 
and the year ¢ to be 


y = 0.27t + 0.03. 


According to this equation, the cash flow in 1999 was $0.57, as shown in Figure 
1.22. (In this case, the prediction is quite good—the actual cash flow in 1999 was 
$0.55.) 


nc ne UEEemRaREEERIEEEmmmmmannansrnaeno:i=acaaaL aan 


The prediction method illustrated in Example 6 is called linear extrapola- 
tion. Note in Figure 1.23(a) that an extrapolated point does not lie between the 
given points. When the estimated point lies between two given points, as shown 
in Figure 1.23(b), the procedure is called linear interpolation. 

Because the slope of a vertical line is not defined, its equation cannot be 
written in slope-intercept form. However, every line has an equation that can be 
written in the general form 


Ax + By+C=0 General form 


where A and B are not both zero. For instance, the vertical line given by x = a 
can be represented by the general form 


x-a=0. 
Equations of Lines 
1. General form: Ax + By + C=0 
2. Vertical line: x=a 
3. Horizontal line: y= 
4. Slope-intercept form: y=m+b 
5. Point-slope form: y—y, =m — x,) 





6. Two-point form: Vii a (x — x,) 
eae 
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es k ~ 

wanhewa0 Parallel and Perpendicular Lines 
~* Onagraphing utility, Slope can be used to decide whether two nonvertical lines in a plane are parallel, 
lines will not appear to have the perpendicular, or neither. 
correct slope unless you use 
a viewing window that has a 
square setting. For instance, 
try graphing the lines in 
Example 7 using the standard 
setting —10 < x < 10and 2. Two nonvertical lines are perpendicular if and only if their slopes are 
—10 < y < 10. Then reset the negative reciprocals of each other. That is, m, = —1/m). 
viewing window with the 
square setting -9< x < 9 
and —6 < y < 6.Onwhich 


setting do the lines y = 2x — Example 7 > Finding Parallel and Perpendicular Lines 





Parallel and Perpendicular Lines 


1. Two distinct nonvertical lines are parallel if and only if their slopes are 
equal. That is, m, = m. 


and y = —3x + 2 appear , ; 
perpendicular? Find the slope-intercept form of the equation of the line that passes through the 


point (2, — 1) and is (a) parallel to and (b) perpendicular to the line 2x — 3y = 5. 
Solution 


By writing the equation of the given line in slope-intercept form 


Dip ny si 5 Write original equation. 
Shy SS Oe ED Subtract 2x from each side. 
2 ; . 
Me Cee 7 Write in slope-intercept form. 


you can see that it has a slope of m = 2 as shown in Figure 1.24. 


a. Any line parallel to the given line must also have a slope of e So, the line 
through (2, —1) that is parallel to the given line has the following equation. 





y-(D= F(x — 2) Write in point-slope form. 
3(y + 1) = 2@ — 2) Multiply each side by 3. 
3y +3 =2x-4 Distributive Property 
Dy, = eles) Write in general form. 
FIGURE 1.24 y= a = Write in slope-intercept form. 


b. Any line perpendicular to the given line must have a slope of —1/(2/3) or 
— 3/2. So, the line through (2, — 1) that is perpendicular to the given line has 
the following equation. 


Vi (= 1) = —3(x oH 2) Write in point-slope form. 
(y+ 1) = =3@ = 2) Multiply each side by 2. 
Dy ap Oy = = B55 se Distributive Property 
3x + 2y-4=0 Write in general form. 


View —3y ap Write in slope-intercept form. 
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Useful Life of a Machine 


12,000 € (0, 12.000) uae 
CO cee CP RE 





10,000 + = —1250t +12,000 











8000 + ee 


6000 + 


4000 =-- 


Nondepreciated value 
(in dollars) 


2000 


Number of years 


FIGURE 1.25 Straight-Line Depreciation 


C Wei ting A B ouT MA TH EM AT Ics : 





Application 


Most business expenses can be deducted in the same year they occur. One 
exception is the cost of property that has a useful life of more than | year. Such 
costs must be depreciated over the useful life of the property. If the same amount 
is depreciated each year, the procedure is called linear or straight-line deprecia- 
tion. The book value is the difference between the original value and the total 
amount of depreciation accumulated to date. 





Example 8 ® Straight-Line Depreciation - @ 


Your company has purchased a $12,000 machine that has a useful life of 8 years. 
The salvage value at the end of 8 years is $2000. Write a linear equation that 
describes the book value of the machine each year. 

Solution 


Let V represent the value of the machine at the end of year ¢. You can represent 
the initial value of the machine by the data point (0, 12,000) and the salvage value 
of the machine by the data point (8, 2000). The slope of the line is 


2000 — 12,000 
= “—_— = - $1250 
8 — 0 : 


which represents the annual depreciation in dollars per year. Using the 
point-slope form, you can write the equation of the line as follows. 
Vat) 000, = 12500, 0) Write in point-slope form. 
V = —1250t + 12,000 Write in slope-intercept form. 


The table shows the book value at the end of each year, and the graph of the 
equation is shown in Figure 1.25. 





0 | | TE 4 | 5 67 ula 8 
12,000 | 10,750 | 9500 | 8250 | 7000 | 5750 | 4500 | 3250 | 2000 














x[y aay, 
Bute ed SS 


0 | 80.90 
| 















































Modeling Linear Data The table at the left shows the average monthly cellular phone 
bill y (in dollars) for subscribers in the United States from 1990 through 1997, where 
x is the time in years, with x = 0 corresponding to 1990. (Source: Cellular 
Telecommunications Industry Association) 

Sketch a scatter plot of the data, and use a straightedge to sketch the best-fitting 
line through the points. Find the equation of the line. Explain the procedure you used. 
Write a short paragraph explaining the meaning of the slope and the y-intercept of 
the line in terms of the data. Compare the values obtained using your model with the 
actual values in the table. Use your model to estimate the average monthly bill in the 
year 2000. 





1.2 Exercises 
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In Exercises 1 and 2, identify the line that has each slope. 


1. (a) m= 3 2. (a) m=0 
(b) m is undefined. (b) m= -3 
ee = ~ 2 (c) m= 1 





y 
Li; 
1 L3 
x x 
Ly 


In Exercises 3 and 4, sketch the graph of the line through 
the point with each indicated slope on the same set of 
coordinate axes. 

Point Slopes 
352;3) @EOM (bh) el Ona dis 
4.(-4,1) (a)3 (b) -3 (c) 4. (d) Undefined 


See 6. » 
8 8 
6 6 
4 4 
2 2 
iB i x 
24556: 78 DEA 6. 8 


° 
NIR vn oo 
i) 
KK 
lon 
oo 
& 
: 
NY fF aD 
1 ‘ 
i) 
aS 
lon 
be 


In Exercises 11-18, plot the points and find the slope of the 
line passing through the pair of points. 


AD. (= 322) in 6) 12. (2, 4), (4, —4) 
13. (6a) 6-4) 14. (Ons 10); (4,0) 
15 -(Ceees leson ta) wilte 16e0(5.4) (2,4) 

17. (4.8, 3.1), (—5.2, 1.6) 

18. (—1.75, —8.3), (2.25, —2.6) 





In Exercises 19-28, use the point on the line and the slope 
of the line to find three additional points through which 
the line passes. (There are many correct answers.) 


Point Slope 

19S (Omi) a) 

20: (=44) m is undefined. 
213 Ono) m= | 

22 (10-6) m= -—\| 

23a (= 8, 1) m is undefined. 
aN, (3, = Il) m= 0 

25 ee s4) m= 2 

26. (0, —9) i =a 

27. (7, —2) => 

28. (—1, —6) m= —4 


In Exercises 29-32, determine whether the lines L, and L, 
passing through the pairs of points are parallel, perpendic- 
ular, or neither. 


29. L,: (0, -1), (5, 9) 
L,: (0, 3), (4, 1) 


30sGL4 > (= 23re), (155) 
: (1 3a) 
SIE (676)) (= 6,0) 32. L,: (4, 8), (—4, 2) 
Ly: (0, - 1), (5, 9) 1536, 5)..(—1,3) 
33. Business The following are the slopes of lines 
representing annual sales y in terms of time x in 


years. Use the slopes to interpret any change in annu- 
al sales for a 1-year increase in time. 


(a) The line has a slope of m = 135. 
(b) The line has a slope of m = 0. 
(c) The line has a slope of m = —40. 


120 


34. 


35. 


36. 
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Business The following are the slopes of lines 
representing daily revenues y in terms of time x in 
days. Use the slopes to interpret any change in daily 
revenues for a 1-day increase in time. 
(a) The line has a slope of m = 400. 
100. 


(c) The line has a slope of m = 0. 


(b) The line has a slope of m = 


Business The graph shows the earnings per share 
of stock for the Kellogg Company for the years 1988 
through 1998. (Source: Kellogg Company) 


Earnings per share 
(in dollars) 
tn 





3a Aw Oe One 9 1OwtL 
Year (1 © 1988) 


ie P 


(a) Use the slopes to determine the years when the 
earnings per share showed the greatest increase 
and decrease. 

(b) Find the slope of the line segment connecting the 
years 1988 and 1998. 

(c) Interpret the meaning of the slope in part (b) in 
the context of the problem. 

Business The graph shows the dividends declared 

per share of stock for the Colgate-Palmolive 

Company for the years 1988 through 1998. 

(Source: Colgate-Palmolive Company) 


Ne Ae 1.10). 





Dividends per share 
(in dollars) 
So 
— 
nn 


4 6) ao ONt| 
Year (1 © 1988) 


2 


37 





338. 


(a) Use the slopes to determine the years when the 
dividends declared per share showed the greatest 
increase and the smallest increase. 


(b) Find the slope of the line segment connecting the 
years 1988 and 1998. 


(c) Interpret the meaning of the slope in part (b) in 
the context of the problem. 


Road Grade From the top of a mountain road, a 
surveyor takes several horizontal measurements x 
and several vertical measurements y, as shown in the 
table. 











cP 300 | 600 | 900 1200 | 1500 | 1800 | 2100 


y | -25] -50| - ~15| —100 | -125| -150] -175| 





(a) Sketch a scatter plot of the data. 


(b) Use a straightedge to sketch the best-fitting line 
through the points. 


(c) Find an equation for the line you sketched in 
part (b). 

(d) Interpret the meaning of the slope of the line in 
part (c) in the context of the problem. 


(e) The surveyor needs to put up a road sign that 
indicates the steepness of the road. For instance, 
a surveyor would put a sign that states “8% 
grade” on a Foad with a downhill grade that has 
a slope of — 7. What should the sign state for 
the road in this problem? 


Road Grade You are driving on a road that has a 
6% uphill grade. This means that the slope of the 
road is iS. Approximate the amount of vertical 
change in your position if you drive 200 feet. 





39. Height ofan Attic The “rise to run” in determining 
the steepness of the roof on a house is 3 to 4 (see 
figure). Determine the maximum height in the attic if 
the house is 32 feet wide. 


attic height 





im ———— 3) f¢ —————> 


In Exercises 40-45, find the slope and y-intercept (if possi- 
ble) of the equation of the line. Sketch a graph of the line. 
40. y=5x+3 41. y=x- 10 
42. 5x —-2=0 43. 3y +5 =0 
44, 7x + 6y = 30 45. 2x + 3y =9 
In Exercises 46-57, find the slope-intercept form of the 


equation of the line that passes through the given point 
and has the indicated slope. Sketch a graph of the line. 


Point Slope 
46. (0, —2) m = 3 
47. (0, 10) m=-—1 
48. (—3, 6) m= -2 
49. (0, 0) m=4 
50. (4, 0) m=} 
51. (—2, —5) m= 3 
2.0, — 1) m is undefined. 
53. (— 10, 4) m= 0 
54. (4,3) m= 4 
55. (—3, 3) m= -3 
56. (—5.1, 1.8) m 
57. (2.3, —8.5) m= —-3 


In Exercises 58-67, find the slope-intercept form of the 
equation of the line passing through the points. Sketch a 
graph of the line. 


Graphical Interpretation 


W5S.0(5, — 1);(—5, 5) 
60. (—8, 1), (—8, 7) 
62. (2,5), (3, 3) 

=a a), in. 3) 
66. (1, 0.6), (—2, —0.6) 


. (4, 3), (-4, -4) 
. (-1, 4), (6, 4) 
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In Exercises 68-73, use the intercept form to find the equa- 
tion of the line with the given intercepts. The intercept form 
of the equation of a line with intercepts (a, 0) and (0, b) is 


~4%=1,a#0, #0. 

amn0 

68. x-intercept: (2, 0) 
0 


y-intercept: (0, 3) 
69. x-intercept: (—3, 0) 
y-intercept: (0, 4) 


( 
(5,0) 


( 
70. x-intercept: 
y-intercept: ( 


71. x-intercept: (2, 0) 
y-intercept: (0, — 2) 

72. Point on line: (1, 2) 
x-intercept: (c, 0) 
y-intercept: (0,c), c #0 

73. Point on line: (—3, 4) 
x-intercept: (d, 0) 


y-intercept: (0,d), d #0 


In Exercises 74-81, write the slope-intercept forms of the 
equations of the lines through the given point (a) parallel 
to the given line and (b) perpendicular to the given line. 


Point Line 
74. (2; 1) Ax —Dyi—_3 
Ton) Ly =] 
76. (—3,2) 3x + 4y =7 
77. (4,3) 5x + 3y =0 
78. (—1,0) y=-3 
79. (2,5) x=4 
80. (2.5, 6.8) x-y=4 
$1. (239521114) 6x + 2y =9 


In Exercises 82-85, identify 
any relationships that exist among the lines, and then use a 
graphing utility to graph the three equations in the same 
viewing window. Adjust the viewing window so that the 
slope appears visually correct. 


82. @) y=2x () y=—-2 (Cc) p= ar 
83. @)y=j Oy=—-x CO y=yrt2 
84. (a) y= —px (b+) y= —-3x+3 (©) y=2x-4 


85. (a) y=x-8 (db) y=xt+1 © y=-x43 
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Rate of Change _\n Exercises 86 and 87, you are given the 
dollar value of a product in 2001 and the rate at which the 
value of the product is expected to change during the next 
5 years. Use this information to write a linear equation that 
gives the dollar value V of the product in terms of the year 
t. (Let tf = 1 represent 2001.) 


2001 Value Rate 
86. $2540 $125 increase per year 
87. $156 $4.50 increase per year 


Graphical Interpretation _\n Exercises 88-91, match the 
description of the situation with its graph. Also determine 
the slope of each graph and interpret the slope in the 
context of the situation. [The graphs are labeled (a), (b), (c), 
and (d).] 


(a) y 
40 
30 Pos 
0 
ot 


(b) y 


2 


(c) y 





24 6 810 


(d) 
24 
18 
12 

6 


x 
x 





246.58 
88. A person is paying $20 per week to a friend to repay 
a $200 loan. 


89. An employee is paid $8.50 per hour plus $2 for each 
unit produced per hour. 


90. A sales representative receives $30 per day for food 
plus $0.32 for each mile traveled. 


91. A word processor that was purchased for $750 
depreciates $100 per year. 


In Exercises 92-95, find a relationship between x and y such 
that (x, y) is equidistant from the two points. 


07 ee) 
934(65 5), eas) 
94. (3:3), (aaa) 
95. (—3, +4), G4) 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 





Cash Flow per Share The cash flow per share for 
America Online, Inc. was $0.26 in 1998 and $0.70 
in 1999. Write a linear equation that gives the cash 
flow per share in terms of the year. Let t = 0 repre- 
sent 1998. Then predict the cash flows for the years 
2000 and 2001. (Source: America Online, Inc.) 


Number of Stores In 1996 there were 3927 J.C. 
Penney stores and in 1997 there were 3981 stores. 
Write a linear equation that gives the number of 
stores in terms of the year. Let f = 0 represent 
1996. Then predict the numbers of stores for the 
years 1999 and 2000. (Source: J.C. Penney Co.) 


Temperature Find the equation of the line that 
shows the relationship between the temperature 
in degrees Celsius C and degrees Fahrenheit F. 
Remember that water freezes at 0° Celsius (32° 
Fahrenheit) and boils at 100° Celsius (212° 
Fahrenheit). 


Temperature Use the result of Exercise 98 to 
complete the table. 





| Lie 




















Annual Salary Your salary was $28,500 in 1998 
and $32,900 in 2000. If your salary follows a linear 
growth pattern, what will your salary be in 2003? 


College Enrollment A small college had 2546 
students in 1998 and 2702 students in 2000. If the 
enrollment follows a linear growth pattern, how 
many students will the college have in 2004? 


Business A business purchases a piece of equip- 
ment for $875. After 5 years the equipment will be 
outdated and have no value. Write a linear equation 
giving the value V of the equipment during the 5 
years it will be used. 


Business A business purchases a piece of equip- 
ment for $25,000. After 10 years the equipment will 
have to be replaced. Its value at that time is expect- 
ed to be $2000. Write a linear equation giving the 
value V of the equipment during the 10 years it will 
be used. 

Sales A store is offering a 15% discount on all 
items. Write a linear equation giving the sale price 
S for an item with a list price L. 


105. 


106. 


107. 


108. 


Hourly Wage A manufacturer pays its assembly 
line workers $11.50 per hour. In addition, workers 
receive a piecework rate of $0.75 per unit produced. 
Write a linear equation for the hourly wage W in 
terms of the number of units x produced per hour. 


Business A contractor purchases a piece of 
equipment for $36,500. The equipment requires an 
average expenditure of $5.25 per hour for fuel and 
maintenance, and the operator is paid $11.50 
per hour. 


(a) Write a linear equation giving the total cost C of 
operating this equipment for ¢ hours. (Include 
the purchase cost of the equipment.) 


(b) Assuming that customers are charged $27 per 
hour of machine use, write an equation for the 
revenue R derived from t hours of use. 


(c) Use the formula for profit (P = R — C) to 
write an equation for the profit derived from t¢ 
hours of use. 


(d) Use the result of part (c) to find the break-even 
point—that is, the number of hours this equip- 
ment must be used to yield a profit of O dollars. 


Rental Demand A real estate office handles an 

apartment complex with 50 units. When the rent per 

unit is $580 per month, all 50 units are occupied. 

However, when the rent is $625 per month, the 

average number of occupied units drops to 47. 

Assume that the relationship between the monthly 

rent p and the demand x is linear. 

(a) Write the equation of the line giving the 
demand x in terms of the rent p. 

(b) Use this equation to predict the number of units 
occupied if the rent is $655. 

(c) Predict the number of units occupied if the rent 
is $595. 

Geometry The length and width of a rectangular 

garden are 15 meters and 10 meters, respectively. 

A walkway of width x surrounds the garden. 

(a) Draw a diagram that gives a visual representa- 
tion of the problem. 


(b) Write the equation for the perimeter y of the 
walkway in terms of x. 


(c) Use a graphing utility to graph the equation for 


the perimeter. 


(d) Determine the slope of the graph in part (c). For 


each additional 1-meter increase in the width of 
the walkway, determine the increase in its 
perimeter. 
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110. 
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Monthly Salary A salesperson receives a month- 
ly salary of $2500 plus a commission of 7% of 
sales. Write a linear equation for the salesperson’s 
monthly wage W in terms of monthly sales S. 


Business Costs A sales representative of a com- 
pany using a personal car receives $120 per day for 
lodging and meals plus $0.31 per mile driven. Write 
a linear equation giving the daily cost C to the com- 
pany in terms of x, the number of miles driven. 


Investment An inheritance of $12,000 is invested 
in two different mutual funds. A less risky fund 
pays 3% simple interest and a more risky fund 
pays 4% simple interest. 


(a) If x dollars is invested in the fund paying 23%, 
how much money is invested in the fund paying 
4%? 

(b) Write the total annual interest y in terms of x. 

(c) Use a graphing utility to graph the function in 
part (b) over the interval 0 < x < 12,000. 


zz (d) Explain why the slope of the line in part (c) is 


negative. 


Sports The average annual salaries of major 
league baseball players (in thousands of dollars) 
from 1988 to 1998 are shown in the scatter plot. 
Find the equation of the line that you think best fits 
these data. (Let y represent the average salary and 
let tf represent the year, with t = 0 corresponding to 
1988.) (Source: Major League Baseball Player 
Relations Committee) 


ae es 
oS 

oS Ee & 
eS, ey = 


Average salary 
(in thousands of dollars) 
co 
Ss 





2 394 Seon 7182 910 
Year (0 < 1988) 
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An instructor gives regular 
20-point quizzes and 100-point exams in a mathe- 
matics course. Average scores for six students, given 
as data points (x, y) where x is the average quiz 
score and y is the average test score, are (18, 87), 
(10, 55), (19, 96),(16, 79), (13, 76), and (15, 82). 
[Note: There are many correct answers for parts 
(b)-(d).] 

(a) Sketch a scatter plot of the data. 


(b) Use a straightedge to sketch the best-fitting line 
through the points. 


(c) Find an equation for the line sketched in part 
(b). 

(d) Use the equation in part (c) to estimate the 
average test score for a person with an average 
quiz score of 17. 


(e) If the instructor adds 4 points to the average test 
score of everyone in the class, describe the 
changes in the positions of the plotted points 
and the change in the equation of the line. 


Synthesis 


True or False? 


In Exercises 114 and 115, determine 


whether the statement is true or false. Justify your answer. 


114. 


115. 


116. 


117. 


118. 


A line with a slope of -3 is steeper than a line with 
a slope of —$. 

The line through (—8, 2) and (— 1, 4) and the line 
through (0, —4) and (—7, 7) are parallel. 


Explain how you could show that the points 
A(2, 3), B(2, 9), and C(7, 2) are the vertices of a 
right triangle. 

Explain why the slope of a vertical line is said to be 
undefined. 

With the information given in the graphs, is it possi- 
ble to determine the slope of each line? Is it possible 
that the lines could have the same slope? Explain. 


Ches an 





119. 


120. 


121. 


122. 


The slopes of two lines are —4 and - Which is 
steeper? Explain. 


The value V of a machine t years after it is purchased 
is 

Vi= +4000 + 58,500; OS 

Explain what the V-intercept and slope measure. 
Writing Write a brief paragraph explaining 
whether or not any pair of points on a line can be 
used to calculate the slope of the line. 


Think About It Is it possible for two lines with 
positive slopes to be perpendicular? Explain. 


Review 


In Exercises 123-126, match the equation with its graph. 
[The graphs are labeled (a), (b), (c), and (d).] 


(a) 


123. 
125. 








(b) 





124. y=8 — Vx 
126. y= |x $2) 1 


jt She 


=5x2+ 2x41 


In Exercises 127-132, find all the solutions of the equation. 
Check your solution(s) in the original equation. 


127. 
128. 


129. 
130. 
131. 
132. 


—7(3 — x) = 14(x — 1) 
8 say (4, 

phe = Ff ae aire 

2x2 — 21x + 49 =0 

x2 — 8x+3=0 

Jx—9+15=0 

3x — 16/x+5=0 
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Functions 


> What you should learn 


* How to decide whether 
relations between two 
variables are functions 


¢ How to use function notation 
and evaluate functions 


* How to find the domains of 
functions 


* How to use functions to model 
and solve real-life problems 


> Why you should learn it 


Functions can be used to model 
and solve real-life problems. For 
instance, Exercise 98 on page 137 
shows how to use a function to 
find the force of water against 

_ the face of a dam. 
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Introduction to Functions 


Many everyday phenomena involve two quantities that are related to each other 
by some rule of correspondence. The mathematical term for such a rule of 
correspondence is a relation. Here are two examples. 


1. The simple interest J earned on $1000 for 1 year is related to the annual 
interest rate r by the formula J = 1000r. 


2. The area A of a circle is related to its radius r by the formula A = zrr?. 


Not all relations have simple mathematical formulas. For instance, people 
commonly match up NFL starting quarterbacks with touchdown passes and hours 
of the day with temperature. In cases 1 and 2 above, however, there is some 
relation that matches each item from one set with exactly one item from a 
different set. Such a relation is called a function. 


Definition of a Function 


A function f from a set A to a set B is a relation that assigns to each 
element x in the set A exactly one element y in the set B. The set A is the 
domain (or set of inputs) of the function f, and the set B contains the range 
(or set of outputs). 


To help understand this definition, look at the function in Figure 1.26. 


Time of day Temperature (in degrees C) 





Set A is the domain. Set B contains the range. 
Inputs: 1, 2, 3, 4,5, 6 Outputs: 95 105125135 15 
FIGURE 1.26 


This function can be represented by the following ordered pairs. 
{(1; 9°): 213) Ge 052) alse \o(o. 12.) (Onda 
In each ordered pair, the first coordinate is the input and the second coordinate is 
the output. In this example, note the following characteristics of a function. 
1. Each element in A must be matched with an element of B. 
2. Some elements in B may not be matched with any element in A. 
3. Two or more elements of A may be matched with the same element of B. 


The converse of the third statement is not true. That is, an element of A (the 
domain) cannot be matched with two different elements of B. 
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Functions are commonly represented in four ways. 


1. Verbally by a sentence that describes how the input variable is related to the 
output variable 


~ 


Numerically by a table or a list of ordered pairs that matches input values with 
output values 


3. Graphically by points on a graph in a coordinate plane in which the input 
values are represented by the horizontal axis and the output values are 
represented by the vertical axis 


4. Algebraically by an equation in two variables 


In the following example, you are asked to decide whether or not the given rela- 
tion is a function. To do this, you must decide whether each input value is 
matched with exactly one output value. If any input value is matched with two or 
more output values, the relation is not a function. 


Example 1 ® Testing for Functions 


Decide whether the description represents y as a function of x. 


a. The input value x is the number of representatives from a state, and the output 
value y is the number of senators. 





[2 |3)4)6 


























FIGURE 1.27 


Solution 


a. This verbal description does describe y as a function of x. Regardless of the 
value of x, the value of y is always 2. Such functions are called constant 
functions. 


b. This table does not describe y as a function of x. The input value 2 is matched 
with two different y-values. 


c. The graph in Figure 1.27 does describe y as a function of x. No input value is 
matched with two output values. 


nn SS USES ean n 


Representing functions by sets of ordered pairs is common in discrete 
mathematics. In algebra, however, it is more common to represent functions by 
equations or formulas involving two variables. For instance, the equation 

Ve ae y is a function of x. 
represents the variable y as a function of the variable x. In this equation, x is 
the independent variable and y is the dependent variable. The domain of 
the function is the set of all values taken on by the independent variable x, 
and the range of the function is the set of all values taken on by the dependent 
variable y. 


Mle Slanger COnNECUON 





Historical Note 

Leonhard Euler (1707-1783), a 
Swiss mathematician, is consid- 
ered to have been the most prolif- 
ic and productive mathematician 
in history. One of his greatest 
influences on mathematics was 
his use of symbols, or notation. 
The function notation y = f(x) 
was introduced by Euler. 
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Example 2 ® Testing for Functions Represented Algebraically 


Which of the equations represent(s) y as a function of x? 
OE a ae ee 
b. =x + y?7=1 
Solution 
To determine whether y is a function of x, try to solve for y in terms of x. 
a. Solving for y yields 

a iy =" Write original equation. 

ysl — x Solve for y. 


To each value of x there corresponds exactly one value of y. So, y is a function 
One 


b. Solving for y yields 
ats v7 = | Write original equation. 
yy=1+x Add x to each side. 
WS Se i Ss Solve for y. 


The + indicates that to a given value of x there correspond two values of y. 
So, y is not a function of x. 





Function Notation 


When an equation is used to represent a function, it is convenient to name the 
function so that it can be referenced easily. For example, you know that the 
equation y = 1 — x* describes y as a function of x. Suppose you give this 
function the name “f”’ Then you can use the following function notation. 


Input Output Equation 
x f(x) A i aa 

The symbol f(x) is read as the value of f at x or simply f of x. The symbol f(x) 
corresponds to the y-value for a given x. So, you can write y = f(x). Keep in mind 
that f is the name of the function, whereas f(x) is the value of the function at x. 
For instance, the function 

TACs ee Ow 
has function values denoted by f(—1), f(0), f(2), and so on. To find these values, 
substitute the specified input values into the given equation. 

Forx = —-1, feel) = "3." 2 Si i 5. 

For x = 0, f(0) =3 — 2:0) = 3 -0 =3. 

For x = 2, f(Q2). =3 — 222) =3—4= —-1. 
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 srupy Tip 
In Example 3, note that g(x + 2) , 
is not equal to g(x) + g(2).In _ 

general, g(u + v)l# gu) + atv). Mt 


Although fis often used as a convenient function name and x is often used as — 
the independent variable, you can use other letters. For instance, 


fx) = -—4e+7, fO=P-—4+7, and gls) =s> aaa 


all define the same function. In fact, the role of the independent variable is that of 
a “placeholder.” Consequently, the function could be described by 


(HER) = (Qaim)? (Qa) + 7 


Example 3 » Evaluating a Function 





Let g(x) = —x? + 4x + 1 and find 


a. 9(2) b. o(t) eels + 2). 
Solution 
a. Replacing x with 2 in g(x) = —x? + 4x + 1 yields the following. 


(2) = — 2)" 14ers oa 5 
b. Replacing x with t yields the following. 

eg) =-(? +40 +1=-70 +441 
c. Replacing x with x + 2 yields the following. 

et 2) = — Ga 2) + 4G 2) I 
=(4? + Ay t 4) ax 8 


II 


= —y2— 44 —4+ 4% +841 
=-x?+5 


i 


A function defined by two or more equations over a specified domain is called a 
piecewise-defined function. 





Example 4 A Piecewise-Defined Function _ a 


Evaluate the function when x = —1, 0, and 1. 
xw+i1, x<O0 
Flohr ae) 
Solution 
Because x = —1 is less than 0, use f(x) = x* + 1 to obtain 


f(=)= 1)? + 1 = 2. 

For x = 0, use f(x) = x — 1 to obtain 
FO (0) Soak 

For x = 1, use f(x) = x — 1 to obtain 


i Dea tages Gee 


een 


eo" 
Technology 
bs a Use a graphing utility to 
graph y = \/4 — x2. What is the 
domain of this function? Then 
graph y = \/x* — 4. What is the 





domain of this function? Do the 
domains of these two functions 
overlap? If so, for what values? 
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The Domain of a Function 


The domain of a function can be described explicitly or it can be implied by the 
expression used to define the function. The implied domain is the set of all real 
numbers for which the expression is defined. For instance, the function 





fl ) 1 Domain excludes x-values that result in 
* xo A division by zero. 


has an implied domain that consists of all real x other than x = +2. These two 
values are excluded from the domain because division by zero is undefined. 
Another common type of implied domain is that used to avoid even roots of 
negative numbers. For example, the function 


fl ) Ls Sx Domain excludes x-values that result in 
a Ny even roots of negative numbers. 


is defined only for x = 0. So, its implied domain is the interval [0, 00). In general, 
the domain of a function excludes values that would cause division by zero or that 
would result in the even root of a negative number. 


Example 5 ® Finding the Domain of a Function 


Find the domain of each function. 





1 
a. ef: 1e3 0), (— If 4), (0, 2); (2, 2); (4, *: 1)} b. g(x) = x Ze 5 
c. Volume of a sphere: V = far d. h(x) = V4 -— x 


Solution 
a. The domain of f consists of all first coordinates in the set of ordered pairs. 


Domain = {—3, —1, 0, 2, 4} 
b. Excluding x-values that yield zero in the denominator, the domain of g is the 
set of all real numbers x # —5. 


c. Because this function represents the volume of a sphere, the values of the 
radius r must be positive. So, the domain is the set of all real numbers r such 
that r > 0. 


d. This function is defined only for x-values for which 
2 ice fo fate) (0) 


Using the methods described in Section P.6, you can conclude that 
—2 < x < 2. So, the domain is the interval [ —2, 2]. 


In Example 5(c), note that the domain of a function may be implied by the 
physical context. For instance, from the equation V = far, you would have no 
reason to restrict r to positive values, but the physical context implies that a 
sphere cannot have a negative radius. 
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FIGURE 1.28 
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Applications 





Example 6 > The Dimensions of a Container 









You work in the marketing department of a soft-drink company and are experi- 
menting with a new soft-drink can that is slightly narrower and taller than a 
standard can. For your experimental can, the ratio of the height to the radius is 4, 
as shown in Figure 1.28. 





a. Express the volume of the can as a function of the radius r. 


b. Express the volume of the can as a function of the height h. 


Solution 
a. V(r) = arz*h = ar2(4r) = 4ar? Write V as a function of r. 
h\? h3 
b. V(h) = (=) h= ae. Write V as a function of h. 
Example 7 » The Path of a Baseball @ 





A baseball is hit at a point 3 feet above ground at a velocity of 100 feet per 
second and an angle of 45°. The path of the baseball is given by the function 


f(x) = —0.0032x2 + x + 3 


where y and x are measured in feet, as shown in Figure 1.29. Will the baseball 
clear a 10-foot fence located 300 feet from home plate? 


Solution 
When x = 300, the height of the baseball is 


f(300) — 0.0032(300)? + 300 + 3 
osteet: 


So, the ball will clear the fence. 


Baseball Path 















8 80 SPREE. cate Mestre otA y = -~0.0032x2 59) i 3 
=p 
oO 
a 20 
x 

100 200 300 

Distance (in feet) 
FIGURE 1.29 





In the equation in Example 7, the height of the baseball is a function of the 
distance from home plate. 


a Direct Mail Advertising 


Money spent 
(in billions of dollars) 


FIGURE 1.30 


0 


ieee 3 4, eS 
Year (0 < 1990) 





6 


Section 1.3. B® Functions 131 


Example 8 ® Direct Mail Advertising (ey 





The money C (in billions of dollars) spent for direct mail advertising in the United 

States increased in a linear pattern from 1990 to 1992, as shown in Figure 1.30. 

Then, in 1993, the money spent took a jump and, until 1996, increased in a 

different linear pattern. These two patterns can be approximated by the function 
OP earn es 
LOSS AZ SOG Sts 6 


where ¢t = 0 represents 1990. Use this function to approximate the total amount 
spent for direct mail advertising between 1990 and 1996. (Source: McCann- 
Erickson) 

Solution 

From 1990 to 1992, use the formula C(t) = 23.40 + 1.011. 


$23.40, $24.41, $25.42 


/ < “4 XL 





1990 199] 1992 
From 1993 to 1996, use the formula C(t) = 19.85 + 2.50¢. 


$27°35, $29:85"$32.35, °834.85 


1993 1994 1995 1996 





The total of these seven amounts is $197.63, which implies that the total amount 
spent was approximately $197,630,000,000. 


One of the basic definitions in calculus employs the ratio 


f(x + h) — fe) 
i 


This ratio is called a difference quotient, as illustrated in Example 9. 





hw. 


Example 9 ® Evaluating a Difference Quotient Fy 


For f(x) = x2 — 4x + 7, fing 2+ —f) 





Solution 

fas bh) ~ {Qs Gee 4a) ee) 

EISEP IY FONG (OCs ED wnt EE 00S Fee 
NEN ea ig ak A eee Ax 7 
i h 
_ xh + #2 — 4h 
rr h 
_ AQx +h — 4) 
a h 


Save hn 4, h#0 





The symbol = indicates an example or exercise that highlights algebraic techniques specifically 
used in calculus. 
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Summary of Function Terminology 
Function: A function is a relationship between two variables such that to 
each value of the independent variable there corresponds exactly one value 
of the dependent variable. 
Function Notation: y = f(x) 

f is the name of the function. 

y is the dependent variable. 

x is the independent variable. 

f(x) is the value of the function at x. 
Domain: The domain of a function is the set of all values (inputs) of the 
independent variable for which the function is defined. If x is in the domain 


of f, f is said to be defined at x. If x is not in the domain of f, f is said to be 
undefined at x. 


Range: The range of a function is the set of all values (outputs) assumed 
by the dependent variable (that is, the set of all function values). 


Implied Domain: If f is defined by an algebraic expression and the domain 
is not specified, the implied domain consists of all real numbers for which 
the expression is defined. 


2 Writing “ABOUT MATHEMAT 1s 


















Modeling with Piecewise-Defined Functions The table below shows the monthly 
revenue y (in thousands of dollars) for one year of a landscaping business, with 
x = 1 representing January. 


My: j2 [3 [4 |s je | 


|y | 5.2 | 5.6 | 66 | 83 | 11.5 | 15.8 | 


}s [9 } 10 | ui [12 


| 12.8 | 10.1 | 8.6 | 6.9 | 4.5 | 2.7 
























A mathematical model that represents these data is 


f= —1.97x + 26.33 
0.5x2 — 1.47x + 63° 


What is the domain of each part of the piecewise-defined function? How can you 
tell? Explain your reasoning. 





Find f(5) and f(11), and interpret your results in the context of the problem. How 
do these model values compare with the actual data values? 


1.3 Exercises 
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In Exercises 1-4, is the relationship a function? 








1. Domain Range 
—2 5 
-1 6 
0 7 
1 8 
2 

2. Domain Range 
—2 3) 
Si 4 
0 5 
a 
2 

3. Domain Range 4. Domain Range 


(Year) (North Atlantic 


; Cubs 
National ; ; 
L Pirates tropical storms 
eague 


Dodgers and hurricanes) 
1989 i) 
1990 8 
American POSS 1991 11 
Be eu Yankees 1992 13 
Twins 1993 14 
1994 19 
1995 
1996 


In Exercises 5-8, does the table describe a function? Explain 
your reasoning. 














x Ones"? 
(ia beak 
6 ee aT 
Gaeili4 






































In Exercises 9 and 10, which sets of ordered pairs 
represent functions from A to B? Explain. 


9. Ac={0}1,293} and B. = {—2, -1,.0,1,2} 

(ay 11), C= 2),1(2, 0), (3, 2)} 
(OE Ole 1), syn, =2); (3, 0), 1)} 
(ce) 1050) 1,0), 250), (3, 0) 
(d) {(0, 2), (3, 0), (1, 1)} 

10. A = {a, b, c} and B = {0, 1, 2, 3} 
(a) G4); (6 2), (G3), (by3) } 
(by (a, 1), (B; 2), (e3) | 
(c) {(1, a), (0, a), (2, c), (3, b)} 
(d) {(c, 0), (b, 0), (a, 3)} 


Circulation of Newspapers \n Exercises 11 and 12, use 
the graph, which shows the circulation (in millions) of daily 
newspapers in the United States. (Source: Editor & 
Publisher Company) 


Circulation (in millions) 





1993 1995 1997 
Year 


1989 1991 


11. Is the circulation of morning newspapers a function 
of the year? Is the circulation of evening newspapers 
a function of the year? Explain. 


12. Let f(x) represent the circulation of evening 
newspapers in year x. Find f(1994). 


In Exercises 13-22, determine whether the equation repre- 
sents y as a function of x. 


13547 .4+\y7 =4 
14, x = y? 

15. x7 +y=4 
16.x+y?=4 
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17. 2x + 3y = 4 18. (x — 2)? +y*=4 


19S rt 2029 = Vr 
21. y = |4 =< 22. |y| =4—- x 


In Exercises 23 and 24, fill in the blanks using the specified 
function and the given values of the independent variable. 


1 
23. f(s) TE ai 
. 1 
(a) f(4) = ( ) ae) 
= 1 
(b) SO = (ae y+ 
(c) f(4x) aes 
(d) f@ + ¢) = em 
DAL JX) =k — 2X 
(a) 9(2) = (a )*— 2( a) 
(6) (—3) = (MY — 2( i) 
() e(¢ + 1) = (Sa) — 2( i) 
(d) g@ + ©) = (MR) — 20) 


In Exercises 25-36, evaluate the function at each specified 
value of the independent variable and simplify. 


25. f(x) = 2x —3 





(a) f(1) (b) f(-—3) (c) f= 1) 
26. g(y) =7 — 3y 

(a) g(0) (b) 9(3) (c) g(s + 2) 
27. Vr) = 30° 

(a) V(3) (b) V(3) (c) VQ2r) 
23.00) — te 

(a) n(2) (b) A(1.5) (c) h(x + 2) 
29. f(y) = 3 — Vy 

(a) f(4) (b) (0.25) (c) f(4x?) 
30. f(x) = /x +8 +2 

(a) f(—8) (b) f(1) (Cpt (areas) 
ee 

noe 0 
(a) (0) (b) q(3) (c) gly + 3) 





212 +3 
32. 4) = <= 
(a) q(2) (b) (0) 
33. f(x) = all 
x 
(a) f(2) (b) f(—2) 
34. f(x) = |x| + 4 
(a) f(2) (b) f(—2) 
Dye ap Ie a) 
ee sie x>0 
(a) f(-1) (b) f(0) 
Pee We ses. || 
Se Oy be 2a eel 
(antl 2) (b) f() 


(c) q(—x) 


(c) f= 1) 


(c) fO*) 


(c) f(2) 


(c) f(2) 


In Exercises 37-42, complete the table. 


37. fii) a K-38 


anna 
38. g(x) = aa a 























EE 








= 3\t + 3| 


















































In Exercises 43-50, find all real values of x such that 
f(x) = 0. 


43. f(x) = 15 — 3x 44. f(x) = 5x +1 


45. f(x) = == 46. f(x) = 1 


eix) =x? — 9 48. f(x) = x? — 8x + 15 
49. fix) =x? —x 
a) = x — x2 — 4x + 4 








In Exercises 51-54, find the value(s) of x for which 
F(x) = g(x). 


Beefy) =x, o(x) =x+2 

52. ae g(x) = 3x + 3 
ff) = V3x+1, g@)=x41 

54. a a aye 


In Exercises 55-68, find the domain of the function. 























Beers) = 5x2 + 2x — 1 56. e(x) = 1 — 2x2 
ES eee 
57. h(t) = ; 58. s(y) ates 
By. 2(y) = Vy — 10 60. f(t) = t+ 4 
Bee x)= </1 — x? G21) =A / xe 3x 
3 10 
63. Se eae 64. AC arent 
65. f(s) = <= 66. f(x) = a 
seas es 
67. f(x) = a : 68. f(x) = 5 =. 


In Exercises 69-72, assume that the domain of f is 


the set A = {—2, —1,0, 1, 2}. Determine the set of ordered 
Pairs that represents the function f. 
Ox 
69. = x? 70. — 

f(x) = (0) rata 
Tye) = Vx +2 72. f(x) = |x + 1| 
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Exploration \n Exercises 73-76, determine the function 
from 
f(x) = cx, g(x) = cx’, h(x) = c\/|x], and r(x) = — 


and the value of the constant c that will make the function 
fit the data in the table. 







































































URS 4 Ge Ging atleg 
ve 532i SO a= oa 3) 

4. & eran 
Bl feRp 

ie Py -4|-1 [o ia 
e —s | —32 | Undef| 32 | 8 

76. Ty — 4 eoule 4 | 
mio |3 | 0 3 6 | 














In Exercises 77-84, find the difference quotient and 


simplify your answer. 

















71. f(x) =x2 —x +1, ; #0 
78. f(x) = 5x — x2, E+ D~L8) 5, #0 
79. f(x) = x3, Beton) +0 

80. f(x) = 2x, fet a~ SO) 249 

81. ¢(x) = 3x — 1, ats) - go #3 

82. f() == me deat 

83. f(x) = /5x, P= LO) 5 4 5 

84. f(x) = 22/3 +1, ae =f) #8 


85. Geometry Express the area A of a square as a 
function of its perimeter P. 


86. Geometry Express the area A of a circle as a 
function of its circumference C. 





The symbol G indicates an example or exercise that highlights 
algebraic techniques specifically used in calculus. 


136 


90. Maximum Profit 
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87. Geometry Express the area A of an isosceles triangle 


with a height of 8 inches and a base of b inches as a 
function of the length s of one of its two equal sides. 


88. Geometry Express the area A of an equilateral 


triangle as a function of the length s of its sides. 


89. Maximum Volume An open box of maximum 


volume is to be made from a square piece of material 
24 centimeters on a side by cutting equal squares 
from the corners and turning up the sides (see figure). 


(a) Complete six rows of a table. (The first two rows 
are shown.) Use the result to estimate the 
maximum volume. 













[24 a ~, 484 
2[24 — 2(2)P = 800 








VA) 





(b) Plot the points (x, V). Is Va function of x? 


(c) If V is a function of x, write the function and 
determine its domain. 





Sey Se 


The cost per unit in the produc- 
tion of a certain radio model is $60. The manufac- 
turer charges $90 per unit for orders of 100 or less. 
To encourage large orders, the manufacturer reduces 
the charge by $0.15 per radio for each unit ordered in 
excess of 100 (for example, there would be a charge 
of $87 per radio for an order size of 120). 


(a) Complete six rows of the table. Use the result to 
estimate the maximum profit. 
















m Price p Profit P 
90 — 10(0.15) | xp — 110(60) 
| 90 — 20(0.15) | xp — 120(60) 





(b) Plot the points (x, P). Is P a function of x? 


(c) If P is a function of x, write the function and 
determine its domain. 


91. Geometry A right triangle is formed in the first 
quadrant by the x- and y-axes and a line through the 
point (2, 1) (see figure). Write the area A of the 
triangle as a function of x, and determine the domain 
of the function. 


92. 
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Geometry A rectangle is bounded by the x-axis and 
the semicircle y = /36 — x? (see figure). Write the 
area A of the rectangle as a function of x, and deter- 
mine the domain of the function. 





Average Price The average price p (in thousands of 
dollars) of a new mobile home in the United States 
from 1974 to 1997 (see figure) can be approximated 
by the model 


(Nie 17.2741 .036F, 
—4,807 + 2.882t — 


—6=2%5 11 


0.01127, 12g 


where t = 0 represents 1980. Use this model to find 
the average prices of a mobile home in 1978, 1988, 
1993, and 1997. (Source: U.S. Bureau of Census, 
Construction Reports) 





Mobile home price (in thousands of dollars) 


=6 -4 —2 0 2 4 6 8 JONIORiiG 
Year (0 < 1980) 
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Postal Regulations A rectangular package to be 
sent by the U.S. Postal Service can have a maximum 
combined length and girth (perimeter of a cross 
section) of 108 inches (see figure). 


(a) Write the volume V of the package as a function 
of x. 


(b) What is the domain of the function? 


eo ~X> 





(c) Use a graphing utility to graph your function. Be 


95. 


sure to use the appropriate window setting. 


(d) What dimensions will maximize the volume of 
the package? Explain your answer. 


Business A company produces a product for which 
the variable cost is $12.30 per unit and the fixed 
costs are $98,000. The product sells for $17.98. Let 
x be the number of units produced and sold. 


(a) The total cost for a business is the sum of the 
variable cost and the fixed costs. Write the total 
cost C as a function of the number of units pro- 
duced. 


(b) Write the revenue R as a function of the number 
of units sold. 


(c) Write the profit P as a function of the number of 
units sold. (Note: P = R — C.) 


. Total Average Cost The inventor of a new game 


believes that the variable cost for producing the 

game is $0.95 per unit and the fixed costs are $6000. 

The inventor sells each game for $1.69. Let x be the 

number of games sold. 

(a) The total cost for a business is the sum of the 
variable cost and the fixed costs. Write the total 
cost C as a function of the number of games sold. 

(b) Write the average cost per unit C = C/x as a 
function of x. 


or: 


98. 


99. 
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Transportation For groups of 80 or more people, a 
charter bus company determines the rate per person 
according to the formula 


Rate = 8 — 0.05(n — 80), n = 80 


where the rate is given in dollars and n is the number 
of people. 


(a) Express the revenue R for the bus company as a 
function of n. 


(b) Use the function in part (a) to complete the table. 
What can you conclude? 





‘n | 90| 100 | 110 | 120 130 | 140 | 150 

















Physics The force F (in tons) of water against the 
face of a dam is estimated by the function 


F(y) = 149.76./10y9/2 


where y is the depth of the water in feet. 


(a) Complete the table. What can you conclude from 
the table? 




















(b 


wa 


Use the table to approximate the depth at which 
the force against the dam is 1,000,000 tons. How 
could you find a better estimate? 


Height of a Balloon A balloon carrying a 
transmitter ascends vertically from a point 3000 feet 
from the receiving station. 


(a) Draw a diagram that gives a visual representation 
of the problem. Let h represent the height of the 
balloon and let d represent the distance between 
the balloon and the receiving station. 


(b) Express the height of the balloon as a function of 
d. What is the domain of the function? 
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100. Lynx Population A study was done on the lynx 
population of the Yukon Territory in Canada. The 
graph shows the lynx population from 1988 
through 1995 in a 350-square-kilometer region of 
the Yukon Territory. Let f(t) represent the number 
of lynx in year t. (Source: Kluane Boreal Forest 
Ecosystem Project) 


fO 








*< 
i= 
ze 
x) 
s 
& 
> 
a 
t 
1989 1991 1993 1995 
Year 
(a) Find 
f(1994) — f(1991) 
1994 — 1991 
and interpret the result in the context of the 
problem. 
(b) An approximate formula for the function f(¢) is 


434x + 4387 
45x2 — 55x + 100 





N(x) = 


where N is the number of lynx and x is time 
in years, with x = 0 corresponding to 1990. 
Complete the table and compare the result with 
the data. 





tad 
| 
No 
| 
— 
(= 
— 





2 
































101. Path of a Ball The height y (in feet) of a baseball 
thrown by a child is 


1 
Sa Era ar 
y 107 Be sin 0); 


where x is the horizontal distance (in feet) from 
where the ball was thrown. Will the ball fly over the 
head of another child 30 feet away trying to catch 
the ball? (Assume that the child who is trying to 
catch the ball holds a baseball glove at a height of 
5 feet.) 


Synthesis 


True or False? \n Exercises 102 and 103, determine 
whether the statement is true or false. Justify your answer. 


102. The domain of the function f(x) = x*+— 1 is 
(—0o, 00), and the range of f(x) is (0, 00). 

103. The set of ordered pairs {(—8, —2), (-6, 0), (-4, 0), 
(—2, 2), (0, 4), (2, —2)} represents a function. 

104. Does the relationship shown in the figure represent 
a function from set A to set B? Explain. 


= 
ee 
| 


105. Think About It In your own words, explain the 
meanings of domain and range. 


106. Think About It Describe an advantage of func- 
tion notation. 


Review 


In Exercises 107-110, solve the equation. 


P) 


i ee | 108, = +> = 1 


a 
Bq CS) 
3 4 1 1 4 
9. --= 110: = 8a? 
Ke) se x x 





10 


In Exercises 111-114, find the equation of the line passing 
through the given pair of points. 


110; (—2)=5), 4, =1) 
113...(=6,5), (3, —5) 


112. (10, 0), (1,9) 
114. (-3,3), 3) 


1.4 BEN anemic mea ali 


> What you should learn 


* How to use the Vertical Line 
Test for functions 


How to find the zeros of 
functions 


How to determine intervals on 
which functions are increasing 
or decreasing 

How to identify and graph 
linear functions 

How to identify and graph step 
functions and other piecewise- 
defined functions 

How to identify even and odd 
functions 


> Why you should learn it 


Graphs of functions can help you 
visualize relationships between 
variables in real life. For instance, 
Exercise 103 on page 149 shows 
how the graph of a step function 
visually represents the cost of a 

_ telephone call. 





se y=f(@) 




















2 
\ x 
Range 4 ! 
we 
(-1,-5) -6+ Domain 
FIGURE 1.32 


Section 1.4 B® Analyzing Graphs of Functions 139 





The Graph of a Function 


In Section 1.3, you studied functions from an algebraic point of view. In this 
section, you will study functions from a graphical perspective. 

The graph of a function f is the collection of ordered pairs (x, f(x)) such 
that x is in the domain of f. As you study this section, remember that 


x = the directed distance from the y-axis 
f(x) = the directed distance from the x-axis 


as shown in Figure 1.31. 




















FIGURE 1.31 


Example 1 ® Finding the Domain and Range of a Function 


Use the graph of the function f, shown in Figure 1.32, to find (a) the domain of f 
(b) the function values f(—1) and f(2), and (c) the range of f 


Solution 


a. The closed dot at (—1, —5) indicates that x = —1 is in the domain of f, 
whereas the open dot at (4, 0) indicates x = 4 is not in the domain. So, the 
domain of f is all x in the interval [—1, 4). 

b. Because (— 1, —5) is a point on the graph of f, it follows that f(—1) = —5. 
Similarly, because (2, 4) is a point on the graph of f, it follows that f(2) = 4. 

c. Because the graph does not extend below f(—1) = —5 or above f(2) = 4, the 
range of f is the interval [—5, 4]. 





The use of dots (open or closed) at the extreme left and right points of a graph 
indicates that the graph does not extend beyond these points. If no such dots are 
shown, assume that the graph extends beyond these points. 
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=3 


(a) 
FIGURE 1.33 





By the definition of a function, at most one y-value corresponds to a given 
x-value. This means that the graph of a function cannot have two or more different 
points with the same x-coordinate, and no two points on the graph of a function 
can be vertically above and below each other. It follows, then, that a vertical line 
can intersect the graph of a function at most once. This observation provides a 
convenient visual test called the Vertical Line Test for functions. 


Vertical Line Test for Functions 


A set of points in a coordinate plane is the graph of y as a function of x if 
and only if no vertical line intersects the graph at more than one point. 


Example 2 ® Vertical Line Test for Functions 


Use the Vertical Line Test to decide whether the graphs in Figure 1.33 represent 
y as a function of x. 





(b) (c) 


Solution 


a. This is not a graph of y as a function of x because you can find a vertical line 
that intersects the graph twice. That is, for a particular input x, there is more 
than one output y. 


b. This is a graph of y as a function of x because every vertical line intersects the 
graph at most once. That is, for a particular input x, there is at most one output 
y: 

c. This is a graph of y as a function of x. (Note that if a vertical line does not 
intersect the graph, it simply means that the function is undefined for that 
particular value of x.) That is, for a particular input x, there is at most one 
output y. 


i 











[ fee) = 3x? + x 10 





win 


(a) Zeros of f: x = —2,x = 








(c) Zero of h: 
FIGURE 1.34 


~ 
ll 
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Zeros of a Function 


If the graph of a function of x has an x-intercept at (a, 0), then a is a zero of the 
function. 


Zeros of a Function 
The zeros of a function f of x are the x-values for which f(x) = 0. 


Example 3 ® Finding Zeros of a Function 


Find the zeros of each function. 
BG) = Gr OO eRe 10a? eh) = an} 
Solution 


To find the zeros of a function, set the function equal to zero and solve for the 
independent variable. 


a. 3x7 +x —10=0 Set f(x) equal to 0. 
(3x — 5)\(x + 2) =0 Factor. 
ye — 5S = 0 So 3 Set lst factor equal to 0. 


Mot 0) a) Set 2nd factor equal to 0. 


The zeros of f are 3 and —2. In Figure 1.34(a), note that the graph of f has 
(3, 0) and (—2, 0) as its x-intercepts. 


b. /10 — x? = Set g(x) equal to 0. 
10% x2, = 0 Square each side. 
10 = x? Add x? to each side. 
+/10 =x Extract square root. 


The zeros of g are — /10 and \/10. In Figure 1.34(b), note that the graph of 
g has (- J 10, 0) and (2 10, 0) as its x-intercepts. 





c. a3 =( Set h(t) equal to 0. 
= f= CO Set numerator equal to 0. 
2t = 3 Add 3 to each side. 
= 2 Divide each side by 2. 


The zero of h is 2 In Figure 1.34(c), note that the graph of / has (3, 0) as its 
x-intercept. 





142 Chapter 1 PB Functions and Their Graphs 


(| Increasing and Decreasing Functions 


The more you know about the graph of a function, the more you know about the 
function itself. Consider the graph shown in Figure1.35. As you move from left 
to right, this graph decreases, then is constant, and then increases. 


Increasing, Decreasing, and Constant Functions 
x A function f is increasing on an interval if, for any x, and x, in the interval, 
x, < X implies f(x,) < f(x). . 











A function f is decreasing on an interval if, for any x, and x, in the interval, 
FIGURE 1.35 x, < xX, implies f(x,) > f(x). 


A function f is constant on an interval if, for any x, and x, in the interval, 


f(x) a F(X). 


Example 4 » Increasing and Decreasing Functions 


In Figure 1.36, use the graphs to describe the increasing or decreasing behavior 

of each function. 

Solution 

a. This function is increasing over the entire real line. 

b. This function is increasing on the interval (—co, —1), decreasing on the 
interval (— 1, 1), and increasing on the interval (1, 00). 

c. This function is increasing on the interval (—oo, 0), constant on the interval 
(0, 2), and decreasing on the interval (2, oo). 








0D  @Y 








2 3 

-1+ t+1,t<0 
fo) =, eras 
a4 —t+3,t>2 

















(a) (b) (c) 
FIGURE 1.36 


ne SEE EEEDEDiEnersieeusien=armisnnninnisniansnnnannnme 


To decide whether a function is increasing, decreasing, or constant, you can 
evaluate the function for several values of x. For instance, the table below verifies 
that the function in Example 4(a) is increasing over the entire real line. 





— 100 ) -10 | -1 Jo 1 | 10 100 | 
— 1,000,000 | = 1000 |-1 | 0 | 1| 1000 | 1,000,000 | 














Relative 
maximums —, 


Relative minimums 











FIGURE 1.37 
| fe) = 3x2 4x - 2| 
2 
aa i 5 
=f 
FIGURE 1.38 
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The points at which a function changes its increasing, decreasing, or constant 
behavior are helpful in determining the relative maximum or relative minimum 
values of the function. 


Definition of Relative Minimum and Relative Maximum 
A function value f(a) is called a relative minimum of / if there exists an 
interval (x,, x») that contains a such that 

x; <x <x, implies. f(a) = f(x). 
A function value f(a) is called a relative maximum of f if there exists an 


interval (x,, x») that contains a such that 


Kp x < x amples fla) ein) 


Figure 1.37 shows several different examples of relative minimums and 
relative maximums. In Section 2.1, you will study a technique for finding the 
exact point at which a second-degree polynomial function has a relative minimum 
or relative maximum. For the time being, however, you can use a graphing utility 
to find reasonable approximations of these points. 


Example 5 ® Approximating a Relative Minimum 


Use a graphing utility to approximate the relative minimum of the function 
f= = 4 — 2 
Solution 


The graph of f is shown in Figure 1.38. By using the zoom and trace features of 
a graphing utility, you can estimate that the function has a relative minimum at 
the point 


(0.67, = 3.33). Relative minimum 


Later, in Section 2.1, you will be able to determine that the exact point at which 
the relative minimum occurs is {3, — 0), 





Note in Example 5 that you can also use the table feature of a graphing utility to 
approximate numerically the relative minimum of the function. Using a table that 
begins at 0.6 and increments the value of x by 0.01, you can approximate the min- 
imum, of f (x)! = 3x7 — 4x — 2.t0 be (0.67, —3.33). 









Technology 


Le val If you use a graphing utility to estimate the x- and y-values of a relative 
minimum or relative maximum, the automatic zoom feature will often produce 
graphs that are nearly flat. To overcome this problem, you can manually change 
the vertical setting of the viewing window. The graph will stretch vertically if the 
values of Ymin and Ymax are closer together. 
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Linear Functions 


A linear function of x is a function of the form 
f(x) = mx + b. Linear function 


In Section 1.2, you learned that the graph of such a function is a line that has a 
slope of m and a y-intercept of (0, b). 


Example 6 ® Graphing a Linear Function 





Sketch the graph of the linear function 


1 
_ fi ar es: 
2 
Solution 
The graph of this function is a line that has a slope of m = —$ and a y-intercept 


of (0, 3). To sketch the line, plot the y-intercept. Then, because the slope is —3, 
move | unit to the right and > ; unit down and plot a second point, as shown in 
Figure 1.39(a). Finally, draw the line that passes through these two points, as 
shown in Figure 1.39(b). 





Example 7 ® Writing a Linear Function 





Write the linear function f for which f(1) = 3 and f(4) = 0. 


(b) 
FIGURE 1.39 


Solution 


The graph of a linear function is a line. So, you need to find an equation of the 
line that passes through (1, 3) and (4, 0). The slope of the line is 


gee. 
yore | 
_2 Views: 
4-1] 
=a 
Using the point-slope form of the equation of a line, you can write 
y—y, = mx — x,) Point-slope form 
y-3=-1@-1) Substitute for y,, m, and x,. 
y=-xt+4. Simplify. 
So, the linear function is f(x) = —x + 4. You can check this result as follows. 


fi) =-() +4=3v 
f4)=-@+4=0vV 


nana nN OUR nS NS ESSIEN 





FIGURE 1.40 


eo = & 

Technology 
ee a4 When graphing a step 
function, you should set your 
graphing utility to dot mode. 
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Step Functions and Piecewise-Defined 
Functions 


The greatest integer function is denoted by [x] and is defined as follows. 
[x] = the greatest integer less than or equal to x 


The graph of this function is shown in Figure 1.40. Note that the graph of the 
greatest integer function jumps vertically 1 unit at each integer and is constant (a 
horizontal line segment) between each pair of consecutive integers. The greatest 
integer function is an example of a category of functions called step functions 
whose graphs resemble a set of stair steps. Some values of the greatest integer 
function are as follows. 


fi [—0.5] = -1 [0] = 0 
[0.5] = 0 [iJ =1 [1.5] = 1 


The range of the greatest integer function is the set of all integers. (If you use a 
graphing utility to sketch a step function, you should set the utility to dot mode 
rather than connected mode.) 

In Section 1.3, you learned that a piecewise-defined function is a function that 
is defined by two or more equations over a specified domain. To sketch the graph of 
a piecewise-defined function, you need to sketch the graph of each equation on the 
appropriate portion of the domain. 


Example 8 ® Graphing a Piecewise-Defined Function 


Mpa By 5ES II 


Sketch th h of = 
etch the graph of f(x) ee ey 


Solution 

This piecewise-defined function is composed of two linear functions. At x = 
and to the left of x = 1 the graph is the line y = 2x + 3, and to the right of x = 1 
the graph is the line y = —x + 4, as shown in Figure 1.41. 


| 
= 





FIGURE 1.41 


i ernment een ene eee 
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A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Exploration 


Graph each of the following 


functions with a graphing utility. 


Determine whether the function 
is even, odd, or neither. 


fo) - 2 

g(x) = 2x2 1 

Wa) = x 
Wee 2 xo 
Mie 2 x 2 
PX) ar tbe ex +k 


What do you notice about the 
equations of functions that are 
odd? What do you notice about 
the equations of functions that 
are even? Can you describe a 
way to identify a function as 
odd or even by inspecting the 
equation? Can you describe a 
way to identify a function as 
neither odd nor even by 
inspecting the equation? 


® Functions and Their Graphs 


Even and Odd Functions 


In Section 1.1, you studied different types of symmetry of a graph. In the 
terminology of functions, a function is said to be even if its graph is symmetric with 
respect to the y-axis and to be odd if its graph is symmetric with respect to the 
origin. The symmetry tests in Section 1.1 yield the following tests for even and 
odd functions. 


Tests for Even and Odd Functions 


A function y = f(x) is even if, for each x in the domain of f, 


f(—x) = f@). 


A function y = f(x) is odd if, for each x in the domain of f, 


f(—x) = —f@). 


Example 9 ® Even and Odd Functions 


a. The function g(x) = x3 — x is odd because g(—x) = —g(x), as follows. 
(2s) SE) (2) Substitute —x for x. 
= yet Simplify. 
= —(x? =a) Distributive Property 
= —9(x) Test for odd function. 


b. The function h(x) = x? + 1 is even because h(—x) = A(x), as follows. 
ili 9 a a | 
=x?+1 
= h(x) 


Substitute —x for x. 
Simplify. 
Test for even function. 


The graphs of these two functions are shown in Figure 1.42. 








(a) Symmetric to Origin: Odd Function 
FIGURE 1.42 


(b) Symmetric to y-Axis: Even Function 
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1.4 Exercises 





In Exercises 1-8, find the domain and range of the function. In Exercises 9-14, use the Vertical Line Test to determine 


heth is a functi f x. 
Pe fG) = 3x — 4 Dy) = whether y is a function of x 
9. y = 5x? 10. y=13 








11. 4S 








In Exercises 15-22, find the zeros of the function by factoring. 
1S. x) = 22 — "7 30 
16, (Oj or tele 16 


17. f(x) = eo 


Cee ae gle! 
18) fG) ise 
19. f(x) = 5x3 —x 
20: fa) =x? = 4a Ox + 36 
21. f(x) = 46° = 24 — x + 6 
Dooif(x) = Ox ea 
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In Exercises 23-28, find the zeros of the function 
algebraically. Verify your results graphically. 


23. f(x) =3 + 2 24. f(x) = x(x — 7) 








25. fx) = v2e 26. f(x) = </ 31 146 
wi Bea ea) 
27. f(x) = aK 28. f(x) = rai 


In Exercises 29-32, (a) determine the intervals over which 
the function is increasing, decreasing, or constant, and (b) 
determine whether the function is even, odd, or neither. 
30. f(x) = x? — 4x 


2 


29. f(x) = 5x 


y y 








-. In Exercises 33-50, (a) use a graphing utility to graph the 


function and visually determine the intervals over which 
the function is increasing, decreasing, or constant, and 
(b) make a table of values to verify whether the function is 
increasing, decreasing, or constant. 


33. f(x) = 3 34. g(x) = 
35. eG x 36.. {G) = —* — 10 


37. g(s) = 3 38: hG) =x? -—4 


39. f(t) = —1t4 
41. f(x) = V1 -x 
43. f(x) = x3? 
45. o(t) = ¥t-1 
47. f(x) = |x +2] 
AS; f(x) = eat b= 1 


40. f(x) = 34S Gr 
42. f(x) =29/9-3 
44. f(x) =x 


46. f(x) = ¥x +5 


Fins 


x +3, x<0 
49. f(x) = 43, Ora) 
Dip fle 65 SD 
2x + 1, =| 
50. fo) =| : 
S55 ll 


In Exercises 51-56, use a graphing utility to approximate 
the relative minimum/relative maximum of each function. 


51. fo) = @— 4G 2) 

52. f(x) 3x7 = 2a — 5 

53.07 G)i— xr = le + 3) 

545 fQ)lS eH 3 = ae 
BS 1G) 2 ok a 
56. f(x) = 8x4 = 3x7> 1 


In Exercises 57-64, sketch the graph of the linear function. 
Label the y-intercept. 


57. f@) =24— 1 

59. f(x) = —x -2 

61. f(x) = —gx - 3 
63. f@) = —138 + 25x 


58. f(x) = 11 — 3x 
60. f(x) = 3x -3 

62. f(x) =§ — 3% 
64. f(x) = 10.2 + 3.1x 


In Exercises 65-72, write the linear function that has the 
indicated function values. 


65. f(1) = 4, f(0) = 6 


66. f(—3) = —8, f(1) = 

67. f(5) = —4, f(—2) = 17 
68. f(3) = 9, f(-1) = -11 
69. fE-i= ae 73) = — 
70. {(—10) = 12, ae 

71. f(4) = —6, f(4) = -3 
72. (3) = -B f(-4) = -11 


In Exercises 73 and 74, sketch the graph of the function. 
Describe how it differs from the graph of f(x) = [x]. 


2) = a 2 
foe — 1 
In Exercises 75-78, graph the function. 
Die A 3d Ke) 
15: = 
Fe) E ae 
Aa tae 0 
16. f(x) = ies 
a 4 — xX, Wee 


Ce 


78. 


bcs nee 5 gop | 
oc ane Fe || 
Ped is. A). beeen 
ees x>2 


In Exercises 79-90, graph the function and determine the 
interval(s) for which f(x) > 0. 


79. f(x) =4-—x $0. f(x) = 4x 4+ 2 
81. f(x) =x? -9 82. f(x) = x? — 4x 
a3. f(x) = 1 — x* 84. f(x) = Vx+2 
85. f(x) =x? +1 86. f(x) = —(1 + |x|) 
87. f(x) = —5 88. f(x) = 4(2 + |x|) 
is lor 207 ne1X Sus? 
a aeeee 
ARB ee BS > S 
oo. fa) = |S 5 


= In Exercises 91 and 92, use a graphing utility to graph the 
function. State the domain and range of the function. 
Describe the pattern of the graph. 


71, 
92. 


s(x) = 2(4x — []) 
g(x) = 2(jx — [ee]? 


In Exercises 93-98, determine whether the function is even, 
odd, or neither. 


93. 
DS: 
97. 


Think About It 


eae) =< — Jx* + 3 
mo) =x — 5x 
f@ =t?7+2t-3 


94, h(x) = x7 — 5 
Mea ay 
98. ¢(s) = 457 


In Exercises 99-102, find the coordinates 


of a second point on the graph of a function f if the given 
point is on the graph and the function is (a) even and (b) 


odd. 


101. 
103. 


(—3, 4) 100. (—3, —7) 
(4, 9) 102. (5, —1) 
Communications The cost of using a telephone 


calling card is $1.05 for the first minute and $0.38 
for each additional minute or portion of a minute. 


(a) A customer needs a model for the cost C of 
using a calling card for a call lasting ¢ minutes. 
Which of the following is the appropriate 
model? Explain. 


C,(t) = 1.05 + 0.38[¢ — 1] 
C0 = 1.05 — 0.38[-—(¢ — 1] 
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104. 


= 105. 
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(b) Graph the appropriate model. Determine the 
cost of a call lasting 18 minutes and 45 seconds. 


Delivery Charges Suppose that the cost of send- 
ing an overnight package from New York to 
Atlanta is $9.80 for a package weighing up to but 
not including 1 pound and $2.50 for each 
additional pound or portion of a pound. Use the 
greatest integer function to create a model for the 
cost C of overnight delivery of a package weighing 
x pounds, x > 0. Sketch the graph of the function. 

Electronics The number of lumens (time rate of 


flow of light) L from a fluorescent lamp can be 
approximated by the model 


L= —0.294x? + 97.744x — 664.875, 20 < x < 90 


where x is the wattage of the lamp. Use a graphing 
utility to graph the function and estimate the 
wattage necessary to obtain 2000 lumens. 


In Exercises 106-109, write the height h of the rectangle as 
a function of x. 


106. 


108. 


y 








In Exercises 110-113, write the length L of the rectangle as 
a function of y. 


110. 
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113. 





114. Data Analysis The table shows the amount y (in 
billions of dollars) of the merchandise trade balance 
of the United States for the years 1990 through 1997. 
The merchandise trade balance is the difference 
between the values of exports and imports. A nega- 
tive merchandise trade balance indicates that imports 
exceeded exports. (Source: U.S. International 
Trade Administration) 

















1991 | 1992 1993 
——— 
06.7 7) trond) ea 1156 
ee 
(995 1996 £997 
= 158.7 ites 17021 81-5 


























Sa (a) Use the regression feature of a graphing utility 
to find a cubic model (a model of the form 
y = ax + bx? + cx +d) for the data. Let x be 
the time (in years), with x = 0 corresponding to 
1990. 


(b) What is the domain of the model? 
te (c) Use a graphing utility to graph the data and the 
model in the same viewing window. 
(d) For which year does the model most accurately 
estimate the actual data? During which year is 
it least accurate? 


115. Geometry Corners of equal size are cut from a 
square with sides of length 8 meters (see figure). 


(a) Write the area A of the resulting figure as a 
function of x. Determine the domain of the 
function. 

2 (b) Use a graphing utility to graph the area function 
over its domain. Use the graph to find the range 
of the function. 


(c) Identify the resulting figure for the maximum 
value of x in the domain of the function. What 
is the length of each side of the figure? 


116. 


117. 





x SE 


FIGURE FOR 115 


Coordinate Axis Scale Each function models the 
specified data for the years 1993 through 2000, 
with t = 3 corresponding to 1993. Estimate a rea- 
sonable scale for the vertical axis (e.g., hundreds, 
thousands, millions, etc.) of the graph and justify 
your answer. (There are many correct answers.) 


(a) f(t) represents the average salary of college 
professors. 


(b) f(t) represents the U.S. population. 


(c) f(t) represents the percent of the civilian work 
force that is unemployed. 


Fluid Flow The intake pipe of a 100-gallon tank 
has a flow rate of 10 gallons per minute, and two 
drainpipes have flow rates of 5 gallons per minute 
each. The figure shows the volume V of fluid in the 
tank as a function of time t. Determine the combi- 
nation of the input pipe and drain pipes in which the 
fluid is flowing in specific subintervals of the 1 
hour of time shown on the graph. (There are many 
correct answers.) 


Volume (in gallons) 





10 520) 300 4095060) 
Time (in minutes) 


Synthesis 


True or False? \n Exercises 118 and 119, determine 
whether the statement is true or false. Justify your answer. 


118. A function with a square root cannot have a domain 
that is the set of real numbers. 


119. A piecewise-defined function will always have at 
least one x-intercept or at least one y-intercept. 


120. Prove that a function of the following form is odd. 
y= axe ae a PEST ois 
A a Xo ds 
121. Prove that a function of the following form is even. 
Y = dy,xX2" + dy, 9X2 ++: 
ayaa a, 


122. If f is an even function, determine whether g is 
even, odd, or neither. Explain. 


(a) g(x) = —f@) (b) gz) = f(—x) 
(eG) =f) —2 d) e@— fe — 2) 
123. Think About It Does the graph in Exercise 11 
represent x as a function of y? Explain. 
124. Think About It Does the graph in Exercise 12 
represent x as a function of y? Explain. 
| 125. Writing Use a graphing utility to graph each 
function. Write a paragraph describing any similar- 
ities and differences you observe among the graphs. 


(a) y= x (b) y = x? 
(c) y=x? (d) y =x? 
(fe) y=x (f) y= x°® 
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= 126. Conjecture Use the results of Exercise 125 to 


make a conjecture about the graphs of y = x’ 
and y = x®. Use a graphing utility to graph the 
functions and compare the results with your 
conjecture. 


Review 


In Exercises 127-130, solve the equation. 

1275 = Ny 0 128. 100 — ( — 5)? = 0 
129. x73 == 10 130. 16x? — 40x + 25 =0 
In Exercises 131-134, evaluate the function at each 
specified value of the independent variable and simplify. 


131. f(x) = 5x-8 


(a) f(9) (b) f(-—4) (oc) flew) 
132: flax) = x7 — 10% 

(a) (4) (b) f(-8) — () fx - 4) 
133. f(x) = Vx — 12-9 

(a) f(12) =) (40) ~~) f(- V6) 
134. f@)H=x= x =5 

(a) f(-1) ~—&) FG) (c) f(2V3) 


& In Exercises 135 and 136, find the difference quotient and 


simplify your answer. 





135. f(x) =x? — 2x + 9, (G+ WN fC) h#0 
ie fila sos vp, f6tW =F) 5, 40 
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‘Mem Shifting, Reflecting, and Stretching Graphs 


> What you should learn 


* How to recognize graphs of 


Summary of Graphs of Common Functions 


common functions One of the goals of this text is to enable you to recognize the basic shapes of the 
* How to use vertical and graphs of different types of functions. For instance, from your study of lines in 

horizontal shifts to sketch Section 1.2, you can determine the basic shape of the graph of the linear function 

graphs of functions f(x) = mx + b. Specifically, you know that the graph of this function is a line 
* How to use reflections to whose slope is m and whose y-intercept is b. 

sketch graphs of functions The six graphs shown in Figure 1.43 represent the most commonly used 
* How to use nonrigid functions in algebra. Familiarity with the basic characteristics of these simple 


transformations to sketch 


Sh sorhincilors graphs will help you analyze the shapes of more complicated graphs. 
| 


> Why you should learn it y 


A 
Knowing the graphs of common 


functions and knowing how to 
shift, reflect, and stretch graphs 
of functions can help you sketch 2 a Ey 
a wide variety of simple 

T 


functions by hand. This skill is 
useful in sketching graphs of 


a+ 





— 














functions that model real-life ae i. 
data, such as in Exercise 59 on A 2 : 
page 161, where you are asked to (a) Constant Function (b) Identity Function 


sketch a function that models 
the amount of fuel used by 
trucks from 1980 through 1996. 











Chuck Keeler/The Stock Market 











2. -l 1 2 


(e) Quadratic Function (f) Cubic Function 
FIGURE 1.43 


») 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 
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Shifting Graphs 


Many functions have graphs that are simple transformations of the common 
graphs summarized on page 152. For example, you can obtain the graph of 


h(x) = x2 +2 


by shifting the graph of f(x) = x? up 2 units, as shown in Figure 1.44. In function 
notation, / and f are related as follows. 


h(x) = x2 +2 
= fetee Upward shift of 2 
Similarly, you can obtain the graph of 
eG) =a 2) 


by shifting the graph of f(x) = x? to the right 2 units, as shown in Figure 1.45. 
In this case, the functions g and f have the following relationship. 


ey) =) 
= f(x — 2) Right shift of 2 














h(x) =x? +2 one 



































=t 


FIGURE 1.44 FIGURE 1.45 


The following list summarizes this discussion about horizontal and vertical shifts. 


Vertical and Horizontal Shifts 


Let c be a positive real number. Vertical and horizontal shifts in the graph 
of y = f(x) are represented as follows. 


1. Vertical shift c units upward: h(x) = f(x) + ¢ 
2. Vertical shift c units downward: h(x) = f(x) —c 
3. Horizontal shift c units to the right: h(x) = f(x — c) 
4. Horizontal shift c units to the left: h(x) = f(x + c) 


In items 3 and 4, be sure you see that h(x) = f(x — c) corresponds to a right 
shift and h(x) = f(x + c) corresponds to a left shift for c > 0. 
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Functions and Their Graphs 


Some graphs can be obtained from a combination of vertical and horizontal 
shifts, as demonstrated in Example 1(b). Vertical and horizontal shifts generate a 
family of functions, each with the same shape but at different locations in the 
plane. 


Example 1 ® Shifts in the Graph of a Function 


Use the graph of f(x) = x to sketch the graph of each function. 


a. g(x) = x° — 1 
b. Woy "G +2)? 1 


Solution 

Relative to the graph of f(x) = x3, the graph of g(x) = x? — 1 is a downward 
shift of 1 unit. The graph of h(x) = (x + 2)? + 1 involves a left shift of 2 units 
and an upward shift of | unit. The graphs of both functions are compared with the 
graph of f(x) = x? in Figure 1.46. 

















y | fo) = nix) =(x+ 2 +1] y [fe =x3) 


t | 















eee 


























(a) (b) 
FIGURE 1.46 





In part (b) of Figure 1.46, notice that the same result is obtained if the vertical 
shift precedes the horizontal shift or if the horizontal shift precedes the vertical 
shift. 


Exploration 


Graphing utilities are ideal tools for exploring translations of functions. 
Graph f, g, and / on the same screen. Before looking at the graphs, try to 
predict how the graphs of g and h relate to the graph of 


a. faye x, eo =@- 4), Wo) = -— 4? +3 
b folec, eWeat ly ba) =@e ly 2 
c. f(x) = x*, g(x) = (+4), Ax) = +4? +2 





























FIGURE1.47 


>) A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 








FIGURE 1.48 
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Reflecting Graphs 


The second common type of transformation is a reflection. For instance, if you 
consider the x-axis to be a mirror, the graph of 


h(x) = —x? 


is the mirror image (or reflection) of the graph of f(x) = x?, as shown in Figure 
1.47. 


Reflections in the Coordinate Axes 


Reflections in the coordinate axes of the graph of y = f(x) are represented 
as follows. 


1. Reflection in the x-axis: h(x) = —f(x) 


2. Reflection in the y-axis: h{x) = f(=x) 


Example 2 & Finding Equations from Graphs 


The graph of the function 


fla) = x" 


is shown in Figure 1.48. Each of the graphs in Figure 1.49 is a transformation of 
the graph of f. Find an equation for each of these functions. 








(a) (b) 
FIGURE 1.49 


Solution 
a. The graph of g is a reflection in the x-axis followed by an upward shift of 2 
units of the graph of f(x) = x4. So, the equation for g is 


ea aie ae 2 


b. The graph of / is a horizontal shift of 3 units to the right followed by a reflec- 
tion in the x-axis of the graph of f(x) = x*. So, the equation for h is 


h(x) = =@ =3)% 
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Example 3 & Reflections and Shifts 


Compare the graph of each function with the graph of f= es 
a ea)=—Ve bh) =/=x. Chap 


Solution 
a. The graph of g is a reflection of the graph of f in the x-axis because 
g(x) = — vx 
= —f(). 
b. The graph of / is a reflection of the graph of f in the y-axis because 
h(x) = V/—x 
= ae). 
c. The graph of k is a left shift of 2 units, followed by a reflection in the x-axis 
because 
k(x) = —J/x +2 


—f(x + 2). 


The graphs of all three functions are shown in Figure 1.50. 











2+ | f(x) = vx 




















2+ | g(x) =-Vx 











(a) 
FIGURE 1.50 





When sketching the graphs of functions involving square roots, remember 
that the domain must be restricted to exclude negative numbers inside the radical. 
For instance, here are the domains of the functions in Example 3. 

Domain of g(x) = — Vx: 5 Bega) 

Domain of h(x) = /—x: y= 0 

Domain of k(x) = —J/x +2: x2 -2 


>) A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Exploration 
ws 


Sketch the graphs of f(x) = 

and h(x) = x? on the same set of 
axes. Describe the effect of mul- 
tiplying x* by a number greater 
than 1. hen sketch the graphs 
of g(x) = 3x? and A(x) = x? on 
the same set of axes. Describe 
the effect of multiplying x? by 

a number less than 1. Can you 
think of an easy way to 
remember this generalization? 
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Nonrigid Transformations 


Horizontal shifts, vertical shifts, and reflections are rigid transformations 
because the basic shape of the graph is unchanged. These transformations change 
only the position of the graph in the xy-plane. Nonrigid transformations are 
those that cause a distortion—a change in the shape of the original graph. For 
instance, a nonrigid transformation of the graph of y = f(x) is represented by 

g(x) = cf(x), where the transformation is a vertical stretch if c > 1 anda verti- 
cal shrink if 0 < c < 1. 


Example 4 ® Nonrigid Transformations 


Compare the graph of each function with the graph of f(x) = |x|. 
a. A(x) = 3|x| 
1 
b. g(x) =~ 
ax) = sha 
Solution 


a. Relative to the graph of f(x) = |x|, the graph of 
h(x) = 3|x| 


= 3f(x) 
is a vertical stretch (each y-value is multiplied by 3) of the graph of f. 


b. Similarly, the function 
1 
g(x) = sh 


= 3h) 


indicates that the graph of g is a vertical shrink (each y-value is multiplied 
by 4) of the graph of f 


The graphs of both functions are shown in Figure 1.51. 


h(x) = 3|x| 











F(x) = |x| 














g(x) = 3 |x| 














(a) (b) 
FIGURE 1.51 
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1.5 Exercises 


tt 


. Sketch (on the same set of coordinate axes) a graph of 
each function for c = —2, 0, and 2. 


(a) f(x) =x +c 
(b) f(x) = - ey 


. Sketch (on the same set of coordinate axes) a graph of 


each function for c = —1, 1, and 3. 
@ f@)'= elie 
(hi) eae 


(c) f(x) = |x + 4| +e 


. Sketch (on the same set of coordinate axes) a graph of 
each function for c = —3, —1, 1, and 3. 


(a) fe) =Vxt+e 
(by iG) = a ee 
(Cf @)rs e341 


. Sketch (on the same set of coordinate axes) a graph of 


each function for c = —3, —1, 1, and 3. 
x +o x <0 
Oo ie +c, x20 


he aE Coates 0 
(DS fee + ot, x20 


. Use the graph of f to sketch each graph. 
(a) y= fa) +2 


(6) y=) 
(c) y = 2f(x) 
(d) y = —f(x) 
Cai =) 
yy = f=) 





. Use the graph of f to sketch each graph. 


OQ Sees, 3 
(b) y=f(x) +4 

(Opa? f(a) 

(d) y = —f( — 4) 

(yw es, 3 


©) ya) =o 











7. Use the graph of f to sketch each graph. 


Gy et 
(b) y=f( — 1) 
Ove fey 

dd) y=f(x + 1) 
(ce) y = —f@ — 2) 
(f) y = f(a) 





8. Use the graph of f to sketch each graph. 


(a). y = f( — 5) 
(b) y= —f(x) + 3 
(c) y =3 f(x) 

(d) y= —f( + 1) 
(ec) y =f(-x) 





QV gam 10 


. Use the graph of f(x) = x? to write an equation for 


each function whose graph is shown. 


(b) 








Section 1.5 BP Shifting, Reflecting, and Stretching Graphs 159 


10. Use the graph of f(x) = x? to write an equation for (oy y 2 (d) y 
each function whose graph is shown. 


8 
(a) y (b) 4 / 6-4-2 
; -6-4-2 | 2 4 6 
3 > a 














In Exercises 13-18, identify the common function and the 
transformation shown in the graph. Write an equation for 
the function shown in the graph. 


13. 


(c) 





























11. Use the graph of f(x) = |x| to write an equation for 
each function whose graph is shown. 


(a) ; (b) 














12. Use the graph of f(x) = \/x to write an equation for 
each function whose graph is shown. 


(a) (b) 


In Exercises 19-34, describe the transformation that occurs 
in the function. Then sketch its graph. 


19, (7G) = 12 = 24 20. f(x) = (x — 8)? 

21. fa) =x +7 225 f%) = =x? —1 

23. f(x) =2—(@+5)? 24. fx) = —@ 4 10)? +5 
25.16) = & Seer? 268 fa) = @+3h—10 
27. f(%) = —|\x|— 28. f(x) = 6— |x + 5| 
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29. f(x) = —|x + 4) +°8~ 30. =i (=x Sie 9 
31. fG) =Ver Do 32. ie J/x+4+4+8 
33.6 @)i= Ws oes 2: | SM ke =) Fala 6 


In Exercises 35-42, write an equation for the function that 
is described by the given characteristics. 


35. The shape of f(x) = x?, but moved 2 units to the 
right and 8 units down 

36. The shape of f(x) = x2, but moved 3 units to the left, 
7 units up, and reflected in the x-axis 

37. The shape of f(x) = x°, but moved 13 units to the 
right 

38. The shape of f(x) = x°, but moved 6 units to the left, 
6 units down, and reflected in the y-axis 

39. The shape of f(x) 
reflected in the x-axis 

40. The shape of f(x) = |x|, but moved 1 unit to the left 
and 7 units down 

41. The shape of f(x) = ./x, but moved 6 units to the 
left and reflected in both the x-axis and the y-axis 

42. The shape of f(x) = ./x, but moved 9 units down 
and reflected in both the x-axis and the y-axis 


= |x|, but moved 10 units up and 


43. Use the graph of f(x) = x? to write an equation for 
each function whose graph is shown. 


(b) 4 








44. Use the graph of f(x) = x? to write an equation for 
each function whose graph is shown. 


(b) 





45. Use the graph of f(x) = |x| to write an equation for 
each function whose graph is shown. 


(b) 





46. Use the graph of f(x) = ./x to write an equation for 
each function whose graph is shown. 


(aya (b) 





4 8 12 16 20 





In Exercises 47-52, identify the common function and the 
transformation shown in the graph. Write an equation for 
the function shown in the graph. Then use a graphing 
utility to verify your answer. 
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51. y 52; y Graphical Reasoning \n Exercises 57 and 58, use the 
2 graph of f to sketch the graph of g. 
2 57. 
x 
x -6-4-2 | 2 4 6 





3 2 
ai 


ap 





es Graphical Analysis _\n Exercises 53-56, use the viewing 
___ window shown to write a possible equation for the 
transformation of the common function. CU Seg SAC RO 5) Geet baal 


53. () gs) =f(-x) — @) g(x) = —2f@) 


2 4 6 8 10 12 


| 

£ 
ig | 

© 








-6+ 


=2 
- (a) gx) =f) —5 () ge) = f(x) +3 
- (c) gx) =f(-x) — @) g(x) = -4 f(x) 
59. Fuel Use The amount of fuel F (in billions of 
10 2 gallons) used by trucks from 1980 through 1996 can 
be approximated by the function 
F = f(t) = 20.46 + 0.0422 


where t=O represents 1980. (Source: U.S. 
Federal Highway Administration) 


=3 
1 
ej 8 (a) Describe the transformation of the common 
function f(x) = x?. Then sketch the graph over 
the interval 0 < ¢ < 16. 
(b) Rewrite the function so that t = 0 represents 
1990. Explain how you got your answer. 
60. Finance The amount (in trillions of dollars) of 
=, 
7 


54. 


mortgage debt M outstanding in the United States 
from 1985 through 1997 can be approximated by the 
function 


M = f(t) —d5\/7 = 1.25 
where ¢ = 5 represents 1985. (Source: Board of 
Governors of the Federal Reserve System) 


(a) Describe the transformation of the common 
function f(x) = \/x. Then sketch the graph over 
sail the interval 5 < t < 17. 


(b) Rewrite the function so that t = 5 represents 
1995. Explain how you got your answer. 
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Synthesis 


In Exercises 61 and 62, determine whether the statement is 
true or false. Justify your answer. 


61. The graphs of f(x) = |x| + 6 and f(x) = |—x| + 6 are 
identical. 

62. If the graph of the common function f(x) = x? is 
moved 6 units to the right, 3 units up, and reflected 
in the x-axis, then the point (—2, 19) will lie on the 
graph of the transformation. 


63. Describing Profits Management originally 
predicted that the profits from the sales of a new 
product would be approximated by the graph of the 
function f shown. The actual profits are shown by 
the function g along with a verbal description. Use 
the concepts of transformations of graphs to write g 
in terms of f. 


40,000 f 
20,000 
t 
A 
(a) The profits were only y 
three-fourths as large 40,000 
as expected. & 
20,000 
t 
an 
(b) The profits were y 
consistently $10,000 60,000 
greater than predicted. g 
30,000 
t 
Daan 
(c) There was a 2-year delay y 
in the introduction of the 40,000 
product. After sales began, oh aon g 
profits grew as expected. 
t 
2 Al MS 


64. Explain why the graph of y = —f (x) is a reflection 
of the graph of y = f(x) about the x-axis. 

65. The graph of y = f(x) passes through the points 
(0,1), (1,2), and (2,3). Find the corresponding 
points on the graph of y = f(x + 2) — 1. 

66. Think About It You can use two methods to graph 
a function: plotting points, or translating a common 
function as shown in this section. Which method of 
graphing do you prefer to use? Explain. 


Review 
In Exercises 67-74, perform the operations and simplify. 


ae d 
x 





| = 5 


68. 





69. aa 








70. 


eee 9(5) 


” x. = 
728 | 


73) ue - 9) + (24) 








5 
( G )=( x2 + 3x 
"x2 = 34° = 28) — lat Sie hi 


In Exercises 75 and 76, evaluate the function at the speci- 
fied values of the independent variable and simplify. 


75. (= x? —160 

(a) f(-3) (b) f(-3) 
16. f@) = 7s 

(a) f(-10) — (b)_f (26) 


7 


oS 





(c) f(% = 3) 


(c) f= "10) 


In Exercises 77-80, find the domain of the function. 


78. f(x) = vio 


80. f(x) = 2/4 — x? 








Ub it) = ae 
79. f(x) = V/81 — x2 





> What you should learn 
* How to add, subtract, multiply, 
and divide functions 
* How to find compositions of 


one function with another 
function 


* How to use combinations of 
functions to model and solve 
real-life problems 


> Why you should learn it 


Combinations of functions can 

be used to model and solve 

real-life problems. For instance, 

Exercises 33 and 34 on page 169 

show how to use combinations 

of functions to analyze U.S. 
health expenditures. 





Charles Gupton/Tony Stone Images 


) A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Combinations of Functions 
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Arithmetic Combinations of Functions 


Just as two real numbers can be combined by the operations of addition, subtrac- 
tion, multiplication, and division to form other real numbers, two functions can 
be combined to create new functions. For example, the functions f(x) = 2x — 3 
and g(x) = x? — 1 can be combined to form the sum, difference, product, and 
quotient of f and g. 


GONG Cie (20 a 3) re) 


= x*-+2%—4 Sum 
Fa) 9G) = (2 = 3) G2 = 1) 
= —72+97,—97 Difference 
F(x)g) = 2x — 3)(x? = 1) 
= 2x? — 3x2 —-2x + 3 Product 
Dip = 3 
- = ere x#+]1 Quotient 


The domain of an arithmetic combination of functions fand g consists of all real 
numbers that are common to the domains of f and g. In the case of the quotient 
Ff(x)/g(x), there is the further restriction that g(x) # 0. 


Sum, Difference, Product, and Quotient of Functions 


Let f and g be two functions with overlapping domains. Then, for all x 
common to both domains, the sum, difference, product, and quotient of ih 
and g are defined as follows. 


1. Sum: (f + g)(x) = f(x) + g(x) 
2. Difference: — (f — g)(x) = f(x) — g(x) 
3. Product: (fe)(x) = f(x) + g(x) 


i ccf eeO a tee 
4. Quotient: (Joo a)’ g(x) #0 


Example 1 ® Finding the Sum of Two Functions 
Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f + g)(x). Then evaluate 
the sum when x = —1. 
Solution 
(f + g)(x) =f) + g(x) 
= (Dee (x? + 2x 11) 
= x? + 4x 
When x = —1, the value of the sum is (f + g)(—1) = (—1)? + 4(-1) = -3. 
eS ee ee eee 
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Example 2 ® Finding the Difference of Two Functions 
Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f — g)(x). Then evaluate 
the difference when x = 2. 


Solution 
The difference of f and g is 


(f — g)(x) = f(x) — a) 
= (Qx + 1) = @? + 2x — 1) 
Sit eas 
When x = 2, the value of this difference is 
(fg) 2) = Se te 
= —-2., 





In Examples 1 and 2, both f and g have domains that consist of all real 
numbers. So, the domains of (f+ g) and (f — g) are also the set of all real 
numbers. Remember that any restrictions on the domains of f and g must be 
considered when forming the sum, difference, product, or quotient of f and g. 





Example 3 ® Finding the Domains of Quotients of Fun : 


Find the domains of (Eye) and (2) for the functions 
§ 


sibs ued and GW ay ee . 


Solution 
The quotient of f and g is 
E ae e Te) we 
ga) V4 — 9? 


and the quotient of g and f is 
(2) zs g(x) a «fil x2 
ib F(x) ae 
The domain of f is [0, co) and the domain of g is [—2, 2]. The intersection of 


these domains is [0, 2]. So, the domains of (£) and ( . 





are as follows. 


Domain of (£) : [O2) Domain of (4) (On 


Can you see why these two domains differ slightly? 


enna neeeennmann! 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


fog 





Domain of g 


Domain of f 


FIGURE 1.52 


ee 


1 6S ee 
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Composition of Functions 


Another way of combining two functions is to form the composition of one with 


the other. For instance, if f(x) = x? and g(x) = x + 1, the composition of f with 
g is 


f(g(x)) =f + 1) 
= (x + 1)2. 


This composition is denoted as (f © g). 


Definition of Composition of Two Functions 
The composition of the function f with the function gis 


(f° g)(x) = f(g(x)). 
The domain of (f  g) is the set of all x in the domain of g such that g(x) is in 





the domain of f, (See Figure 1.52.) aes 


Example 4 > Composition of Functions = 


Given f(x) = x + 2 and g(x) = 4 — x2, find the following. 
a. (fog)(x) be (gef)(Qx%) —&. (g “f)(-2) 
Solution 


a. The composition of f with g is as follows. 


(f° g(x) = fle(x)) Definition of fg 
= f(4 — x?) Definition of g(x) 
=(4-—x*)+2 Definition of f (x) 
= =72/4 6 Simplify. 
b. The composition of g with f is as follows. 
(g f(z) = s(f@) Definition of g -f 
= g(x + 2) Definition of f(x) 
=4-(+ 2) Definition of g(x) 
=4- (x? + 4x + 4) Expand. 
pay Ay Simplify. 


Note that, in this case, (f° g)(x) # (g °f)(x). 


c. Using the result of part (b), you can write the following. 


(¢°f)(=2) =a 2)? — 4(—2) Substitute. 


=-4+8 Simplify. 


=4 Simplify. 


Ce 
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Example 5 & Finding the Domain of a Composite Function 


Find the composition (f ¢ g)(x) for the functions 
fa)=x7—-9° and gG)=39- oe 
Then find the domain of (f° g). 


Solution 
(f° g(x) = f(g) 
= f(y Oe) 
=(/9-xP-9 
SO Io) 


From this, it might appear that the domain of the composition is the set of all real 
numbers. This, however, is not true because the domain of g is —3 S$ x $ 3. 


nnn nn rm nner ee 


In Examples 4 and 5 you formed the composition of two given functions. In 
calculus, it is also important to be able to identify two functions that make up a 
given composite function. For instance, the function h given by 


hx) = 6x = 5)? 
is the composition of f with g, where f(x) = x° and g(x) = 3x — 5. That is, 
h(x) = (3x — 5) = [g@)P = fle). 


Basically, to “decompose” a composite function, look for an “inner” and an 
“outer” function. In the function h above, g(x) = 3x — 5 is the inner function and 
f(x) = x? is the outer function. 






Example 6 & Identifying a Composite Function : : Pe 


Express the function 


Me) = Go 


as a composition of two functions. 


Solution 


One way to write A as a composition of two functions is to take the inner func- 
tion to be g(x) = x — 2 and the outer function to be 


1 t 
fo) =—=0? 
Then you can write 


I —2 — = = 
h(x) = oe (x — 2)-2 = f(x — 2) = f(g()). 


a 


Exploration 


You are buying an automobile 
whose price is $18,500. Which 
of the following options would 
you choose? Explain. 


a. You are given a factory 
rebate of $2000, followed by 
a dealer discount of 10%. 

b. You are given a dealer dis- 
count of 10%, followed by a 
factory rebate of $2000. 


Let f(x) = x — 2000 and let 

g(x) = 0.9x. Which option is 

represented by the composite 

f(g(x))? Which is represented 
by the composite g(f(x))? 


eee eer 





Ue Ue aeeaanins Ey ea eee Ban aes ee 
| POL? © RERUN Sa Un ee i 
— Writing asout matue 
po SE a eee 
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Application 
Example 7 ® Bacteria Count 


The number N of bacteria in a refrigerated food is 
MT) = 20T2 — 80T + 500, 2s Ts t4 


where T is the temperature of the food. When the food is removed from refriger- 


ation, the temperature is 
T(t) = 4t + 2, Oras 


where ¢ is the time in hours. (a) Find the composite N(7(t)) and interpret its 
meaning in context. (b) Find the time when the bacterial count reaches 2000. 


Solution 

a. N(T(t)) = 20(4t + 2)? — 80(4¢ + 2) + 500 
= 20(16t? + 16f + 4) — 320 — 160 + 500 
= 32017 + 320t + 80 — 320 — 160 + 500 
= 320r? + 420 


The composite function M(7(#)) represents the number of bacteria in the food 
as a function of time. 


b. The bacterial count will reach 2000 when 32012 + 420 = 2000. Solve this 
equation to find that the count will reach 2000 when t ~ 2.2 hours. When you 
solve this equation, note that the negative value is rejected because it is not in 
the domain of the composite function. 


eee 





MATICS 








Analyzing Arithmetic Combinations of Functions 


a. Use the graphs of f and (f + g) in Figure 1.53 to make a table showing the 
values of g(x) when x = 1, 2, 3, 4,5, and 6. Explain your reasoning. 


b. Use the graphs of f and (f — h) in Figure 1.53 to make a table showing the 
values of h(x) when x = 1, 2, 3, 4,5, and 6. Explain your reasoning. 





FIGURE 1.53 





5 foh 








1 
Lo p> x 
Drees 5.0.6 
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1.6 Exercises 


In Exercises 1-4, use the graphs of f and g to graph 
hix) = (F + a). 23. (£)-1) - «0 24, (2f)(5) 











‘ In Exercises 25-28, graph the functions f, g, andf + g on 
the same set of coordinate axes. 
as, fx) = 3%, gx) =x-1 
26.40) =iax g(x) == Fae 
27. f(x) = x’, g(x) = —2x 
2S at (x) aApenk ) eee eae 
a) 4 Graphical Reasoning \n Exercises 29 and 30, use a 


graphing utility to sketch the graphs of f,g, and f + g in 
the same viewing window. Which function contributes 
most to the magnitude of the sum when 0 < x<2? Which 
function contributes most to the magnitude of the sum 
when x > 6? 





Bi) 
29, f(x) = 3x, ge) = AG 











x 

In Exercises 5-12, find (a) (f + g)(x), (b) (f — g)x), (©) 30. f(x) = oy glx) = Vx 

(Fg)(x), and (d) (f/g)(x). What is the domain of f/g? 

31. Stopping Distance While traveling in a car at x 








SIC ame eee BU im ae miles per hour, you are required to stop quickly 
6. fg =2e = g(x) = 2 to avoid an accident. The distance (in feet) the car 
7.. f(x) = x2, ex) = 2—"% travels during your reaction time is given by 
8. f(x) = 2x — 5, g(x) = a ae The distance (in feet) traveled while you 
Sal ee Pr eee SE are braking is 
2 x? B(x) = ste 
10. (oho el) Dems is 
3a we! Find the function that represents the total stopping 
U1. f(x) = Be g(x) = i distance (in feet) T. Graph the functions R, B, and T 
¥ on the same set of coordinate axes for 0 < x < 60. 
12. f(x) = Pa aNe g(x) = x° 32. Business You own two restaurants. From 1995 to 


2000, the sales R, (in thousands of dollars) for one 


In Exercises 13-24, evaluate the indicated function for restaurant can be modeled by 


f(x) = x? + Tand g(x) = x — 4. R, = 480 — 8t — 0.872, t= 0,1,2,3,4,5 

13. (f + g)(2) 14. (f — g)(-1) where t = 0 represents 1995. During the same 

15. (f — g)(0) 16. (f + g)(1) 6-year period, the sales R, (in thousands of dollars) 

17. (f — g)Bt) 18. (f + g)(t — 2) for the second restaurant can be modeled by 

19. (f2)(6) 20. (fe)(—6) R, = 254 + 0.781, t = 0, 1, 2734s 

41. (Z o 22. (Z Jo Write a function that represents the total sales for the 
g g two restaurants. Use a graphing utility to graph the 


total sales function. 
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Health Care Costs _\n Exercises 33 and 34, use the table, 36. Think About It Write a piecewise-defined function 
which gives the total amount spent (in billions of dollars) that represents the graph in Exercise 35. 
on health services and supplies in the United States 
(including Puerto Rico) for the years 1990 through 1996. 
The variables y,, y,, and y3 represent out-of-pocket 
payments, insurance premiums, and other types of 37. f(x) = 2, A a ae | 
payments, respectively. (Source: U.S. Health Care 38. f(x) = 3/x— 1, g(x) =x3 +1 
Financing Administration) 

39. f(@)\= 3x. +5, eGi=5 = x 


In Exercises 37-40, find (a) f ° g, (b) g » f, and (c) f « f. 






































1 
1991 | 1992 | 1993 | 1994 lee 1996 40. f(x) = x3, g(x) =— 
151.6 | 159.5] 163.6] 164.8] 166.7| 171.2 i 
.6 | 259.4 | 282.5] 303.3] 315.6 326.9| 337.3 In Exercises 41-50, find (a) f°g and (b) g°f. Find the 
ia domain of each function and each composite function. 
AO 25 27.3. | 29.601 31 Fini 32.4 





z 41. f(x) = Vx +4, g(x) = x? 
= 33. Usea graphing utility to find a mathematical model 42. fix) = 2/x — 5, g(x) =x3 +1 
for each of the variables. Let t = 0 represent 1990. l 
43. sales ac) =x | 
Find a quadratic model for y, and linear models for oes os ; atx) fi 





y and y3. CCS aha Sey g(x) = Vx 
. “4° = 4 = 

# 34. Use a graphing utility to graph y,, y,, y3, and 45. f(x) = x4, g(x) = x4 
y; + y + y3 in the same viewing window. Use the 46. f(x) = Vx, g(x) = 2x'= 3 
model to estimate the total amount spent on health 47. f(x) = |x, g(x) =x+6 
services and supplies in the year 2000. 48 faye Hyak 

35. Graphical Reasoning An electronically controlled 1 
ee! =x + 

thermostat in a home is programmed to lower the 49. f(x) x?’ BOLI: 
temperature automatically during the night. The 3 
temperature in the house T (in degrees Fahrenheit) is 50. fe) ea g(x) =xt+1 


given in terms of ¢, the time in hours on a 24-hour 


lock fi ‘ 
pax (see Tigure) : In Exercises 51-54, use the graphs of fand g to evaluate the 
(a) Explain why T is a function of t. functions. 


(b) Approximate 7(4) and 7(15). 

(c) Suppose the thermostat were reprogrammed to 
produce a temperature H where H(t) = T(t — 1). 
How would this change the temperature? 

(d) Suppose the thermostat were reprogrammed to 
produce a temperature H where H(t) = T(t) — 1. 
How would this change the temperature? 





li 


51. (a) (f + g)(3) —(b) (Ae 


52. (a) (f— g)(1) —_(b) (fg)(4) 
; 53. (a) (f° g)(2) (b) (g ° f)(2) 
3.6 9 12 15 18 21 24 54. (a) (f° g)(1) (b) (g° f)(3) 


Time (in hours) 





Temperature (in °F) 
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In Exercises 55-62, find two functions f and g such that 


(f- 


55. 
Sis 


59. 


61. 


63. 


64. 


65. 


g)(x) = h(x). (There is more than one correct answer.) 





hix) = (2 + 1)7 56, h(x) = =x) 
ke) = — 4 BS. Aik) =n 
1 4 
hx) = OUht) => a a 
) eae 2 (x) (5x + 2)? 
Sans PAE Sg 03 
HO) gece aa 
Geometry A square concrete foundation was 


prepared as a base for a cylindrical tank (see figure). 


(a) Express the radius r of the tank as a function of 
the length x of the sides of the square. 


(b) Express the area A of the circular base of the 
tank as a function of the radius r. 


(c) Find and interpret (A ¢ r)(x). 





Physics A pebble is dropped into a calm pond, 
causing ripples in the form of concentric circles. The 
radius (in feet) of the outer ripple is r(t) = 0.6r, 
where f is the time in seconds after the pebble strikes 
the water. The area of the circle is given by the 
function A(r) = ar2. Find and interpret (A ° r)(¢). 





Economics 
in a manufacturing process is given by the function 


G(x) = "60x er 150. 


The weekly cost of producing x units 


The number of units produced in ¢ hours is 
x(t) = 50r. Find and interpret (C ¢ x)(¢). 


Synthesis 


True or False? 


In Exercises 66 and 67, determine 


whether the statement is true or false. Justify your answer. 


66. 


67. 


68. 


69. 


70. 


If f(x) = x + Land g(x) = 6x, then 

(f° g(x) =(g ° f)Q). 

If you are given two functions f(x) and g(x), you can 
calculate (f ° g)(x) if and only if the range of g is a 
subset of the domain of f- 


Think About It You are a sales representative 
for an automobile manufacturer. You are paid an 
annual salary, plus a bonus of 3% of your sales over 
$500,000. Consider the two functions 


f(x) = x — 500,000 g(x) = 0.03x. 
If x is greater than $500,000, which of the following 


represents your bonus? Explain your reasoning. 


(a) f(g(x)) (b) g(f(x)) 

Prove that the product of two odd functions is an 
even function, and that the product of two even func- 
tions is an even function. 


and 


Conjecture Use examples to hypothesize whether 
the product of an odd function and an even function 
is even or odd. Then prove your hypothesis. 


Review 


@ Average Rate of Change In Exercises 71-74, find the 


difference quotient 


f(x + h) — f(x) 


h 


and simplify your answer. 


WA 
72. 


73. 


f(x) = 3x -—4 
f(xy Ha 
fl) == 


TA 3) ok 


In Exercises 75-78, find an equation of the line that passes 
through the given point and has the indicated slope. 
Sketch a graph of the line. 


fles 
76. 
Te 
78. 


(2, —4),m = 3 
(—6, 3),m = — 
(8, —1),m = 
(7,0), m = 5 


David J. ;ams/stock Boston 





Section 1.7. ® Inverse Functions 171 


1.7 Bivaccmanianent 





> What you should learn 


* How to find inverse functions 
informally and verify that two 
functions are inverses of each 
other 


* How to use graphs of functions 
to decide whether functions 
have inverses 

* How to find inverse functions 
algebraically 


> Why you should learn it 


Inverse functions can be used to 
model and solve real-life 
problems. For instance, Exercise 
81 on page 179 shows how the 
inverse of a function can be used 
to determine when damage to a 
diesel engine may occur. 


The Inverse of a Function 


Recall from Section 1.3 that a function can be represented by a set of ordered 
pairs. For instance, the function f(x) = x + 4 from the set A = {1, 2, 3, 4} to the 
set B = {5, 6, 7, 8} can be written as follows. 


fa) =x +4: {(L5), @, 6), G,7), (4 8)} 


In this case, by interchanging the first and second coordinates of each of these 
ordered pairs, you can form the inverse function of f,; which is denoted by f7!. 
It is a function from the set B to the set A, and can be written as follows. 


i Ort 40,1), (6, 2), 1s 3)& a) 


Note that the domain of f is equal to the range of f—', and vice versa, as shown 
in Figure 1.54. Also note that the functions f and f~! have the effect of “undoing” 
each other. In other words, when you form the composition of f with f~! or the 
composition of f~! with f, you obtain the identity function. 


ff '@) =f@-4)=@-4)+4=x 
f Af) =f A@es A) =HGet 4) — 4 = "5, 





2 f@=xt+4 

















f'@ =x—-4 











FIGURE 1.54 


Example 1 ® Finding Inverse Functions Informally 


Find the inverse of f(x) = 4x. Then verify that both f(f~!(x)) and f~!(f(x)) are 
equal to the identity function. 
Solution 


The function f multiplies each input by 4. To “undo” this function, you need to 
divide each input by 4. So, the inverse function of f(x) = 4x is 


You can verify that both f(f~'(x)) and f~'(f(x)) are equal to the identity 
function as follows. 


fF") = (5) Fe (*) = mnfeaen) =f Udx) =e 
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Exploration 


Consider the functions 
f@)=x+2 
and 
f'@) =x 2 
Evaluate f(f~!(x)) and 
f'(f(x)) for the indicated 


values of x. What can you 
conclude about the functions? 





x 1 210 0 7| 45 





) 











. Ea 








Definition of the Inverse of a Function 
Let f and g be two functions such that 

f(g(x)) = x for every x in the domain of g 
and 

e(f(x)) =x for every x in the domain of f. 


Under these conditions, the function g is the inverse of the function f. The 
function g is denoted by f~! (read “f-inverse”’). So, 


fF 2G) =x pando FG) = 


The domain of f must be equal to the range of f~!, and the range of f must 
be equal to the domain of f7!. 


Don’t be confused by the use of —1 to denote the inverse function f~'. In this 
text, whenever f~! is written, it always refers to the inverse of the function f and 
not to the reciprocal of f(x). 

If the function g is the inverse of the function f, it must also be true that the 
function f is the inverse of the function g. For this reason, you can say that the 
functions f and g are inverses of each other. 


Example 2 ® Verifying Inverse Functions 


5 





Which of the functions is the inverse of f(x) = a! 
as 
=P 5 
g(x) =—— h(x) == +2 
5 x 


Solution 


By forming the composition of f with g, you have 


late) = f=) 














= een 3 Substitute “= for ae: 
( 5 )-2 
25 aay 
= Es) Simplify. 


# X. 


Because this composition is not equal to the identity function x, it follows that g 
is not the inverse of f. By forming the composition of f with h, you have 


gins) = (5 +2) = 4 —=2 =, 


5 5 
Ea 
2m x 
So, it appears that h is the inverse of f. You can confirm this by showing that the 
composition of h with f is also equal to the identity function. (Try doing this.) 





A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 





FIGURE 1.55 





f'@) = 50+ 3) 











FIGURE 1.57 








Section 1.7. ® Inverse Functions 173 


The Graph of the Inverse of a Function 


The graphs of a function f and its inverse f~! are related to each other in the 
following way. If the point (a, b) lies on the graph of f, then the point (b, a) must 
lie on the graph of f~!, and vice versa. This means that the graph of f~! is a 
reflection of the graph of f in the line y = x, as shown in Figure 1.55. 


Example 3 ® The Graphs of f and f~? 


Sketch the graphs of the inverse functions f(x) = 2x — 3 and f~1(x) = 3(x + 3) 
on the same rectangular coordinate system and show that the graphs are reflec- 
tions of each other in the line y = x. 


Solution 


The graphs of f and f~! are shown in Figure 1.56. It appears that the graphs are 
reflections of each other in the line y = x. You can further verify this reflective 
property by testing a few points on each graph. Note in the following list that if 
the point (a, b) is on the graph of f, the point (b, a) is on the graph of f~!. 


Graph of f(x) = 2x — 3 Graph of f~'(x) = 3(x + 3) 
(—T, —5) Got) 
(O33) (=370) 
(ie 1) (—1, 1) 
O20) (i, 2) 
(3, 3) (353) 


Example 4 ® Finding Inverse Functions Graphically 


Sketch the graphs of the inverse functions f(x) = x2, x => O and f—!(x) = /x on 
the same rectangular coordinate system and show that the graphs are reflections 
of each other in the line y = x. 


Solution 


The graphs of f and f~! are shown in Figure 1.57. It appears that the graphs are 
reflections of each other in the line y = x. You can further verify this reflective 
property by testing a few points on each graph. Note in the following list that if 
the point (a, b) is on the graph of f, the point (b, a) is on the graph of f~!. 


Graph of f(x) = x?, x20 Graph of f(x) = x 
(0, 0) (0, 0) 
(1, 1) (1, 1) 
(2, 4) (4, 2) 
(259) (9, 3) 


Try showing that f(f~'(x)) = x and f~'(f(x)) = x. 
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The reflective property of the graphs of inverse functions gives you a nice 


geometric test for determining whether a function has an inverse. This test is 
called the Horizontal Line Test for inverse functions. 


Horizontal Line Test for Inverse Functions 


A function f has an inverse function if and only if no horizontal line 
intersects the graph of f at more than one point. 


STUDY TIP 


Not every function has an inverse function. Consider the following table of 
values for the function f(x) = x?. 





x | -2 -1fo}1|2[3 








fe) |4 |1 |0 1|4}9 





The table of values made up by interchanging the rows of the table does not 
represent a function because the input x = 4 is matched with two different 
outputs: y = —2 and y = 2. 


eens 




















So, f(x) = x? does not have an inverse function. 


Example 5 & Applying the Horizontal Line Test 


a. 


(a) 
FIGURE 1.58 





The graph of the function f(x) = x° — 1 is shown in Figure 1.58(a). Because 
no horizontal line intersects the graph of f at more than one point, you can 
conclude that f does have an inverse function. 


. The graph of the function f(x) = x? — 1 is shown in Figure 1.58(b). Because 


it is possible to find a horizontal line that intersects the graph of f at more than 
one point, you can conclude that f does not have an inverse function. 








(b) 





Section 1.7. ® Inverse Functions 175 


Finding the Inverse of a Function 
Algebraically 


For simple functions (such as the one in Example 1), you can find inverse func- 
tions by inspection. For more complicated functions, however, it is best to use the 
following guidelines. The key step in these guidelines is Step 3—interchanging 
the roles of x and y. This step corresponds to the fact that inverse functions have 
ordered pairs with the coordinates reversed. 


Finding the Inverse of a Function 

1. Use the Horizontal Line Test to decide whether f has an inverse. 

2. In the equation for f(x), replace f(x) by y. 

3. Interchange the roles of x and y, and solve for y. 

4. Replace y by f~!(x) in the new equation. 

5. Verify that f and f—! are inverses of each other by showing that the 
domain of f is equal to the range of f~'!, the range of f is equal to the 


domain of f—!, and f(f—1(x)) = x =f (f@)). 


Example 6 ®& Finding the Inverse of a Function Algebraically 


5) = She 
ae 





Find the inverse of f(x) = 


Solution 
The graph of fis a line, as shown in Figure 1.59. This graph passes the Horizontal 
Line Test. So, you know that f has an inverse. 


eps Bx 

















f(x) == 5 Write original function. 
513% 
= 5 Replace f(x) by y. 
5) = 3hy 
= 5 Interchange x and y. 
2x = 5 — 3y Multiply each side by 2. 
3y = 5 -— 2x Isolate the y-term. 
a= 2% 
WS Solve for y. 
3 
bet 2 
fa) = 3 Replace y by f !(x). 





Note that both f and f~! have domains and ranges that consist of the entire set 
FIGURE 1.59 of real numbers. Check that f(f~!(x)) = x and f~!(f(x)) = x. 
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Example 7 ® Finding the Inverse of a Function — 


Find the inverse of f(x) = 2/x + 1. 


Solution 


The graph of fis a curve, as shown in Figure 1.60. Because this graph passes the 
Horizontal Line Test, you know that fhas an inverse function. 


f(x) Syroe 40) Write original function. 





y= 3/x + 1 Replace f(x) by y; 
a6 = Syt+1 Interchange x and y. 
be is | Cube each side. 
e-—l=y Solve for y. 
x? — 1 = f-'@) Replace y by f(x). 
Both f and f~! have domains and ranges that consist of the entire set of real 


FIGURE 1.60 numbers. 






































eae hr 
Aimar 7 4 Be wae is i ; as 
. Writing ABOUT MATHEMATICS | 
Bake atk Sate See oie oe Rae is eaNeie is 
Fe ee 7 













The Existence of an Inverse Function Write a short paragraph instance, if you know that the sales tax is $0.12, can you 
describing why the following functions do or do not have determine exactly what the retail price is?) 
inverse functions. b. Let x represent the temperature in degrees Celsius, and 


a. Let x represent the retail price of an item (in dollars), and let f(x) represent the temperature in degrees Fahrenheit. 
let f(x) represent the sales tax on the item. Assume that Does this function have an inverse? (Hint: The formula for 
the sales tax is 6% of the retail price and that the sales tax converting from degrees Celsius to degrees Fahrenheit is 


is rounded to the nearest cent. Does this function have 
an inverse? (Hint: Can you undo this function? For 





1.7 Exercises 
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In Exercises 1-4, match the graph of the function with the 
graph of its inverse. [The graphs of the inverse functions 
are labeled (a), (b), (c), and (d).] 


(a) 2 (b) » 


BeBe NW HN D 








(c) (d) 





eFPnNwhk aD 








In Exercises 5-12, find the inverse of f informally. Verify that 
et (F "(x)) = x and f—"(f(x)) = x. 


5. f(x) = 6x 6. f(x) = 3x 
fa) =x +9 8 





9. f(x) = 3x +1 10. fe == 
11. faye 12. f(x) =x 


In Exercises 13-24, show that f and g are inverse functions 
(a) algebraically and (b) graphically. 




















13. f(x) = 2x, g(x) = - 
14. f@) =x#—5, ax) =x +5 
15. f(x) = 5x + 1, g(x) == = 
16. f(x) = 3 = 45, gx) = 2 a 
17. FQ) =, g(x) = Vx 
18. f(x) = +, g(x) =~ 
x x 
19. {JQ = 4, g(x) =? 44, x S 0 
20. Fay) eo) = 
21. (Glo xx 2 0, ela, x 9 
1 
22. [%)= a ERD 
g(x) = oe Ox cel 
38 = I Spe ae | 
pS 69) ae g(x) = ren 
Ko 3 | 2xerBeS 
24. f(x) = "5 8(8) Ses 


In Exercises 25 and 26, does the function have an inverse? 








2 aes 
= 


Z Diese i 6 
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In Exercises 27 and 28, use the table of values for y = f(x) 45, f(x) = /4— x7, 0 SS? 
to complete a table for y = f(x). Ai ye ase ale ag 


p45 f 
























































x |-2|-1]0]1]2]3 47. fo) =4 48:76) 
fo) |-2/0 | 2/4] 6/8 nae if 
og 49. f@) =" 50. f(a) ee 
re eeala wi fe | let 51 fG) =a 52. f(x) =e 
ee ese ew te he eed _ Bene 
23) aaa 54. (0) 


In Exercises 29-32, does the function have an inverse? 


: In Exercises 55-68, determine whether the function has an 
Py) 30. y : : : ‘ 
inverse. If it does, find the inverse. 








55. f(x) = x* 56. f(x) = 5 
57. 9(x) = - 58. f(x) = 3x +5 
59. p(x) = —4 60. f(x) = = ss 


61of(Gas te Sy x] 3 
62. g(x) = & — 5)? 


5G ts pet 
ae f="? 220 
64. fe) =| 


=> 7 ae) 
be = She Tess (0 














1 
== In Exercises 33-38, use a graphing utility to graph the func- 65. h(x) = s 66. f(x)=|x— 2], x2 
tion and use the Horizontal Line Test to determine whether 
the function has an inverse. y 
3 
4x, 
33. = 
g(x) : 
S407) 10 
S50h() = |x 4) Sele 4 
36. g(x) = (« + 5)? 
37. f(x) = —2x~/16 — x 
38. f(x) =3(x + 2)? -1 67. f(x) = /2x +3 68. f(x) = /x —2 
y y 


In Exercises 39-54, find the inverse of the function f. 
Then graph both f and f— on the same set of coordinate 
axes. 


39. f(x) = 2x — 3 40. f(x) = 3x41 
At. f(x) =e 2 420 f(x 
43. (GQ) = aa 44. f(x) =x’, x20 





In Exercises 69-74, use the functions f(x) = 4x — 3 and 
g(x) = x? to find the indicated value or function. 


69. (f-'eg7!)(1) 7a Sige y oa) 
ar (Ff *2f-')(6) 72. (g~!eg~!)(—4) 
fo, (f°g) ' (Eee ae 


In Exercises 75-78, use the functions f(x) = x + 4 and 

g(x) = 2x — 5 to find the specified function. 

UG), ie ia LSE ieee: 

eye)’ BAS ef) 

79. Hourly Wage Your wage is $8.00 per hour plus 
$0.75 for each unit produced per hour. So, your 


hourly wage y in terms of the number of units 
produced is 


y= 8+ 0.75x. 


(a) Find the inverse of the function. 

(b) What does each variable represent in the inverse 
function? 

(c) Determine the number of units produced when 
your hourly wage is $22.25. 


80. Cost Suppose you need a total of 50 pounds of two 
commodities costing $1.25 and $1.60 per pound, 
respectively. 


(a) Verify that the total cost is 
i 1:25x 4 1.60(50 — x) 
where x is the number of pounds of the less 
expensive commodity. 


(b) Find the inverse of the cost function. What does 
each variable represent in the inverse function? 

(c) Use the context of the problem to determine the 
domain of the inverse function. 


(d) Determine the number of pounds of the less 
expensive commodity purchased if the total cost 
is $73. 


81. Diesel Mechanics The function 
y = 0.03x? + 245,50, Ol=c = 1100 


approximates the exhaust temperature y in degrees 
Fahrenheit where x is the percent load for a diesel 
engine. 
(a) Find the inverse of the function. What does each 
variable represent in the inverse function? 
(b) Use a graphing utility to graph the inverse 
function. 
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(c) Determine the percent load interval if the exhaust 
temperature of the engine must not exceed 500 
degrees Fahrenheit. 


82. New Car Sales ‘The total value of new car sales 
f (in billions of dollars) in the United States from 
1992 through 1997 is shown in the table. The time 
(in years) is given by ¢, with t = 2 corresponding to 
1992. (Source: National Automobile Dealers 
Association) 





me? (3 |4 |[s |e. |7 
flo) | 333.8 | 377.3 | 430.6 | 456.2 | 490.0 | 507.5 














(a) Does f~! exist? 
(b) If f~! exists, what does it mean in the context of 
the problem? 


(c) If f~! exists, find f~1(456.2). 
83. If the table in Exercise 82 were extended to 1998 and 


if the total value of new car sales for that year was 
$430.6 billion, would f~! exist? Explain. 


84. Cellular Phones The average local bill (in dollars) 
for cellular phones in the United States from 1990 to 
1997 is shown in the table. The time (in years) is 
given by t, with t= 0 corresponding to 1990. 
(Source: Cellular Telecommunications Industry 
Association) 





7 0 1 2 3 


f(d) | 80.90 | 72.74 | 68.68 | 61.48 











j 


ee | 4 5 6 7 
oS 
f(t) | 56.21 | 51.00 | 47.70 | 42.78 


























(@) Find G61), 
(b) What does f~! mean in the context of the 
problem? 














find a linear model for the data, y = mx + b. 
Round m and b to two decimal places. 


(d) Algebraically find the inverse of the linear model 
in part (c). 

(e) Use the inverse of the linear model you found in 
part (d) to approximate f—!(11). 
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85. Soft Drink Consumption — The per capita consump- 
tion of regular soft drinks f (in gallons) in the United 
States from 1991 through 1996 is shown in the table. 
The time (in years) is given by ¢t, with ¢t = 1 corre- 
sponding to 1991. (Source: U.S. Department of 
Agriculture) 








Pa 2 |3 [4 [5 |e 
| f@ | 36.3 | 36.9 | 38.4 | 39.5 | 39.8 | 40.2 








(a) Does f7! exist? If so, what does it represent in 
the context of the problem? 


(b) If f~! exists, what is f1(39.8)? 
Synthesis 


True or False? \n Exercises 86-89, determine whether 
the statement is true or false. Justify your answer. 
86. If fis an even function, f ' exists. 


87. If the inverse of f exists and the y-intercept of the 
graph of f exists, the y-intercept of fis an x-intercept 
Oli ae 

88. If f(x) = x" where n is odd, f ' exists. 

89. There exists no function f such that f = f—!. 


In Exercises 90-93, use the graph of the function f to create 
a table of values for the given points. Then create a second 
table that can be used to find f—' and sketch the graph of 
f~ if possible. 


90. y DI y 


92. 





94. Think About It The function 
f(t) — Ks ae a) 
has an inverse, and f~'(3) = —2. Find k. 


Review 


In Exercises 95-102, solve the equation by any convenient 
method. 


95. x” = 64 

97. 447, — 12% + 9 =O 
98. 9x? + 12x +3 =0 
100; 2x7 440i 6 =0 
101. 50 + 5x = 3x? 
102. 237 44 — 9 = 26 = 1/7 


96. (x — 5)? =8 


99. x7 —6x +4=0 


In Exercises 103-106, find the domain of the function. 
103. f(x) = 2/x +4 104. f(x) = Vx + 6 
105. g(x) = 106. h(x) = 








x 

A Ay Saeed, 

107. Find two consecutive positive even integers whose 
product is 288. 


108. Landscaping Two people must mow a rectangu- 
lar lawn measuring 100 feet by 200 feet. The sec- 
ond person agrees to mow three-fourths of the lawn 
and starts by mowing around the outside. How wide 
a strip must the person mow on each of the four 
sides? If the mower has a 24-inch cut, approximate 
the required number of trips around the lawn. 





109. Geometry A triangular sign has a height that is 
equal to its base. The area of the sign is 10 square 
feet. Find the base and height of the sign. 


110. Geometry A triangular sign has a height that is 


twice its base. The area of the sign is 10 square feet. 
Find the base and height of the sign. 


1.8 BE Wrsueiacel mu lreCanire 


> What you should learn 


How to use mathematical 


models to approximate sets of 


data points 

How to write mathematical 
models for direct variation 
How to write mathematical 
-models for direct variation as 
an nth power 

How to write mathematical 
models for inverse variation 
How to write mathematical 
models for joint variation 
How to use the least squares 
regression feature of a graph- 


e 


ing utility to find mathematical 


models 


> Why you should learn it 


_ You can use functions as model 
_ to represent a wide variety of 
real-life data sets. For instance, 
Exercise 69 on page 191 shows 
how a linear function can be 
"used to model the salaries of 


Ss 


: professional hockey players from 


1990 through 1996. 


jo ea en 


U.S. Banks 


Insured commercial banks 
(in thousands) 


: 8 10) 122 4 
Year (7 © 1987) 


FIGURE 1.61 
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Introduction 


You have already studied some techniques for fitting models to data. For instance, 
in Section 1.2, you learned how to find the equation of a line that passes through 
two points. In this section, you will study other techniques for fitting models to 
data: direct and inverse variation and least squares regression. The resulting 
models are either polynomial functions or rational functions. (Rational functions 
will be studied in Chapter 2.) 


Example 1 ® A Mathematical Model 





The numbers of insured commercial banks y (in thousands) in the United States 
for the years 1987 to 1996 are shown in the table. (Source: Federal Deposit 
Insurance Corporation) 


13.70 | 13.12 | 12.71 | 12.34 | 11.92 | 11.46 | 10.96 | 10.45 | 9.94 | 9.53 

















A linear model that approximates this data is 
y = 0.4594 +:16:89,0097 Sirs 16 


where t = 7 corresponds to 1987. Plot the actual data and the model on the same 
graph. How closely does the model represent the data? 


Solution 


The actual data is plotted in Figure 1.61, along with the graph of the linear model. 
From the graph, it appears that the model is a “good fit” for the actual data. You 
can see how well the model fits by comparing the actual values of y with the 
values of y given by the model. The values given by the model are labeled y* in 
the table below. 






















13 
ae 3.70 | 13.12] 12.71 | 12.34] 11.92 | 11.46 | 10.96 | 10.45 | 9.94 | 9.53 
13.68 13.22 | 12.76 | 12.30 | 11.84 11.38 10.92 | 10.46 10.01 9.55 | 


Note in Example 1 that you could have chosen any two points to find a line 
that fits the data. However, the linear model above was found using the regression 
feature of a graphing utility and is the line that best fits the data. This concept of 
a “best-fitting” line is discussed later in this section. 
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Pennsylvania Taxes 


State income tax (in dollars) 


1000 2000 3000 4000 
Gross income (in dollars) 


FIGURE 1.62 





Direct Variation 


There are two basic types of linear models. The more general model has a 
y-intercept that is nonzero. 


y=mx+t+b, b#0 
The simpler model 
y = kx 


has a y-intercept that is zero. In the simpler model, y is said to vary directly as x, 
or to be directly proportional to x. 


Direct Variation 


The following statements are equivalent. 
1. y varies directly as x. 

2. y is directly proportional to x. 

3. y = kx for some nonzero constant k. 


k is the constant of variation or the constant of proportionality. 


Example 2 ® Direct Variation @ 





In Pennsylvania, the state income tax is directly proportional to gross income. 
Suppose you were working in Pennsylvania and your state income tax deduction 
was $42 for a gross monthly income of $1500. Find a mathematical model that 
gives the Pennsylvania state income tax in terms of gross income. 


Solution 

Verbal State Y ; Gross 

Model: income tax income 

Labels: State income tax = y (dollars) 
Gross income = x (dollars) 
Income tax rate = k (percent in decimal form) 


Equation: y = kx 


To solve for k, substitute the given information into the equation y = kx, and then 
solve for k. 


y=k Write direct variation model. 
42 = k(1500) Substitute y = 42 and x = 1500. 
0.028 =k Simplify. 


So, the equation (or model) for state income tax in Pennsylvania is 
y = 0.028x. 


In other words, Pennsylvania has a state income tax rate of 2.8% of gross income. 
The graph of this equation is shown in Figure 1.62. 





_ STUDY TIP 


Note that the direct variation 
model y = kx is a special case 





FIGURE 1.63 
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Direct Variation as nth Power 


Another type of direct variation relates one variable to a power of another 
variable. For example, in the formula for the area of a circle 


A = mr? 


the area A is directly proportional to the square of the radius r. Note that for this 
formula, 7 is the constant of proportionality. 


Direct Variation as nth Power 


The following statements are equivalent. 
1. y varies directly as the nth power of x. 
2. y is directly proportional to the nth power of x. 


3. y = kx" for some constant k. 


Example 3 & Direct Variation as nth Power «2 


The distance a ball rolls down an inclined plane is directly proportional to the 
square of the time it rolls. During the first second the ball rolls 8 feet. (See Figure 
163.) 
a. Write an equation relating the distance traveled to the time. 
b. How far will the ball roll during the first 3 seconds? 
Solution 
a. Letting d be the distance (in feet) the ball rolls and letting ¢ be the time (in 
seconds), you have 
d = kt?. 


Now, because d = 8 when t = 1, you can see that k = 8, as follows. 


Gevkt? 
8 == kh) 
8=k 


So, the equation relating distance to time is 
d = 8t?. 
b. When t = 3, the distance traveled is d = 8(37) = 8(9) = 72 feet. 





In Examples 2 and 3, the direct variations are such that an increase in one 
variable corresponds to an increase in the other variable. This is also true in the 
model d = iF. , F > 0, where an increase in F results in an increase in'd. You 
should not, however, assume that this always occurs with direct variation. For 
example, in the model y = —3x, an increase in x results in a decrease in y, and 
yet y is said to vary directly as x. 
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Py Fi 
Cee 
vi 
P,>P, 
then 
Py Py V,<V, 
Eeahal 





FIGURE 1.64 
constant and pressure increases, 
volume decreases. 


If the temperature is held 
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Inverse Variation 


Inverse Variation 
The following statements are equivalent. 


1. y varies inversely as x. 


2. y is inversely proportional to x. 


k 
3. y = — for some constant k. 
x 


If x and y are related by an equation of the form y = k/x", then y varies inversely 
as the nth power of x (or y is inversely proportional to the nth power of x). 


A gas law states that the volume of an enclosed gas varies directly as the 
temperature and inversely as the pressure, as shown in Figure 1.64. The pressure of 
a gas is 0.75 kilogram per square centimeter when the temperature is 294 K and 
the volume is 8000 cubic centimeters. 


Example 4 ® Inverse Variation 


a. Write an equation relating pressure, temperature, and volume. 

b. Find the pressure when the temperature is 300 K and the volume is 7000 cubic 
centimeters. 

Solution 


a. Let V be volume (in cubic centimeters), let P be pressure (in kilograms per 
square centimeter), and let T be temperature (in Kelvin). Because V varies 
directly as T and inversely as P, 





kT 
Ys = 
IP 
Now, because P = 0.75 when T = 294 and V = 8000, 
k(294 
8000 = Ge 
0.75 
8000(0.75) _ k 
294 
_ 6000 _ 1000 
Dode SAO as 


So, the equation relating pressure, temperature, and volume is 


1000/7 
YY =] |=} 
49 (5) 
b. When T = 300 and V = 7000, the pressure is 


1000/ 300 300 : : 
P= 49 ( 700 *) mre 0.87 kilogram per square centimeter. 





Section 1.8 ® Mathematical Modeling 185 


Joint Variation 


In Example 4, note that when a direct variation and an inverse variation occur in 
the same statement, they are coupled with the word “and.” To describe two 
different direct variations in the same statement, the word jointly is used. 


Joint Variation 


The following statements are equivalent. 
1. z varies jointly as x and y. 
2. zis jointly proportional to x and y. 


3. z = kxy for some constant k. 


If x, y, and z are related by an equation of the form 
£= Ky 2 


then z varies jointly as the nth power of x and the mth power of y. 


Example 5 & Joint Variation e 


The simple interest for a certain savings account is jointly proportional to the time 
and the principal. After one quarter (3 months), the interest on a principal of 
$5000 is $43.75. 


a. Write an equation relating the interest, principal, and time. 


b. Find the interest after three quarters. 


Solution 


a. Let J = interest (in dollars), P = principal (in dollars), and ¢ = time (in 
years). Because J is jointly proportional to P and ¢, 


T= kKPt. 
For I = 43.75, P = 5000, and t = 3, 


43.75 = k(5000) (;) 


which implies that k = 4(43.75)/5000 = 0.035. So, the equation relating 
interest, principal, and time is 


I = 0.035Pt 


which is the familiar equation for simple interest where the constant of 
proportionality, 0.035, represents an annual interest rate of 3.5%. 


b. When P = $5000 and t = 2 the interest is 


[= (.035)(5000)( > = $131.25. 


en cnn UTE amt nn EnDn nn REREnER NER RRR EERE EERE ERR RRRRERRRRRRREEeEnEnnennen” 
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*® 
Technology 
be Most graphing utilities 
have a built-in linear regression 
program.When you run such 
a program, the “r-value” or 
correlation coefficient, gives a 
measure of how well the model 
fits the data. The closer the 
value of |r| is to 1, the better the 
fit. For the data in Example 6, 
r =~ 0.955, which implies that 
the model is a good fit. This is 
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Least Squares Regression 


So far in this text, you have worked with many different types of mathematical 
models that approximate real-life data. For instance, in Example | on page 181 
you analyzed a model for data on the number of insured commercial banks in the 
United States. 

To find such a model, statisticians use a measure called the sum of square 
differences, which is the sum of the squares of the differences between actual 
data values and model values. The “best-fitting” linear model is the one with the 
least sum of square differences. This best-fitting linear model is called the least 
squares regression line. You can approximate this line visually by plotting the 
data points and drawing the line that appears to fit best—or you can enter the data 
points into a calculator or computer and use the calculator’s or computer’s linear 


confirmed in the table at the 
right. 


regression program. 








Example 6 ® Finding a Least Squares Regression Line ©) 


The amounts of total annual prize money p (in millions of dollars) awarded at the 
Indianapolis 500 race from 1989 to 1997 are shown in the table. Construct a 
scatter plot that represents the data and find a linear model that approximates the 
data. (Source: Indianapolis Motor Speedway Hall of Fame) 


>) A computer simulation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 





1992 | 1993 | 1994 | 1995 | 1996 | 1997 
7.53 | 7.68 | 7.86 | 8.06 | 8.11 | 8.61 


1990 || 1994 
6330-01 























Solution 


Indianapolis 500 


Let t = 9 represent 1989. The scatter plot for the points is shown in Figure 1.65. 
Using the least squares regression feature of a graphing utility, you can determine 


























g that the equation of the line is 
es p = 0.323t + 3.24. 
‘) Ge 
B z To check this model, compare the actual p-values with the p-values given by the 
Ss model, which are labeled p* in the table below. 
Fo [10 tae) rain] 13 | eis [ae 
9 11 ig lS ly P T 8.06 | el 
Scion p_| 5.71 | 6.33 | 7.01 | 7.53 | 7.68 | 7.86 | 8.06 | 8.11 | 8. 
ae en pe | 6.15 | 6.47 | 6.79 | 7.12 | 7.44 | 7.76 | 8.09 | 8.41 | 8.73 
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1. Employment The total numbers of employees (in 
thousands) in the United States from 1990 to 1997 are 
given by the following ordered pairs. 


(1990, 125,840) (1994, 131,056) 
(1991, 126,346) (1995, 132,304) 
(1992, 128,105) (1996, 133,943) 
(1993, 129,200) (1997, 136,297) 


A linear model that approximates this data is 
fe=t25,151.5 + 1495.687, Os ts7 


where y represents the number of employees (in 
thousands) and t = 0 represents 1990. Plot the actual 
data and the model on the same graph. How closely 
does the model represent the data? (Source: U.S. 
Bureau of Labor Statistics) 


2. Sports The winning times (in minutes) in the 
women’s 400-meter freestyle swimming event in the 
Olympics from 1936 to 1996 are given by the follow- 
ing ordered pairs. 


(1936, 5.44) (1972, 4.32) 
(1948, 5.30) (1976, 4.16) 
(1952, 5.20) (1980, 4.15) 
(1956, 4.91) (1984, 4.12) 
(1960, 4.84) (1988, 4.06) 
(1964, 4.72) (1992, 4.12) 
(1968, 4.53) (1996, 4.12) 


A linear model that approximates this data is 
Pe, 3 0.02715,- 4S) t S56 


where y represents the winning time in minutes and 
t = 0 represents 1940. Plot the actual data and the 
model on the same graph. How closely does the model 
represent the data? (Source: ESPN) 


Think About It \n Exercises 3 and 4, use the graph to 
determine whether y varies directly as some power of x or 
inversely as some power of x. Explain. 


3. Asch 





In Exercises 5-8, use the given value of k to complete the 
table for the direct variation model y = kx?. Plot the points 
on a rectangular coordinate system. 

















| x }2] 4] 6| 8 | 10 

7 

5 iad ee) 
Tk = 82 =e 


In Exercises 9-12, use the given value of k to complete the 
table for the inverse variation model 


eis 
amie 


Plot the points on a rectangular coordinate system. 























oe 2 4 | 6 8 | 10 
2s | 
Wee 
am 10. k=5 
toe t0 12. k = 20 


In Exercises 13-16, determine whether the variation model 
is of the form 


k 
y=kx or hair 

















and find k. 
Aa | 
13. (1 5 | 10 | 15 | 20 | 25 
at | es =e 
1 Ll al A Al 
ean 2 3 4 5 
14. ey 5] 10 | 15. | 20] 25 
ar 
MH 2)4\6 |8 110 























15. 

















16. 
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Direct Variation \n Exercises 17-20, assume that y is 
directly proportional to x. Use the given x-value and 
y-value to find a linear model that relates y and x. 


17. 
19. 


21. 


22. 


23. 


24. 


25. 


x-Value y-Value x-Value y-Value 
x=5 y= 12 18. x =2 y= 14 
x= 10 y = 2050 20. x = 6 y = 580 


Simple Interest The simple interest on an 
investment is directly proportional to the amount of 
the investment. By investing $2500 in a certain bond 
issue, you obtained an interest payment of $87.50 
after 1 year. Find a mathematical model that gives 
the interest J for this bond issue after 1 year in terms 
of the amount invested P. 


Simple Interest The simple interest on an invest- 
ment is directly proportional to the amount of the 
investment. By investing $5000 in a municipal bond, 
you obtained an interest payment of $187.50 after 1 
year. Find a mathematical model that gives the inter- 
est J for this municipal bond after 1 year in terms of 
the amount invested P. 


Measurement Ona yardstick with scales in inches 
and centimeters, you notice that 13 inches is approx- 
imately the same length as 33 centimeters. Use this 
information to find a mathematical model that relates 
centimeters to inches. Then use the model to 
complete the table. 













[5 | 10 | 20 | 25 | 30 | 
eae 


Measurement When buying gasoline, you notice 
that 14 gallons of gasoline is approximately the same 
amount of gasoline as 53 liters. Use this information 
to find a linear model that relates gallons to liters. 
Use the model to complete the table. 


: Inche 


- Centimeters | 


enn 
We 















. Gallons 


| Liters” 


5| 10 | 20 | 25 30 


cd 


Taxes Property tax is based on the assessed value 
of the property. A house that has an assessed value of 
$150,000 has a property tax of $5520. Find a math- 
ematical model that gives the amount of property tax 
y in terms of the assessed value x of the property. Use 
the model to find the property tax on a house that has 
an assessed value of $200,000. 











26. Taxes State sales tax is based on retail price. An 
item that sells for $145.99 has a sales tax of $10.22. 
Find a mathematical model that gives the amount of 
sales tax y in terms of the retail price x. Use the model 
to find the sales tax on a $540.50 purchase. 


Physics \n Exercises 27-30, use Hooke’s Law for springs, 
which states that the distance a spring is stretched (or 
compressed) varies directly as the force on the spring. 


27. A force of 265 newtons stretches a spring 0.15 meter 
(see figure). 


(a) How far will a force of 90 newtons stretch the 
spring? 


(b) What force is required to stretch the spring 0.1 
meter? 


0.15 meter 


28. A force of 220 newtons stretches a spring 0.12 meter. 
What force is required to stretch the spring 0.16 
meter? 





29. The coiled spring of a toy supports the weight of a 
child. The spring is compressed a distance of 1.9 
inches by the weight of a 25-pound child. The toy 
will not work properly if its spring is compressed 
more than 3 inches. What is the weight of the heavi- 
est child who should be allowed to use the toy? 


30. An overhead garage door has two springs, one on 
each side of the door (see figure). A force of 15 
pounds is required to stretch each spring 1 foot. 
Because of a pulley system, the springs stretch only 
one-half the distance the door travels. The door 
moves a total of 8 feet, and the springs are at their 
natural length when the door is open. Find the 
combined lifting force applied to the door by the 
springs when the door is closed. 











FIGURE FOR 30 


In Exercises 31-40, find a mathematical model for the 
verbal statement. 

31. A varies directly as the square of r. 

32. V varies directly as the cube of e. 

33. y varies inversely as the square of x. 

34. h varies inversely as the square root of s. 

35. F varies directly as g and inversely as r?. 

36. zis jointly proportional to the square of x and y°. 


37. Boyle’s Law: For a constant temperature, the 
pressure P of a gas is inversely proportional to the 
volume V of the gas. 


38. Newton’s Law of Cooling: The rate of change R 
of the temperature of an object is proportional to the 
difference between the temperature T of the object 
and the temperature T, of the environment in which 
the object is placed. 


39. Newton’s Law of Universal Gravitation: The gravi- 
tational attraction F between two objects of masses 


m, and m, is proportional to the product of the _ 


masses and inversely proportional to the square of 
the distance r between the objects. 

40. Logistic growth: The rate of growth R of a popula- 
tion is jointly proportional to the size S of the 
population and the difference between S and the 
maximum population size L that the environment 
can support. 


In Exercises 41-46, write a sentence using the variation 
terminology of this section to describe the formula. 


41. Area of a triangle: A = Sbh 
42. Surface area of a sphere: S = 4arr? 
43. Volume of a sphere: V = 3777 


44. Volume of a right circular cylinder: V = mr*h 


d 
45. Average speed: r = F 
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kg 
W 


46. Free vibrations: w = 


In Exercises 47-54, find a mathematical model representing 
the statement. (In each case, determine the constant of 
proportionality.) 


47. A varies directly as r?. (A = 97 when r = 3.) 

48. y varies inversely as x. (y = 3 when x = 25.) 

49. y is inversely proportional to x. (y = 7 when x = 4.) 

50. z varies jointly as x and y. (z = 64 when x = 4 and 
ys) 

51. F is jointly proportional to r and the third power of 
s. (F = 4158 when r = 11 and s = 3.) 


52. P varies directly as x and inversely as the square of 
y. (Pp = % when x = 42 and y = 9.) 

53. z varies directly as the square of x and inversely as y. 
(z = 6 when x = 6and y = 4.) 


54. v varies jointly as p and q and inversely as the square 
of s. (v = 1.5 when p = 4.1, g = 6.3, and s = 1.2.) 


Ecology \n Exercises 55 and 56, use the fact that the 
diameter of the largest particle that can be moved by a 
stream varies approximately directly as the square of the 
velocity of the stream. 


55. A stream with a velocity of : mile per hour can move 
coarse sand particles about 0.02 inch in diameter. 
Approximate the velocity required to carry particles 
0.12 inch in diameter. 


56. A stream of velocity v can move particles of diame- 
ter d or less. By what factor does d increase when the 
velocity is doubled? 


Resistance \n Exercises 57 and 58, use the fact that the 
resistance of a wire carrying an electrical current is directly 
proportional to its length and inversely proportional to its 
cross-sectional area. 


57. If #28 copper wire (which has a diameter of 0.0126 
inch) has a resistance of 66.17 ohms per thousand 
feet, what length of #28 copper wire will produce a 
resistance of 33.5 ohms? 


58. A 14-foot piece of copper wire produces a resistance 
of 0.05 ohm. Use the constant of proportionality 
from Exercise 57 to find the diameter of the wire. 


59. Free Fall Neglecting air resistance, the distance s 
an object falls varies directly as the square of the 
duration t of the fall. An object falls a distance of 144 
feet in 3 seconds. How far will it fall in 5 seconds? 
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60. Stopping Distance The stopping distance d of an 
automobile is directly proportional to the square of 
its speed s. A car required 75 feet to stop when its 
speed was 30 miles per hour. Estimate the stopping 
distance if the brakes are applied when the car is 
traveling at SO miles per hour. 


61. Spending The prices of three sizes of pizza at a 
pizza shop are as follows. 


9-inch: $8.78 
12-inch: $11.78 
15-inch: $14.18 


You would expect that the price of a certain size of 
pizza would be directly proportional to its surface 
area. Is that the case for this pizza shop? If not, which 
size of pizza is the best buy? 


62. Economics , A company has found that the demand 
for its product varies inversely as the price of the 
product. When the price is $3.75, the demand is 500 
units. Approximate the demand when the price is 
$4.25. 


63. Fluid Flow The velocity v of a fluid flowing 
in a conduit is inversely proportional to the 
cross-sectional area of the conduit. (Assume that the 
volume of the flow per unit of time is held constant.) 


(a) Determine the change in the velocity of water 
flowing from a hose when a person places a 
finger over the end of the hose to decrease its 
cross-sectional area by 25%. 


(b) Use the fluid velocity model in part (a) to deter- 
mine the effect on the velocity of a stream when 
it is dredged to increase its cross-sectional area 
by one-third. 

64. Beam Load The maximum load that can be safely 
supported by a horizontal beam varies jointly as the 
width of the beam and the square of its depth, and 
inversely as the length of the beam. Determine the 
change in the maximum safe load under the follow- 
ing conditions. 

(a) The width and length of the beam are doubled. 

(b) The width and depth of the beam are doubled. 

(c) All three of the dimensions are doubled. 

(d) The depth of the beam is halved. 


65. Data Analysis An experiment in a physics lab 
requires a student to measure the compressed length 
x (in centimeters) of a spring when a force of F 
pounds is applied. The data is shown in the table. 




















3.45 | 4.6| 5.75 | 69 | 





(a) Sketch a scatter plot of the data. 


(b) Does it appear that the data can be modeled by 
Hooke’s Law? If so, estimate k. (See Exercises 
27-30.) 


(c) Use the model in part (b) to approximate the force 
required to compress the spring 9 centimeters. 


66. Data Analysis An oceanographer took readings of 
the water temperature C (in degrees Celsius) at depth 
d (in meters). The data collected is shown in the 
table. 





2000 | 3000 | 4000 5000 
19° | 1.4° | 12° | 0.9° 























(a) Sketch a scatter plot of the data. 


(b) Does it appear that the data can be modeled by 
the inverse proportion model C = k/d? If so, 
estimate k. 


the inverse model in part (b). 


(d) Use the model to approximate the depth at which 
the water temperature is 3°C. 


67. Data Analysis A light probe is located x centime- 
ters from a light source, and the intensity y (in 
microwatts per square centimeter) of the light is 
measured. The results are shown in the table. 








B30 [34 [3s [a2 [46 [50 
-y | 0.1881 0.1543 | 0.1172 | 0.0998 0.0775 | 0.0645 








A model for the data is y = 262.76/x?!?. 


=< (a) Use a graphing utility to plot the data points and 
the model in the same viewing window. 

















(b) Use the model to approximate the light intensity 
25 centimeters from the light source. 


68. Illumination The illumination from a light source 
varies inversely as the square of the distance from the 
light source. When the distance from a light source is 
doubled, how does the illumination change? Discuss 
this model in terms of the data given in Exercise 67. 
Give a possible explanation of the difference. 


4 69. 





= 70. 


Hockey Salaries The average annual salaries of 
professional hockey players (in thousands of dollars) 
from 1990 to 1996 are shown in the table. (Source: 
The News and Observer Publishing Company) 





r | 1990] 1991] 1992] 1993] 1994) 1995] 1996 
, |253 [351 |434 | 560 | 733 | 892 | 982 











(a) Use the regression feature of a graphing utility to 
find the least squares regression line that fits this 
data. [ Let y represent the average salary (in thou- 
sands of dollars) and let t = 0 represent 1990.] 


(b) Sketch a scatter plot of the data and graph the 
linear model you found in part (a) on the same 
set of axes. 


(c) Use the model to estimate the average salaries 
in 1997, 1998, and 1999. 


(d) Use your school’s library or some other refer- 
ence source to analyze the accuracy of the salary 
estimates in part (c). 

Sports The lengths (in feet) of the winning men’s 

discus throws in the Olympics from 1904 to 1996 are 

listed below. (Source: ESPN) 


1904 128.9 1936 165.6 pe PA Mee) 
1908 134.2 1948 173.2 1976 221.4 
1912 148.3 1952 180.5 L980 2187 
1920 146.6 1956 184.9 1984 218.5 
1924 151.3 1960 194.2 1988 225.8 
#928 155.3 1964 200.1 19927 21337 
1932 162.3 1968. 212.5 1996, 227-7 


(a) Use the regression feature of a graphing utility to — 


find the least squares regression line that fits this 
data. [Let y represent the length of the winning 
discus throw (in feet) and let t = 4 represent 
1904. ] 


(b) Sketch a scatter plot of the data and graph the 
linear model you found in part (a) on the same 
set of axes. 

(c) Use the model to estimate the winning men’s 
discus throw in the year 2000. 

(d) Use your school’s library or some other refer- 
ence source to analyze the accuracy of the 
estimate in part (Cc). 














Fa 72. 


Ey 71. 
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Business The total assets (in millions of dollars) 
for First Virginia Banks, Inc. from 1990 to 1998 are 
listed below. (Source: First Virginia Banks, Inc.) 


1990 5384.2 1993" 1036.9 1996 8236.1 
1 ODM OLLo:S 1994 7865.4 1997 9011.6 
1992 6840.6 £995 5 82215 1998 9564.7 


(a) Use the regression feature of a graphing utility to 
find the least squares regression line that fits this 
data. [Let y represent the total assets (in millions 
of dollars) and let t = 0 represent 1990.] 


(b) Use a graphing utility to sketch a scatter plot of 
the data and the graph of the model in the same 
viewing window. 

(c) Use the model to estimate the assets of First 
Virginia Banks, Inc. in 1999. 


(d) Use your school’s library or some other reference 
source to analyze the accuracy of the estimate in 
part (c). 

Energy The table gives the oil production x 

(in thousands of barrels per day) in Canada and the 

oil production y (in thousands of barrels per day) 

in the United States for the years 1991 through 

1996. (Source: U.S. Energy Information Adminis- 

tration) 








1548 | 1605 | 1679 


: 1746 | 1805 | 1837 
y | 7417 | 7171 | 6847 


6662. 6560 | 6465 














(a) Use the regression feature of a graphing utility to 
find the least squares regression line that fits this 
data. 


(b) Sketch a scatter plot of the data and graph the 
linear model on the same set of axes. 


(c) Use the model to estimate oil production in the 
United States if oil production in Canada is 2000 
thousand barrels per day. 


(d) Interpret the meaning of the slope of the linear 
model in the context of the problem. 


4 73. Sales 
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The table gives the amounts x (in millions of 
dollars) of home computer sales by factories and the 
amounts y (in millions of dollars) of personal word 


processor sales by factories for the years 1991 





through 1996 in the United States. (Source: 
Electronic Industries Association) 
6825 | 8190 | 10,088 | 12,600 | 15,040 





+ 

















555 1558. | 504 451 | 404 





(a) Use the regression feature of a graphing utility to 
find the least squares regression line that fits this 
data. 

(b) Sketch a scatter plot of the data and graph the 
linear model on the same set of axes. 


(c) Use the model to estimate the amount of person- 
al word processor sales if the amount of home 
computer sales is $18,000 million. 


Synthesis 


True or False?  \n Exercises 74 and 75, decide whether 
the statement is true or false. Justify your answer. 


74. If y varies directly as x, then if x increases, y will 
increase as well. 

75. In the equation for kinetic energy, E = imv, 
the amount of kinetic energy E is directly propor- 
tional to the mass m of an object and the square of its 
velocity v. 


In Exercises 76-79, discuss how well the data shown in the 
scatter plot can be approximated by a linear model. 


76. ahs 





78. 





In Exercises 80-83, sketch the line that you think best 
approximates the data in the scatter plot. Then find an 
equation of the line. 


80. 





82. 





84. Writing A linear mathematical model for predict- 
ing prize winnings at a race is based on data for 3 
years. Write a paragraph discussing the potential 
accuracy or inaccuracy of such a model. 


Review 


In Exercises 85-88, solve the inequality and graph the 
solution on the real number line. 


85. @ — 5)? 21 86. 3(x + 1)(« — 3) < O 
87. 6x3 — 30x? > 0 88. x4(x — 8) > 0 


In Exercises 89 and 90, evaluate the function at each value 
of the independent variable and simplify. 





x 45 
89. f(x) = Ee 
(a) f(0) (b) f(-3) (© f(4) 
ne oe ae 2 
90. £3) S le —-1, x<-2 
(a) f=2) OWO@ (c) f(-8) 


In Exercises 91-94, find the domain of the function. 
91. f(x). = —10x? — x — 1, 92. FG) ee 


93. f(x) = = = 


3 = Il 
30 ae 7 








94, f(x) = 
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What did you learn? 


Section 1.1 
CL) How to sketch graphs of equations 


(1) How to use intercepts and symmetry to sketch graphs of equations 
L] How to find equations and sketch graphs of circles 
[1 How to use graphs of equations in real-life problems 


Section 1.2 
1) How to find slopes and use slope to graph linear equations 


11 How to write linear equations and identify parallel and perpendicular lines 
C1 How to use linear equations to model and solve real-life problems 


Section 1.3 
CL] How to decide whether relations between two variables are functions 


LJ How to use function notation and evaluate functions 

L1 How to find the domains of functions 

1 How to use functions to model and solve real-life problems 

Section 1.4 

FL How to use the Vertical Line Test and find the zeros of functions 

C1 How to determine intervals on which functions are increasing or decreasing 
1) How to identify and graph linear and piecewise-defined functions 

C1 How to identify even and odd functions 


Section 1.5 
1 How to recognize graphs of common functions 


C1 How to use transformations to sketch graphs of functions 


Section 1.6 
1 How to add, subtract, multiply, and divide functions 


C1 How to find compositions and combinations of functions 


Section 1.7 
C1 How to find inverse functions informally 


1 How to use graphs of functions to decide whether functions have inverses 
1 How to find inverse functions algebraically 


Section 1.8 
C1 How to use mathematical models to approximate sets of data points 


1 How to write mathematical models for direct variation, inverse variation, 
and joint variation 

[1 How to use the least squares regression feature of a graphing utility to 
find mathematical models 


Review Exercises 
112 


5-12 
13-18 
19, 20 


21-29 
30-39 
40,41 


42-45 
46,47 
48-51 
52,53 


54-61 
62-65 
66-71 
TOL AS. 


10,77 
78-83 


84,85 
86-89 


90-93 
94-97 
98-103 


104 
105-109 


110 
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Review Exercises 


— sss =e 


1.1 | In Exercises 1-4, complete a table of values. Use the 
solution points to sketch the graph of the equation. 


1. y=3x-5 2.y=—px+2 
See ON Ae 2 


ll 


In Exercises 5-8, find the x- and y-intercepts of the graph of 
the equation. 


5. y=2x-9 6. y= |x —4| -—4 
any = ocrtral)e $..7 =a 


In Exercises 9-12, use intercepts and symmetry to sketch 
the graph of the equation. 


Sia eaeo} ies) 10. y=x?+ 3 
ll. yaar t5 12:55 a 


In Exercises 13-16, find the center and radius of the circle 
and sketch its graph. 


13. 42 + y? = 25 
15. (x + 2)? + y? = 16 
16. x2 + (y — 8) = 81 


14. x7 +y?=4 


17. Find the standard form of the equation of the circle 
for which the endpoints of a diameter are (0, 0) and 
(4, —6). 

18. Find the standard form of the equation of the circle 
for which the endpoints of a diameter are (—2, —3) 
and (4, — 10). 

19. Business The dividends declared per share of the 
Clorox Company from 1990 to 1998 can be approx- 
imated by the model 


y = 0.073r + 0.644 


where y is the dividend (in dollars) and t is the time 
(in years), with t = 0 corresponding to 1990. Sketch 
a graph of this equation. Use the graph to estimate 
the year in which the dividend per share will be 
$1.50. (Source: Clorox Company) 


20. Fence You have 100 feet of fencing to use for three 
sides of a rectangular fence, with your house enclos- 
ing the fourth side. The area of the enclosure is given 
by A = —2x? + 100x. Graph the equation to find 
the maximum area possible, and how long each side 
needs to be to obtain that area. 
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ace In Exercises 21-24, give the slope and y-intercept of 
the line given by the equation. Graph the line. 


21. y= 6 22. 4 =e 
232 = 3k 18 24. y= —1007 9 


25. Match each value of slope m with the corresponding 
line in the figure. 


(a) m = 3 (b) m=0 
(c) m= -3 (d) m= —3 
‘ 
1h 
i Lo 1 


Lz 


In Exercises 26-29, plot the points and find the slope of the 
line passing through the pair of points. 


26. (es —4), (7. 1) 27. (= iF 8), (6, 5) 

28. (—4.5, 6), (2.1, 3) 29. (—3, 2), (8, 2) 

In Exercises 30-33, find an equation of the line that passes 
through the points. 


30. (0, 0), (0, 10) 
32 (= 174)5(2;.0) 


31. (23 5) (=z as 1) 
33. (11, =2)aiGaee 
In Exercises 34-37, find an equation of the line that passes 


through the given point and has the specified slope. Sketch 
the graph of the line. 


Point Slope Point Slope 
34. (0, —5) m= 35. (—2, 6) seem 
36. (10,-3) m=-} 37. (—8,5) Undetnes 


In Exercises 38 and 39, write an equation of the line 
through the point (a) parallel to the given line and (b) 
perpendicular to the given line. 


Point Line 
38. (3, —2) 5x — 4y = 8 
39. (—8, 3) 2x + 3y =5 


Rate of Change \n Exercises 40 and 41, you are given 
the dollar value of a product in the year 2000 and the rate 
at which the value of the item is expected to change during 
the next 5 years. Write a linear equation that gives the 
dollar value V of the product in terms of the year ft. (Let 
t = 0 represent 2000.) 


2000 Value Rate 
40. $12,500 
41. $72.95 


$850 increase per year 


$5.15 increase per year 
In Exercises 42-45, determine whether the equation 
represents y as a function of x. 


Az 16x — y* = 
44. y= J/1-x 


ee 3 = 0 
45. ly) =x+2 


In Exercises 46 and 47, evaluate the function as indicated. 
Simplify your answers. 


46. f(x) =x? +1 


(a) f(2) (b) f(-4) 

(c) f(t?) (d) —f(x) 
ateee(x) = x4/? 

(a) g(8) (b) g(t + 1) 

(c) wet (d) g(-x) 


In Exercises 48-51, determine the domain of the function. 
Verify your result with a graph. 


mein) = ~/25 — x" 


50. h(x) = Psa 


49, f(x) =3x+4 


51. A(t) = |t + 1| 


52. Physics The velocity of a ball thrown vertically 
upward from ground level is v(t) = —32r + 48, 
where f is the time in seconds and v is the velocity in 
feet per second. 

(a) Find the velocity when t = 1. 
(b) Find the time when the ball reaches its maximum 
height. [Hint: Find the time when v(t) = 0.] 


(c) Find the velocity when t = 2. 





Hg 
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53. Mixture Problem From a full 50-liter container of 
a 40% concentration of acid, x liters is removed and 
replaced with 100% acid. 


(a) Write the amount of acid in the final mixture as 
a function of x. 


(b) Determine the domain and range of the function. 


(c) Determine x if the final mixture is 50% acid. 
1.4 In Exercises 54-57, use the Vertical Line Test to 
determine whether y is a function of x. 

54. y = (x — 3)? Say et ee | 


y My 





5 
4 
3 
2; 
1 











In Exercises 58-61, find the zeros of the function. 


58) f(x) = 3x2 "1éx 21 
59 f(a or + 4x = 1 

eye ar So. 

ili 8% 

61; felix = = 25x es 


60. f(x) = 





Graphical Analysis \n Exercises 62-65, use a graphing 
utility to graph the function and approximate the intervals 
in which the function is increasing, decreasing, or constant. 


2) a(x) = 
63. f(x) = (x? —A)? 

645 hx) = "450 

65. 9(x) = 3/x(x + 3)? 
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| In Exercises 66-69, write the linear function f such that the 
following are true. Then use a graphing utility to graph the 
function. 


66. f(2) = —6, f(-1) =3 
67. f(0) = —5, f(4) = -8 


GUE ae 
69. f(3.3) = 5.6, f(—4.7) = -14 


In Exercises 70 and 71, graph the function. 


Spe = Sh eS =| 
my SOE By x<-l 

y= 2. ee 
71. f(x) = 45, —2<x<0 

Sia xe 0) 


In Exercises 72-75, determine whether the function is even, 
odd, or neither. 


72.05 G) =o ee 7 
74, f(x) = 2/8 43 


73. f(x) =x* — 20%? 
75. f(x) =<2/ Ox 

In Exercises 76 and 77, identify the common function 
and describe the transformation shown in the graph. 


76. y TT. 





In Exercises 78-83, identify the transformation of the graph 
of f and sketch the graph of h. 


18. Hice= x", h(x) =x? —9 

79. f(x) = Vx, a) ee 

80. f(x) = |xl, A) i=l 3 [> 5 
81. f(x) = x?, h(x) = —(@ + 3)? + 1 
So. fae. Vn) AG) = —N/ esr Te 
83. f(x) = x3, h(x) = —4x3 


ia In Exercises 84-87, let f(x) = 3 — 2x, g(x) = \/x,and 
h(x) = 3x? + 2. Find the indicated value. 


85. (L\o) 
87. (g ° f)(—2) 


84. (f — g)(4) 
86. (h» g)(7) 








| Data Analysis \n Exercises 88 and 89, use the table, 


which shows the total values (in billions of dollars) of U.S. 
imports from Mexico and Canada for the years 1992 
through 1997. The variables y, and y, represent the total 
values of imports from Mexico and Canada, respectively. 
(Source: U.S. Bureau of the Census) 





1992 | 1993 | 1994 | 1995 | 1996 | 1997 
| 35.2 | 39.9 | 49.5 | 621 | 743 | 85.9 
98.6 | 111.2 | 128.4 | 144.4 155.9 | 168.2 











88. Use a graphing utility to find quadratic models for 
each of the variables. Let t = 2 represent 1992. 

89. Use a graphing utility to graph y,, y,, and y, + y, 
in the same viewing window. Use the model to 
estimate the total value of U.S. imports from 
Canada and Mexico in 2002. 


In Exercises 90-93, find the inverse of f informally. 
Verify that f(f-"(x)) = x = f (F(x). 


90. f(x) = 6x 91. fyi 
92. f(x) =x-7 93. f(x) =x+5 


~) In Exercises 94-97, use a graphing utility to graph each 


function and determine whether the function has an 
inverse. 


94, f(x) = 3x3 —5 

95. f(x) = —4x? - 3 

96. f(x) = -V4—x 

97. f) = — eee — 


In Exercises 98-101, (a) find f-, (b) sketch the graphs of f 
and f- on the same coordinate system, and (c) verify that 
ff) =x = £(F "@).- 

98. f(x) = 4x - 3 

99. f(x) =5x-7 

100. f(x) = Vx+1 
101. f(x) =x7+2 


In Exercises 102 and 103, restrict the domain of the func- 
tion f to an interval over which the function is increasing 
and determine f-' over that interval. 


102. f(x) = 2x — 4) 103. f(x) = |x — 2| 


104. Data Analysis The sales S (in billions of dollars) 


of recreational vehicles in the United States for the 
years 1988 through 1997 are shown in the table. 
(Source: National Sporting Goods Association) 




















9 LO Fe tii 12 
45 | 4.1 | 3.6) 4.4 
HAAS 16 17 | 
Seo 10.9: 6.5 




















A model for this data is 
S = 6.7 + 2.60t — 0.742t? 
+ 0.061143 — 0.00156r4 


where ¢ is the time in years, with t = 8 correspond- 
ing to 1988. 


(a) Use a graphing utility to sketch a scatter plot of 


©) 


105. 


106. 


107 


e 


the data and the model in the same viewing 
window. How do they compare? 

The table shows that sales were down from 
1989 through 1991. Give a possible explanation. 
Does the model show the downturn in sales? 


(b) 


Use a graphing utility to approximate the mag- 
nitude of the decrease in sales during the slump 
described in part (b). Was the actual decrease 
more or less than indicated by the model? 


(d) Use the model to estimate sales in 2001. Is this 
model accurate in predicting future sales? 
Explain. 

Measurement You notice a billboard indicating 

that it is 2.5 miles or 4 kilometers to the next 

restaurant of a national fast-food chain. Use this 
information to find a linear model that relates miles 
to kilometers. Use the model to complete the table. 














Energy The power P produced by a wind turbine 
is proportional to the cube of the wind speed S. A 
wind speed of 27 miles per hour produces a power 
output of 750 kilowatts. Find the output for a wind 
speed of 40 miles per hour. 


Frictional Force The frictional force F between 
the tires and the road required to keep a car on a 
curved section of a highway is directly proportional 
to the square of the speed s of the car. If the speed of 
the car is doubled, the force will change by what 
factor? 
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In Exercises 108 and 109, find a mathematical model 
representing the statement. (In each case, determine the 
constant of proportionality.) 


108. 


109. 


4 110. 


y is inversely proportional to x. (y =9 when 
=) 

F is jointly proportional to x and to the square root 
of y. (F = 6 when x = 9 and y = 4.) 


Employment The table shows the average hourly 
wages (y,) for workers in the mining industry and 
the average hourly wages (y,) for workers in the 
construction industry in the United States for the 
years 1994 through 1997, where f¢ is the time in 
years, with t = 4 corresponding to 1994. (Source: 
U.S. Bureau of Labor Statistics) 





5 bole 
$15.30 | $15.60 | $16.17 
$15.08 | $15.43 | $16.03 | 

















(a) Use the regression feature of a graphing utility 
to find the least squares regression lines for 
mining wages versus time and for construction 
wages versus time. 

(b) Use a graphing utility to sketch a scatter plot of 
the data. Graph the linear models you found in 
part (a) on the same set of axes. 


(c) Interpret the slope of each model in the context 
of the problem. 


(d) Use the models to estimate the wages in each 
industry for the year 2002. 


Synthesis 


True or False? 


In Exercises 111 and 112, determine 


whether the statement is true or false. Justify your answer. 


111. 


112. 


113. 


114. 


115, 


Relative to the graph of f(x) = \/x, the function 
h(x) = —/x + 9 — 13 is shifted 9 units to the left 
and 13 units down, then reflected in the x-axis. 


If fand g are two inverse functions, then the domain 
of g is equal to the range of f. 


Explain how to tell whether a relation between two 
variables is a function. 


Explain the difference between the Vertical Line 
Test and the Horizontal Line Test. 


If y is directly proportional to x for a particular 
linear model, what is the y-intercept of the graph of 
the model? 
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Price (in dollars) 


Revenue 
(in millions of dollars) 


0 


0 
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Chapter Project > 


Units sold (in millions) 


50 


0 


Units sold (in millions) 





2.83 


A Graphical Approach to Maximization 


In business, a demand function gives the price per unit p in terms of the number 
of units sold x. The demand function whose graph is shown at the left is 


p= 40— Sic, O<sx< V8 Demand function 


where x is measured in millions of units. Note that as the price decreases, the 
number of units sold increases. The revenue R (in millions of dollars) is 
determined by multiplying the number of units sold by the price per unit. So, 


R= ap = x40 = 3x 2): (rea S: Revenue function 


Example > Finding the Maximum Revenue 'e) 





Use a graphing utility to sketch the graph of the revenue function R = 40x — 5x? 
for 0 < x < \/8. How many units should be sold to obtain maximum revenue? 
What price per unit should be charged to obtain maximum revenue? 


Solution 


To begin, you need to determine a viewing window that will display the part of 
the graph that is important to this problem. The domain is given, so you can set 
the x-boundaries of the graph between 0 and \/8. To determine the y-boundaries, 
however, you need to experiment a little. After calculating several values of R, 
you could decide to use y-boundaries between 0 and 50, as shown in the graph at 
the left. Next, you can use the trace key to find that the maximum revenue of 
about $43.5 million occurs when x is approximately 1.64 million units. To find 
the price per unit that corresponds to this maximum revenue, you can substitute 
x = 1.64 into the demand function to obtain 


p = 40 — 5(1.64)? ~ $26.55. 


a  ————— 


Chapter Project Investigations 


1. For the demand function p = 40 — 5x2, match each of the points (0, 40) 
and Ls, 0) with statement (a) or (b). Explain your reasoning. 


(a) No one will buy the product at this price. 
(b) You can’t give more than this number away. 


=: 2. Use a graphing utility to zoom in on the maximum point of the revenue 
function in the example. (Use a setting of 1.62<x<1.65 and 
43.5 < y< 43.6.) Use the trace feature to improve the accuracy of the 
approximation obtained in the example. Do you think this improved 
accuracy is appropriate in the context of this particular problem? Does it 
change the price? 

“: 3. For the revenue function discussed in the example, the cost of producing 
each unit is $15, so the total cost of producing x million units is C = 15x. 
Use a graphing utility to graph the profit function P = R — C to deter- 
mine how many units should be sold to obtain maximum profit. What 
price per unit should be charged to obtain maximum profit? 
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Chapter Test 





Take this test as you would take a test in class. After you are done, check your work 


) The Interactive CD-ROM and Int t : : : 
) oe piece against the answers given in the back of the book. 


versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 


They also offer Chapter Pre-Tests In Exercises 1-3, use intercepts and symmetry to sketch the graph of the equation. 
(which test key skills and concepts 3 3 

covered in previous chapters) and LS eet yb: IR ii || Srey A 2)" 

Chapter Post-Tests, both of which have 

randomly generated exercises with In Exercises 4 and 5, find an equation of the line passing through the given points. 


diagnostic capabilities. 


42,3), (—4,.9) Bon 0.8) 0) 


6. Find an equation of the line that passes through the point (3, 8) and is (a) 
parallel to and (b) perpendicular to the line —4x + 7y = —5. 


Woe ar & 


7. Evaluate f(x) = yeaa at each value: (a) f(7) (b) f(—5) (©) f(x — 9) 


In Exercises 8 and 9, determine the domain of the function. 


8. fx) = ~/ 100. = x7 OF G) =a Ola 


= In Exercises 10-12, (a) find the zeros of the function, (b) use a graphing utility to 
graph the function, (c) approximate the intervals over which the function is increas- 
ing, decreasing, or constant, and (d) determine whether the function is even, odd, or 
neither. 


105 f) = 2x oma = Gnas 1257) = |e S| 


Beate Th ns = 3 


13. Sketch the graph of f(x) = he -1l, x>-3 


In Exercises 14-16, sketch a graph of the function. 


14. A(x) =—-x2-7 15. Aw) =—-Vx +548 = 16. h(x) =4|x + 1|-3 


In Exercises 17-20, let f(x) = 3x2 — 7 and g(x) = —x? — 4x + 5. Find the indicated 
value. 


17. (f + g)(2) 18. (f — g)(—3) 19. (fg)(0) 20. (g °f)(-1) 


In Exercises 21-23, find the inverse function, if possible. 


3x./x 


iwi x 8 22. fF see | a s0 23. f(x) = 3 


In Exercises 24-26, find a mathematical model representing the statement. (In each 
case, determine the constant of proportionality.) 

24. vy varies directly as the square root of s. (v = 24 when s = 16.) 

25. A varies jointly as x and y. (A = 500 when x = 15 and y = 8.) 

26. b varies inversely as a. (b = 32 when a = 1.5.) 


27. It costs a company $58 to produce 6 units of a product and $78 to produce 
10 units. How much does it cost to produce 25 units, assuming that the cost 
function is linear? 
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ase ae Sone Images 
Production of wheat in the United States increased from 
2183 million bushels in 1995 to 2527 million bushels in 
1997. During that time the price per bushel dropped from 
$4.55 to $3.45. (Source: U.S. Department of Agriculture) 





Polynomial and 
Rational Functions 


The Big Picture 
In this chapter you will learn the 
following skills and concepts. 


» How to sketch and analyze graphs 
of functions 


» How to use long division and 
synthetic division to divide 
polynomials by other polynomials 


> How to perform operations with 
complex numbers 


» How to determine the numbers of 
rational and real zeros of polynomial 
functions, and find the zeros 


>» How to determine the domains of 
rational functions and find 
asymptotes of rational functions 


» How to sketch the graphs of 
rational functions 


» How to recognize and find partial 
fraction decompositions of rational 
expressions 


Study Tools 


* Learning objectives at the 
beginning of each section 

* Chapter Summary (p. 279) 

* Review Exercises (pp. 280-283) 

* Chapter Test (p. 285) 





Important Vocabulary 


‘> Howto Study This Chapter 


As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Polynomial function (jp. 202) 

Constant function (p. 202) 

Linear function (p. 202) 

Quadratic function (jp. 202) 

Parabola (jp. 202) 

Axis (p. 203) 

Vertex (jp. 203) 

Standard form of a quadratic 
function (jp. 205) 

Continuous (p. 213) 

Leading Coefficient Test (p. 215) 

Repeated zero (p. 217) 

Intermediate Value Theorem (p. 220) 

Division algorithm (p. 227) 

Improper rational expression (p. 227) 

Proper rational expression (p. 227) 

Synthetic division (p. 229) 

Remainder Theorem (p. 230) 

Factor Theorem (p. 230) 





Additional Resources 


* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 2 

* Precalculus Website 

* Student Success Organizer 


Complex number (jp. 236) 
Imaginary number (p. 236) 
Complex conjugates (p. 239) 
Fundamental Theorem of Algebra 
(p. 243) 
Linear Factorization Theorem 
(p. 243) 
Rational Zero Test (p. 244) 
Irreducible over the reals (/p. 248) 
Descartes’s Rule of Signs (p. 250) 
Variation in sign (). 250) 
Upper bound (p. 251) 
Lower bound (p. 251) 
Rational function (jp. 258) 
Vertical asymptote (p. 259) 
Horizontal asymptote (p. 259) 
Slant (or oblique) asymptote (p. 264) 
Partial fraction (p. 271) 
Basic equation (jp. 272) 


STUDY TIP 


The best time to do homework 
is right after class, when 
concepts are still fresh in your 
mind. This increases your 
chances of retaining the infor- 
mation in long-term memory. 
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> What you should learn 


* How to analyze graphs of 
quadratic functions 


* How to write quadratic 
functions in standard form and 
use the results to sketch graphs 
of functions 


* How to use quadratic functions 
to model and solve real-life 
problems 


> Why you should learn it 


Quadratic functions can be used 
to model data to analyze 
consumer behavior. For instance, 
Exercise 91 on page 212 shows 
how a quadratic function can 
model VCR usage in the United 
States. 


2.1 Bete elerarematiaaceie 


The Graph of a Quadratic Function 


In this and the next section, you will study the graphs of polynomial functions. 


Definition of Polynomial Function 


Let n be a nonnegative integer and let a,,a,_,. - - » 4, 4, dy be real 
numbers with a, # 0. The function 


fe On a ee 


is called a polynomial function of x with degree n. 


Polynomial functions are classified by degree. For instance, the polynomial 
function 


f(x) =a, at#0 Constant function 


has degree 0 and is called a constant function. In Chapter 1, you learned that the 
graph of this type of function is a horizontal line. The polynomial function 


f(x) = G6 oP ID, G10 Linear function 


has degree | and is called a linear function. In Chapter 1, you learned that the 
graph of the linear function f(x) = ax + b is a line whose slope is a and whose 
y-intercept is (0, b). In this section you will study second-degree polynomial 
functions, which are called quadratic functions. 

For instance, each of the following functions is a quadratic function. 


F(x) = a+ Ox 2 


FAC og Cen) as) 
ho) =o. ix? 

k(x) = —3x2 + 4 
m(x) = (x — 2)(x + 1) 


Definition of Quadratic Function 
Let a, b, and c be real numbers with a # 0. The function 
f(x) = ax? abe rc Quadratic function 


is called a quadratic function. 


The graph of a quadratic function is a special type of “U”-shaped curve that is 
called a parabola. Parabolas occur in many real-life applications—especially 
those involving reflective properties of satellite dishes and flashlight reflectors. 
You will study these properties in Section 10.2. 
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All parabolas are symmetric with respect to a line called the axis of 
symmetry, or simply the axis of the parabola. The point where the axis intersects 
the parabola is the vertex of the parabola, as shown in Figure 2.1. If the 
leading coefficient is positive, the graph of f(x) = ax? + bx + c is a parabola 
that opens upward. If the leading coefficient is negative, the graph of 
f(x) = ax* + bx + cis a parabola that opens downward. 





f(x) = ax*+bx+c,a<0 











| Vertex is 
, high point 











Vertex is. \ 


low point | f(x) = ax? + bx+ce,a>0 

















eae > XxX 
Opens downward 


Leading coefficient is positive. Leading coefficient is negative. 
FIGURE 2.1 


The simplest type of quadratic function is 


f(x) = ax?. 


Its graph is a parabola whose vertex is (0, 0). Ifa > 0, the vertex is the point with 
the minimum y-value on the graph, and if a < 0, the vertex is the point with the 
maximum y-value on the graph, as shown in Figure 2.2. 




































3 
2 
aX i 
f(x) = ax?,a>0 on (0, 0) 
tt a x x 
—3 -2 2 3 =3 =-2 =I 1 Z 3 
=f a 2 
Minimum: (0, 0) i f(x) = ax*,a <0 
5) Ve 
=3 
Leading coefficient is positive. Leading coefficient is negative. 
FIGURE 2.2 


When sketching the graph of f(x) = ax?, it is helpful to use the graph of 
y = x? as a reference, as discussed in Section 1.5. 
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Exploration 


Graph y = ax? fora = —2, —1, 
—0.5, 0.5, 1, and 2. How does 
changing the value of a affect 
the graph? 


Graph y = (x — h)? for h = —4, 
—2, 2, and 4. How does chang- 
ing the value of h affect the 
graph? 


Graph y = x? + k fork = —4, 
—2, 2, and 4. How does chang- 
ing the value of k affect the 
graph? 


Example 1 ® Sketching Graphs of Quadratic Functions oo 


a. Compare the graphs of y = x? and f(x) = ax. 

b. Compare the graphs of y = x? and g(x) = 2x?. 

Solution 

a. Compared with y = x?, each output of f(x) = ‘x? “shrinks” by a factor 
of ;, creating the broader parabola shown in Figure 2.3(a). 

b. Compared with y = x?, each output of g(x) = 2x “stretches” by a factor 
of 2, creating the narrower parabola shown in Figure 2.3(b). 
































(a) (b) 
FIGURE 2.3 





In Example 1, note that the coefficient a determines how widely the parabola 
given by f(x) = ax? opens. If |a| is small, the parabola opens more widely than 
if |a| is large. 

Recall from Section 1.5 that the graphs of y = f(x +c),y =f(@) +6, 
y = f(—x), and y = —f(x) are rigid transformations of the graph of y = f (x). For 
instance, in Figure 2.4, notice how the graph of y = x? can be transformed to 
produce the graphs of f(x) = —x? + 1 and g(x) = (e +22)? ae 





g(x) =(x +2) -3]y 























FIGURE 2.4 


STUDY TIP 


The standard form of a quadrat- 
ic function identifies three basic 
transformations of the graph of 


y = x?. 


1. The factor a produces a 
vertical stretch or shrink. If 
a < 0, the graph is reflected 


in the x-axis. 


~ 


The factor (x — h)? repre- 


sents a horizontal shift of h 


units. 


3. The term k represents a 


vertical shift of k units. 








fe) =2(x+2)*-1 























(-2,-) 1 





FIGURE 2.5 
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The Standard Form of a Quadratic 
Function 
The standard form of a quadratic function is 

f(x) = a(x —h)? +k. 


This form is especially convenient for sketching a parabola because it identifies 
the vertex of the parabola. 


Standard Form of a Quadratic Function 
The quadratic function 


f(x) = ax — h)? +k, a#0 


is in standard form. The graph of f is a parabola whose axis is the vertical 
line x = h and whose vertex is the point (h, k). If a > 0, the parabola opens 
upward, and if a < 0, the parabola opens downward. 


To write a quadratic function in standard form, you can use the process of 
completing the square, as illustrated in Example 2. 


Example 2 ® Graphing a Parabola in Standard Form 


Sketch the graph of 
f(x) = 2x? + 8x + 7 
and identify the vertex and the axis of the parabola. 


Solution 


Begin by writing the quadratic function in standard form. Notice that the first step 
in completing the square is to factor out any coefficient of x that is not 1. 


f(&) = 2x? + 8x +7 Write original function. 
= 2(x2 + 4x) +7 Factor 2 out of x-terms. 
= 2(x27 + 4x +4-4)4+7 Add and subtract 4 within parentheses. 
- 
= 2(x? + 4x + 4) —2@)47 Regroup terms. 
aD (2 de AA —8 7 Simplify. 
=r 2) ee Write in standard form. 


From this form, you can see that the graph of f is a parabola that opens 
upward and has its vertex at (—2, —1). This corresponds to a left shift of 2 units 
and a downward shift of 1 unit relative to the graph of y = 2x’, as shown in 
Figure 2.5. In the figure, you can see that the axis of the parabola is the vertical 
line through the vertex, x = —2. 


206 Chapter 2. Polynomial and Rational Functions 








fo) =-@-3) +1 








2 
(3, 1) 

















FIGURE 2.6 





A 
| (1, 2) 

















FIGURE 2.7 





To find the x-intercepts of the graph of f(x) = ax? + bx + c, you must solve 
the equation ax? + bx + c = 0. If ax? + bx + c does not factor, you can use the 
Quadratic Formula to find the x-intercepts. Remember, however, that a parabola 
may have no x-intercepts. 


Example 3 ® Finding the Vertex and x-Intercepts of a Parabola 


Sketch the graph of f(x) = —x? + 6x — 8 and identify the vertex and x-intercepts. 
Solution 


As in Example 2, begin by writing the quadratic function in standard form. 


f(x) x Ox Ss Write original function. 
= —(x2 — 6x) — 8 Factor — 1 out of x-terms. 
= —(x7-6x+9-9)-8 Add and subtract 9 within 

parentheses. 
(ap 
= —(x2 — 6x + 9) — (-9) - 8 Regroup terms. 
=e(x'= 3) 42 1 Write in standard form. 


From this form, you can see that the vertex is (3, 1). To find the x-intercepts of 
the graph, solve the equation —x* + 6x — 8 = 0. 


—x? + 6x -—8=0 Write original equation. 
ae Oc 8) = 0 Factor out — 1. 
= it) | te 4) =0 Factor. 


hie oe) x=2 Set Ist factor equal to 0. 
x-4=0 x=4 Set 2nd factor equal to 0. 


The x-intercepts are (2, 0) and (4, 0). So, the graph of f is a parabola that opens 
downward, as shown in Figure 2.6. 


Example 4 » Finding the Equation of a Parabola 
Find the standard form of the equation of the parabola whose vertex is (1, 2) and 
that passes through the point (0, 0), as shown in Figure 2.7. 
Solution 
Because the vertex of the parabola is at (A, k) = (1, 2), the equation has the form 
f= ag: Substitute for h and k in standard form. 


Because the parabola passes through the point (0, 0), it follows that f (0) = 0. So, 





Oral) = i) 2 a=-2 Substitute 0 for x; solve for a. 
which implies that the equation is 
fii” — 2X, 21ers: Substitute for a in standard form. 


So, the equation of this parabola is y = —2(x — 1)? + 2. 


a 
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Applications 


Many applications involve finding the maximum or minimum value of a 
quadratic function. Some quadratic functions are not easily written in standard 
form. For such functions, it is useful to have an alternative method for finding the 
vertex. For a quadratic function in the form f(x) = ax? + bx + c, the vertex 
occurs when x = —b/2a. 


Vertex of a Parabola 


The vertex of the graph of f(x) = ax? + bx + cis (-4, i(-2)), 





A computer simulation of this example Example 5 ® The Maximum Height of a Baseball @ 
appears in the Interactive CD-ROM and 


Internet Versions of this text. A baseball is hit at a point 3 feet above the ground at a velocity of 100 feet per 


second and at an angle of 45° with respect to the ground. The path of the baseball 
is given by the function 


F(&) = =0.0032x7 +2443 


where f(x) is the height of the baseball (in feet) and x is the horizontal distance 
from home plate (in feet). What is the maximum height reached by the baseball? 


Solution 


For this quadratic function, you have 
fo) = ax bx + € 
='—(0032x? 4 x Gas 


So, a = —0.0032 and b= 1. Because the function has a maximum at 
x = —b/2a, you can conclude that the baseball reaches its maximum height 
when it is x feet from home plate, where x is 
Eade 
a 2a 
1 
= Sl Substitute for a and b. 
2(— 0.0032) 
Baseball = 156.25 feet. 
y 
oo tes To find the maximum height, you must determine the value of the function when 
il “ 
a (156.25, 81.125).  * = 156.25. 
3 (156.25) = —0.0032(156.25)? + 156.25 + 3 
& 607 
ee = 81.125 feet. 
“ep 40> 
a 3 The path of the baseball is shown in Figure 2.8. You can estimate from the graph 
20-- 


in Figure 2.8 that the ball hits the ground at a distance of about 320 feet from 
home plate. The actual distance is the x-intercept of the graph of f, which you can 
find by solving the equation —0.0032x? + x + 3 = 0 and taking the positive 
solution, x ~ 315.5. 





100 200 300 
Distance (in feet) 


FIGURE 2.8 
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In Exercises 1-8, match the quadratic function with 
its graph. [The graphs are labeled (a), (b), (c), (d), (e), (Ff), (9), 


and (h).] 


(a) 





(c) y 





(e) 





(g) y 





x2)? 

3. fae 

5, faa — 2) 
TFG G 2 32 


1. f(x) = 


Exercises 


(e) 


(b) 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 
odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link 


to Guided Examples for additional help. 











(d) 
(4, 0) 
+++ Aa +414 x 
2/4\6 8 
2; 
—4 
-6 
(f) y 
4 (2, 4) 
2, 
| aes > x 
—2 pe 6 
(h) y 


Drax 
4. as 
f(x 
f(x 


ae 
) 
eae 
Nee 








(x + 4)? 
= see 
Cea) 2 
= (4)? 





Exploration \n Exercises 9-12, graph each equation. 
Compare the graph of each function with the graph of 
y= x2. 
Pa iuise deni (b) g(x) = -§ 

(c) h(x) = 3x? (d) k(x) = —3x? 


10. 


11. 


12. 


@ifoy=—x + | (b) g(a) =247 at 
(¢) A@) =x? + 3 (d)_ k(x) =a 
(a) f(x) =(@ — 1) (b) 3) = (a) 
(6) h@) = = 3)? (d) k(x) = & + 3) 
(a) f(x) = —3 — 2)? +1 

(b) g(x) = 3-2 +1 

(c) h(x) = —3(x + 2)* - 1 


(d) k(x) = 3(x + 2)? -1 


In Exercises 13-28, sketch the graph of the quadratic func- 
tion without using a graphing utility. Identify the vertex 
and x-intercepts. 


13. 
13. 
17; 
19. 
21. 
23. 
25. 
27. 
28. 


fe) =x" — 5 14. h(x) = 25 
f(x) = 5x2 —4 16. f(x) = 16— 4x? 
a S)2 = 6 18. f(x) = Gy 


An) =e — 8x 16 20. 
Jax2?—-x +3 oD 
f= —22 72445 24. 


o(x) =x? Faxed 
f(x) = x2 + 3x44 
f(x) = —x? — 4x +1 


h(x) = 4x2 —4x +21 26. f(x) = 2x7 -—xt 1 
WO) ae hee 
f(x) = —#x? + 3x - 6 


~ In Exercises 29-36, use a graphing utility to graph the 


quadratic function. Identify the vertex and x-intercepts. 
Then check your results algebraically by completing the 


square. 

29. fa) = =? 42% —3) 
30. f(x) =—(G@? +x = 30) 
31. gi) 8x at 

32. f(x) => + 10x a4 
33, f(x) 2x — 16x eel 
34. f(x) = —4x? + 24x — 41 


35° 
36. 


g(x) = F(x? + 4x — 2) 
f(x) = 2(x2 + 6x — 5) 


In Exercises 37-42, find the standard form of the equation 
of the parabola. 


a7. 





39. 








41. E22) 42. y 
\ 





In Exercises 43-52, find the quadratic function that has the 
indicated vertex and whose graph passes through the 
given point. 

43. Vertex: (—2, 5); Point: (0, 9) 

44. Vertex: (4, —1); Point: (2, 3) 

45. Vertex: (3, 4); Point: (1, 2) 

46. Vertex: (2, 3); Point: (0, 2) 

47. Vertex: (5, 12); Point: (7, 15) 

48. Vertex: (—2, —2); Point: (— 1, 0) 

49. Vertex: (—3, 3); Point: (—2, 0) 

50. Vertex: (3, —3); Point: (—2, 4) 

fi. Vertex: (-3 ,0); Point: (-3 5 , - 8) 

52. Vertex: (6, 6) Point: (%, 3) 
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Graphical Reasoning \n Exercises 53-56, determine 
the x-intercepts of the graph visually. Explain how the x- 
intercepts relate to the solutions of the quadratic equation 
when y = 0. Then find the x-intercepts algebraically to 
confirm your results. 


53. y=x? — 16 Sy = x — OF 











55. cy — > = 44 56. 





-. In Exercises 57-64, use a graphing utility to graph the 


quadratic function. Find the x-intercepts of the graph and 
compare them with the solutions of the corresponding 
quadratic equation when y = 0. 


57: f(x) =x? mx 58... f(x) =\—2x2 + 10x 
59, f(x) =x? -—9x+18 60. f(x) =x? — 8x — 20 
61. fGen a= 0 

62:0 fa) = 4a 25% = 21 

63. f(x) = —3(x2 — 6x — 7) 

64. f(x) = p(x? + 12x — 45) 


In Exercises 65-70, find two quadratic functions, one that 
opens upward and one that opens downward, whose 
graphs have the given x-intercepts. (There are many 
correct answers.) 


65. (—1, 0), (3, 0) 
67. (0, 0), (10, 0) 
69. (—3, 0), (—4, 0) 70. (— 


66. (—5, 0), (5, 0) 
68. (4, 0), (8, 0) 
> 0), (2, 0) 
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In Exercises 71-74, find two positive real numbers whose 
product is a maximum. 


71. The sum is 110. 72. The sum is S. 


73. The sum of the first and twice the second is 24. 
74. The sum of the first and three times the second is 42. 


Geometry \n Exercises 75 and 76, consider a rectangle of 
length x and perimeter P. (a) Express the area A as a func- 
tion of x and determine the domain of the function. (b) 
Graph the area function. (c) Find the length and width of 
the rectangle of maximum area. 


15. P= 100\feet 76. P = 36 meters 


77. Numerical, Graphical, and Analytical Analysis A 
rancher has 200 feet of fencing to enclose two 
adjacent rectangular corrals (see figure). 





a <A) er, 


(a) Complete six rows of a table such as the one 
below, showing possible values for x, y, and the 
area of the corral. 











x ly | Area s 
2 | 3[200 — 4(2)] | 2xy = 256 
4 | 3[200 — 4(4)] | 2xy ~ 491 














 (b) Use a graphing utility to generate additional 
rows of the table. Use the table to estimate the 
dimensions that will enclose the maximum area. 


(c) Write the area A as a function of x. 
== (d) Use a graphing utility to graph the area function. 
Use the graph to approximate the dimensions 
that will produce the maximum enclosed area. 


(e) Write the area function in standard form to find 
analytically the dimensions that will produce the 
maximum area. 


78. Geometry An indoor physical fitness room consists 
of a rectangular region with a semicircle on each end 
(see figure). The perimeter of the room is to be a 
200-meter single-lane running track. 
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79. 


80. 


81. 


82. 





(a) Determine the radius of the semicircular ends of — 
the room. Determine the distance, in terms of y, 
around the inside edge of the two semicircular 
parts of the track. 

(b) Use the result of part (a) to write an equation, in 
terms of x and y, for the distance traveled in one 
lap around the track. Solve for y. 

(c) Use the result of part (b) to write the area A of 
the rectangular region as a function of x. What 
dimensions will produce a maximum area of the 
rectangle? 

Maximum Revenue Find the number of units sold 

that produces a maximum revenue 


R.= 900x — 0.1x2 

where R is the total revenue (in dollars) and x is the 
number of units sold. 

Maximum Revenue Find the number of units sold 
that produces a maximum revenue ; 

R = 100x — 0.0002x? 

where R is the total revenue (in dollars) and x is the 
number of units sold. 

Minimum Cost A manufacturer of lighting fixtures 
has daily production costs of 


C = 800 — 10x + '0.25x? 


where C is the total cost (in dollars) and x is the num- 
ber of units produced. How many fixtures should be 
produced each day to yield a minimum cost? 


Minimum Cost A textile manufacturer has daily 
production costs of 
C = 100,000 — 110x + 0.045x? 


where C is the total cost (in dollars) and x is the 
number of units produced. How many units should 
be produced each day to yield a minimum cost? 


83. 


84. 


85. 


86. 


Maximum Profit The profit for a company is 
P = —0.0002x? + 140x — 250,000 


where x is the number of units sold. What sales level 
will yield a maximum profit? 

Maximum Profit The profit P (in hundreds of 
dollars) that a company makes depends on the 
amount x (in hundreds of dollars) the company 
spends on advertising according to the model 


= 230 + 20x — 0.5x°. 
What expenditure for advertising will yield a maxi- 
mum profit? 


Physics The height y (in feet) of a ball thrown by a 


child is 


1 
ea? et 4 


where x is the horizontal distance (in feet) from the 
point at which the ball is thrown. 


(a) How high is the ball when it leaves the child’s 
hand? (Hint: Find y when x = 0.) 
(b) What is the maximum height of the ball? 


(c) How far from the child does the ball strike the 
ground? 


eS | 








Forestry The number of board feet in a 16-foot log 
is approximated by the model 


Ve 0.7 7x? — 1.32x — 9.31, Seas = 40 


where V is the number of board feet and x is the 
diameter (in inches) of the log at the small end. (One 
board foot is a measure of volume equivalent to 
a board that is 12 inches wide, 12 inches long, and 
1 inch thick.) 


87. 


ss. 


89. 


Section 2.1. ® Quadratic Functions 211 


(a) Sketch a graph of the function. 


(b) Estimate the number of board feet in a 16-foot 
log with a diameter of 16 inches. 


(c) Estimate the diameter of a 16-foot log that pro- 
duced 500 board feet. 


Physics The path of a diver is 
ak a es kD 
= aK? AP HX 
aes ae) 


where y is the height (in feet) and x is the horizontal 
distance from the end of the diving board (in feet). 
What is the maximum height of the diver? 


Physics The number of horsepower y required to 
overcome wind drag on a certain automobile is 
approximated by 


y = 0.002s? + 0.005s — 0.029, O Sises 100 


where s is the speed of the car (in miles per hour). 

(a) Use a graphing utility to graph the function. 

(b) Graphically estimate the maximum speed of the 
car if the power required to overcome wind drag 
is not to exceed 10 horsepower. Verify analyti- 
cally. 

Graphical Analysis From 1950 to 1990, the 

average annual consumption C of cigarettes by 

Americans (18 and older) for selected years can be 


modeled by 
C = 3248.89 + 108.64¢ — 2.97t?, O0<ts< 40 


where f¢ is the year, with t = 0 corresponding to 
1950. (Source: U.S. Department of Agriculture) 


(a) Use a graphing utility to graph the model. 


(b) Use the graph of the model to approximate the 
maximum average annual consumption. Begin- 
ning in 1966, all cigarette packages were 
required by law to carry a health warning. Do 
you think the warning had any effect? Explain. 


(c 


wa 


In 1960, the U.S. population (18 and over) was 
116,530,000. Of those, about 48,500,000 were 
smokers. What was the average annual cigarette 
consumption per smoker in 1960? What was the 
average daily cigarette consumption per smoker? 


¥| 91. Data Analysis 
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90. Maximum Fuel Economy A study was done to 
compare the speed x (in miles per hour) with the 
mileage y (in miles per gallon) of an automobile. The 
results are shown in the table. (Source: Federal 
Highway Administration) 










40 | 45 

















15.) 20 Pe ed > | 
= : = 
| Mileage y | 22.3 25.5| 27.5 | 29.0 | 28.8 | 30.0 | 29.9 
150 SS LE Om 6S MMO! BANGS 
ae ee t t 
| Mileage y 30.2 | 30.4 | 28.8 | 27.4 253 k2a3 


























=. (a) Use a graphing utility to plot the data and find 
the quadratic model that best fits the data. Graph 
the model in the same viewing window as the 
data. 


(b) Estimate the speed for which the miles per gallon 
is greatest. 


The numbers y (in millions) of 
VCRs in use in the United States for the years 1987 
through 1996 are shown in the table. The variable 
t represents time (in years), with t = 7 correspond- 
ing to 1987. (Source: Television Bureau of 
Advertising, Inc.) 





i]7 [8 [9 [10] 11] 12) 13 14] 15] 16| 
y | 43 | 51] 58 | 63 | 67 | 69 | 72 74, | 77| 79 | 








(a) Use a graphing utility to sketch a scatter plot of 
the data. 


(b) Use the regression feature of a graphing utility to 
find a quadratic model for the data. 


(c) Use a graphing utility to graph the model in the 
same viewing window as the scatter plot. 


(d) Do you think the model can be used to predict 
VCR use in 2005? Explain. 


Synthesis 


True or False? \n Exercises 92 and 93, determine 
whether the statement is true or false. Justify your answer. 


92. The function f(x) = — 12x? — 1 has no x-intercepts. 

93. The graphs of f(x) = —4x?-— 10x+7 and 
g(x) = 12x? + 30x + 1 have the same axis of 
symmetry. 
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94, Write the quadratic equation f(x) = ax? + bx +c 
in standard form to verify that the vertex occurs at 


(-35 4-22) 


95. Business The profit P (in millions of dollars) for 
a company is modeled by a quadratic function of 
the form 


P=at?+bt+c 


where t represents the year. If you were president of 
the company, which of the models below would 
you prefer? Explain your reasoning. 

(a) a is positive and —b/(2a) < t. 

(b) a is positive and t < —b/(2a). 

(c) ais negative and —b/(2a) < t. 

(d) ais negative and t < —b/(2a). 

Is it possible for a quadratic equation to have only 
one x-intercept? Explain. 

Assume that the function f(x) = ax* + bx +c 
(a #0) has two real zeros. Show that the 
x-coordinate of the vertex of the graph is the 
average of the zeros of f. (Hint: Use the Quadratic 
Formula.) 


96. 


97. 


. Use a graphing utility to demonstrate the result of 
Exercise 97 for each of the following functions. 


(a) f@) =36—3)7 =2 
(b). f@) = 6 = 3 + 1)? 


Review 


In Exercises 99-102, find the equation of the line in 
slope-intercept form that has the given characteristics. 

99. Contains the points (—4, 3) and (2, 1) 
100. Contains the point (2, 2) and has a slope of 3 


101. Contains the point (0, 3) and is perpendicular to the 


line 4x + Sy = 10 
Contains the point (— 8, 4) and is parallel to the line 
pyaar S ay 


102. 


In Exercises 103-108, let f(x) = 14x — 3 and let g(x) = 8x?. 
Find the indicated value. 


103. (f + g)(—3) 
105. (fe)(—3) 
107. (f° g)(—1) 


104. (g — f)(2) 
ia\e 

106. (£) 1.5) 

108. (g °f)(0) 


Leonard Lee nue Iil/Ealth scenes 
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Yeyag Polynomial Functions of Higher Degree 





> What you should learn 


* How to use transformations to 
sketch graphs of polynomial 
functions 


* How to use the Leading 
Coefficient Test to determine 
the end behavior of graphs of 
polynomial functions 


* How to use zeros of polynomial 
functions as sketching aids 


* How to use the Intermediate 
Value Theorem to help locate 
zeros of polynomial functions 


> Why you should learn it 


You can use polynomial 
functions to model real-life 
_ processes, such as the growth of 
_ared oak tree, as discussed in 
Exercise 92 on page 224. 


Graphs of Polynomial Functions 


In this section, you will study basic features of the graphs of polynomial func- 
tions. The first feature is that the graph of a polynomial function is continuous. 
Essentially, this means that the graph of a polynomial function has no breaks, 
holes, or gaps, as shown in Figure 2.9(a). 











A A 
> xX X 
(a) Polynomial functions have (b) Functions with graphs that 
continuous graphs. are not continuous are not 


polynomial functions. 


FIGURE 2.9 


The second feature is that the graph of a polynomial function has only 
smooth, rounded turns, as shown in Figure 2.10(a). A polynomial function can- 
not have a sharp turn. For instance, the function f(x) = |x|, which has a sharp 
turn at the point (0, 0), as shown in Figure 2.10(b), is not a polynomial function. 





i 
5 +| f) = || 


4+ XX 
3-- 











34-3 39 4 1h! 23 4 
2+ (0, 0) 











(a) Polynomial functions have (b) Functions whose graphs have 
graphs with rounded turns. sharp turns are not polynomial 
functions. 


FIGURE 2.10 


The graphs of polynomial functions of degree greater than 2 are more 
difficult to analyze than the graphs of polynomials of degree 0, 1, or 2. However, 
using the features presented in this section, together with point plotting, inter- 
cepts, and symmetry, you should be able to make reasonably accurate sketches 
by hand. 
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-) The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 


The polynomial functions that have the simplest graphs are monomials of the 
form f(x) = x”, where n is an integer greater than zero. From Figure 2.11, you 
can see that when n is even the graph is similar to the graph of f (x) = x? and 
when n is odd the graph is similar to the graph of f(x) = x?. Moreover, the 
greater the value of n, the flatter the graph near the origin. 


y 


























(a) If nis even, the graph of y = x” (b) If nis odd, the graph of y = x” 
touches the axis at the x-intercept. crosses the axis at the x-intercept. 
FIGURE 2.11 


Example 1 ® Sketching Transformations of Monomial Functions 


Sketch the graph of each function. 
aoe) =x? bo AG) = "@ 4)4 
Solution 


a. Because the degree of f(x) = —x° is odd, its graph is similar to the graph of 
y = x3. In Figure 2.12(a), note that the negative coefficient has the effect of 
reflecting the graph in the x-axis. 

b. The graph of h(x) = (x + 1)4 as shown in Figure 2.12(b), is a left shift by 1 
unit of the graph of y = x*. 








(a) (b) 
FIGURE 2.12 





Exploration 


For each function, identify the 
degree of the function and 
whether the degree of the func- 
tion is even or odd. Identify the 
leading coefficient and whether 
the leading coefficient is greater 
than 0 or less than 0. Use a 
graphing utility to graph each 
function. Describe the relation- 
ship between the degree and 
leading coefficient of the func- 
tion and the right- and left-hand 
behavior of the graph of the 
function. 


tg x Ox x + 1 
ee 2x + 2x2 — 5x +1 
p= 2 — x7 tx + 3 
oleae + Sx 2 

Ny = 2x? + 3x 4 
Dee 3 + 2x - 1 
Hin = 2? + 3x + 2 


mmo ao sf 


STUDY Tip 
The: notation f(a) > —0o as 
-xX— —©o” indicates that the» 

- graph falls to the left. The: 
i “notation “f) —0oas x00” 


“the ae 
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The Leading Coefficient Test 


In Example 1, note that both graphs eventually rise or fall without bound as x 
moves to the right. Whether the graph of a polynomial eventually rises or falls can 
be determined by the function’s degree (even or odd) and by its leading coeffi- 
cient, as indicated in the Leading Coefficient Test. 


Leading Coefficient Test 


As x moves without bound to the left or to the right, the graph of the polyno- 
mial function f(x) = a,x" ++ + + + a,x + dp eventually rises or falls in the 


following manner. 


1. When n is odd: 





m X 





If the leading coefficient is positive 
(a, > 0), the graph falls to the left 
and rises to the right. 


2. When nis even: 


y 


‘ fare - 
asx ——oo f(x) > © 
as x > oo 


5 ! 

‘ y I 
‘ ’ \ I 
\ a \ I 
Se ‘ I 

Wen 

f 


‘, 





> X 





If the leading coefficient is positive 
(a, > 0), the graph rises to the left 
and right. 








If the leading coefficient is negative 
(a,, < 0), the graph rises to the left 
and falls to the right. 


Af) a= os 
as X => 29 
as Xx 4 0 








If the leading coefficient is negative 
(a, < 0), the graph falls to the left 
and right. 


The dashed portions of the graphs indicate that the test determines only the 
right-hand and left-hand behavior of the graph. 
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Example 2 ® Applying the Leading Coefficient Test 


Describe the right-hand and left-hand behavior of the graph of f(x) = —x? + 4x. 


Solution 


Because the degree is odd and the leading coefficient is negative, the graph rises 
to the left and falls to the right, as shown in Figure 2.13. 





FIGURE 2.13 





In Example 2, note that the Leading Coefficient Test only tells you whether 
the graph eventually rises or falls to the right or left. Other characteristics of the 
graph, such as intercepts and minimum and maximum points, must be determined 
by other tests. 


Example 3 ® Applying the Leading Coefficient Test 


Describe the right-hand and left-hand behavior of the graph of each function. 

aaf (x) = x4 re Dai) => — x 

Solution 

a. Because the degree is even and the leading coefficient is positive, the graph 
rises to the left and right, as shown in Figure 2.14(a). 


b. Because the degree is odd and the leading coefficient is positive, the graph 
falls to the left and rises to the right, as shown in Figure 2.14(b). 





y | fx) =x4— 5x7+4 














(a) (b) 
FIGURE 2.14 


ne Ener nEID SIE IIIS SN NNRN NnNIRERIRNRRSREERERERERREREEIERSRERERRIRERENSIE 


FIGURE 2.15 





f(x) =—2x4 + 2x? 
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Zeros of Polynomial Functions 


It can be shown that for a polynomial function f of degree n, the following 
statements are true. (Remember that the zeros of a function of x are the x-values 
for which the function is zero.) 


1. The graph of f has, at most, n — 1 turning points. (Turning points are points 
at which the graph changes from increasing to decreasing or vice versa.) 


2. The function f has, at most, n real zeros. (You will study this result in detail 
in Section 2.5 on the Fundamental Theorem of Algebra.) 


Finding the zeros of polynomial functions is one of the most important 
problems in algebra. There is a strong interplay between graphical and algebraic 
approaches to this problem. Sometimes you can use information about the graph 
of a function to help find its zeros, and in other cases you can use information 
about the zeros of a function to help sketch its graph. 


Real Zeros of Polynomial Functions 


If f is a polynomial function and a is a real number, the following state- 
ments are equivalent. 


1. x = ais a zero of the function f. 
2. x = ais a solution of the polynomial equation f(x) = 0. 
3. (x — a) is a factor of the polynomial f(x). 


4. (a, 0) is an x-intercept of the graph of f. 


Example 4 ® Finding the Zeros of a Polynomial Function 
Find all real zeros of f(x) = —2x*+ + 2x?. Use the graph in Figure 2.15 to deter- 
mine the number of turning points of the graph of the function. 


Solution 
In this case, the polynomial factors as follows. 


f@) = = 2 22 Write original function. 
= —2yx2(x? = 1) Remove common monomial factor. 
= —2x2(x — 1)(x + 1) Factor completely. 
So, the real zeros are x = 0, x = 1, and x = —1, and the corresponding 


x-intercepts are (0, 0), (1, 0), and (—1, 0), as shown in Figure 2.15. Note in the 
figure that the graph has three turning points. This is consistent with the fact that 
a fourth-degree polynomial can have at most three turning points. 


ee 


In Example 4, the real zero arising from — 2x? = 0 is called a repeated zero. 
In general, a factor (x — a)‘, k > 1, yields a repeated zero x = a of multiplicity 
k. If k is odd, the graph crosses the x-axis at x = a. If k is even, the graph touches 
the x-axis (but does not cross the x-axis) at x = a. In Example 4, the factor — 2x? 
yields the repeated zero x = 0. Because k is even, the graph touches the 
x-axis at x = O, as shown in Figure 2.15. 
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es ° A : 
Example 5 ®& Sketching the Graph of a Polynomial Function 
| Technology | “ : Z 
| -7 Example 5 uses an “alge- Sketch the graph of f(x) = 3x4 — 4x3. 
braic approach’ to describe the ; 
graph of the function. A graph- Solution 
ing utility is a complement to 1. Apply the Leading Coefficient Test. Because the leading coefficient is posi- 
PP & & p 
this approach. Remember that tive and the degree is even, you know that the graph eventually rises to the left 
an important aspect of using a and to the right (see Figure 2.16a). 
graphing utility is to find a 2. Find the Zeros of the Polynomial. By factoring 
viewing window that shows all 
significant features of the graph. Fa — Axe = (Gx 4) Remove common factor. 
For instance, which of the you can see that the zeros of f are x = 0 and x = ; (both of odd multiplicity). 
graphs below shows all of the So, the x-intercepts occur at (0, 0) and (4 0). Add these points to your graph, 
significant features of the as shown in Figure 2.16(a). 
eee 
minedon Ine omnpice: 3. Plot a Few Additional Points. To sketch the graph by hand, find a few addi- 
a. 34 tional points, as shown in the table. Then plot the points (see Figure 2.16b). 
ioe hs A -1) 05 mee 
=3A 


4. Draw the Graph. Draw a continuous curve through the points, as shown in 

b 05 Figure 2.16(b). Because both zeros are of odd multiplicity, you know that the 
e 2 5 ae i 4 

graph should cross the x-axis at x = 0 and x = 3. If you are unsure of the 

shape of that portion of the graph, plot some additional points. 





ey) = 3x4 = 45> 

















aoe 


Up to left 4 Up to right 





Sap 
2 
4 
(0,0)7 (3-9) 
++} ¢—e-++ +> « x 
toe tee Sa 4 


(a) (b) 
FIGURE 2.16 





A polynomial function is written in standard form if its terms are written in 
descending order of exponents from left to right. Before applying the Leading 

ah Coefficient Test to a polynomial function, it is a good idea to check that the 
versions of this text offer a built-in 5 y : : : : é : ; 
graphing calculator, which can be used polynomial function is written in standard form. For instance, if the function in 
in the Examples, Explorations, Example 5 had been given as f(x) = —4x? + 3x‘, it might have appeared that 
Technology notes, and Exercises. the leading coefficient was negative. 


» The Interactive CD-ROM and Internet 
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Example 6 ® Sketching the Graph of a Polynomial Function 


Sketch the graph of f(x) = —2x3 + 6x? — 3x. 


Solution 


1. Apply the Leading Coefficient Test. Because the leading coefficient is nega- 


tive and the degree is odd, you know that the graph eventually rises to the left 
and falls to the right (see Figure 2.17a). 


. Find the Zeros of the Polynomial. By factoring 


fo) = =2e 4+ 6 = or 


ll 


1 
—5xl4x? = 1 Pee a. 9) Remove common factor. 


1 
a 5 t(2x = Sr Factor completely. 


you can see that the zeros of f are x = 0 (odd multiplicity) and x = 3 (even 
multiplicity). So, the x-intercepts occur at (0, 0) and (3, 0). Add these points 
to your graph, as shown in Figure 2.17(a). 

. Plot a Few Additional Points. To sketch the graph by hand, find a few addi- 
tional points, as shown in the table. Then plot the points (see Figure 2.17b). 





OShivt Z 





























. Draw the Graph. Draw a continuous curve through the points, as shown in 
Figure 2.17(b). As indicated by the multiplicities of the zeros, the graph 
crosses the x-axis-at (0, 0) but does not cross the x-axis at 3, 0). 














6 
| 5 fle) = -2x3 + 6x2 - 3x 
4 


Up to left 3+- Down to right 








(b) 


FIGURE 2.17 
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The Intermediate Value Theorem 


The next theorem, called the Intermediate Value Theorem, tells you of the 
existence of real zeros of polynomial functions. This theorem implies that if 
(a, f(a) and (b, f(b)) are two points on the graph of a polynomial function such — 
that f(a) # f(b), then for any number d between f(a) and f(b) there must be a 
number c between a and b such that f (c) = d. (See Figure 2.18.) 





FIGURE 2.18 


Intermediate Value Theorem 


Let a and b be real numbers such that a < b. If f isa polynomial function 
such that f(a) # f(b), then, in the interval [a, b], f takes on every value 
between f(a) and f(b). 


The Intermediate Value Theorem helps you locate the real zeros of a 
polynomial function in the following way. If you can find a value x = a at which 
a polynomial function is positive, and another value x = b at which it is negative, 
you can conclude that the function has at least one real zero between these two 
values. For example, the function 


fie =a ee 


is negative when x = —2 and positive when x = —1. Therefore, it follows from 
the Intermediate Value Theorem that f must have a real zero somewhere between 
—2 and —1, as shown in Figure DAMS). 















between 
—2 and -1. 


f(-2) =-3 
FIGURE 2.19 
By continuing this line of reasoning, you can approximate any real zeros of 


a polynomial function to any desired accuracy. This concept is further demon- 
strated in Example 7. 


_ FIGURE 2.20 








fe) = x3 — x2 +1 











between —0.8 
and —0.7. 
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Example 7 ® Approximating a Zero of a Polynomial Function 


Use the Intermediate Value Theorem to approximate the real zero of 
faimeiaix? + 1 
Solution 


Begin by computing a few function values, as follows. 

















Because f(—1) is negative and f(0) is positive, you can apply the Intermediate 
Value Theorem to conclude that the function has a zero between — 1 and 0. To 
pinpoint this zero more closely, divide the interval [—1,0] into tenths and 
evaluate the function at each point. When you do this, you will find that 


f(—0.8) = —0.152 
and 
f(—0.7) =:0.167. 


So, f must have a zero between —0.8 and —0.7, as shown in Figure 2.20. For a 
more accurate approximation, compute function values between f(—0.8) and 
f(—0.7) and apply the Intermediate Value Theorem again. By continuing this 
process you can approximate this zero to any desired accuracy. 





Writing A B 0 UT MATHEMATICS | 


otis 
Besa Necmemmeess: 











Creating Polynomial Functions Suppose you are a math instructor and are writing a 
quiz for your algebra class. You want to make up several polynomial functions for 
your students to investigate. Write a paragraph explaining how you could find 
polynomial functions that have reasonably simple zeros. Justify your reasoning. 
Then use the methods you described to find polynomial functions that have the 
following zeros. For (a) and (c), find two different polynomial functions having the 
specified zeros. 











a. —5,3 b. —1,7 
a2, 45433 d. 3,-3,3 
Be 32-30 she 3 £12,324 
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2.2 Exercises 


ee A 











In Exercises 1-8, match the polynomial function with its In Exercises 9-12, sketch the graph of y = x” and each 
graph. [The graphs are labeled (a) through (h).] transformation. 
9. y=x? 
(b) i (a). f@) =e = 2)%< fC 
© fe (@) f@) = @= 22 
10. y=x° 
x (ay ence 1): (b) f@) =2 ae 
©fm=1-2 @/@ == 
LM .ey.=.x3 
(a) f@&) = (+ 3)*- (6) fe) 
(d) (CONIG I ee (d) f(x) = ie =a 
12.57 = x0 
(a) f(x) = —3x° (b) fx) =@+2)°-4 
(ni Ge ee — 4 (d) f) = pow 
x In Exercises 13-22, determine the right-hand and left-hand 
behavior of the graph of the polynomial function. 











13. f@) Sax? + 5x 
14, fG) = 22%> 3x 1 











15. g(x) =5 - a = 3x 
AGE) ela 
V7) ie a ae = 
18.” (4) = 260 Ok ele 
19.96) = 6 Ox ae 
20. f(x) = 3x* “3 + 5 
(g) y (h) y 
A 9A Wel) a (UF aes str 8) 


2 
A 
22. f(s) = —1(s3 + 552 — 7s + 1) 











it vas fe: Graphical Analysis In Exercises 23-26, use a graphing 
Sy . ‘ ° 2 utility to graph the functions f and g in the same viewing 
e window. Zoom out sufficiently far to show that the 
-4 right-hand and left-hand behaviors of f and g appear 
identical. 
1. f(x) = -2x + 3 2. f(x) = x2 — 4x 23. Ea | een: g(x) =o 
3. f(x) = —2x? — 5x 4. f(x) = 2x3 — 3x41 24. f(x) = 13 —3x+2), g(x) = —3x? 
5. f(x) = —tx4 + 3x? 6. f(x) = 3x3 oe 5 Bo fG=i a — 4x + lox) g(x) = = 
7. flee een ieee Oe cs 2x 26. f(x) = 3x* — 6x?, o(x)en sae 
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In Exercises 27-42, find all the real zeros of the 
polynomial function. 


eae x 25 f(x) = 49 — x? 

29. h(t) = t? — 6t +9 0. f(x) = x? + 10x + 25 
31. f(x) = 3x2 +3x-% 32. f&) =tr2 +3 -3 
Boy) = 3x7 — 12x + 3 

34. o(x) = 5(x? — 2x — 1) 

S5. f(t) = 1° — 442 + 4 

Som x — x — 20x? 

37. 9() = 34 — 3 

per fie) i= x° + x? — 6x 

39; 2(t) = 15 — 62 + OF 


40. 
41. 
42. 


uy — 2x * — 2x* — 40 
Hix) = 5x7 + 15x2 + 10 
ic) i=in? — 4x? — 25x. 100 


Graphical Analysis \n Exercises 43-46, use a graphing 
utility to graph the function. Use the graph to approximate 
any x-intercepts of the graph. Set y = 0 and solve the 
resulting equation. Compare the result with any 
x-intercepts of the graph. 

aoe yy = 4x° — 20x? + 25x 

eae 4x? + 4x? — 7x + 2 

aye <1 — Sx: + 4x 

46. y = 4x3(x? — 9) 


In Exercises 47-56, find a polynomial function that has the 
given zeros. (There are many correct answers.) 


47. 0, 10 48. 0, —3 
49. 2, —6 50. —4,5 

51. 0, —2, -3 52710) 2,5 

53. 4, —3, 3, 0 54. —2, -1,0,1,2 
55.1+ /3,1- V3 56. 2,4+ /5,4 — /5 


In Exercises 57-66, find a polynomial of degree n that has 
the given zeros. (There are many correct answers.) 


mi. Zero: x = —2 Degree: n = 2 
So. Zeros: x = —8, —4 Degree: n = 2 
S. Zeros: x = —3,0, | Degree: n = 3 
60, Zeros: x = —2,4,7 Degree: n = 3 
61. Zeros: x = 0, 3/3 — /f3 Degree: n = 3 
62. Zero: x = 9 Degree: n = 3 
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63. Zeros: x = —5, 1,2 Degree: n = 4 
64. Zeros: x = —4, —1,3,6 Degree: n = 4 
65. Zeros: x = 0, —4 Degree: n = 5 
66. Zeros: x = —3,1,5,6 Degree: n = 5 


In Exercises 67-80, sketch the graph of the function by (a) 
applying the Leading Coefficient Test, (b) finding the zeros 
of the polynomial, (c) plotting sufficient solution points, 
and (d) drawing a continuous curve through the points. 


67. f(x) = x? — 9x 

68. 2(x) = x4 — 4x? 

69. f(t) = H(t? — 2t + 15) 
70. g(x) = =x? + 10x 16 
TIN) Sera 

72. f(x) =1— x3 

73. f(%) = 3x —215x2 + 18x 
74. f(x) == 49° eer | 15x 
15a ji Mea Oo a 

16.05 (2). = 48° tx 

Ti sf (e074) 

78. h(x) = 3x3(x — 4) 

79. g(t) = —3(t — 2)°(t + 2)? 


80. (x) = (x + 1)2(x - 3) 

In Exercises 81-84, use a graphing utility to graph the 
function. Use the zero or root feature to approximate zeros 
of the function. Determine the multiplicity of each zero. 


81. f(x) = x3 — 4x 

$2. f(x) = id = hy 

83. g(x) = E(x + 1)*(@@ = 3)Qx = 9) 
84. h(x) = Ae + 2)2(3x — 5)? 


In Exercises 85-88, use the Intermediate Value Theorem 
and a graphing utility to find intervals 1 unit in length in 
which the polynomial function is guaranteed to have a 
zero. (See Example 7.) 


85, f(x) = x2 — 3x2-+3 
86. f(x) = 0.11x? — 2.07x? + 9.81x — 6.88 
87. g(x) = o im ibe a} 
88. h(x), = x* = 1062 3 
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89. 





Ee 


90. 


Numerical and Graphical Analysis An open box 
is to be made from a square piece of material, 36 
inches on a side, by cutting equal squares of length x 
from the corners and turning up the sides (see figure). 





= =36 [= ix 


(a) Complete four rows of a table such as the one 
below. 

















of the table. Use the table to estimate the dimen- 
sions that will produce a maximum volume. 


(c) Verify that the volume of the box is given by the 
function 


Vigo — 2x) 


Determine the domain of the function. 


=. (d) Use a graphing utility to graph V and use the 


graph to estimate the value of x for which V(x) 
is maximum. Compare your result with that of 
part (b). 
Maximum Volume An open box with locking tabs 
is to be made from a square piece of material 24 
inches on a side. This is to be done by cutting equal 
squares from the corners and folding along the 
dashed lines shown in the figure. 


(a) Verify that the volume of the box is given by the 
function 
Via) = 8x(6 — x)(12—)r 

(b) Determine the domain of the function V. 


(c) Sketch the graph of the function and estimate the 
value of x for which V(x) is maximum. 
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91. 


EA 92. 


~=<——— 24 in. > 





FIGURE FOR 90 


Business The total revenue R (in millions of 
dollars) for a company is related to its advertising 
expense z the function 


——— (—x3 + 6007), 0 <x < 400 


~ 100, a 
where x is the amount spent on advertising (in tens 
of thousands of dollars). Use the graph of this 
function, shown in the figure, to estimate the point 
on the graph at which the function is increasing most 
rapidly. This point is called the point of diminishing 
returns because any expense above this amount will 
yield less return per dollar invested in advertising. 





R 

D 

S 

i) 
oO 4) 
2% 
Bg 
x 2 

= 

S 

Advertising expense 
(in tens of thousands of dollars) 

Environment The growth of a red oak tree is 


approximated by the function 
G = —0.003t3 + 0.137247 + 0.458t — 0.839 


where G is the height of the tree (in feet) and t 
(2 < t < 34) is its age (in years). Use a graphing 
utility to graph the function and estimate the age of 
the tree when it is growing most rapidly. This point 
is called the point of diminishing returns because the 
increase in size will be less with each additional 
year. (Hint: Use a viewing window in which 
—10 <x $45 and —5 = y = 60)) 
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Synthesis 


True or False? \n Exercises 93 and 94, determine 
whether the statement is true or false. Justify your answer. 


93. A fifth-degree polynomial can have five turning 
points in its graph. 

94. It is possible for a sixth-degree polynomial to have 
only one solution. 


95. Graphical Analysis Describe a polynomial func- 
tion that could represent the graph. (Indicate the 
degree of the function and the sign of its leading 
coefficient.) 


x 


(a) , (b) y 
(c) y (d) y 

x 
96. Graphical Reasoning Sketch a graph of the func- 
tion f(x) = x4. Explain how the graph of g differs (if 


it does) from the graph of f. Determine whether g is 
odd, even, or neither. 


(a) g(x) = f(x) + 2 
(c) a(x) = f(—») 
(e) g(x) = f(x) 

(g) g(x) = f(x*/*) 





(b) g(x) = f(x + 2) 
(d) g(x) = —f(x) 
(f) g(x) = 3f() 
(h) g(x) = (fe f)Q) 


97. Exploration Explore the transformations of the 
form g(x) = a(x — h)> + k. 


== (a) Use a graphing utility to graph the functions 





1 
Vil = F(x = pS al 
3 
and 
3 


Determine whether the graphs are increasing or 
decreasing. Explain. 


(b 


wa 


Will the graph of g always be increasing or 
decreasing? If so, is this behavior determined 
by a, h, or k? Explain. 


=: (c) Use a graphing utility to graph the function 
H(x) = x5 — 3x3 + 2x + 1. 


Use the graph and the result of part (b) to deter- 
mine whether H can be written in the form 
H(x) = a(x — h)? + k. Explain. 


Review 


In Exercises 98-101, solve the equation by factoring. 


92 = 21 28 = 0 Ne EN etic IPS ol (Sk ean) 
100. 12x? + 11x —=5 = 0) 101. x7 + 24x + 144 =0 


In Exercises 102-105, solve the equation by completing the 
square. 


102. x2 — 2x — 21 =0 
104. 2x? + 5x — 20 = 0 


103. x2 — 8x +2=0 
105. 3x7 + 4x -9 =0 


In Exercises 106-109, factor the expression completely. 
106. 5x? + 7x — 24 107. 6x° — 61x? + 10x 
NOS 2452 1 53" 109. y? + 216 


110. Use the graphs of the functions f and g to answer 
each question. 








(a) Explain why f does not have an inverse. 
(b) Find g~!(1). 
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> What you should learn 


How to use long division to 
divide polynomials by other 
polynomials 

* How to use synthetic division 
to divide polynomials by 
binomials of the form (x — k) 
How to use the Remainder 
Theorem and the Factor 
Theorem 


° 


* How to use polynomial division 
to answer questions about 
real-life problems 


> Why you should learn it 


Polynomial division can help you 
rewrite polynomials that are 
used to model real-life problems. 
Rewriting a model can some- 
times make the important 
properties of the model more 
apparent. For instance, Example 7 
on page 232 shows how polyno- 
mial division can be used to 
rewrite the model for a person's 
take-home pay. 








f(x) = 6x3 — 19x? + 16x — 4 


y 














FIGURE 2.21 


Polynomial and Synthetic Division 


Long Division of Polynomials 


In this section, you will study two procedures for dividing polynomials. These 
procedures are especially valuable in factoring and finding the zeros of polyno- 
mial functions. To begin, suppose you are given the graph of 


fa Ox = 19x Seton 


Notice that a zero of f occurs at x = 2, as shown in Figure 2.21. Because x = 2 
is a zero of f, you know that (x — 2) is a factor of f(x). This means that there 
exists a second-degree polynomial g(x) such that 


f(x) = & — 2) + q@). 
To find g(x), you can use long division, as illustrated in Example 1. 
Example 1 ® Long Division of Polynomials 


Divide 6x3 — 19x? + 16x — 4 by x — 2, and use the result to factor the polyno- 
mial completely. 








Solution e 
Think ce = 6x 
Think — = —Tx. 
lat Think = 2. 
x 
6X? ie ee 
x — 2)6x2 — 19x2 + 16x — 4 
6x? — 12x? Multiply: 6x?(x — 2). 
— Tx? + 16x Subtract. 
—7x? + 14x Multiply: —7x(x — 2). 
Da Subtract. 
DT ee Multiply: 2(x — 2). 
0 Subtract. 


From this division, you can conclude that 
6x31 9x2 + 16x — 4 = Gee) Orr 2) 
and by factoring the quadratic 6x2 — 7x + 2, you have 
69x? + 160 = 4 — a 1)(3x — 2). 


Note that this factorization agrees with the graph shown in Figure 2.21 in that the 
three x-intercepts occur at x = 2, = 3, and x = 3. 
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In Example 1, x — 2 is a factor of the polynomial 6x3 — 19x? + 16x — 4, 
and the long division process produces a remainder of zero. Often, long division 
will produce a nonzero remainder. For instance, if you divide x? + 3x + 5 by 
x + 1, you obtain the following. 

x + 2 x— Quotient 

Divison —— x + 1) x? + 3x + 5 —— Dividend 

Be 3 
Die Se S 
Xe 


3 <— Remainder 


In fractional form, you can write this result as follows. 





Remainder 
Dividend 
a ae OUOTIETE 
YS Se eee 
a SS I OE 
xe II 32 ar I 
UY UY 
Divisor Divisor 
This implies that 
x7 4+3x+5=@+4+ 1I@+2)4+3 Multiply each side by (x + 1). 


which illustrates the following theorem, called the Division Algorithm. 


The Division Algorithm 

If f(x) and d(x) are polynomials such that d(x) # 0, and the degree of d(x) is 
less than or equal to the degree of f(x), there exist unique polynomials g(x) 
and r(x) such that 


FQ) = dag). 7) 
Dividend | Quotient 
Divisor Remainder 


where r(x) = 0 or the degree of r(x) is less than the degree of d(x). If the 
remainder r(x) is zero, d(x) divides evenly into f(x). 


The Division Algorithm can also be written as 


f(x) r(x) 

Sa fs od (XN) chee 

pmo 
In the Division Algorithm, the rational expression f(x)/d(x) is improper because 
the degree of f(x) is greater than or equal to the degree of d(x). On the other hand, 
the rational expression r(x)/d(x) is proper because the degree of r(x) is less than 


the degree of d(x). 
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) A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 





Example 2 ® Long Division of Polynomials 


Divide x — 1 by x — 1 
Solution 


Because there is no x2-term or x-term in the dividend, you need to line up the 
subtraction by using zero coefficients (or leaving spaces) for the missing terms. 











x27+ x+1 
x —1)x3 + Ox? + Ox - 1 
xe — x? 
x2 + Ox 
5) eB 
ge = Sl 
56 — 1 
0 
So, x — 1 divides evenly into x3 — 1 and you can write 
x1 
=x?7+x4+1, x#l. 
re ll 


on 


You can check the result of a division problem by multiplying. For instance, 
in Example 2, try checking that 


(x — DG? +44 1) =x = 1. 


Example 3 & Long Division of Polynomials 


Divide 2x4 + 4x3 — 5x? + 3x — 2 by x? + 2x — 3. 
Solution 
Die + ] 
Yt O3 ei = ok = D 
2x4 + 4x3 — 6x? 





x? + 3x -—2 
x2 + 2x —3 
pea dl 


Note that the first subtraction eliminated two terms from the dividend. When this 
happens, the quotient skips a term. You can write the result as 


x4 + 4x3 — 5x? + 3x -—2 x+1 
Se | 4 rs 
x? + 2x -—3 x2 +2x—3 


Ee eee 





) A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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Synthetic Division 


There is a nice shortcut for long division of polynomials when dividing by 
divisors of the form x — k. This shortcut is called synthetic division. The pattern 
for synthetic division of a cubic polynomial is summarized as follows. (The 
pattern for higher-degree polynomials is similar.) 


Synthetic Division (for a Cubic Polynomial) 
To divide ax* + bx? + cx + d by x — k, use the following pattern. 


K@ be d 


| @O 


@) ~— Remainder 


Vertical pattern: Add terms. 
Diagonal pattern: Multiply by k. 


ee) 
Coefficients of quotient 


Synthetic division works only for divisors of the form x — k. [Remember that 
x + k = x — (~k).] You cannot use synthetic division to divide a polynomial by 
a quadratic such as x? — 3. 


Example 4 ® Using Synthetic Division 


Use synthetic division to divide x* — 10x? — 2x + 4 by x + 3. 


Solution 


You should set up the array as follows. Note that a zero is included for each 
missing term in the dividend. 





Then, use the synthetic division pattern by adding terms in columns and multi- 
plying the results by —3. 


Divisor: x + 3 Dividend: x* — 10x? — 2x + 4 


a a ae 
\ 
— 8) |) 1 Oe), 4 
=3) 9 3 = 3 
i = 3 =| 1 a ~— Remainder: 1 


pees 3° ist eB ea ee ee Sisk 
Quotient. — 3x2 — ot 


So, you have 


= 10x 
aio 2 ON ei a 
xeor 3 ap 8) 
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The Remainder and Factor Theorems 


The remainder obtained in the synthetic division process has an important 
interpretation, as described in the Remainder Theorem. (A proof is given in 
Appendix A.) 


The Remainder Theorem 
If a polynomial f(x) is divided by x — k, then the remainder is 


r= f(k). 


The Remainder Theorem tells you that synthetic division can be used to 
evaluate a polynomial function. That is, to evaluate a polynomial function f (x) 
when x = k, divide f(x) by x — k. The remainder will be f(k), as illustrated in 
Example 5. 


Example 5 » Using the Remainder Theorem 


Use the Remainder Theorem to evaluate the following function at x = —2. 
fig) = Sar 8x7 te 
Solution 


Using synthetic division, you obtain the following. 


So imeS 8 Saat 





3 2 j yrs) 
Because the remainder is r = —9, you can conclude that 
oe ak 


This means that (—2, —9) is a point on the graph of f. You can check this by 
substituting x = —2 in the original function. 


Check 
f(-2) = 34 2) ee 5) 
= 3(—8) + 8(4) - 10-7 
= 


Se creer 


Another important theorem is the Factor Theorem, which is stated below. 
This theorem states that you can test to see whether a polynomial has (= kas 
a factor by evaluating the polynomial at x = k. If the result is 0, (x — k) is a 
factor. (A proof is given in Appendix A.) 


The Factor Theorem 
A polynomial f(x) has a factor (x — k) if and only if f(k) = 0. 


FIGURE 2.22 
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Example 6 ® Factoring a Polynomial: Repeated Division 


Show that (x — 2) and (x + 3) are factors of 
f(x) = 2x* + 7x3 — 4x? — 27x - 18. 
Then find the remaining factors of f(x). 


Solution 


Using synthetic division with the factor (x — 2), you obtain the following. 


ae ‘| 4 P| 18 





4 22 36 18 


0 remainder, so f(2) = 0 
- i 18 9 0 and (x — 2) is a factor. 





Use the result of this division to perform synthetic division again with the factor 
(x + 3). 


ras oe |e 11 18 9 
O° sl ee” 


2 5 3 Oe 





0 remainder, so f(—3) = 0 
and (x + 3) is a factor. 


Because the resulting quadratic expression factors as 
De Sx + BS (One B)xet 1) 
the complete factorization of f(x) is 
F(x): = — 2)(e+ 3)(2x%' +3) +1). 
Note that this factorization implies that f has four real zeros: 
2, -3, —3, and -1. 
This is confirmed by the graph of f, which is shown in Figure 2.22. 


Using the Remainder in Synthetic Division 

The remainder r, obtained in the synthetic division of f(x) by x — k, 
provides the following information. 

1. The remainder r gives the value of f at x = k. That is, r = f(k). 
2. lk = 0, (vik) issaifactor of F(x)! 

3. If r = 0, (k, 0) is an x-intercept of the graph of f. 


Throughout this text, we have emphasized the importance of developing 
several problem-solving strategies. In the exercises for this section, try using 
more than one strategy to solve several of the exercises. For instance, if you find 
that x — k divides evenly into f(x) (with no remainder), try sketching the graph 
of f. You should find that (k, 0) is an x-intercept of the graph. 
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Application 


Example 7 ® Take-Home Pay @ 





The 1999 monthly take-home pay for an employee who is single and claimed one 
deduction is given by the function 


y = —0.00002436x? + 0.79337x + 42.096, 500 < x < 5000 


where y represents the take-home pay and x represents the gross monthly salary. 
Find a function that gives the take-home pay as a percent of the gross monthly 
salary. (Source: UA Corporate Accounting Software, based on a state and local 
income tax rate of 3.8%) 

Solution 


Because the gross monthly salary is given by x and the take-home pay is given by 
y, the percent of gross monthly salary that the person takes home is 


—(0.00002436x? + 0.79337x + 42.096 
x 





= —(.00002436x + 0.79337 + ad 





The graphs of these functions are shown in Figure 2.23(a) and (b). Note in Figure 
2.23(b) that as a person’s gross monthly salary increases, the percent that he or 
she takes home decreases. 


Income Income 


Take-home pay (in dollars) 
Take-home pay 
(as percent of gross) 





2000 4000 2000 


Gross monthly salary Gross monthly salary 
(in dollars) (in dollars) 
(a) (b) 


FIGURE 2.23 


Os a sen eee UE EEEEEESGEG 


In Example 7, the difference between gross pay and take-home pay results 
primarily from federal deductions for income tax, Social Security tax, and 
Medicare tax. Because the federal income tax is graduated, the percent that is 
deducted depends on a person’s income. People who earn more do not simply pay 
more tax—they pay much more tax because the tax rate increases. 


2.3 Exercises 
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Analytical Analysis \n Exercises 1-4, use long division to 
verify that y, = y>. 

















Ly-—, y= 4 

1 eee 23 T alaaaae 

pa aa ard Bisa 

4 _— : pai a8 + So 


/ Graphical Analysis _\n Exercises 5 and 6, use a graphing 
utility to graph the two equations in the same viewing 
window. Use the graphs to verify that the expressions 
are equivalent. Use long division to verify the results 
algebraically. 


exe 3x? 4x 








1 eee Saige the tated 1 

x? — 2x7 + 5 2(x + 4) 
a, y= 4-3 + 
eee tie eet xetxt)] 


In Exercises 7-20, use long division to divide. 

7. (2x? + 10x + 12) + (x + 3) 

Bese — 17x — 12) + (x — 4) 

9. (44° — 7x2 — 11x + 5) + (4x + 5) 

10. (6x7 — 16x? + 17x — 6) + Gx — 2) 

O44 +/5x? + 6x2 = x — 2) + (x + 2) 

12. (x? + 4x2 — 3x — 12) + (x - 3) 

13. (x + 3) + @ +2) 14. (8x — 5) + (2x + 1) 
15. (6x? + 10x? + x + 8) + (2x? + 1) 

Mek) 9) (x? + 1) 








et oe tt eyo 
x2-2x4+3 Pee | 
4 2x3 — 4x? — 15x + 5 
19. Ze 20, ~—*~__=—- 
1)? (x —'1) 


: In Exercises 21-38, use synthetic division to divide. 
at. (30° — 17x? + 15x — 25) + & — 5) 
25x + 18x? + 7x — 6) + (x + 3) 
m3, (4x — 9x + 8x2 — 18) + (x + 2) 


24. (9x3 — 16x — 18x? + 32) + (x — 2) 

25M 250) = (x +10) 

26. (3x3 — 16x? — 72) + (x — 6) 

27. (5x? — 6x? + 8) + & — 4) 

28. (5x° + 6x + 8) + (& + 2) 
10xh=!50x2:=1800 

















29. 
iO 
50. x? — 13x* — 120x + 80 
58 Fae 
eo de: 
31 Bre alee 
x+8 jo 9 
— Ot = 4 
ee 5 ee 
eS w x+2 
45. 180x — x* we 5 — 3x + 2x? — 8 
w= E x+1 
4x3 + 16x? — 23x — 15 3x3 — 4x2 + 5 
——————— ——— 
SPP) Xa) 


In Exercises 39-46, express the function in the form 
f(x) = (x — k)q(x) + rfor the given value of k, and demon- 
strate that f(k) = r. 


Function Value of k 
39) fG)  i e ee 
AQF) Me One elt 8 = 
41. f(x) = 15x4 + 10x3 — 6x? + 14 = 2 
42. f(x) = 10x39 — 22x? — 3x + 4 =} 
AS a Ox = ok 4 Loy 
44, f(x) =x? + 2x? — 5x —4 Bes 
45. f(x) = —4x9 + 6x2 + 12n + 4 toe S 
46. f(x) = —3x3 + 8x? + 10x — 8 pao 


In Exercises 47-50, use synthetic division to find each func- 
tion value. Verify using another method. 


47. f(x) = 4:3 — 13x + 10 


(a) f(1) (b) f(-2) 
(c) f(3) (d) f(8) 

48) o(x) =x = Axtiaex2 42 
(a) ¢(2) (b) g(—4) 
(c) 9(3) (d@) g(-1) 
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49. h(x) = 3x° +-5x? — 10x + 1 


(a) h(3) (b) h(3) 
(c) h(—2) (d) h(-5) 
50.. f(x) = OAs Oe nO ae 
(a) f(1) (b) f(>2) 
(c) f(5) (a) f(—10) 


In Exercises 51-58, use synthetic division to show that x is a 
solution of the third-degree polynomial equation, and use 
the result to factor the polynomial completely. List all real 
zeros of the function. 





Polynomial Equation Value of x 
Si — ie 6-0 Spe) 
52. x° — 28x — 48 = 0 x=-4 
53. eo = 1592 Ix 100 a 
54. 48° = 80x42 41k = 6 = 0 ites 
55. x02 + 2x2 — 3x —6=0 Kee 
56. x° + 2x? — 2x -—4=0 x= /2 
57. °.— 3x7 +2=0 pas eS 
58 Ser lox Ss = 0) as 


In Exercises 59-66, (a) verify the given factors of the func- 
tion f, (b) find the remaining factors of f, (c) use your results 
to write the complete factorization of f, (d) list all real zeros 


utility to graph the function. 


Function Factors 
59, f(x) = 20? Fix = Oe 2 (x72) et) 
60. f@) = 3x2 + 2x? — 19% +6 + 3).G 2) 
Gli Ha ae on (x — 5), @+4) 
+ 58x — 40 
C20) = Ox ee G+ 2), Ge 4) 
= (0s ar 24 


63. f(x) = 6x3 + 41x2 — 9x — 14 (2x + 1), Gx-2) 
64. f(x) = 10x3 —11x2-72x+45 (2x +5), (Sx — 3) 
65. f(x) =28—22- 10x +5 (2x - 1), (x + V5) 
66. f(x) = 23 + 3x2 — 48x — 144 (x +473), @ +3) 


Graphical Analysis \n Exercises 67-70, (a) use the 
root-finding capabilities of a graphing utility to approxi- 
mate the zeros of the function accurate to three decimal 
places. (b) Determine one of the exact zeros and use 
synthetic division to verify your result. Then factor the 
polynomial completely. 


6lof (x) =e = 2 oe 10 
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68. (x) =x — 4x? — 2x aes 
Onn = 2 
70. f(s) =.s° — 1257 4 40s —.24 


In Exercises 71-76, simplify the rational expression. 


4x3 — 8x2? +x4+3 x3 + x2 — 64x — 64 




















Ae Ips 
Dy = 3 Hear tS 
x3 + 3x2? -x-3 2x3 + 3x2 — 3x — 2 
Wes 74. 
spar ll be | 
ne x4 + 6x9 + 11x? + 6x 
; x2 + 3x +2 
ae x4 + 9x3 — 5x? — 36x + 4 
x2 -—4 


77. Data Analysis The average monthly basic rates R 
for cable television in the United States (in dollars) 
for the years 1988 through 1997 are shown in the 
table, where ¢ represents the time (in years), with 
t = O corresponding to 1990. (Source: Paul Kagan 
Associates, Inc.) 




















M2 |-1 |o 2 
R| 13.86 | 15.21| 16.78 | 18.10 | 19.08 
a3 la i]s 6 ae 
PR] 19.39 | 21.62| 23.07 | 24.41 | 26.48 























(a) Use a graphing utility to sketch a scatter plot of 
the data. 





= (b) Use the regression feature of a graphing utility to 
find a cubic model for the data. Then graph the 
model in the same viewing window as the scatter 
plot. Compare the model with the data. 


(c) Use the model to create a table of estimated 
values of R. Compare the estimated values with 
the actual data. 


(d 


WH 


Use synthetic division to evaluate the model for 
the year 2002. Even though the model is 
relatively accurate for estimating the given data, 
do you think it is accurate for predicting future 
cable rates? Explain. 


\ 
} 


78. Data Analysis The numbers of United States 
military personnel M (in thousands) on active duty 
for the years 1989 through 1996 are shown in the 
table, where ¢ represents the time (in years), with 

















t=O corresponding to 1990. (Source: U:S. 
Department of Defense) 

1 ) 

1986 | 1807 

5 6 

P15) e142 























(a) Use a graphing utility to sketch a scatter plot of 
the data. 

(b) Use the regression feature of a graphing utility to 
find a cubic model for the data. Then graph the 
model in the same viewing window as the scatter 
plot. Compare the model with the data. 


(c) Use the model to create a table of estimated 
values of M. Compare the estimated values with 
the actual data. 


(d 


—" 


Use synthetic division to evaluate the model for 
the year 2001. Even though the model is rela- 
tively accurate for estimating the given data, 
would you use this model to predict the number 
of military personnel in the future? Explain. 


Synthesis 


True or False? \n Exercises 79 and 80, determine 
whether the statement is true or false. Justify your answer. 


79. If (7x + 4) is a factor of some polynomial function 
f, then : is a zero of f. 


80. (2x — 1) is a factor of the polynomial 
at = 9207 + 45x? + 18452 + 4x — 48. 


Think About It \n Exercises 81 and 82, perform the 
division by assuming that n is a positive integer. 
ee Ox" + 27x" D7 
ee 3 
ee 3x2" + 5x" — 6 
x 2 


81. 


82. 
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83. Writing Briefly explain what it means for a divisor 
to divide evenly into a dividend. 


84. Writing Briefly explain how to check polynomial 
division, and justify your reasoning. Give an 
example. 


Exploration \n Exercises 85 and 86, find the constant c 
such that the denominator will divide evenly into the 
numerator. 


x3 + 4x2 — 3x+¢ x —- 2x27 +x+ 


85. 86. 
eS xg ab D 


Think About It \n Exercises 87 and 88, answer the 
questions about the division 


f(x) 
x—k 








where f(x) = (x + 3)?(x — 3)(x + 1)3. 
87. What is the remainder when k = —3? Explain. 


88. If it is necessary to find f(2), is it easier to evaluate 
the function directly or to use synthetic division? 
Explain. 


89. Exploration Use the form 
f(x) = & — kK)g(x) + r 


to create a cubic function that (a) passes through the 
point (2,5) and rises to the right, and (b) passes 
through the point (—3, 1) and falls to the right. 
(There are many correct answers.) 


Review 
In Exercises 90-95, use any method to solve the quadratic 
equation. 

90. 9x? — 25 =0 


92. 5x2 — 3x — 14 =0 
94. 2x7 + 6x +3 =0 


OT 16 210 

93. 8x? — 22x + 15 = 0 
954 an = 0) 

In Exercises 96-99, find a polynomial function that has the 
given zeros. 

96. 0, 3, 4 

OS eon — x2 
Go 22 3,25 


S7. 6,1 


Chris Hamilton/The Stock Market 
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> What you should learn 


* How to use the imaginary unit / 
to write complex numbers 


- How to add, subtract, and 
multiply complex numbers 


* How to use complex conju- 
gates to divide complex 
numbers 

* How to use the Quadratic 
Formula to find complex solu- 
tions of quadratic equations 


> Why you should learn it 


You can use complex numbers 
to model and solve real-life 
problems in electronics. For 
instance, in Exercise 84 on page 
242, you will learn how to use 
complex numbers to find the 
impedance of an electrical 
circuit. 


Complex Numbers 






The Imaginary Unit 7 


Some quadratic equations have no real solutions. For instance, the quadratic 
equation 


ye Equation with no real solution 


has no real solution because there is no real number x that can be squared to 
produce —1. To overcome this deficiency, mathematicians created an expanded 
system of numbers using the imaginary unit i, defined as 


t= ~/ =" Imaginary unit 


where i2 = — 1. By adding real numbers to real multiples of this imaginary unit, 
the set of complex numbers is obtained. Each complex number can be written in 
the standard form a + bi. The real number a is called the real part of the 
complex number a + bi, and the number bi (where b is a real number) is called 
the imaginary part of the complex number. 


Definition of a Complex Number 


If a and b are real numbers, the number a + bi is a complex number, and it 
is said to be written in standard form. If b = 0, the number a + bi = aisa 
real number. If b # 0, the number a + bi is called an imaginary number. A 
number of the form bi, where b # 0, is called a pure imaginary number. 


The set of real numbers is a subset of the set of complex numbers, as shown in 
Figure 2.24. This is true because every real number a can be written as a complex 
number using b = 0. That is, for every real number a, you can write a = a + Oi. 


Complex 
numbers 











Real 
numbers 


Imaginary 
numbers 


FIGURE 2.24 








Equality of Complex Numbers 


Two complex numbers a + bi and c + di, written in standard form, are 
equal to each other 


a+bi=ct+di Equality of two complex numbers 


if and only if a = c and b = d. 
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Operations with Complex Numbers 


To add (or subtract) two complex numbers, you add (or subtract) the real and 
imaginary parts of the numbers separately. 


Addition and Subtraction of Complex Numbers 


If a + bi and c + di are two complex numbers written in standard form, 
their sum and difference are defined as follows. 


Sum: (a + bi) + (c + di) =(a+c)+ (b+ d)i 
Difference: (a + bi) — (ce + di) = (a-—c) + (b- d)i 


The additive identity in the complex number system is zero (the same as in 
the real number system). Furthermore, the additive inverse of the complex 
number a + bi is 


=(@) sea) = Sa) = [Di Additive inverse 
So, you have 


(a + bi) + (—a — bi) = 0+ 07 = 0. 


Example 1 ® Adding and Subtracting Complex Numbers 


a. 3 — i) + Qt 3) = 3-7 P24 3 Remove parentheses. 
= 5p 4 = ar SY Group like terms. 
=(3 +2) 4 (eT # 3) 


=5+ 2i Write in standard form. 
b. 2i + (—4 — 2i) = 27-4 = 2i Remove parentheses. 
St ae Di DY Group like terms. 
=-4 Write in standard form. 


e 3 (424-37)'+(—5.4+ = 3 +2 -—31-5.41 
= 3) cp) = B= Si ar 
OS 25 
=i 
(3 Dj) Se eee ret Ae ees 
= 2) ep Hb 7 ap QS a 
=0+ 0 
=0 


II 





Note in Example 1(b) that the sum of two complex numbers can be a real 
number. 


238 Chapter 2 2% Polynomial and Rational Functions 


Exploration 


Complete the table: 


rl 


Many of the properties of real numbers are valid for complex numbers as 
well. Here are some examples. 


Associative Properties of Addition and Multiplication 


=i v= Commutative Properties of Addition and Multiplication 

2 = 4 js = Distributive Property of Multiplication Over Addition 

B=-i p= Notice below how these properties are used when two complex numbers are 
multiplied. 

it = 1 jl0 = 


What pattern do you see? Write 
a brief description of how you 
would find 7 raised to any 
positive integer power. 


(a + bi)(c + di) 


= a(c + di) + bile + di) 

= ac + (ad)i + (bc)i + (bd)i? 

= ac + (ad)i + (bc)i + (bd)(—1) 
= ac — bd + (ad)i + (be)i 

= (ac — bd) + (ad + bc)i 


Distributive Property 


Distributive Property 


Commutative Property 


Associative Property 


Rather than trying to memorize this multiplication rule, you should simply 
remember how the Distributive Property is used to multiply two complex numbers. 
The procedure is similar to multiplying two polynomials and combining like 
terms (as in the FOIL Method). 


Example 2 ® Multiplying Complex Numbers 


a 4G et) 


b. (i)(—3i) = 


= 372 


4(—2) + 4(3i) Distributive Property 
=) a Simplify. 
Multiply. 
aD) pai 
Simplify. 


3 


¢ 2-—D)E4 8) = 8 OF — A — 37 
SG ity = Beau) 
= (8 + 3) + (6: — 4i) 
= 11+ 2i 

d. G + 23 — 2i) = 9 — 61 + 6i — 4i? 


Product of binomials 
iz =—-1 

Group like terms. 
Write in standard form. 


Product of binomials 


9 — 4(-1) 2=-1 
9+4 Simplify. 
16) 


e. (3 + 21)? = 9 + 61 + 6i + 4i? 


Write in standard form. 


Product of binomials 


= 9+ 4(—1) + 123 P= =] 
ae Simplify. 
= 5S sp 1127 Write in standard form. 
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Complex Conjugates and Division 


Notice in Example 2(d) that the product of two complex numbers can be a real 
number. This occurs with pairs of complex numbers of the form a + bi and 
a — bi, called complex conjugates. 


(a + bi)(a — bi) = a? — abi + abi — b*i? 
= a — b4(—1) 
=qa+ bb? 


To find the quotient of a + bi and c + di where c and d are not both zero, 
multiply the numerator and denominator by the conjugate of the denominator to 
obtain 


a 





Cra CP aie a 
Ti@e Abd) & (be=sa)i 
Pt c? + d? ; 


Example 3 & Dividing Complex Numbers 











1 s 1 ( [I= ‘| Multiply numerator and denominator 
eme oe eee by conjugate of denominator. 
ld 
= (ae Expand. 
et 
= ?v=- 
Lice ol) 
ee Simplif 
= implify. 
2 
i Bea 
Si aS a! Write in standard form. 
Dee 


Example 4 & Dividing Complex Numbers 











Der Bye. Phe BY Als el Multiply numerator and denominator 
Wao: a A= 5)\ Ae: by conjugate of denominator. 
8 + 4i + 121 + 61? 
16 S42 Expand. 
24 be Olan 16i iy 
16 +4 al 
Asp ANG ar 
= 0 Simplify. 
1 
= 10 += 1 Write in standard form. 
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STUDY TIP 


The definition of principal 
square root uses the rule 


Jab = Jab 


fora > Oandb < 0. This rule 
is not valid if both a and b are 
negative. For example, 


J=5/-5 = Ja(-)V5(- 9) 
eS) 
= /25i2 
Ea Sapte) 
whereas 
VE Sia 5) = /25/= 5. 


To avoid problems with multi- 
plying square roots of negative 
numbers, be sure to convert to 
standard form before multiply- 
ing. 


Complex Solutions of Quadratic Equations 


When using the Quadratic Formula to solve a quadratic equation, you often 
obtain a result such as /— 3, which you know is not a real number. By factoring 
out i = \/—1, you can write this number in standard form. 


SSB2 en = ye i 


The number \/3i is called the principal square root of —3. 


Principal Square Root of a Negative Number 


If a is a positive number, the principal square root of the negative number 
—a is defined as ae 


J=a= Vai. 


Example 5 ® Writing Complex Numbers in Standard Form . 


a. </=3 J 210. = Ba 67 = 01) = 

b 48 = /-21 = Ji — Joi = 431 - 331 = 
Pep i Re) al ae 

(<1)? -— 2/37 + (V3 P70) 
=1-2/3i + 3(-1) 

—2-2V3i 


II 


Example 6 & Complex Solutions of a Quadratic Equation 


Solve (a) x2 + 4 = Oand (b) 3x? — 2x +5 = 0. 

Solution 

Write original equation. 
Subtract 4 from each side. 


Extract square roots. 


Write original equation. 


3 (=o) eo 46)6) 


SSS a es Quadratic Formula 





2(3) 

Dae <j S95) 

pps eee Se Simplify. 
6 

Dae Dial 
= oe Write ./ —56 in standard form. 
= . au Lo Write in standard form 

oy 33 ; 


2.4 Exercises 
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In Exercises 1-4, find real numbers a and 6b such that the 
equation is true. 


i, a+ bi = —10 + 61 
2,.a+ bi= 134+ 4i 

3. (@—1)+ (b+ 3)i =5 + 8 
4. (a+ 6) + 21 =6 — 5i 


In Exercises 5-16, write the complex number in standard 
form. 


5.4+ /-9 6. 3 4:4/—16 
7.2 — /-27 8. 1+ /-8 
9. /-75 10. /-4 

1. 8 12; 45 

13. —6i + i? 14. —4i2 + 2i 
15. /—0.09 16. /—0.0004 


In Exercises 17-26, perform the addition or subtraction and 
write the result in standard form. 


17. (5 + i) + (6 — 2i) 
ees — 21) + (—5 + 6i) 
795 (8 — i) — (4-2) 

20. (3 + 21) — (6 + 138) 


21. (-2 + /—8) + (5 — V—50) 
22. (8 + /—18) — (4 + 3V2i) 


Bad5t — (14 — 7i) 

24. 22 + (-—5 + 8), + 10: 

me (3 + 31) + (3 + 44) 

26. (1.6 + 3.21) + (—5.8 + 4.33) 


In Exercises 27-40, perform the operation and write the 
result in standard form. 


a7. ./—6- ae 
ena 5+ </— 
29. (/—10)° 30. (/=75)° 


Set) + 1)(3 — 2i) 

me. (6 — 2i)(2 — 3i) 

33. 6i(5 — 2i) 34, —8i(9 + 4i) 
35. (/14 + \/10i)( 14 — /10i) 

36. (3 + /—5)(7 —- 10) 


37. (4 + 51)? 
39. (2 + 31)? + (2 — 3i) 
40. (1 — 2i)2 — (1 + 2i) 


88 (2 — 31) 


In Exercises 41-48, write the conjugate of the complex 
number. Then multiply the number and its conjugate. 


41. 6 + 3i 42. 7 — 12i 
43. -1-— J/5i 44. -3+ /2i 
45. /—20 46. /-15 
AT. 8 48. 1+ </8 


In Exercises 49-62, perform the operation and write the 
result in standard form. 






































5 14 
49, — Sy === 
i Di 
2 
51. : §2. 2 
4-—5i - 1 ey! 
3 Se © = i 
53: 54. 
35 = (| Si 
= 5 8 + 16 
55. u : 56. amie 
I 21 
3i Si 
Y= 58. 
(4 — 5i)? (2 + 33) 
2 3 2i 5 
9, = 60. 
lester =f Daa B= 7 
i 2i 1+ i 3 
61. + 620 ieee 
B= Di Byar wy i Bo ij 


In Exercises 63-72, use the Quadratic Formula to solve the 
quadratic equation. 


63.5" =? = 0 
64. x7 + 6x + 10 =0 
65; 45° 4 16% 17 — "0 
66. 9x? — 6x + 37 =0 
67. 4x2 + 16x + 15 =0 
68. 16t7 — 4 +3 =0 
69. 5x? — 6x +9 =0 
70. 3x2 -32x + 2 =0 
mis 1-4? — 25 10. — 0) 
TIA ASK” — 3X eae") 
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73. Express each of the following powers of i asi, —i, 1, 
Ort. 
(a) j 40 (b) 12 (c) j>9 (d) jo 

In Exercises 74-81, simplify the complex number and write 

it in standard form. 


74. —6i? + i2 75. 4i2 — 213 
76. —5i> TT iy 
ha =A 79. (/—2)° 
ayes 81, = 





ie ey 
82. Cube each complex number. 
@2 ©. =i C= 
83. Raise each complex number to the fourth power. 
(a) 2 (by 2 (©) 2t @) = 21 
84. Impedance The opposition to current in an electri- 
cal circuit is called its impedance. The impedance in 


a parallel circuit with two pathways satisfies the 
equation 


where z, is the impedance (in ohms) of pathway | 
and z, is the impedance of pathway 2. Use the table 
to determine the impedance of each parallel circuit. 
The impedance of each pathway is found by adding 
the impedance of each component in the pathway. 





| Resistor_| Inductor | Capacitor 
ww | 0 | 
cQ 
=ch 





























20 Q 


= 10) 








z,=9+ 16i, z, = 20-10: 


Synthesis 


True or False? \n Exercises 85-87, determine whether 
the statement is true or false. Justify your answer. 


85. There is no complex number that is equal to its 


conjugate. 
86. —i./6 is a solution of x* — x? + 14 = 56. 
87. i44 aie j 150 = j/4 = 709. ah jo! mE =] 


88. Error Analysis Describe the error. 
/=6./=6 = =6\—-6) = J36 = oe 


89. Prove that the conjugate of the product of two 
complex numbers a, + b,i and a, + b,i is the 
product of their conjugates. 


90. Prove that the conjugate of the sum of two complex 
numbers a, + b,i and a, + b,i is the sum of their 
conjugates. 


Review 


In Exercises 91-94, perform the operations and write the 
result in standard form. 

91. (4 + 3x) + (8 — 6x — x?) 

92. (x3 — 3x2) — (6 — 2x — 4x?) 

93. (3x — $)(x + 4) 94, (2x — 5) 


In Exercises 95-98, solve the equation and check your 
solution. 


95. —x — 12 = 19 96. 8 — 3x = —34 
97. 4(5x — 6) — 3(6x + 1) = 0 
98. 5[x — (3x + 11)] = 20x - 15 


99. Volume of an Oblate Spheroid 
Solve for a: V = $ara2b 

100. Newton’s Law of Universal Gravitation 

Solve for r: F = gM 
i. 

101. Mixture Problem A 5-liter container contains a 
mixture with a concentration of 50%. How much of 
this mixture must be withdrawn and replaced by 
100% concentrate to bring the mixture up to 60% 
concentration? 


102. Travel A business executive drove at an average 
speed of 100 kilometers per hour on a 200- 
kilometer trip. Because of heavy traffic, the average 
speed on the return trip was 80 kilometers per hour. 
Find the average speed for the round trip. 
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2.5 BPO WiC a aati 


> What you should learn 


* How to use the Fundamental 
Theorem of Algebra to deter- 
mine the numbers of zeros of 
polynomial functions 

How to find rational zeros of 

polynomial functions 


How to find conjugate pairs of 
complex zeros 


How to find zeros of polynomi- 
als by factoring 


How to use Descartes’s Rule of 
Signs and the Upper and Lower 
Bound Rules to find zeros of 
polynomials 


> Why you should learn it 


Finding zeros of polynomial 
functions is an important part of 
solving real-life problems. For 
instance, Exercise 109 on page 
256 shows how the zeros of a 
polynomial function can help 
you analyze the profit function 

_ for a business. aia 
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The Fundamental Theorem of Algebra 


You know that an nth-degree polynomial can have at most n real zeros. In the 
complex number system, this statement can be improved. That is, in the complex 
number system, every nth-degree polynomial function has precisely n zeros. This 
important result is derived from the Fundamental Theorem of Algebra, first 
proved by the German mathematician Carl Friedrich Gauss (1777-1855). 


The Fundamental Theorem of Algebra 


If f(x) is a polynomial of degree n, where n > 0, then f has at least one zero 
in the complex number system. 


Using the Fundamental Theorem of Algebra and the equivalence of zeros and 
factors, you obtain the Linear Factorization Theorem. (A proof is given in 
Appendix A.) 


Linear Factorization Theorem 


If f(x) is a polynomial of degree n, where n > 0, then f has precisely n 
linear factors 


IX) = GNX = GN 6) (xo C,,) 


where c,,C,,. . .,¢, are complex numbers. 


Note that the Fundamental Theorem of Algebra and the Linear Factorization 
Theorem tell you only that the zeros or factors of a polynomial exist, not how to 
find them. Such theorems are called existence theorems. To find the zeros of a 
polynomial function, you still must rely on other techniques. 


Example 1 ® Zeros of Polynomial Functions 


a. The first-degree polynomial f(x) = x — 2 has exactly one zero: x = 2. 


b. Counting multiplicity, the second-degree polynomial function 
fQ) =" = Or G3) — 3) 
has exactly two zeros: x = 3 and x = 3. (This is called a repeated zero.) 


c. The third-degree polynomial function 
fx) =x? 44S? + 4) = xe — 20) + 27) 
has exactly three zeros: x = 0, x = 2i, and x = —2i. 


d. The fourth-degree polynomial function 
PQ) eee 1) (xt DG) 


has exactly four zeros: x = 1,x = —1,x =i, and x = —i. 








The Fogg Art Muse 
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Historical Note 

Jean Le Rond d’Alembert 
(1717-1783) worked indepen- 
dently of Carl Gauss in trying to 
prove the Fundamental Theorem 
of Algebra. His efforts were such 
that, in France, the Fundamental 
Theorem of Algebra is frequently 
known as the Theorem of 
d’Alembert. 











fx) =x +x4+1 








FIGURE 2.25 
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The Rational Zero Test 


The Rational Zero Test relates the possible rational zeros of a polynomial 
(having integer coefficients) to the leading coefficient and to the constant term of 
the polynomial. 


The Rational Zero Test 
If the polynomial f(x) = a,x” + a,_yx""! ++ + ++ a,x? + ax + ay 
has integer coefficients, every rational zero of f has the form : 


Rational zero = P 
q 


where p and g have no common factors other than 1, and 
p = a factor of the constant term a 


q = a factor of the leading coefficient a,,. 


To use the Rational Zero Test, you should first list all rational numbers whose 
numerators are factors of the constant term and whose denominators are factors 
of the leading coefficient. 


factors of constant term 





Possible rational zeros = 5 = 
factors of leading coefficient 


Having formed this list of possible rational zeros, use a trial-and-error method to 
determine which, if any, are actual zeros of the polynomial. Note that when the 
leading coefficient is 1, the possible rational zeros are simply the factors of the 
constant term. 


Example 2 > Rational Zero Test with Leading Coefficient of 1 


Find the rational zeros of 
fo) = six + I. 


Solution 


Because the leading coefficient is 1, the possible rational zeros are +1, the fac- 
tors of the constant term. By testing these possible zeros, you can see that neither 
works. 


Ff) 
fey 


So, you can conclude that the given polynomial has no rational zeros. Note from 
the graph of f in Figure 2.25 that f does have one real zero between —1 and 0. 
However, by the Rational Zero Test, you know that this real zero is not a rational 
number. 


Ge +Fi+ri=3 
1p (=f) va 


eS 
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Example 3 ® Rational Zero Test with Leading Coefficient of 1 


Find the rational zeros of f(x) = x4 — x3 + x? — 3x — 6. 
Solution 


Because the leading coefficient is 1, the possible rational zeros are the factors of 
the constant term. 


Possible rational zeros: +1, +2, +3, +6 


A test of these possible zeros shows that x = —1 and x = 2 are the only two that 
work. Check the others to be sure. 


If the leading coefficient of a polynomial is not 1, the list of possible rational 
zeros can increase dramatically. In such cases the search can be shortened in 
several ways: (1) a programmable calculator can be used to speed up the calcula- 
tions; (2) a graph, drawn either by hand or with a graphing utility, can give a good 
estimate of the locations of the zeros; and (3) synthetic division can be used to 
test the possible rational zeros. 

To see how to use synthetic division to test the possible rational zeros, take 
another look at the function f(x) = x* — x3 + x? — 3x — 6 given in Example 3. 
To test that x = —1 and x = 2 are zeros of f, you can apply synthetic division 
successively, as follows. 


sulN | (1 et {= 31 —6 


So, you have 
fa)y-= EG = 2G) 


Because the factor (x? + 3) produces no real zeros, you can conclude that 
x = —1 and x = 2 are the only real zeros of f, which is verified in Figure 2.26. 











FIGURE 2.26 
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sini 7 





f(x) =-10x3 + 15x2 + 16x — 12 








FIGURE 2.27 


Finding the first zero is often the hardest part. After that, the search is 
simplified by using the lower-degree polynomial obtained in synthetic division. 


Example 4 ® Using the Rational Zero Test 


Find the rational zeros of f(x) = 2x3 + 3x? — 8x + 3. 


Solution 


The leading coefficient is 2 and the constant term is 3. 





} : Ractors'of3) “Se il,=E3 ees 
Possible rational zeros: = = $1,235 = Se 
Hactorsoi2 meee leet? Dep) 
By synthetic division, you can determine that x = | is a zero. 
Ly} 2 aro 3 
2 Sass) 
2 eae) 0 
So, f(x) factors as 
if i =e ag — 
= — 1Qx — 1)@ + 3) 
and you can conclude that the rational zeros of f are x = 1, x = i and x = —3. 


Example 5 ® Using the Rational Zero Test 


Find all the real zeros of f(x) = — 10x? + 15x? + 16x — 12. 
Solution 
The leading coefficient is — 10 and the constant term is — 12. 


Factorsof 12  +1,+2,43,24, 65m 
Factors of — 10 alae aes). = |{() 





Possible rational zeros: 


With so many possibilities (32, in fact), it is worth your time to stop and sketch a 
graph. From Figure 2.27, it looks like three reasonable choices would be x = — 
x= , and x = 2. Testing these by synthetic division shows that only x = 
works. So, you have 


f ) = Ce 2) Oe S06): 


§ 
5? 
Dy 


Using the Quadratic Formula, you find that the two additional zeros are irrational 
numbers. 








—(-5)+ ¥ 
= i) 203 = — 1.0639 
—20) 
and 
= —5 = / 
x= ( _ 265 = 0.5639 
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Conjugate Pairs 


In Example 1(c) and (d), note that the pairs of complex zeros are conjugates. 
That is, they are of the form a + bi anda — bi. 


Complex Zeros Occur in Conjugate Pairs 


Let f(x) be a polynomial function that has real coefficients. If a + bi, where 
b # 0, is a zero of the function, the conjugate a — bi is also a zero of the 
function. 


Be sure you see that this result is true only if the polynomial function has real 
coefficients. For instance, the result applies to the function f(x) = x? + 1 but not 
to the function g(x) = x — i. 


Example 6 ® Finding a Polynomial with Given Zeros 
Find a fourth-degree polynomial function with real coefficients that has — 1, — 1, 
and 37 as zeros. 


Solution 


Because 3i is a zero and the polynomial is stated to have real coefficients, you 
know that the conjugate — 3i must also be a zero. So, from the Linear Factorization 
Theorem, f(x) can be written as 


f= 4G Ge eraser 
For simplicity, let a = 1 to obtain 
fe) =e ee ee) 


= x4 + 2x3 + 10x? + 18x + 9. 





Factoring a Polynomial 


The Linear Factorization Theorem shows that you can write any nth-degree 
polynomial as the product of n linear factors. 


Ee) eae = 1) Cee CO) es) eres) 


However, this result includes the possibility that some of the values of c; are 
complex. The following theorem says that even if you do not want to get involved 
with “complex factors,” you can still write f(x) as the product of linear and/or 
quadratic factors. A proof of this theorem is given in Appendix A. 





Factors of a Polynomial 


Every polynomial of degree n > 0 with real coefficients can be written as 
the product of linear and quadratic factors with real coefficients, where the 
quadratic factors have no real zeros. 
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STUDY TIP 


In Example 7, if you had not 
been told that 1 + 37 is a zero 
of f, you could still find all 
zeros of the function by using. 
synthetic division to find the 
real zeros —2 and 3. Then you 
could factor the polynomial as 
(x 2) = 3) = 2 310). 
Finally, by using the Quadratic 
Formula, you could determine 
thatthe zeros'are —2, 3.,10=5 3p, 
and == 31. 


A quadratic factor with no real zeros is said to be prime or irreducible over 
the reals. Be sure you see that this is not the same as being irreducible over the 
rationals. For example, the quadratic 


x27+1=(x- ix + i) 


is irreducible over the reals (and therefore over the rationals). On the other hand, 
the quadratic 


x —2=(x—- V2)(x + V2) 


is irreducible over the rationals but reducible over the reals. 


Example 7 ® Finding the Zeros of a Polynomial Function _ 


Find all the zeros of 
Fe). = = Bx oh Gray = 60 
given that 1 + 37 is a zero of f- 


Solution 


Because complex zeros occur in conjugate pairs, you know that 1 — 37 is also a 
zero of f. This means that both 


[x — (1 + 31)] and [x — @ — 33)] 
are factors of f. Multiplying these two factors produces 


[x — (1 + 3a)][x -— (1 — 3i)] = [@ — 1) — 3a] — 1) + 3] 


= (x — 1)? — 972 
=x? = 2h + 1 =.9(-1) 
= x? = 2x 10: 


Using long division, you can divide x? — 2x + 10 into f to obtain the following. 
Dike OMe Ws) 
x2 — 2x +10)x4— 3x3 + 6x2 + 2x - 60 
Reims te 10x" 
xe Saxe 2x 
ae ae poke 10x 














— 6x? + 12x — 60 
—6x? + 12x — 60 
0 


Therefore, you have 
f@) = 62 = 2610) G2 0) 
= (x2 — 2x + 10)(x — 3)(x + 2) 


and you can conclude that the zeros of f are 1 + 3i, 1 — 33, 3, and —2. 








Technology 


Le You can use the list editor 
feature of a graphing utility to 
help you determine which of 
the possible rational zeros are 
zeros of the polynomial in 
Example 8. Enter the possible 
rational zeros in the table. Then 
evaluate f at each of the possi- 
ble rational zeros. When you do 
















this, you will see that there are 
two rational zeros, —2 and 1, as 
shown in the table below. 
















fx) = x9 + x9 + 2x7 -12x + 8 











FIGURE 2.28 
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Example 8 shows how to find all the zeros of a polynomial function, 
including complex zeros. 


Example 8 ® Finding the Zeros of a Polynomial Function 


Write 
70) =. xe + 2x — ects 
as the product of linear factors, and list all of its zeros. 


Solution 
The possible rational zeros are +1, +2, +4, and +8. Synthetic division produces 
the following. 
{eas 0 | pi SIG) 8 
1 1 2 Ai) = 8 


] 1 2 i = OR ilistalzero: 
ip at 1 D) 4..=8 
1 2 4 8 
1 2 4 8 0 —— 1 isa repeated zero. 
7) | 2 4 8 
=?) OS 


1 0 4 (aermaa 21S arzeto: 
So, you have 
(eae ee Ox — Dees 
(x — 1)(x — 1)@ +.2)@? + 4). 


By factoring x? + 4 as 
2 (-4) = (6 V=ae + Y=) 
= (4 — 2a 20) 
you obtain 
fG) =] @ a) G UG 2G 21) e227) 
which gives the following five zeros of f- 
Doe de ee reece! 


Note from the graph of f shown in Figure 2.28 that the real zeros are the only ones 
that appear as x-intercepts. 


/a=oree re nnn nnn nee nrenn pen pn RO 


In Example 8, the fifth-degree polynomial function has three real zeros. In 
such cases, you can use the zoom and trace features or the zero or root feature of 
a graphing utility to approximate the real zeros. You can then use these real zeros 
to determine the complex zeros algebraically. 
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FG) = 3x? = 5x7 + 6x —4 











FIGURE 2.29 








Other Tests for Zeros of Polynomials 


You know that an nth-degree polynomial function can have at most n real zeros. 
Of course, many nth-degree polynomials do not have that many real zeros. For 
instance, f(x) = x? + 1 has no real zeros, and f(x) = x° + 1 has only one real 
zero. The following theorem, called Descartes’s Rule of Signs, sheds more light 
on the number of real zeros of a polynomial. 


Descartes’s Rule of Signs a 
Let f(x) = a,x" +a, yx"! +++ ++ ayx* + a,x + dy be a polynomial with 
real coefficients and a, # 0. 


1. The number of positive real zeros of f is either equal to the number of 
variations in sign of f(x) or less than that number by an even integer. 


2. The number of negative real zeros of f is either equal to the number of 
variations in sign of f(—x) or less than that number by an even integer. 


A variation in sign means that two consecutive coefficients have opposite 
signs. 

When using Descartes’s Rule of Signs, a zero of multiplicity m should be 
counted as m zeros. For instance, the polynomial x? — 3x + 2 has two variations 
in sign, and so has either two positive or no positive real zeros. Because 


28 -—3x+2=(¢-De@—- I + 2) 


you can see that the two positive real zeros are x = | of multiplicity 2. 


Example 9 B® Using Descartes’s Rule of Signs 


Describe the possible real zeros of f(x) = 3x? — 5x? + 6x — 4. 
Solution 
The original polynomial has three variations in sign. 


tate ee KO 


| cl Ail tte 


f@) = 38 = ox — 4 


ees 


= to + 
The polynomial 
f(x) = 3(-x)? - 5(-2)? + 6(-2) - 4 
= Oy = Oe 


has no variations in sign. So, from Descartes’s Rule of Signs, the polynomial | 
f(x) = 3x3 — 5x? + 6x — 4 has either three positive real zeros or one positive — 
real zero, and has no negative real zeros. From the graph in Figure 2.29, you can 
see that the function has only one real zero (it is a positive number, near 1). — 
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Another test for zeros of a polynomial function is related to the sign pattern 
in the last row of the synthetic division array. This test can give you an upper or 
lower bound of the real zeros of f. A real number b is an upper bound for the real 
zeros of f if no zeros are greater than b. Similarly, b is a lower bound if no real 
zeros of f are less than b. 


Upper and Lower Bound Rules 


Let f (x) be a polynomial with real coefficients and a positive leading coeffi- 
cient. Suppose f(x) is divided by x — c, using synthetic division. 


1. If c > O and each number in the last row is either positive or zero, 
c is an upper bound for the real zeros of /f. 


2. If c < 0 and the numbers in the last row are alternately positive and nega- 
tive (zero entries count as positive or negative), c is a lower bound for the 
real zeros of f. 


Example 10 ® Finding the Zeros of a Polynomial Function 


Find the real zeros of 

Co) = O08” 40 re aes 
Solution 
The possible real zeros are as follows. 


Factors of 2 ete illaeste2 
RactorsiOl On ee lace oe EEO 











Daehn pulp 2 
See ee Nee Ee) 
Gao 


fi 


Because f(x) has three variations in sign and f(—x) has none, you can apply 
Descartes’s Rule of Signs to conclude that there are three positive real zeros or 
one positive real zero, and no negative zeros. Trying x = | produces the 
following. 


[P\6> 4 Sine 
| 6 D 5S 
6 2 5 





3 


So, x = | is not a zero, but because the last row has all positive entries, you know 

that x = 1 is an upper bound for the real zeros. So, you can restrict the search to 
A : Phas 

zeros between 0 and 1. By trial and error, you can determine that x = 3 is a zero. 

So, 


f@) = (: 4 AG +3), 


Because 6x” + 3 has no real zeros, it follows that x = 7 is the only real zero. 


nen EEE eel 
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Before concluding this section, here are two additional hints that can help 
you find the real zeros of a polynomial. 


1. If the terms of f(x) have a common monomial factor, it should be factored out 
before applying the tests in this section. For instance, by writing 


f= Saxe 
= x(x3 — 5x? + 3x + 1) 


you can see that x = 0 is a zero of f and that the remaining zeros can be 
obtained by analyzing the cubic factor. 


) computer animation ef this concent 2. If you are able to find all but two zeros of f(x), you can always use the 
y appears in the Interactive CD-ROM and Quadratic Formula on the remaining quadratic factor. For instance, if you 
Internet versions of this text. succeeded in writing 


(e) S28 = oe is oa 
= xxi NG? — 4x — 1) 


you can apply the Quadratic Formula to x* — 4x — 1 to conclude that the two 
remaining zeros are 


y= VAP eS and ye -/5. 


Example 11 ® Using a Polynomial Model @ 





You are designing candle-making kits. Each kit will contain 25 cubic inches of 
candle wax and a mold for making a pyramid-shaped candle. You want the height 
of the candle to be 2 inches less than the length of each side of the candle’s square 
base. What should the dimensions of your candle mold be? 


Solution 


The volume of a pyramid is V = +Bh, where B is the area of the base and h is the 
height. The area of the base is x? and the height is (x — 2). So, the volume of the 
pyramid is 


be una i 
— = — _ 2 ‘5 
V 3 Bh 3% (x ) 


Substituting 25 for the volume yields the following. 


1 
25 = real = 2) Substitute 25 for V. 
15 =) — 2x7 Multiply each side by 3. 
Oe Write in general form. 


The possible rational zeros are 


3. 5 1525, ed 
+1 ; 





x= 


Using synthetic division, you can determine that x = 5 is a solution. The other two 
solutions, which satisfy x2 + 3x + 15 = 0, are imaginary and can be discarded. 

The base of the candle mold should be 5 inches by 5 inches. The height of 
the mold should be 5 — 2 = 3 inches. 


ERE nS OT 


2.5 Exercises 
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In Exercises 1-6, find all the zeros of the function. 

i= x — 6) 2 f(a) =x + 3)G2 — 1) 
BAe) = (x — 2) + 4)? 

Bee (a a 5) 8) 

fe) =(%+ 6+ )@-1) 

h(t) = (t — 3)(t — 2)(¢ — 3i)(t + 32) 


Pee ee ee 


In Exercises 7-10, use the Rational Zero Test to list 
all possible rational zeros of f. Verify that the zeros of f 
shown on the graph are contained in the list. 


Peay = x? + 3x2 =x — 3 
y 





Bin (x) = x° — 4x? — 4x + 16 
y 





In Exercises 11-20, find all the real zeros of the function. 
11. {Gra — 6x 1h — 6 

12 fice 

13.2) ae a ae 4 

14. Aix)? — 9x7 20 — 12 

15. A(t) = 03 + 12¢2 + 21t + 10 


162 A) Sx Ke 2 — 27 
17'C(x) = 23x ot 
18. f(x 


19. fie) = 9x4 19x? =/58x7 7 Ax 24 


) 
) 5 a IS in re eh aie) 
ie 
20. f(x) = 


= 2x4 — 15x3 + 23x2 + 15x — 25 


In Exercises 21-24, find all real solutions of the 
polynomial equation. 


DN te em a ae 

22 Xe lek cam Leo 

23) 2yS Ty? 26y 7 237 — 6 = 0 
24, x2 = 34 = 322+ 5x? — = '0 


In Exercises 25-28, (a) list the possible rational zeros of f, 
(b) sketch the graph of f so that some of the possible zeros 
in part (a) can be disregarded, and then (c) determine all 
real zeros of f. 


25. (=o xe a — 4 
) = —3x2 + 20x? — 36x + 16 
Veoh Hirano Ss xtimione So 
NAAM BS see gee oc wl) 


= In Exercises 29-32, (a) list the possible rational zeros of f, 


(b) use a graphing utility to graph f so that some of the 
possible zeros in part (a) can be disregarded, and then 
(c) determine all real zeros of f. 


fe) es oe a = Le 8 
fis) = 4x4 = 17x27 424 

31. Fe irre oe 
ee FG) dx? BE ae Lee 18 
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In Exercises 33-36, (a) use the 
root-finding capabilities of a graphing utility to approxi- 
mate the zeros of the function accurate to three decimal 
places. (b) Determine one of the exact zeros and use 
synthetic division to verify your result, and then factor the 
polynomial completely. 


33.1 OQ) =e — Bx 


34. P(t) rae ates 
35. hx) = x = Txt Se 10x 14? — 24% 
36. g(x) = - Me = Sle OF 





In Exercises 37-42, find a polynomial function with integer 
coefficients that has the given zeros. (There are many 
correct answers.) 


BT. Ly 351 38. 4, 3i, —3i 
39. 6,-54+2i,-5-2i 40.2,4+14,4-i 
41. 3,-1,3 + V2i 42. —5,-5,1+ J/3i 


In Exercises 43-46, write the polynomial (a) as the product 
of factors that are irreducible over the rationals, (b) as the 
product of linear and quadratic factors that are irreducible 
over the reals, and (c) in completely factored form. 


AS: Af) — 47 Oe aa 

AA f= = 2 ee le as 
(Hint: One factor is x* — 6.) 

Ya Ce ae Ao Sy eg) NS 
(Hint: One factor is x2 — 2x — 2.) 

46: file — 3 = ee ee) 


(Hint: One factor is x* + 4.) 


In Exercises 47-54, use the given zero to find all the zeros of 
the function. 


Function Zero 
LOS Vis B= ws Ee ests Iasi eae) 5i 
A8s: f(x). =a shat + Ox AO 3i 
AD (= 204 x tae 2i 
50. g(x) =x? = 7x? =x 4+ 87 5 + 2i 
Ou t 


§ 
Bi ote) 4x > + 23x" 84 0 
52) ie) = Oe — 407 Aor 
53. =r: OV GS DK eee Dy eae 
54. = x? + 4x? + 14x + 20 


1- /3i 
=f 
ee 37 
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In Exercises 55-72, find all the zeros of the function and 
write the polynomial as a product of linear factors. 


B58 (x) Se 56. {(x) = 32 =e 
57. h(x) =x2—4x+1 58. o(x) =2> Spee Ze 
SiGe Sa 60. f(y) = yeaa 
6h. fig? — 224-2 

G25 iG ee 

632 cea Ox? + 3x 10 

G4Anif (ei? = Oe = Vx 52 

650.0) So =O 

66. h(x) = x3 + 9x? + 27x + 35 

Glas — 9x, 28x 

68. 22) =3xr = 4x7 + 8x28 

69. -2(4) = 04 = Ax? 8x? = 16 is 

70. hi) =x = Ox 4 10x? + Oe 

Taf e) = He 10K + 9 

72. (x) = xo 29x? + 100 


In Exercises 73-78, find all the zeros of the function. When - 
there is an extended list of possible rational zeros, use a 
graphing utility to graph the function in order to discard 
any rational zeros that are obviously not zeros of the 
function. 


73. f(x) = x° + 24x? + 214% + 740 

The (8). = 252 sa OS ca 

75. f(x) = 16x32 — 20x? — 4x + 15 

163. fe) = 9x = 15a Lie 

TI f(a) =O Ske ae axe ae 

78. g(x) = x° — 8x* + 28x3 — SOx? 4G 


In Exercises 79-86, use Descartes’s Rule of Signs 
to determine the possible number of positive and negative 
zeros of the function. 


79. g(x) = 5x? + 10x 80. h(x) = 42 
$1. h(x) = 3x4 + 2x2 +1 82. h(x) = 2 
S3h eae Br = 3 


S4. f(x) a Bre 2x = 1 
Shain He? = eS 
$6. (GG) =e + 2x2 4% +3 


In Exercises 87-90, use synthetic division to verify the 
upper and lower bounds of the real zeros of f. 


pe (x) = x — Ax? + 15 
(a) Upper: x = 4 (b) Lower: x = —-1 
Bens (a) = 2x? 3x7 = 12e + 8 
(a) Upper: x = 4 (b) Lower: x = —3 
Bo. (4) = x — 4x° + 16x —16 
(a) Upper: x = 5 
Oe (x) = 2x — 8x,+ 3 
(a) Upper: x = 3 





| 
| 
ee) 


(b) Lower: x = 


(6) Lower: x = —4 


In Exercises 91-94, find all the real zeros of the function. 
Bie x) = 4x° — 3x — 1 

eeeyiz) = 127° — 477 — 27z + 9 

D3. fix) = 4y> + 3y2 + 8y+.6 

amet) = 3x7) — 0x2 + 15x —. 10 


In Exercises 95-98, find all the rational zeros of the polyno- 
mial function. 


95. P(x) = x4 — 2x2 + 9 = F(4x4 — 25x? + 36) 
96. f(x) =x3— 5x? — Fx t 6 = $(2x3 —3x? — 23x +12) 
97. f(x) = 3 —jx2- x tf = 443-22 - 40+ 1) 
Be 2)= 2? + ria —52- : = 4(63 + fiz 3z12) 





In Exercises 99-102, match the cubic function with the 
numbers of rational and irrational zeros. 


(a) Rational zeros: 0; Irrational zeros: 


(b) Rational zeros Irrational zeros: 


oN CO K 


aes 

(c) Rational zeros: 1; Irrational zeros: 
(d) Rational zeros: 1; Irrational zeros: 
99. f(x) =x? -1 

700. f(x) = x? — 2 

Sen. f(x) = x° —x 

Meee fix) = x° — 2x 


103. Think About It A third-degree polynomial func- 
tion f has real zeros —2, = and 3, and its leading 
coefficient is negative. Write an equation for f. 
Sketch the graph of f, How many different polyno- 
mial functions are possible for f? 

104. Think About It Sketch the graph of a fifth-degree 
polynomial function, whose leading coefficient is 
positive, that has one root at x = 3 of multiplicity 2. 
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105. Use the information in the table. 

















[Interval | Value of f(x) 
(—co, —2) Positive 
(+2, 1) Negative 
(1, 4) Negative 
(4, co) Positive 














(a) What are the three zeros of the polynomial 
function f? 


(b) What can be said about the behavior of the 
graph of f at x = 1? 

(c) What is the least possible degree of f? Explain. 
Can the degree of f ever be odd? Explain. 

(d) Is the leading coefficient of f positive or 
negative? Explain. 

(e) Write an equation for f. 


(f) Sketch a graph of the function you wrote in 
part (e). 
106. Use the information in the table. 


iy) rahe 














(—oo, —2) | Negative 
(20) Positive 
(0, 2) Positive 
(2, co) Negative 














(a) What are the three zeros of the polynomial 
function f? 


(b) What can be said about the behavior of the 
graph of f at x = 0? 

(c) What is the least possible degree of f? Explain. 
Can the degree of f ever be odd? Explain. 

(d) Is the leading coefficient of f positive or nega- 
tive? Explain. 

(e) Write an equation for f. 

(f) Sketch a graph of the function you wrote in 
part (e). 





eg 
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107. Geometry An open box is to be made from a 


rectangular piece of material, 15 centimeters by 
9 centimeters, by cutting equal squares from the 
corners and turning up the sides. 


(a) Let x represent the length of the sides of the 
squares removed. Draw a diagram showing the 
squares removed from the original piece of 
material and the resulting dimensions of the 
open box. 


(b) Use the diagram to write the volume V of the 
box as a function of x. Determine the domain of 
the function. 


(c) Sketch the graph of the function and approxi- 
mate the dimensions of the box that yield a 
maximum volume. 


(d) Find values of x such that V = 56. Which of 
these values is a physical impossibility in the 
construction of the box? Explain. 

. Geometry A rectangular package to be sent by a 

delivery service (see figure) can have a maximum 

combined length and girth (perimeter of a cross 
section) of 120 inches. 


(a). Show that the volume of the package is 
Vix) = 4x7130r en): 


(b) Use a graphing utility to graph the function and 
approximate the dimensions of the package that 
yield a maximum volume. 

(c) Find values of x such that V = 13,500. Which 
of these values is a physical impossibility in the 
construction of the package? Explain. 





109. Advertising Cost A company that produces 


portable cassette players estimates that the profit 
for selling a particular model is 


P= —76x? + 4830x7 — 320,000, “Osaex1= 60 


where P is the profit (in dollars) and x is the adver- 
tising expense (in tens of thousands of dollars). 
Using this model, find the smaller of two advertising 
amounts that yield a profit of $2,500,000. 








110. Advertising Cost A company that manufactures 


bicycles estimates that the profit for selling a par- 
ticular model is 


P = —45x> + 2500x? — 275,000 ROR eno 


where P is the profit (in dollars) and x is the adver- 
tising expense (in tens of thousands of dollars). 
Using this model, find the smaller of two advertis- 
ing amounts that yield a profit of $800,000. 


= 111. Business The ordering and transportation cost for 


the components used in manufacturing a certain 
product is 





Ls 


200 ie 
C—O |e ; 
(eo a 


where C is the cost (in thousands of dollars) and x 
is the order size (in hundreds). In calculus, it can be 
shown that the cost is a minimum when 


3x> = 40x2'— 2400x — 36,000 = 


Use a calculator to approximate the optimal order 
size to the nearest hundred units. 


. Foreign Trade The values (in billions of dollars) 


of goods imported into the United States for the 
years 1988 through 1997 are shown in the table. 
(Source: U.S. International Trade Administration) 





1989 1990 | 1991 1992 
473.2 | 495.3 | 488.5 | 532.7 














1994 | 1995 | 1996 | 1997 
lon | ns 
[ 663.3 | 743.4 | 795.3 870.7 | 




















sz (a) A model for this data is 


I= —0.222t3 + 6.43217 + 23.3287 Agere 


where J is the annual value of goods imported 
(in billions of dollars) and ¢ is the time (in 
years), with t = 0 corresponding to 1990. Use a 
graphing utility to sketch a scatter plot of the 
data and the model in the same viewing win-— 
dow. How do they compare? | 
(b) According to this model, when did the annual — 
value of imports reach 750 billion dollars? 


wa 


(c) According to the right-hand behavior of the 
model, will the value of imports continue to 
increase? Explain. 


113. Physics A baseball is thrown upward from 
ground level with an initial velocity of 48 feet per 
second, and its height h (in feet) is 


h= —1677+ 48% O<7¢<3 


where f is the time (in seconds). Suppose you are told 
the ball reaches a height of 64 feet. Is this possible? 

114. Economics The demand equation for a certain 
product is p = 140 — 0.0001x, where p is the unit 
price (in dollars) of the product and x is the number 
of units produced and sold. The cost equation for 
the product is C = 80x + 150,000, where C is the 
total cost (in dollars) and x is the number of units 
produced. The total profit obtained by producing 
and selling x units is 


eh — C= xp —C. 


You are working in the marketing department of the 
company that produces this product, and you are 
asked to determine a price p that will yield a profit 
of 9 million dollars. Is this possible? Explain. 


Synthesis 


True or False? \n Exercises 115 and 116, decide whether 
the statement is true or false. Justify your answer. 


115. It is possible for a third-degree polynomial function 
with integer coefficients to have no real zeros. 


116. If x = —i is a zero of the function f(x) = x° + 
ix? + ix — 1, then x = i must also be a zero of f. 


Think About It \n Exercises 117-122, determine 

(if possible) the zeros of the function g if the function 

f has zeros at x = r,,x = r,, and x = r;. 

117. 9(x) = —f(x) 118. g(x) = 3f(x) 

m9. o(x) = f(x — 5) 120. g(x) = f (2x) 

M21, e(x) = 3 + f(x) 122: o(x) = f(—x) 

123. Exploration Use a graphing utility to graph the 
function f(x) = x*+ — 4x? + k for different values 
of k. Find values of k such that the zeros of f 


satisfy the specified characteristics. (Some parts do 
not have unique answers.) 


(a) Four real zeros 
(b) Two real zeros, each of multiplicity 2 
(c) Two real zeros and two complex roots 


(d) Four complex zeros 
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124. Think About It Will the answers to Exercise 123 
change for the function g? 

(a) g(x) = f(x — 2) 

(b) g(x) = f(2x) 

125. (a) Find a quadratic function f (with integer coef- 
ficients) that has + /bi as zeros. Assume that b 
is a positive integer. 

(b) Find a quadratic function f (with integer coef- 
ficients) that has a + bi as zeros. Assume that b 
is a positive integer. 

126. Graphical Reasoning The graph of one of the 
following functions is shown below. Identify the 
function shown in the graph. Explain why each of 
the others is not the correct function. Use a graph- 
ing utility to verify your result. 


Gyn x7 2) Ga 35) 

(D) 5): 2) ee) 

(c) h(x) = (x + 2) — 3.5)(x? + 1) 
(d) k(x) = (« + 1)@ + 2)@ — 3.5) 


Review 


In Exercises 127-132, perform the operation and simplify. 
127. (—3 + 61) — (8 — 3’) 128, (12 — 51) + 16: 
129. (6 — 2i)(1 + 73) 130. (9 — 5i)(9 + 5i) 

ected 


131. ee 





13216 4) 


In Exercises 133-138, use the graph of f to graph the 
function g. 


133. g(x) = f(x — 2) 
134. g(x) = f(x) — 2 
135. 2(x) = 2f(x) 
136. e(x) = f(—x) 
137. g(x) = f (2x) 
138. 9(x) = (3x) 
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> What you should learn 


« How to find the domains of 
rational functions 

How to find the horizontal and 
vertical asymptotes of graphs 
of rational functions 


* How to analyze and sketch 
graphs of rational functions 

* How to sketch graphs of 

rational functions that have 

slant asymptotes 

How to use rational functions 

to model and solve real-life 

problems 


Why you should learn it 


Rational functions can be used to 
model and solve real-life prob- 


lems relating to the environment. 


For instance, Exercise 71 on page 
269 shows how a rational func- 
tion can be used to model the 
cost of removing pollutants from 
a river. 





Rational Functions 


Chapter 2. ® Polynomial and Rational Functions 





Introduction 


A rational function can be written in the form 


NG) 


fe) = D(x) 


where M(x) and D(x) are polynomials and D(x) is not the zero polynomial. In 
this section it is assumed that N(x) and D(x) have no common factors. 

In general, the domain of a rational function of x includes all real numbers 
except x-values that make the denominator zero. Much of the discussion of 
rational functions will focus on their graphical behavior near these x-values. 


Example 1 ® Finding the Domain of a Rational Function 


Find the domain of f(x) = 1/x and discuss the behavior of f near any excluded 
x-values. 


Solution 


Because the denominator is zero when x = 0, the domain of fis all real numbers 
except x = 0. To determine the behavior of f near this excluded value, evaluate 
f(x) to the left and right of x = 0, as indicated in the following tables. 



































z cos) Serer econo 
fe)| -1| -2 | -10 | -100 | -1000 | —- -c 

|x | 0 — | 0.001 | 0.01 | 0.1) 0.5] 1 | 

| £@) | co-— | 1000 | 100 | 10 [2 1 | 








Note that as x approaches 0 from the left, f(x) decreases without bound. In 
contrast, as x approaches 0 from the right, f (x) increases without bound. The 
graph of f is shown in Figure 2.30. 











FIGURE 2.30 





| 
| 
| 

i} 
i) 






Vertical 
asymptote: 
x=0 












Horizontal 
asymptote: 
y=0 








FIGURE 2.31 





Horizontal 
asymptote: 








y=2 






Sepa napranl Pour earesuete™ Meaieonpeuyergs =n inion 







Vertical 
asymptote: 
x=-1 


(a) 
FIGURE 2.32 
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Horizontal and Vertical Asymptotes 


In Example 1, the behavior of f near x 


fi) a= 00) as & ON 
ee a 
f(x) decreases without bound 
as x approaches 0 from the left. 


= (0 is denoted as follows. 


ij) ec ras) 





f (x) increases without bound 
as x approaches 0 from the right. 


The line x = 0 is a vertical asymptote of the graph of f, as shown in Figure 2.31. 
From this figure, you can see that the graph of f also has a horizontal asymptote— 
the line y = 0. This means that the values of f(x) = 1/x approach zero as x 


increases or decreases without bound. 


f(x) —> O0as x —» -—oco f(x) —~ 0asx —~ co 
SSS eee oe eee eerie on Ame See eS) 


f(x) approaches 0) as x 
decreases without bound. 


f(x) approaches 0 as x 
increases without bound. 


Definition of Vertical and Horizontal Asymptotes 
1. The line x = a is a vertical asymptote of the graph of f if 


Fay oa FOr Dy Carn oe 


as x —~ a, either from the right or from the left. 


2. The line y = bis a horizontal asymptote of the graph of f if 


$0) —- 2 


aSEX, ——> OO) OF Xa a OO 


Eventually (as x —» co or x —~» —oo), the distance between the horizon- 
tal asymptote and the points on the graph must approach zero. Figure 2.32 shows 
the horizontal and vertical asymptotes of the graphs of three rational functions. 











f@= 






ey 
(x-1) 
Vertical 














Horizontal 
asymptote: 
ya0 










asymptote: 
ul 











Horizontal 








asymptote: 
se) 








The graphs of f(x) = 1/x in Figure 2.31 and f(x) = (2x + 1)/(x + 1) in 
Figure 2.32(a) are hyperbolas. You will study hyperbolas in Section 10.4. 
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Asymptotes of a Rational Function 
Let f be the rational function given by 


NG) Ge gk ee eee 
DG). bex™ + bx) 4 <b ae 
where M(x) and D(x) have no common factors. 


1. The graph of f has vertical asymptotes at the zeros of D(x). 






2. The graph of f has one or no horizontal asymptote determined by 
Horizontal comparing the degrees of M(x) and D(x). 
asymptote: 


y=0 





a. If n < m, the graph of f has the line y = 0 (the x-axis) as a horizontal 


asymptote. 
(a) b. If n = m, the graph of f has the line y = a,,/b,, as a horizontal 
asymptote. 
y c. If n > m, the graph of f has no horizontal asymptote. 


Example 2 ® Finding Horizontal Asymptotes 


a. The graph of 





2 Dds 
3x2 + 1 


f(x) 





has the line y = 0 (the x-axis) as a horizontal asymptote, as shown in Figure 
2.33(a). Note that the degree of the numerator is less than the degree of the 
(b) denominator. 


b. The graph of 





saebeeee: 
3x2 +1 





f(x) 


has the line y = g as a horizontal asymptote, as shown in Figure 2.33(b). Note 
that the degree of the numerator is equal to the degree of the denominator, and 
the horizontal asymptote is given by the ratio of the leading coefficients of the 
numerator and denominator. 


c. The graph of 








ph 
F(x) = 3x° I 
(c) has no horizontal asymptote because the degree of the numerator is greater 
FIGURE 2.33 than the degree of the denominator. See Figure 2.33(c). 





Although the graph of the function in Example 2(c) does not have a hori- 
zontal asymptote, it does have a slant asymptote—the line y = oy, You will study 
slant asymptotes later in this section. 
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Analyzing Graphs of Rational Functions 


Guidelines for Analyzing Graphs of Rational Functions 
Let f(x) = N(x)/D(x), where N(x) and D(x) are polynomials with no 
common factors. 

1. Find and plot the y-intercept (if any) by evaluating f(0). 


2. Find the zeros of the numerator (if any) by solving the equation N(x) = 0. 
Then plot the corresponding x-intercepts. 


3. Find the zeros of the denominator (if any) by solving the equation 
D(x) = 0. Then sketch the corresponding vertical asymptotes. 


4. Find and sketch the horizontal asymptote (if any) by using the rule for 
finding the horizontal asymptote of a rational function. 


5. Plot at least one point between and one point beyond each x-intercept and 
vertical asymptote. 


6. Use smooth curves to complete the graph between and beyond the 
vertical asymptotes. 


Testing for symmetry can be useful, especially for simple rational functions. 
For example, the graph of f(x) = 1/x is symmetric with respect to the origin, and 
the graph of g(x) = 1/x? is symmetric with respect to the y-axis. 


o* 


“| Technology 


bal ea Some graphing utilities have difficulty sketching graphs of rational func- 
tions that have vertical asymptotes. Often, the utility will connect parts of the 
graph that are not supposed to be connected. For instance, the screen below 


shows the graph of 





Notice that the graph should consist of two separated portions—one to 
the left of x = 2 and the other to the right of x = 2. To eliminate this problem, 
you can try changing the mode of the graphing utility to dot mode. The problem 
with this is that the graph is then represented as a collection of dots (as shown 
in the screen below on the right) rather than as a smooth curve. 


5 5 











=5 
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x Example 3 ® Sketching the Graph of a Rational Function — 






Horizontal | 4 
asymptote: 





Sketch the graph of the function and state its domain. 




























=i() 
“ 3 
g(x) = 
je D 
Se 
a Solution 
Vertical y-Intercept: (0, —3), from g(0) = -3 
‘ tote: 
aor aS x-Intercept: None, because 3 # 0 
Vertical asymptote: x = 2, zero of denominator 
FIGURE 2.34 Horizontal asymptote: y = 0, because degree of M(x) < degree of D(x) 
Additional points: [ eS ©) | 1 3 | 5 
-05|-3|3|1 











By plotting the intercepts, asymptotes, and a few additional points, you can obtain 
the graph shown in Figure 2.34. The domain of g is all real numbers except x = 2s 





The graph of g in Example 3 is a vertical stretch and a right shift of the graph 
of f(x) = 1/x because 


sa) = 5 = 3 


5 : =| = afte - 2), 


crs 
Example 4 ® Sketching the Graph of a Rational Function 


Sketch the graph of the function and state its domain. 

















OF 5 a 
ee 
ie 
Solution 
; y-Intercept: None, because x = 0 is not in the domain 
x-Intercept: (6, 0), irom2x — 1=0 
A Vertical asymptote: x = 0, zero of denominator 
Horizontal : xy a 
17 asymptote: Horizontal asymptote: y = 2, because degree of M(x) = degree of D(x) 
Additional points: if 4 | 
4 
Se -2 | 1.75 | 











-4 -3 —2 -l 
Vertical 
asymptote: 
0) 


FIGURE 2.35 


By plotting the intercepts, asymptotes, and a few additional points, you can obtain 
the graph shown in Figure 2.35. The domain of f is all real numbers except 
x=0. 






































A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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Example 5 ® Sketching the Graph of a Rational Function 


Sketch the graph of 


X 
iG scan cea 
Solution 


Factor the denominator to determine more easily the zeros of the denominator. 





x a 
UAC eo Oe ear a 1)(x — 2) 
y-Intercept: (0, 0), because f(0) = 0 
x-Intercept: (0, 0) 
Vertical asymptotes: x = —1, x = 2, zeros of denominator 
Horizontal asymptote: y = 0, because degree of N(x) < degree of D(x) 





Additional points: : a 3 05 | 1 | 3 


-0.3| 04 | -0.5 | 0.75 














The graph is shown in Figure 2.36. 


Example 6 & Sketching the Graph of a Rational Function 


Sketch the graph of 
wie = 9) 
f@) = ies eet 
Solution 


By factoring the numerator and denominator, you have 


Axe — 9) 2x — 3)\(e + 3) 
IGN ES htt ee) 








y-Intercept: (0, =i because f (0) = 2 

x-Intercepts: (3,0) and (3; 0) 

Vertical asymptotes: x = —2,x = 2, zeros of denominator 
Horizontal asymptote: y = 2, because degree of N(x) = degree of D(x) 





Symmetry: With respect to y-axis, because f(—x) = f(x) 





Additional points: 








| fla) | 4.67 | -2.44 | 1.69 





The graph is shown in Figure 2.37. 


264 Chapter 2 








FIGURE 2.38 


Vertical 
asymptote: 
ye 





FIGURE 2.39 




















Slant 
asymptote: 
y= 





Slant 
asymptote: 
YS s 
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Slant Asymptotes 


If the degree of the numerator of a rational function is exactly one more than the 
degree of the denominator, the graph of the function has a slant (or oblique) 
asymptote. For example, the graph of 


foes 


x 
ge ar ll 


=X. 





has a slant asymptote, as shown in Figure 2.38. To find the equation of a slant 
asymptote, use long division. For instance, by dividing x + 1 into x — x, you 
obtain 





x= x 
POE a 
D 
=7— 257 : 





se are 


Slant asymptote 
a a2) 


In Figure 2.38, notice that the graph of f approaches the line y = x — 2 as x 
moves to the right or left. 


Example 7 ® A Rational Function with a Slant Asymptote 


Sketch the graph of 
Rte tN aed. 
ihe Sx eee 
B ieee 
Solution 
First write f(x) in two different ways. Factoring the numerator 
= 2 GS 2Gee) 
Saereel Deas | 





eye 


allows you to recognize the x-intercepts. Long division 


Nee 2 





ea | pl 

allows you to recognize that the line y = x is a slant asymptote of the graph. 
y-Intercept: (0, 2), because f(0) = 2 

x-Intercepts: (—1, 0) and (2, 0) 

Vertical asymptote: x = 1, zero of denominator 


Slant asymptote: 





Additional points: ¥ en a" 2 0.5 LS 3 


ple | -1.33| 45 | -25 | 2 











The graph is shown in Figure 2.39. 


mm 
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Applications 


There are many examples of asymptotic behavior in real life. For instance, 
Example 8 shows how a vertical asymptote can be used to analyze the cost of 
removing pollutants from smokestack emissions. 


Example 8 ®& Cost-Benefit Model @ 


A utility company burns coal to generate electricity. The cost of removing a certain 
percent of the pollutants from smokestack emissions is typically not a linear 
function. That is, if it costs C dollars to remove 25% of the pollutants, it would cost 
more than 2C dollars to remove 50% of the pollutants. As the percent of removed 
pollutants approaches 100%, the cost tends to increase without bound, becoming 
prohibitive. Suppose that the cost C (in dollars) of removing p% of the smokestack 
pollutants is C = 80,000p/(100 — p) for 0 < p < 100. Sketch the graph of this 
function. Suppose you are a member of a state legislature considering a law that 
would require utility companies to remove 90% of the pollutants from their 
smokestack emissions. If the current law requires 85% removal, how much addi- 
tional cost would the utility company incur as a result of the new law? 


Solution 


The graph of this function is shown in Figure 2.40. Note that the graph has a 
vertical asymptote at p = 100. Because the current law requires 85% removal, 
the current cost to the utility company is 


_ 80,000(85) 


Rect = $453,333. Evaluate C when p = 85. 


If the new law increases the percent removal to 90%, the cost to the utility 
company will be 


_ 80,000(90) 


= $720,000. Evaluate C when p = 90. 
100 — 90 


So, the new law would require the utility company to spend an additional 


720.000 — 453,333 = $266,667 Subtract 85% removal cost 


from 90% removal cost. 


Smokestack Emissions 
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FIGURE 2.40 
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Average Cost of a Product 
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FIGURE 2.41 





Example 9 ® Average Cost of Producing a Product @ 





A business has a cost function of C = 0.5x + 5000, where C is measured in 
dollars and x is the number of units produced. The average cost per unit is 


= * CeO Or 5000 
C = ; 





Xx Xx 


Find the average cost per unit when x = 1000, 5000, 10,000, and 100,000. What 
is the horizontal asymptote for this function, and what does it represent? 


Solution 
— _ 0.5(1000) + 5000 














When x = 1000, C = 5,50). 
1000 
—  0.5(5000) + 5000 
When x = 5000, C = 500) mails): 
5000 
—  0.5(10,000) + 5000 
When x = 10,000, C = (10,000) a ROOE 
10,000 
FFP 035 ( + 500! 
When x = 100,000, C = e0 000) s = NOS. 
100,000 


As shown in Figure 2.41, the horizontal asymptote is the line C = 0.50. This line 
represents the least possible unit cost for the product. This example points out 
one of the major problems of a small business. That is, it is difficult to have 
competitively low prices when the production level is low. 





— Whiting about maTHEMATICS 
















Common Factors in the Numerator and Denominator When sketching the graph of a 
rational function, be sure that the rational function has no factor that is common 
to its numerator and denominator. To see why, consider the function 


pmrenerctex =e 4 


Ses ea 


(x + 1)(2x — 1) 
Soe | 





which has a common factor of x + 1 in the numerator and denominator. Sketch 
the graph of this function. Does it have a vertical asymptote at x = —1? 

Decide whether each function below has a vertical asymptote. Write a short 
paragraph to explain your reasoning. Include a graph of each function in your 
explanation. 
x2 -4 = KOCRE 


x? = 4 
rae Bae? x ; Do 





a. f(x) = 














2.6 Exercises 


| In Exercises 1-6, (a) complete each table, (b) determine the 
vertical and horizontal asymptotes of the function, and (c) 
find the domain of the function. 
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In Exercises 7-14, find the domain of the function and iden- 
tify any horizontal and vertical asymptotes. 














7. Ope Oe es 

9, fo) = 10. f@) = —> 
HW. f(x) = a 12. f(x) = a 

13. f= eer 1G oe 


In Exercises 15-20, match the rational function with its 
graph. [The graphs are labeled (a) through (f).] 


(a) y (b) y 






6 46 422 


(d) 


(e) (f) 

















9 
UG Se dinS 
17. f(x) = = 
o,f 
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In Exercises 21-24, find the zeros (if any) of the rational 
function. 


x2-1 














‘ = Paps =2+ 

aie) x+1 key x? +2 
5 be Ss 

2 Bc pare SE 24. 8x) = 3 


In Exercises 25-44, (a) identify all intercepts, (b) find any 
vertical and horizontal asymptotes, (c) check for symmetry, 
(d) plot additional solution points as needed, and (e) sketch 
the graph of the rational function. 









































28. f(x) = —— 26. #0) =—— 

27. (x) = — 28. g(x) = —— 

29. CG) = ie 30. POs —* 

BL gQ)=—5 +2 © 32 fO)=2-G 

33. fla) = 34, (() = 

38. hy) = 36. a0) => 

37. 9) == cs rae 
39. s(1) = 40. He) = oy 
41. £0) = = 2. $() === — 
43. f@) => 44, fo) = 


Analytical, Numerical, and Graphical Analysis \n 
Exercises 45-48, do the following. 


(a) Determine the domains of f and g. 

(b) Find any vertical asymptotes of f. 

(c) Compare the functions by completing the table. 

be (d) Use a graphing utility to graph f and g in the same 
viewing window. 

(e) Explain why the graphing utility may not show the 
difference in the domains of f and g. 

































































In Exercises 49-54, sketch the graph of the function. State 
the domain of the function and identify any vertical o1 
horizontal asymptotes. 





4 x 
19: 4.).= —— = ——— 
ew maae| 50. 8) 
Dt x44 
1. = '< = 
Be 4 52. f(s) = aera 


20x 1 


RoR ox 





53. f(x) = 





s4. (0) = 5(— - —) 


sem Gk sear 2 


In Exercises 55-62, (a) identify all intercepts, (b) find any 
vertical and slant asymptotes, (c) check for symmetry, (d) 
plot additional solution points as needed, and (e) sketch 
the graph of the rational function. 

















9x2 + at BAY) 
55. f(x) = ame : ag ey acs 
24 2 
57. e(x) = 2+ 58. h(x) = — 
By be J 
aie ie 
: = 60. = a 
aa 2 gia as 
“leet tig a BNE ON ped 
62 fie 
3 = Il jp = @ 


In Exercises 63-66, use a graphing utility to graph the 
rational function. Give the domain of the function and 
identify any asymptotes. Then zoom out sufficiently far so 
that the graph appears as a line. Identify the line. 





x7 +5x+8 2x2 + x 
° = 4, = 
- F(a) 36 oR) é F(x) ror il 
1 + 3x? — x3 12 — 2x — x? 
6 ia ae iS h S 
5. a(x) 556s Gorak) 2(4 + x) 


Graphical Reasoning \n Exercises 67-70, (a) use the 
graph to determine any x-intercepts of the rational func- 
tion, and (b) set y = 0 and solve the resulting equation to 
confirm your result in part (a). 


ar il 2. 
= 68. y = Z 








y= 8 
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71. Pollution The cost (in millions of dollars) of 
removing p% of the industrial and municipal pollu- 
tants discharged into a river is 

le 0< p< 100 
Fiarin Spx ; 
100 — p a 

(a) Find the cost of removing 10% of the pollutants. 

(b) Find the cost of removing 40% of the pollutants. 

(c) Find the cost of removing 75% of the pollutants. 


(d) According to this model, would it be possible to 
remove 100% of the pollutants? Explain. 


72. Recycling In a pilot project, a rural township is 
given recycling bins for separating and _ storing 
recyclable products. The cost (in dollars) for supply- 
ing bins to p% of the population is 

25,000p que 100 
=—————, jy wc 
100 — p f 

(a) Find the cost if 15% of the population gets bins. 

(b) Find the cost if 50% of the population gets bins. 

(c) Find the cost if 90% of the population gets bins. 


(d) According to this model, would it be possible to 
supply bins to 100% of the residents? Explain. 
73. Population Growth The game commission intro- 
duces 100 deer into newly acquired state game lands. 
The population N of the herd is 


20(5 + 32) 
Sr Omer 
1 + 0.04t 


where ¢ is the time in years. 
(a) Find the population when ¢ is 5, 10, and 25. 


(b) What is the limiting size of the herd as time 
increases? 


Deer population 
ao 
S 
o 





50 100 150 200 
Time (in years) 
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74. Concentration of a Mixture A 1000-liter tank 
contains 50 liters of a 25% brine solution. You add 
x liters of a 75% brine solution to the tank. 


(a) Show that the concentration C, the proportion of 
brine to total solution, in the final mixture is 


Pare keer 50 
A(x + 50) 
(b) Determine the domain of the function based on 
the physical constraints of the problem. 
(c) Graph the concentration function. As the tank is 


filled, what happens to the rate at which the 
concentration of brine is increasing? What per- 
cent does the concentration of brine appear to 
approach? 


75. Geometry A rectangular region of length x and 


width y has an area of 500 square meters. 
(a) Express the width y as a function of x. 


(b) Determine the domain of the function based on 
the physical constraints of the problem. 


(c) Sketch a graph of the function and determine the 
width of the rectangle when x = 30 meters. 


76. Minimum Area A rectangular page is designed to 
contain 64 square inches of print. The margins at the 
top and bottom of the page are each | inch deep. The 
margins on each side are 15 inches wide. What 
should the dimensions of the page be so that the least 


amount of paper is used? 


77. Medicine The concentration of a certain chemical 
in the bloodstream ft hours after injection into muscle 
tissue is 

3t7 +f 


ae ’ 0. 
t? + 50 te 





(a) Determine the horizontal asymptote of the 
function and interpret its meaning in the context 
of the problem. 


approximate the time when the bloodstream 
concentration is greatest. 


78. Average Speed A driver averaged 50 miles per 
hour on the round trip between home and a city 100 
miles away. The average speeds for going and return- 
ing were x and y miles per hour, respectively. 

SoG 

ie PAs, 

(b) Determine the vertical and horizontal asymp- 
totes of the function. 





(a) Show that y = 
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Synthesis 


True or False? \n Exercises 79 and 80, determine 
whether the statement is true or false. Justify your answer. 


79. A polynomial can have infinitely many vertical 


asymptotes. 
80. A rational function can never cross one of its 
asymptotes. 
Think About It \n Exercises 81-84, write a rational func- 
tion f that has the specified characteristics. 
81. Vertical asymptotes: x = —2,x = 1 
82. Vertical asymptote: None 


Horizontal asymptote: y = 0 


83. Vertical asymptote: None 


Horizontal asymptote: y = 2 


84. Vertical asymptotes: x = 0,x = 2 


Horizontal asymptote: y = —3 


85. Give an example of a rational function whose domain 
is the set of all real numbers. Give an example of a 
rational function whose domain is the set of all real 


numbers except x = 20. 
86. 
87. 


Describe what is meant by an asymptote of a graph. 


Think About It Write a rational function satisfying 
the following criteria. 


Vertical asymptote: x = 2 
Slant asymptote: y = x + 1 


Zero of the function: x = —2 


Think About It \n Exercises 88 and 89, use a graphing 
utility to obtain the graph of the function. Explain why 
there is no vertical asymptote when a superficial examina- 
tion of the function may indicate that there should be one. 


6 = 
3- 


x2+x-2 


88. h(x) = am; 





89. 2(x) = 


Review 


In Exercises 90-93, completely factor the expression. 


90. x2 — 15x + 56 91. 3x2 + 23x — 36 
92. x3 — 5x2 + 4x — 20 93. x3 + 6x? — 2x — 12 


In Exercises 94-97, solve the inequality and show the 
solution on the real number line. 


94: 10 =x: 0 95. 5 — 2x > 5(x + 1) 
96. |4(x — 2)| < 20 97. 5|2x + 3| => 5 
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> What you should learn 


* How to recognize partial frac- 
tion decompositions of rational 
expressions 


* How to find partial fraction 
decompositions of rational 
expressions 


> Why you should learn it 


Partial fractions can help you 
analyze the behavior of a rational 
function. For instance, Exercise 57 
on page 278 shows how partial 
fractions can help you analyze 
the exhaust temperatures of a 
diesel engine. 





Introduction 


In this section, you will learn to write a rational expression as the sum of two or 
more simpler rational expressions. For example, the rational expression 


sear 7/ 
x7 —x-—6 


can be written as the sum of two fractions with first-degree denominators. That is, 
Partial fraction decomposition 
aa Ti 
ge = ge SIS 
SS 
Racial 2 =| 
5 — + ° 
16a SS (Oy Nhe Camembert 8 Sito 
eee, as) 
Partial Partial 
fraction fraction 


of 





Each fraction on the right side of the equation is a partial fraction, and together they 
make up the partial fraction decomposition of the left side. 


Decomposition of N(x) /D(x) into Partial Fractions 


1. Divide if improper: If N(x)/D(x) is an improper fraction [degree of 
N(x) = degree of D(x)], divide the denominator into the numerator to 





obtain 
N(x) _ N,(x) 
Do) ~ (polynomial) + Dix) 


and apply Steps 2, 3, and 4 (below) to the proper rational expression 
N,(x)/D(x). Note that N,(x) is the remainder from the division of N(x) by 
D(x). 


2. Factor the denominator: Completely factor the denominator into factors 
of the form 


(px tg) “and (axe bec)? 
where (ax? + bx + c) is irreducible. 


3. Linear factors: For each factor of the form (px + q)”, the partial fraction 
decomposition must include the following sum of m fractions. 


Sretees a pie: Oe fe Shien + so Baek 
(px + q)~ (pag) (px + q)” 
4. Quadratic factors: For each factor of the form (ax? + bx + c)", the par- 
tial fraction decomposition must include the following sum of n fractions. 
Bix-tAGy Box te Co Bx Ce. 
ax?+bx+e (ax?+ bx +c)? me (ax2 + bx + c)” 





272 


os 

“| Technology 

Pale You can use a graphing 
utility to check graphically the 
decomposition found in 


Example 1.To do this, graph 


sap 7 
1 yx?-x- 6 
and 


Rp heh hil 
YE Be ALD 











in the same viewing window. 





The graphs should be identical, 
as shown below. 
6 
-9 9 
-6 
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Partial Fraction Decomposition 


Algebraic techniques for determining the constants in the numerators of partial 
fractions are demonstrated in the examples that follow. Note that the techniques 
vary slightly, depending on the type of factors of the denominator: linear or 
quadratic, distinct or repeated. 


Example 1 > Distinct Linear Factors ee oo . 


. : ; Be see 

Write the partial fraction decomposition for >———~ a 
i — yg = 

Solution 
The expression is not improper, so factor the denominator. Because 
x? — x — 6 = (x — 3)(x + 2), you should include one partial fraction with a 
constant numerator for each linear factor of the denominator. Write the form of 
the decomposition as follows. 


ic I OP I 
y2= x — 6 x — 3 Un 2 








Write form of decomposition. 


Multiplying both sides of this equation by the least common denominator, 


(x — 3)(x + 2), leads to the basic equation 
x +7 = A(t + 2) + B& — 3). 


Basic equation 


Because this equation is true for all x, you can substitute any convenient values of 
x that will help determine the constants A and B. Values of x that are especially 
convenient are ones that make the factors (x + 2) and (x — 3) equal to zero. For 
instance, let x = —2. Then 


See te Alot N20) 
5 = A(0) + B(—5) 
yaaa 
ae. 


Substitute —2 for x. 


To solve for A, let x = 3 and obtain 
3+7=A(G + 2) + BB — 3) 
10 = A(5) + B(O) 
10 = 5A 
2=A. 


Substitute 3 for x. 


So, the decomposition is 


je are Of ‘G 2 a all 
xe=x-6 x-3 x+2 





as indicated at the beginning of this section. Check this result by combining the 
two partial fractions on the right side of the equation, or by using your graphing ~ 
utility. ) 


RE 
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The next example shows how to find the partial fraction decomposition for a 
rational expression whose denominator has a repeated linear factor. 


Example 2 > Repeated Linear Factors 


x* + 2x3 + 6x2 + 20x + 6 


Write the partial fraction decomposition for ; 5 
ARIS AX 
Solution 


This rational expression is improper, so you should begin by dividing the numer- 
ator by the denominator to obtain 


5x* + 20x + 6 
Lk ESS, 
xe>+ 2x7 +x 
Because the denominator of the remainder factors as 
x3 + 2x? + x = x(x? + 2x + 1) = x(x + :1/)? 


you should include one partial fraction with a constant numerator for each power 
of x and (x + 1) and write the form of the decomposition as follows. 
5x? + 20x +6 _ A, B ee Cc 
x(x + 1)? Pe See)? 





Multiplying by the LCD, x(x + 1)?, leads to the basic equation 
5x2 + 20x + 6 = A(x + 1)? + Bx(x + 1) + Cx. Basic equation 
Letting x = —1 eliminates the A- and B-terms and yields 
5(=1)2 + 20(—1) + 6 = A(T + 1)? + BS NET) + Ce) 
5 20: + 6 = 0-20 —C 
C= 9. 
Letting x = 0 eliminates the B- and C-terms and yields 
5(0)2 + 20(0) + 6 = A(O + 1)? + B(O)(O + 1) + C(O) 
6=A(1)+0+0 
6 =A. 


At this point, you have exhausted the most convenient choices for x, so to find the 
value of B, use any other value for x along with the known values of A and C. So, 
using x = 1,A = 6, and C = 9, 


5(1)? + 20(1) + 6 = 6(1 + 1)? + BUI) + 1) + 901) 
31 = 6(44) + 2B +9 
—2 = 2B 
les: 
Therefore, the partial fraction decomposition is 


xt + 20 + Gxt 2x +6 8, — ae 
pa Pen Cee lama (Xe> 1) 
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HORT 
Historical Note 

John Bernoulli (1667-1748), a 
Swiss mathematician, introduced 
the method of partial fractions 
and was instrumental in the early 
development of calculus. Bernoulli 
was a professor at the University 
of Basel and taught many 
outstanding students, the most 
famous of whom was Leonhard 
Euler. 
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The procedure used to solve for the constants in Examples 1 and 2 works 
well when the factors of the denominator are linear. However, when the denomi- 
nator contains irreducible quadratic factors, you should use a different procedure, 
which involves writing the right side of the basic equation in polynomial form 
and equating the coefficients of like terms. 


Example 3 ® Distinct Linear and Quadratic Factors 


Write the partial fraction decomposition for 
3x? hah 
e+4x 
Solution 
Because the denominator factors as 
ig? a rate (tated) 


you should include one partial fraction with a constant numerator and one partial 
fraction with a linear numerator and write the form of the decomposition as follows. 


Bx ae 
x7 +4 


3x7 4 Axa ZA 
x3 + 4x x 





Multiplying by the LCD, x(x? + 4), yields the basic equation 
3x2 + 4x + 4 = A(x? + 4) + (Bx + C)x. Basic equation 
Expanding this basic equation and collecting like terms produces 
36th Anish avAge se GAL Bs tn Cx 

= (A + B)x? + Cx + 4A. 


Polynomial form 


Finally, because two polynomials are equal if and only if the coefficients of like 
terms are equal, 


=n ee ee onl 
3x7 + 4y +4 = (A + B)x? + Cx + 4A 


Ll 


Equate coefficients of like terms. 


you obtain the following equations. 


Si wANEeBs 4=C, and 4=4A 


So, A = 1 and C = 4. Moreover, substituting A = 1 in the equation 3 = A + B 
yields 


3=1+8B 
2=B. 
Therefore, the partial fraction decomposition is 


Beas tA! OL eee 
5 uae aad Saige 
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The next example shows how to find the partial fraction decomposition for a 
rational function whose denominator has a repeated quadratic factor. 


Example 4 ® Repeated Quadratic Factors 


Write the partial fraction decomposition for 
ox lax 
(22) 
Solution 
You need to include one partial fraction with a linear numerator for each power 
of (x2:+ 2). 


Siva 8x. TAN Eee Cx 
ee)? xe? DG 2? 








Multiplying by the LCD, (x? + 2), yields the basic equation 
Bixee 13x =) (4a Be? 4.2) + Cx + D Basic equation 
=VAne te 2Ay thie + 2B 4 Cx 1D 
= Ax? + Bx? + (2A + C)x + 2B + D). Polynomial form 
Equating coefficients of like terms 
— ener 


8x3 + Ox? + 13x + 0 = Ax? + Bx? + (2A + C)x + 2B + D) 
ad ee ee | 


produces 


Si= Al Ol 8n 3s — 2A @ andi0i— BaD: Equate coefficients. 





Finally, use the values A = 8 and B = 0 to obtain the following. 
13 =2A+C 
=e 8) CC 
He =1¢ 


0=2B+D 
a0) (O)P wD) 
0=D 
Therefore, 


8x? + 13x 8x — 3x 
(2) + 2)2 = et 2 2) 











By equating coefficients of like terms in Examples 3 and 4, you obtained 
several equations involving A, B, C, and D, which were solved by substitution. In 
a later chapter you will study a more general method for solving systems of 
equations. 
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Guidelines for Solving the Basic Equation 


Linear Factors 
1. Substitute the zeros of the distinct linear factors into the basic equation. 


2. For repeated linear factors, use the coefficients determined above to 
rewrite the basic equation. Then substitute other convenient values of x 
and solve for the remaining coefficients. 


Quadratic Factors 
1. Expand the basic equation. 
2. Collect terms according to powers of x. 


3. Equate the coefficients of like terms to obtain equations involving A, B, 
C, and so on. 


4. Use substitution to solve for A,B,C, .... 


Keep in mind that for improper rational expressions such as 


NG) ede Sr eT 
D(x) w+x-2 





you must first divide before applying partial fraction decomposition. 


eee sree ero ee cane ceeyc tones eNl se Speci 
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Error Analysis Suppose you are tutoring a student in algebra. In trying to find a 
partial fraction decomposition, your student writes the following. 


Xora a B 
mbe= i oe SS 1 





Key Ae) Bx 
xxx— 1) x(xx—1) x(x - 1) 





x2 T= AK — 1). 4 Bx Basic equation 


By substituting x = 0 and x = 1 into the basic equation, your student concludes 
that A = —1 and B = 2. However, in checking this solution, your student obtains 
the following. What has gone wrong? 
=] R, 2. pe (—1)(x — 1) + 2(x) 
x x-1 x(x — 1) 
OS Sa 
~ x(x — 1) 
Xecteal 
x(x — 1) 











2.7 Exercises 
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In Exercises 1-4, match the rational expression with the 
form of its decomposition. [The decompositions are 
labeled (a), (b), (c), and (d).] 


B i, G 
jap fee 
B 








A 
(a) e: 





A 
x x4 

A. . B C 
Me 2 4 
ee bx t+ C 
Pex + 4 
Biel 
Px(x — 4) 

aie all 
x(x? + 4) 








Beall 
* x2(x — 4) 
aye = il 
* x(x? — 4) 


In Exercises 5-14, write the form of the partial fraction 
decomposition of the rational expression. Do not solve for 
the constants. 








i 7 59 = 2 
i ——— _ SS 
x? — 14x a edo 3 
12 Be ae 
aaa pe a 
x? — 10x2 4x3 + 11x? 
4x2 + 3 6x + 5 
PG - 5): o Garay 
Ds 3} 2— 6) 
a == 
: x? + 10x Me 2x3 + 8x 
iD a= Il x+4 
Sas > SS 
pee ey BE eGea1): 


In Exercises 15-38, write the partial fraction decomposition 
for the rational expression. Check your result algebraically. 











1 1 
15. th —== 
x? -1 4x2 — 9 
17. : 18. 2 
x27+x x? — 3x 
1 5 
2) —_—_ 20. ——_———_ 
2x2 +x x7+x-6 
3 eae dl 
a i. SS 
x?7+x-—2 x* + 4x + 3 




















08 a ant Ee 
ae = ie Ea, 

ph ee 
29. eet tae Wen x + 1) 
31. eas 32. ee ee, 
Say ge 
Sa 36. = 

x74 5 x2-—4x+7 


ore 








PERC as CN 


In Exercises 39-44, write the partial fraction decomposition 
for the improper rational expression. 











x27—-—x x2 — 4x 
39. Carey Mo ae 
Qx3 — x27 +x4+5 x3 + 2x2? —x4+ 1 
vik x27 + 3x+2 ne x7 +3x-4 
$i 16x4 
43. 44. 
(x — 1)3 (2x — 1)? 


In Exercises 45-52, write the partial fraction decomposition 
for the rational expression. Use a graphing utility to check 
your result graphically. 





5) = 3x2 — 7x —2 
4g Ee AGieee Ee 
Qx2 ++x- 1 x3—x 

47. x—1 1 4x2 — 1 
x3 + x? Dx Kecten 1))2 
24x42 

a 
(2) -292)4 

3 
50. ad 





(4 2)*0 De 
25° = 44" ele 
De 
Det A che 
Lo he 


51. 





52. 
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Graphical Analysis _\n Exercises 53-56, write the partial 
fraction decomposition for the rational function. Identify 
the graph of the rational function and the graph of each 
term of its decomposition. State any relationship between 
the vertical asymptotes of the rational function and the 
vertical asymptotes of the terms of the decomposition. 


2 "12 
x(x? + 1) 


54. y= 





2(4x2 — 15x + 39) 
x?(x2 — 10x + 26) 








57. Thermodynamics ~The magnitude of the range of 
exhaust temperatures in degrees Fahrenheit in an 
experimental diesel engine is approximated by 

2000(4 — 3x) 


Re ealbirabnc<al 
(iene) Ge a) ie 





where x is the relative load. 


(a) Write the partial fraction decomposition of the 
expression. 





©) (b) The decomposition in part (a) is the difference of 
two fractions. The absolute values of the terms 
give the expected maximum and minimum 
temperatures of the exhaust gases for different 
loads. 


Ymax = | Ist term| 
Ymin = |2nd term| 


Write the equations for Ymax and Ymin. Then 
use a graphing utility to graph each equation in 
the same viewing window. 


Synthesis 


True or False? \n Exercises 58 and 59, determine 
whether the statement is true or false. Justify your answer. 


58. For the rational expression 


Xx 


(x + 10)(x — 10)? 





the partial fraction decomposition is of the form 


A B 
nected Onis dee = 10) « 





59. When writing the partial fraction decomposition for 
the expression 


xe+x-2 
x2 —5x+ 14 


the first step is to factor the denominator. 


In Exercises 60-63, write the partial fraction decomposition 
for the rational expression. Check your result algebraically. 
Then assign a value to the constant a to check the result 
graphically. 





1 1 
60. 61. ———~ 
Gate x(x + a) 
1 1 
62. ———~ 63. ————_____ 
y(a — y) + Ga 
Review 


In Exercises 64-71, sketch the graph of the function. 

64. f(x) = —3x +7 65. f(x) =6—-—x 

66. f(x) = —2x? 67. f(x) =9e +1 

68. f(x) =x? —9x +18 69. f(x) = 2 ee 
70. f(x) = —x2(x — 3) 71. {@) = oe 


In Exercises 72-77, sketch the graph of the rational 
function. 











IMG _ 12a 
Th fl) 73. f (= aaa 
pee SG Sy nl 
74. f(x) = 7 75. fG) = x2 aa ae 
+ BO = 1) = pa 3 
16. 0) a 5 ee 
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_ What did you learn? 


Section 2.1 Review Exercises 


C1) How to analyze graphs of quadratic functions 
C1) How to write quadratic functions in standard form and sketch their graphs 





C1 How to use quadratic functions to model and solve real-life problems 


Section 2.2 
1 How to use transformations to sketch graphs of polynomial functions 


CL How to use the Leading Coefficient Test to determine the end behavior 
of graphs of polynomial functions 


1 How to use zeros of polynomial functions as sketching aids 


1 How to use the Intermediate Value Theorem to help locate zeros of 
polynomial functions 


Section 2.3 
CJ How to use long division to divide polynomials by other polynomials 


C1 How to use synthetic division to divide polynomials by binomials 
CX How to use the Remainder Theorem and the Factor Theorem 
1 How to use polynomial division to answer questions about real-life problems 


Section 2.4 
C1 How to use the imaginary unit i to write complex numbers 


C1) How to add, subtract, multiply, and divide complex numbers 





C1 How to use the Quadratic Formula to find complex solutions of quadratic equations 


Section 2.5 
1 How to use the Fundamental Theorem of Algebra to determine the 
numbers of zeros of polynomial functions 


1) How to find rational zeros of polynomial functions 
LC How to find conjugate pairs of complex zeros 
1 How to find zeros of polynomials by factoring and using Descartes's Rules of Signs 


Section 2.6 
— How to find the domains of rational functions 


0 How to find the horizontal and vertical asymptotes of graphs of rational functions 
C1 How to analyze and sketch graphs of rational functions 





1 How to sketch graphs of rational functions that have slant asymptotes 
0 How to use rational functions to model and solve real-life problems 


Section 2.7 
C1 How to recognize partial fraction decompositions of rational expressions 


0) How to find partial fraction decompositions of rational expressions 


1-6 
7-18 
19-2? 


23-26 
29-32 


33-38 
39-42 


43-48 
49-56 
57-60 

61 


62-65 
66-75 
76-79 


80-85 


86-93 
94,95 
96-101 


102-105 
106-109 
EOE 121 
122-325 
126-129 


130-133 
134-141 
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Review Exercises 





& Graphical Reasoning _\n Exercises 1 and 2, use a 
graphing utility to graph each equation in the same view- 
ing window. Describe how each graph differs from the 
graph of y = x?. 


1. (a) y = 2x? (b) y = =2x? 
(¢) yar 2 (dy) y= (x + 2)4 

2. (aevi=a" 4 (b) y= 4 — x? 
@©y=@-3P @y=y?-1 


In Exercises 3-6, find the quadratic function that has the 
indicated vertex and whose graph passes through the 
given point. 





5. Vertex: (1, —4); Point: (2, —3) 
6. Vertex: (2, 3); Point: (— 1, 6) 


In Exercises 7-18, write the quadratic function in standard 
form and sketch its graph. 


7. 2h) = x7 20 

9. f@) =x? + 8x + 10 
1) == at 
13. he) = 49" ae 13 
15. A(x) =x2 + 5x—4 
17. f(x) = 3x2 + Sx — 4) 
18. f(x) = 3(6x2 — 24x + 22) 


8. fG) = 64. — x" 

103, a) = 3A x? 

12.87 (x) = 12 = Sar 12 
145 {@) =x — or 1 

16, f(x) = 4x7 + 4x +5 


19. Geometry The perimeter of a rectangle is 200 
meters. 


(a) Draw a rectangle that gives a visual representa- 
tion of the problem. Label the length and width 
in terms of x and y, respectively. 

(b) Write y as a function of x. Use the result to write 
the area as a function of x. 

(c) Of all possible rectangles with perimeters of 200 
meters, find the dimensions of the one with the 
maximum area. 


20. Maximum Profit A real estate office handles 50 
apartment units. When the rent is $540 per month, all 
units are occupied. However, for each $30 increase 
in rent, one unit becomes vacant. Each occupied unit 
requires an average of $18 per month for service and 
repairs. What rent should be charged to obtain the 
maximum profit? 


21. Minimum Cost A manufacturer has daily produc- 
tion costs of 
C = 20,000 — 120x + 0.055x? 


where C is the total cost (in dollars) and x is the 
number of units produced. How many units should 
be produced each day to yield a minimum cost? 


22. Sociology The average age of the groom at a 
wedding for a given age of the bride can be 
approximated by the model y = —0.00428x? + 
1.442x — 3.136, 20 < x < 55, where y is the age of 
the groom and x is the age of the bride. For what age 
of the bride is the average age of the groom 
30? (Source: U.S. National Center for Health 
Statistics) 


In Exercises 23-28, sketch the graphs of y = x” and 
the transformation. 

23.9 S20) oo f= = oe 

oy =. fa) = —47 

DS yi ax te f(a ok 

26. 9) =e) SO) eee 

View 8.) (8) Heese 

28. y=x, f= nal + 3 


In Exercises 29-32, determine the right-hand and left- hand 
behavior of the graph of the polynomial function. 


29. f(x) = —x2 + 6x+9 30. f(x) = fx? + 2x 
31. g(x) = 2(x4 + 3x2 + 2) 
32. ha) = Tx? 10x 


In Exercises 33-38, find the zeros of the function and sketch 
its graph. 

33. f(a) = 2x7 + 11x — 21 
35, f(t — ot 

37. Aas tex + 20K8 


34. f(x) =x@ = 3)- 
36. f(x) = x° = 8x2 
38. 2(x) =x4 Se ee 


in Exercises 39-42, use the Intermediate Value Theorem 
and a graphing utility to find intervals 1 unit in length in 
which the polynomial function is guaranteed to have a 
zero. 


a? x + 3 

mores x)= 0.25x° — 3.65x + 6.12 
piety y= 3h Sx 

Pex) = 7x" + 3x? — Bx? +2 


In Exercises 43-48, use long division to divide. 

















ae x 4x + 
ee 7 gical 
She = 2 Be 
5x3 — 0) gs di 4 
45. 15 ile ies 2 46. 3x 
x2 — 3x + 1 x2- 1 
2 a 
x7 +2 
6x* + 10x? + 13x? —5x +2 
48. 
2x? — 1 


In Exercises 49-52, use synthetic division to divide. 


Gy 44° = 27x? + 18x 
nae 
50. Oix? + 0.3x?2 — 0.5 
2s hee, 

2x3 — 19x? + 38x + 24 
4 

3x3 + 20x? + 29x — 12 
iar 8 





49. 








S51. 


52. 





In Exercises 53 and 54, use synthetic division to determine 
whether the given values of x are zeros of the function. 


i= 20x* +. 9x? — 14x? — 3x 
| a (b) x=2 
(c) x =0 (d) x=1 

mt) 3x? — 8x7 = 20x + 16 
(a) x=4 (b) x= —4 
(ox = 3 (d),x=—-1 


In Exercises 55 and 56, use synthetic division to find the 
specified value of the function. 


ey = x* + 10x? — 24x? + 20x + 44 
(aie 3) (b) f(—1) 

BG. e(7) = 27° — 5t* — 8t + 20 
(a) e(-4) — (b) g(V2) 
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™ In Exercises 57-60, (a) verify the given factor(s) of the func- 
tion f, (b) find the remaining factors of f, (c) use your results 
to write the complete factorization of f, (d) list all real zeros 
of f, and (e) confirm your results by using a graphing utility 
to graph the function. 


Function Factors 
57. f(x) 4x 25x = 28 (Kee) 
BS fay ee 0) (x + 6) 
59. fay axe le 2A (x 2) 3) 
60: FG) =x*— It + 41x? = 6124 30. G@—2)G—5) 


& 61. Data Analysis The values V (in billions of dollars) 
of farm real estate in the United States for the years 
1990 through 1997 are shown in the table. The vari- 
able ¢ represents the year, with t = 0 corresponding 
to 1990. (Source: U.S. Department of Agriculture) 








|v | 671.4 | 688 | 695.5 | 717.1 














V | 759.2 | 807 | 860.9 | 912.3 




















(a) Use a graphing utility to sketch a scatter plot of 
the data. 


Use the regression feature of a graphing utility to 
find a cubic model for the given data. Then graph 
the model in the same viewing window as the 
scatter plot. Compare the model with the data. 


(b 


wa 


(c) Use the model to create a table of estimated 
values of V. Compare the estimated values with 
the actual data. 


(d 


St 


Use synthetic division to evaluate the model for 
the year 2001. Do you think the model is accu- 
rate in predicting the future value of farm real 
estate? Explain. 


In Exercises 62-65, write the complex number in 
standard form. 


62°. On en 63555) ~/—2) 
64. i2 + 3i 65. —Si +i? 


In Exercises 66-75, perform the operations and write the 
result in standard form. 


66. (7 + 5i) + (—4 + 2i) 
on (2A) (2, 4) 
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68. 5i(13 — 8i) 
70. (10 Si) eens) 


69. (1 + 61)(5 — 2i) 
Tn d6-+- D3 — 20) 














+i Sct Qt 
myo wu 73. : 
Al SD) sil 
4 2, 1 5) 
TA, === FE : By 3 : 
D> By LSE 2 i 1 + 4: 


In Exercises 76-79, find all solutions of the equation. 


76. 3x7 +1=0 77, 2+ 8x? =0 
78. x2 —2x+10=0 79. 6x2 + 3x + 27 =0 


In Exercises 80-85, use the Fundamental Theorem of 
Algebra to determine the number of zeros of the function. 
Find the zeros. 


80. f(x) = 3x(x — 2)? $1. f(x) = @ — 4)@ + 9) 
$2. f(a).= 27 4.9% + 8 83. fla)i= x" 446% 

$4. f(x) = (ee Die — One 2G 27) 

$5. fa) = IG 5° = seis 7) 


In Exercises 86 and 87, use the Rational Zero Test to list all 
possible rational zeros of f. 


86, f) = 45 80> 377 1D 
87. fax a on 8 


In Exercises 88-93, find all the real zeros of the function. 
$8: {£0:) Sa 22 ie 2 IS 

SOP f(x) = 3x? = 20x72 Tx 30 

902 f(x)" 0 eS 

OTs fix) =x? + ON F240 7 20 

ODS fx) Sat a i 

93. (i) = oat Ok. ae OAS ee 


In Exercises 94 and 95, find a polynomial with real coeffi- 
cients that has the given zeros. 


94. 3,4, /3i 95. 2, -3, 1 — 2i 


In Exercises 96 and 97, write the polynomial (a) as the prod- 
uct of factors that are irreducible over the rationals, (b) as 
the product of linear and quadratic factors that are irre- 
ducible over the reals, and (c) in completely factored form. 


D6. f (i on a “ED 
(Hint: One factor is x? — 1.) 

97. fc) = eee ee 
(Hint: One factor is x* + 1.) 





In Exercises 98 and 99, use the given zero to find all the 
zeros of the function. 
Function Zero 
Gi iar al Ge Sipe id eact wet), i 
99. f(x) = x° — 2x7 — 14% + 40 34 


In Exercises 100 and 101, use Descartes’s Rule of Signs to 
determine the possible numbers of positive and negative 
zeros of the function. 


100. g(x) = 5x> + 3x? — 6x +.9 
101A) HS + 4x? — 22 eS 


In Exercises 102-105, find the domain of the rational 
function. 








5x 3x2 
102. f(x) = 5 103. f() = Fae 
8 x7 +x-2 
104 $0) = i 


In Exercises 106-109, identify any horizontal or vertical 
asymptotes. 


4 2x? + 5x — 3 
ere 107. f(x) = rar 





106. f(x) = 





2 





XxX 
108. g) =S 


ay 109. g(x) = 


ee 
(eae 


In Exercises 110-121, identify intercepts, check for symme- 
try, identify any vertical or horizontal asymptotes, and 
sketch the graph of the rational function. 




















=5 4 
110. f(x) = = 11. f(x) =— 
BG x 
2+ =—3 
112. 9(x) = —— 113. h(x) == 
i = 3 = 2 
xe Dx 
Me) cosh 115. /@) oem 
x 4 
Css) ree 117. AG) =F 
— 6x? 2x2 
118. f(x) = aa 119. y= =o ee 
x — 
120. co ea | 121. g(x) ae psd 


In Exercises 122-125, find the equation of the slant asymp- 
tote and sketch the graph of the rational function. 











es eae ena | 
122. f(x) = 345 123. f(x) = — 5 

Be sory 10 os 
124. Bia testio bin 125. f(x) = 3G 


126. Average Cost A business has a cost of C = 0.5x + 
500 for producing x units. The average cost per unit 
is 
mac? O.5x + 500 
G — = as 5 

24 x 





ae > UO), 


Determine the average cost per unit as x increases 
without bound. (Find the horizontal asymptote.) 


127. Seizure of Illegal Drugs The cost (in millions of 
dollars) for the federal government to seize p% of a 
certain illegal drug as it enters the country is 

528 
aby OVS p< 100: 
LOO=.p 

(a) Find the cost of seizing 25% of the drug. 

(b) Find the cost of seizing 50% of the drug. 

(c) Find the cost of seizing 75% of the drug. 


(d) According to this model, would it be possible to 
seize 100% of the drug? 


128. Physics The rise of distilled water in tubes of 
diameter x inches is approximated by the model 


(“= = all 
ion. ; i SO 
il SE Ips 





where y is measured in inches. Approximate the 
diameter of the tube that will cause the water to rise 
0.1 inch. 


129. Numerical and Graphical Analysis A right trian- 
gle is formed in the first quadrant by the x- and 
y-axes and a line through the point (2, 3). 


(a) Draw a diagram that illustrates the problem. 
Label the known and unknown quantities. 


(b) Verify that the area of the triangle is 


8x2 


= 2, 
Sem bet 


(c) Create a table that gives values of area for vari- 
ous values of x. Start the table with x = 2.5 and 
increment x in steps of 0.5. Continue until you 
can approximate the dimensions of the triangle 
of minimum area. 
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Hid 


(d) Use a graphing utility to graph the area func- 
tion. Use the graph to approximate the dimen- 
sions of the triangle of minimum area. 


(e) Determine the slant asymptote of the area func- 
tion. Explain its meaning. 


In Exercises 130-133, write the form of the partial 
fraction decomposition for the rational expression. Do not 
solve for the constants. 


5 jg = 8 
10 x? + 20x le x? — 3x — 28 
3g = a! ia, 
1325s (_— SESS 
> x? — 5x? He Alesana ie 


In Exercises 134-141, write the partial fraction decomposi- 
tion for the rational expression. 











(eee op iy a dca 
“x2 + 6x + 8 "x2 +3x+2 
pS Aaa eee 37. — 
"x2 + Ox — 15 “72-9 
x2 + 2x 4x —2 
138. - 139, 2 
xo = x7 +x-1 hee Ii) 
3x3 + 4x 4x2 
140 eee 141. 
(4 4291)? (x = 1)(x? + 1) 


Synthesis 


True or False? \n Exercises 142 and 143, determine 
whether the statement is true or false. Justify your answer. 


142. A fourth-degree polynomial can have —5, — 8i, 4i, 
and 5 as its zeros. 


143. The domain of a rational function can never be the 
set of all real numbers. 


144. Write quadratic equations that have (a) two distinct 
real solutions, (b) two complex solutions, and (c) 
no real solution. 

145. Given the function f(x) = a(x — h)? + k, state the 
values of a, h, and k that give a reflection in the 
x-axis with either a shrink or stretch of the graph of 
the function f(x) = x. 

146. What is the degree of a function that has exactly 
two real zeros and two complex zeros? 


147. Because i” = —1, is the square of any complex 
number a real number? Explain. 
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FIGURE 2.42 


Chapter Project > 


Finding Points of Intersection Graphically 


Example ® Approximating Points of Intersection 


Approximate the points of intersection of the circle and parabola given by 
nee yR = 8x + Sy — 11 = 0 and. yy sx*,—.4e 5 
using the zoom and trace features of a graphing utility. 


Solution 


Begin by writing the circle as the union of two functions. 


1 
y= sino + ./69 + 12x - 4x?) Top half of circle 


1 
jy Alas, — ./69 + 12x — 4x?) Bottom half of circle 





Wa he ae Parabola 


Next, graph all three functions in the same viewing window, as shown in Figure 
2.42. Use the zoom and trace features of the graphing utility to estimate that the 
points of intersection are roughly (1, 1.9) and (2.8, 1.7). 





Chapter Project Investigations 


1. Using a setting of 1.05 < x < 1.06 and 1.89 < y < 1.90, graph the top 
half of the circle and the parabola in the example on the same screen. Then 
use the trace feature to approximate (accurate to three decimal places) the 
y-coordinate of the point of intersection that is shown on the screen. 


2. Another method for finding the points of intersection is to substitute 
x? — 4x + 5 for y in the equation of the circle to get a fourth-degree 
polynomial equation. Graph this polynomial function. 


(a) Find a setting that allows you to approximate the solution x ~ 1.055 
of the polynomial equation to two more decimal places. 


(b) Find a setting that allows you to approximate the solution x ~ 2.841 
to two more decimal places. 


3. Use a graphing utility to find the points of intersection of the circle and the 
parabola given by x? + y* — 5x + 4y — 13 = Oandy = x? — 3x + 2. 

4. The market equilibrium of a commodity is the quantity (and correspond- 
ing price) at which the supply of the commodity and the demand for the — 
commodity are equal. The supply and demand curves for a business deal- _ 
ing with wheat are p = 1.45 + 0.00014x? and p = (2.388 — 0.007x), — 
respectively, where p is the price (in dollars per bushel) and x is the quan- _ 
tity (in bushels per day). Use a graphing utility to graph the supply and — 
demand equations and find the market equilibrium. (Hint: The market 
equilibrium is the point of intersection of the graphs for x > 0.) 


et 
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Chapter Test 





Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 


1. Describe how the graph of g differs from the graph of f(x) = x?. 
2 
(a) g@)=2-x7 —(b) a(x) = (x - 3) 

2. Write the equation in standard form of the parabola shown in the figure. 

3. The path of a ball is given by y = = 35x? + 3x + 5, where y is the height (in 
feet) of the ball and x is the horizontal distance (in feet) from where the ball 
was thrown. 

(a) Find the maximum height of the ball. 

FIGURE FOR 2 (b) Find the distance the ball travels. 


4. Determine the right-hand and left-hand behavior of the graph of the function 
h(t) = —3t5 + 222. Then sketch its graph. 





‘The Interactive CD-ROM and Internet 5. Divide by long division. 6. Divide by synthetic division. 
versions of this text provide answers to b ‘ 

‘the Chapter Tests and Cumulative Tests. Siete kewl Di ek 

They also offer Chapter Pre-Tests x2 + 1 =D 

(which test key skills and concepts 

covered in previous chapters) and 7. Use synthetic division to show that x = /3 is a solution of the equation 
Chapter Post-Tests, both of which have 4x? — x2 — 12x + 3 =0. Use the result to factor the polynomial 


randomly generated exercises with 


: Dat completely and list all the real solutions of the equation. 
diagnostic capabilities. 


8. Perform the operations and write the result in standard form. 
5 
(a) 107 — (3 + /—25) (b) (2 + V3i)(2 -— 33) (c) 


Dacia 








== In Exercises 9 and 10, list all the possible rational zeros of the function. Use a 
graphing utility to graph the function and find all the rational zeros. 


rae(iji—_2i = ot + 16h = 24 LOR at — x 
11. Find all zeros of f(x) = x* — x3 + 2x? — 4x — 8 given that f(2i) = 0. 


: In Exercises 12 and 13, find a polynomial function with integer coefficients that has 
the given zeros. 


12. 0,3,3 +i4,3-i 1320 eB Ai 


In Exercises 14-16, find the domain of the function and identify any asymptotes. 


2 See oe Dee ee) 
oe 15. = 16. = 
ae a5 fe) 2) a1 Be at) ae 





In Exercises 17 and 18, graph the function. Identify any intercepts and asymptotes. 


4 2+2 
| 17. Wx) =~ 1 1S2ee 


2 





=> I 


In Exercises 19-22, write the partial fraction decomposition for the rational expression. 


eae 5 3x7 — 25 4 4 x7 4+5 x2 —4 
Se 20 ae Alle. 2, 
1 ee x2(2 — x) xe-—x x3 + 2x 
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In the United States in 1997, personal savings as a percent of 
disposable income was 3.9% and the disposable per capita 
income was $21,969. So, the per capita personal savings in 
1997 was $856.79. (Source: U.S. Bureau of Economic Analysis) 





Exponential and 


Logarithmic 
— Functions 


The Big Picture 


In this chapter you will learn the 
following skills and concepts. 


» How to recognize and evaluate 
exponential and logarithmic 
functions 


» How to graph exponential and 
logarithmic functions 


» How to rewrite logarithmic 
functions with a different base 


» How to use properties of loga- 
rithms to evaluate, rewrite, expand, 
or condense logarithmic expressions 


» How to solve exponential and 
logarithmic equations 


» How to use exponential growth 
‘models, exponential decay models, 
Gaussian models, logistic growth 
models, and logarithmic models to 
solve real-life problems 





Important Vocabulary 





As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Algebraic functions (jp. 288) 
Transcendental functions (p. 288) 
Exponential function f with base a 
(p. 288) 
Natural base e (p. 292) 
Natural exponential function 
(p. 292) 
Continuous compounding (p. 293) 
Logarithmic function with base a 
(p. 300) 
Common logarithmic function 
(p. 301) 





Study Tools 


* Learning objectives at the 
beginning of each section 
* Chapter Summary (p. 341) 
* Review Exercises (pp. 342-345) 
* Chapter Test (1p. 347) 
* Cumulative Test for Chapters 1-3 
(pp. 348-349) 





Additional Resources 


* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 3 

* Precalculus Website 

« Student Success Organizer 


Natural logarithmic function (p. 304) 
Exponential growth model (p. 328) 
Exponential decay model (pp. 328) 
Gaussian model (pp. 328) 

Logistic growth model (p. 328) 
Logarithmic models (jo. 328) 
Bell-shaped curve (jp. 332) 

Logistic curve (p. 333) 

Sigmoidal curve (jp. 333) 





STUDY TIP 


Attend every class. Arrive on 
time with your text, a pen or 
pencil and paper for notes, and 
your calculator. If you must 
miss class, get the notes from 
another student, go to your tutor 
for help, or view the appropriate 
mathematics videotape. 
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3.1 





> What you should learn 


* How to recognize and evaluate 
exponential functions with 
base a 

* How to graph exponential 
functions 

¢ How to recognize and evaluate 
exponential functions with 
base e 


* How to use exponential 
functions to model and solve 
real-life applications 


Why you should learn it 


Exponential functions can be 
used to model and solve real-life 
problems. For instance, Exercise 
74 on page 298 shows how to 
use an exponential function to 
model the amount of defoliation 
caused by the gypsy moth. 


:. ‘i 


Exponential Functions and Their Graphs 


Chapter3 ® Exponential and Logarithmic Functions 





Exponential Functions 


So far, this book has dealt only with algebraic functions, which include polyno- 
mial functions and rational functions. In this chapter you will study two types of 
nonalgebraic functions—exponential functions and logarithmic functions. These 
functions are examples of transcendental functions. 


Definition of Exponential Function 
The exponential function f with base a is denoted by 


fx) =a 


where a > 0, a # 1, and x is any real number. 


The base a = 1 is excluded because it yields f(x) = 1° = 1. This is a constant 
function, not an exponential function. 

You already know how to evaluate a* for integer and rational values of x. For 
example, you know that 4° = 64 and 4!/2 = 2. However, to evaluate 4* for any 
real number x, you need to interpret forms with irrational exponents. For the 
purposes of this book, it is sufficient to think of 


av? (where \/2 ~ 1.41421356) 


as the number that has the successively closer approximations 


14 1.41 1.414 1.4142 1.41421 
2 ’ a ° - ie S 4 


GG a a a 


Example | shows how to use a calculator to evaluate exponential expressions. 


Example 1 ® Evaluating Exponential Expressions 


Use a calculator to evaluate each expression. 


a. 9-31 

b. 277 

ce. 125/7 

d. (0.6)3/2 

Solution 

Number Graphing Calculator Keystrokes Display 

ADEE Zee) 3a 0.1166291 
b. 2-7 2) ©) a (ENTER) 0.1133147 
e. 125/7 LNWsS 7 5.8998877 
d. (0.6)3/2 693) 2 0.4647580 





ai 


FIGURE 3.1 


FIGURE 3.2 








g(x) = 4" 














Section 3.1 B® Exponential Functions and Their Graphs 289 


Graphs of Exponential Functions 


The graphs of all exponential functions have similar characteristics, as shown in 
Examples 2, 3, and 4. 


Example 2 ® Graphs of y = a” 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2* b. g(x) = 4 
Solution 


The table below lists some values for each function, and Figure 3.1 shows their 
graphs. Note that both graphs are increasing. Moreover, the graph of g(x) = 4° is 
increasing more rapidly than the graph of f(x) = 2”. 
































The table in Example 2 was evaluated by hand. You could, of course, use a 
graphing utility to construct tables with even more values. 


Example 3 ®& Graphs of y = a~* 


In the same coordinate plane, sketch the graph of each function. 
a. F(x) = 27 b. G(x) = 4 


Solution 


The table below lists some values for each function, and Figure 3.2 shows their 
graphs. Note that both graphs are decreasing. Moreover, the graph of G(x) = 4-* 
is decreasing more rapidly than the graph of F(x) = 27. 





i) 














Bl Vl | ee 
= Ale 
al- 








In Example 3, note that the functions F(x) = 2~* and G(x) = 4% can be 
rewritten with positive exponents. 


F(x) =27* = (3y and G(x) = 4-* = (4) 
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STUDY TIP 


Notice that the range of an 
exponential function is (0, 00), 
which means that a* > 0 for all 
values of x. P 


The Interactive CD-ROM and Internet 
versions of this text offer a built-in 
graphing calculator, which can be used 
in the Examples, Explorations, 
Technology notes, and Exercises. 





FIGURE 3.5 





Comparing the functions in Examples 2 and 3, observe that 


FG) = 27 =f(=%), | and GG) a 


Consequently, the graph of F is a reflection (in the y-axis) of the graph of f. The 
graphs of G and g have the same relationship. The graphs in Figures 3.1 and 3.2 are 
typical of the exponential functions a* and a~*. They have one y-intercept and one 
horizontal asymptote (the x-axis), and they are continuous. The basic characteristics 


of these exponential functions are summarized in Figures 3.3 and 3.4. 


Graph of y= a*,a > 1 
* Domain: (— co, co) 

* Range: (0, oc) 

¢ Intercept: (0, 1) 


¢ Increasing 





¢ x-Axis is a horizontal asymptote 
(a* 0 as x — oo). 





¢ Continuous 





FIGURE 3.3 


y Graph of y=a™*,a>1 
t * Domain: (— 00, 00) 

* Range: (0, oo) 

* Intercept: (0, 1) 


¢ Decreasing 








¢ x-Axis is a horizontal asymptote 
(a~*— 0 as x 00). 








¢ Continuous 


FIGURE 3.4 


Exploration 


Use a graphing utility to graph 
ye a 


for a = 3, 5, and 7 in the same viewing window. (Use a viewing window in 
which —2 < x < 1 andO < y < 2.) For instance, the graph of 


yo 


is shown in Figure 3.5. How do the graphs compare with each other? Which 
graph is on the top in the interval (— 00, 0)? Which is on the bottom? Which 
graph is on the top in the interval (0, 00)? Which is on the boro 

Repeat this experiment with the graphs of y = b* for b = = - and 4 7. 
(Use a viewing window in which —1 < x < 2 and0 < y < 2.) What can 
you conclude about the shape of the graph of y = b* and the value of b? 


) A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 
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In the following example, notice how the graph of y = a* can be used to 
sketch the graphs of functions of the form f(x) = b + a**°. 


Example 4 © Transformations of Graphs of Exponential Functions 


Each of the following graphs is a transformation of the graph of f(x) = 3%, as 
shown in Figure 3.6. 


a. Because g(x) = 3*+! = f(x + 1), the graph of g can be obtained by shifting 
the graph of f 1 unit to the left. 


b. Because h(x) = 3* — 2 = f(x) — 2, the graph of h can be obtained by shifting 
the graph of f down 2 units. 

c. Because k(x) = —3* = —f(x), the graph of k can be obtained by reflecting the 
graph of fin the x-axis. 


d. Because j(x) = 3~* = f(—x), the graph of j can be obtained by reflecting the 
graph of fin the y-axis. 





£6) = 3° 1 


















































(c) (d) 
FIGURE 3.6 





In Figure 3.6, notice that the transformations in parts (a), (c), and (d) keep the 
x-axis as a horizontal asymptote, but the transformation in part (b) yields a new 
horizontal asymptote of y = —2. Also, be sure to note how the y-intercept is 
affected by each transformation. 
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FIGURE 3.7 
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(a) 
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(b) 
FIGURE 3.8 








The Natural Base e 


In many applications, the most convenient choice for a base is the irrational 
number 


€ = 2718281828 0. 


This number is called the natural base. The function f(x) = e* is called the 
natural exponential function. Its graph is shown in Figure 3.7. Be sure you see 
that for the exponential function f(x) = e%, e is the constant 2.71828183. . ., 
whereas x is the variable. 


Example 5 ® Evaluating the Natural Exponential Function 


Use a calculator to evaluate each expression. 


2 


a. e- 
brace 
c. e! 
d. e 
Solution 

Number Graphing Calculator Keystrokes Display 
ae? 2 0.1353353 
bee! 1 0.3678794 
c. e! 1 2.7182818 
d. e? 2 7.3890561 


Example 6 Graphing Natural Exponential Functions — 


Sketch the graph of each natural exponential function. 
a. f(x) = 26092 

b. g(x) = ne 058 

Solution 


To sketch these two graphs, you can use a graphing utility to construct a table of 
values, as shown below. After constructing the table, plot the points and connect 
them with smooth curves, as shown in Figure 3.8. Note that the graph in part (a) 
is increasing whereas the graph in part (b) is decreasing. 





. SS 
f(x) | 0.974 | 1.238 | 1.573 | 2.000 | 2.542 | 3.232 | 4.109 
) | 2.849 | 1.595 | 0.893 | 0.500 | 0.280 | 0.157 | 0.088 
























Technology 


a Use the formula 
= 


nt 
A = (1 +1) 
n 


to calculate the amount in an 
account when P = $3000, 

r = 6%,t = 10 years, and 
compounding is done (1) by the 
day, (2) by the hour, (3) by the 
minute, and (4) by the second. 
Use these results to present an 
argument that increasing the 
number of compoundings does 
not mean unlimited growth of 
the amount in the account. 


A computer simulation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 
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Applications 


One of the most familiar examples of exponential growth is that of an investment 
earning continuously compounded interest. Using exponential functions, you can 
develop a formula for the balance in an account that pays compound interest, and 
show how it leads to continuous compounding. 

Suppose a principal P is invested at an annual interest rate r, compounded 
once a year. If the interest is added to the principal at the end of the year, the new 
balance P, is 


P, =P + Pr 
= Pil +r). 


This pattern of multiplying the previous principal by | + r is then repeated each 
successive year, as shown below. 


Year Balance After Each Compounding 
0 P= 
1 Pier) 
2 P,=P,1 +7 = POO +7) = PO + 7)? 
3 PaSsP syne Gere a) = PO ry? 


t P,= PU +r) 


To accommodate more frequent (quarterly, monthly, or daily) compounding 
of interest, let n be the number of compoundings per year and let t be the number 
of years. Then the rate per compounding is r/n and the account balance after f 
years is 


nt 
A= (1 AF *) ‘ Amount (balance) with n compoundings per year 
nN 
If you let the number of compoundings n increase without bound, the process 


approaches what is called continuous compounding. In the formula for n 
compoundings per year, let m = n/r. This produces 


nt 
A= Pi oF *) Amount with n compoundings per year 
n 
r mrt 
= P(t ~ == Substitute mr for n. 
mr 
1 mrt 
= P( il 45 | Simplify. 
1 m |rt 
= | (1 oF ) | i Property of exponents 


As m increases without bound, it can be shown that [1 + (1/m)]” approaches e. 
(Try the values m = 10, 10,000, and 10,000,000.) From this, you can conclude 
that the formula for continuous compounding is 


Atte Substitute e for (1 + 1/m)™. 
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STUDY ates 


Be sure you see that the innit 
interest rate must be expressed 
in decimal form. For ‘instance, 
6% should be expressed as 0. 06. 


Formulas for Compound Interest 


After t years, the balance A in an account with principal P and annual interest 
rate r (in decimal form) is given by the following formulas. 


nt 
1. For n compoundings per year: A = P(t te *) 
n 


2. For continuous compounding: A = Pe’ 


Example 7 ® Compound Interest @ 





A total of $12,000 is invested at an annual interest rate of 9%. Find the balance 
after 5 years if it is compounded 

a. quarterly. 

b. monthly. 


c. continuously. 


Solution 


a. For quarterly compoundings, you have n = 4. So, in 5 years at 9%, the 
balance is 


A 


Formula for compound interest 


ll 
aie] 
me 
— 
+ 
sin 
——, 


Substitute for P, r, n, and t. 


0.09\40) 
12,000( oF =") 


ul 


SS 726s11k Use a calculator. 


b. For monthly compoundings, you have n = 12. So, in 5 years at 9%, the 
balance is 


nt 
A= P(t af *) Formula for compound interest 
n 
0.09 \ !2©) 
= 12,000( 1 = 4 Substitute for P, r, n, and t. 
= $18,788.17. Use a calculator. 


c. For continuous compounding, the balance is 


A = Pe” Formula for continuous compounding 
= 12,000e2) Substitute for P, r, n, and t. 
= $18,819.75. Use a calculator. 





In Example 7, note that continuous compounding yields more than quarterly 
or monthly compounding. This is typical of the two types of compounding. That 
is, for a given principal, interest rate, and time, continuous compounding will 
always yield a larger balance than compounding n times a year. 


Radioactive Decay 


P 
10 
g 9 
5 8 
Sg 
=a 
5 
5 4 
me 3 
ie) 
ie 2 
el 
50,000 100,000 
Years of decay 
FIGURE 3.9 
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Example 8 ® Radioactive Decay e 





In 1986, a nuclear reactor accident occurred in Chernobyl in what was then the 
Soviet Union. The explosion spread highly toxic radioactive chemicals, such as 
plutonium, over hundreds of square miles, and the government evacuated the city 
and the surrounding area. To see why the city is now uninhabited, consider the 
model 

P= 10e~9:00002845¢, 


This model represents the amount of plutonium that remains (from an initial 
amount of 10 pounds) after t years. Sketch the graph of this function over the 
interval from t = 0 to t = 100,000. How much of the 10 pounds will remain in 
the year 2002? How much of the 10 pounds will remain after 100,000 years? 


Solution 


The graph of this function is shown in Figure 3.9. Note from this graph that 
plutonium has a half-life of about 24,360 years. That is, after 24,360 years, half 
of the original amount will remain. After another 24,360 years, one-quarter of the 
original amount will remain, and so on. In the year 2002 (t = 16), there will still 
be 


P 


10e~9.00002845(16) 
= 1(Qe~9.0004552 
=~ 9.995 pounds 
of plutonium remaining. After 100,000 years, there will still be 
P = 10e~0.00002845(100,000) 
= 10e-2845 


0.58 pound 


ul 


of plutonium remaining. 





is Neste gst gears ana 


| Weiting spout MATHEMATICS 





Identifying Exponential Functions Which of the following functions generated the 
two tables below? Discuss how you were able to decide. What do these functions 
have in common? Are any the same? If so, explain why. 

NG (x—3) 
ae Ss 2e99 b. f,(x) = 8(3) ony SG) 
d. f,(x) = (3) +7 e. f(x) =7 + 2 f. f(x) = (8)2* 






































Create two different exponential functions of the forms y = a(b)* andy = eX + d 
with y-intercepts of (0, —3). 





296 


3.1 


In Exercises 1-10, evaluate the expression. Round your 


Exercises 


result to three decimal places. 


1. 
BS. COOS)I00 
5: 
? 
9 


In Exercises 11-14, match the exponential function with its 


(3.4)56 


Sy a 


. 100¥2 


e 3/4 


2H 5S000QrAP) 
An 828, 

6. </4395 

8 


e!/2 


10. 27 


graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) 


(c) 


In Exercises 15-22, use the graph of f to describe the 


y 





(b) y 


(d) 


transformation that yields the graph of g. 


15. 
16. 
V7. 
18. 
19; 
20. 
21. 
22. 


fla) = 3% 
fla) = 4% 

fla) = -24 
fla) = 10% 


g(x) = 


g(x) = 
g(x) = 
g(x) = 
g(x) = 
g(x) = 
g(x) = 
g(x) = 


a 


Chane 
=47 +1] 
=5 = 9% 
107**3 
= 

5) 
ayer 

2 
SO a S 
—3.67* + 8 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 

) odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link to 
Guided Examples for additional hel 


Exercises ©” cudedtamplesforaddtionalhe, rr 


= In Exercises 23-36, use a graphing utility to construct a 
table of values for each function. Then sketch the graph of 


the function. 

23. f(x) = ()" 
250 7G) = 6) 
7. f(Qi= 27-1 
29. f(x) = e* 

31. f(x) = 3e*+4 
S2ihlk) = er 


33. f(x) = 2e*-2 +4 


SA eect? <2 
35... (xia tt 3 


36. f(x) = —4*-3 - 3 


24. 
26. 
28. 
30. 


fs) = 6 
fla) = 6 
fe) 2 
fla) =e 


“= In Exercises 37-54, use a graphing utility to graph the 


exponential function. 
37. g(x) = 5" 

39. f(a) = GJ = 5> 
41. h(x) = 5*-? 

43; ox) = 57 = 3 


45. y= 2 
47; So? EI 
49. y = 1.08-* 


Sl, GG 
52. s(t) = 3e-° 
Bo e(xy—= 1 +e * 
54. h(x) = e*-? 


38. 
40. 
42. 
44. 
46. 
48. 
50. 


fo =ea 

h(x) = (3) 
as) =e 
f(x) = (3) * +2 


Finance \n Exercises 55-58, complete the table to 
determine the balance A for P dollars invested at rate r foq 
t years and compounded n times per year. 





| 4 | 12) 365 Continuous | 








| 





55. P = $2500, r = 8%, t = 10 years 
56. P = $1000, r = 6%, t = 10 years 
57. P = $2500, r = 8%, t = 20 years 
58. P = $1000, r = 6%, t = 40 years 


Finance 


Section 3.1 


In Exercises 59-62, complete the table to 


determine the balance A for $12,000 invested at rate r for t 
years, compounded continuously. 

















. r= 8% 

. r= 6% 

i — 0.9% 

~r=7.5% 

. Finance On the day of a child’s birth, a deposit of 


$25,000 is made in a trust fund that pays 8.75% 
interest, compounded continuously. Determine the 
balance in this account on the child’s 25th birthday. 


. Finance A deposit of $5000 is made in a trust fund 


that pays 7.5% interest, compounded continuously. It 
is specified that the balance will be given to the col- 
lege from which the donor graduated after the money 
has earned interest for 50 years. How much will the 
college receive? 


. Graphical Reasoning ‘There are two options for 


investing $500. The first earns 7% compounded 

annually and the second earns 7% simple interest. 

The figure shows the growth of each investment over 

a 30-year period. 

(a) Identify which graph in the figure represents 
each type of investment. Explain your reasoning. 


Investment 





(b) Verify your answer in part (a) by finding the 
equations that model the investment growth and 
graphing the models. 


66. Depreciation After t years, the value of a car that 


cost $20,000 is modeled by 
3 t 
vq) = 20,000 3). 


Graph the function and determine the value of the car 
2 years after it was purchased. 


67. 


68. 





A 


69. 


70. 


Wm: 
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Inflation If the annual rate of inflation averages 
4% over the next 10 years, the approximate cost C of 
goods or services during any year in that decade will 
be modeled by 


C(t) = P(1.04)! 
where f is the time in years and P is the present cost. 


If the price of an oil change for your car is presently 
$23.95, estimate the price 10 years from now. 


Economics The demand equation for a certain 
product is 
).: 4 
p = 5000| 1 — 4+ ¢70002 J 
(a) Use a graphing utility to graph the demand 


function for x > 0 and p > 0. 
(b) Find the price p for a demand of x = 500 units. 


(c) Use the graph in part (a) to approximate the 
greatest price that will still yield a demand of at 
least 600 units. 


Population Growth A certain type of bacterium 
increases according to the model P(t) = 100e°7!97, 
where f is the time in hours. Find (a) P(0), (b) P(5), 
and (c) P(10). 

Population Growth The population of a town 
increases according to the model P(t) = 2500e°°9%, 
where ¢ is the time in years, with t = 0 correspond- 
ing to 1990. Use the model to estimate the popula- 
tion in (a) 2000 and (b) 2010. 


Radioactive Decay Let Q (Gn grams) represent a 
mass of radioactive radium (?7°Ra), whose half-life 
is 1620 years. The quantity of radium present after f 
years is 


1 \¢/1620 
= 25|- : 
2 (5) 


(a) Determine the initial quantity (when t = 0). 


(b) Determine the quantity present after 1000 years. 





72. 


(c) Use a graphing utility to graph the function over 
the interval t = 0 to t = 5000. 


Radioactive Decay Let Q (in grams) represent a 
mass of carbon 14 (!4C), whose half-life is 5730 years. 
The quantity of carbon 14 present after ¢ years is 


1 t/5730 
a= 105) 
(a) Determine the initial quantity (when t = 0). 
(b) Determine the quantity present after 2000 years. 


(c) Sketch the graph of this function over the 
interval t = 0 to t = 10,000. 
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73. Data Analysis A meteorologist measures the 
atmospheric pressure P (in pascals) at altitude A (in 
kilometers). The data is shown in the table. 





[a | 0 5 10" Wuioa = eo 




















| E q 101,293iq) 54,735. 23,2945) 12,197 | 5069 





A model for the data is given by 
Pe 1023303827, CE7e 


(a) Sketch a scatter plot of the data and graph the 
model on the same set of axes. 


(b) Create a table that compares the model with the 
sample data. 


(c) Estimate the atmospheric pressure at a height of 
8 kilometers. 


(d) Use the graph in part (a) to estimate the altitude 
at which the atmospheric pressure is 21,000 
pascals. 


74. Data Analysis To estimate the amount of defolia- 
tion caused by the gypsy moth during a given year, a 
forester counts the number x of egg masses on 4 of 
an acre (circle of radius 18.6 feet) in the fall. The 
percent of defoliation y the next spring is shown in 
the table. (Source: USDA, Forest Service) 





ca 0 | 25 | 50 |.:75..|. 100 
Ve 12 | 44] 81] 96 |, 99 























= (a) A model for the data is 


ee 
2) ae 17e~0-065x i 


Use a graphing utility to create a scatter plot 
of the data and graph the model in the same 
viewing window. 


(b 


wa 


Create a table that compares the model with the 
sample data. 


(c 


Se 


Estimate the percent of defoliation if 36 egg 
masses are counted on a acre. 


(d) Use the graph in part (a) to estimate the number of 


egg masses per 49 acre if you observe that 4 of 
a forest is defoliated the following spring. 


Synthesis 


True or False? In Exercises 75 and 76, determine 
whether the statement is true or false. Justify your answer. 


75. The x-axis is an asymptote for the graph of 
f(x) = 10*. 
271,801 


76. @ = ; 
99,990 

Think About It \n Exercises 77-80, use properties of 

exponents to determine which functions (if any) are the 

same. 


77. f(x) = 3°? 78. f(x) = 4 + 
#0) =o 9 6 eae 
h(x) = (3°) h(x) = 64(4") 
79. f(x) = 16(4) 80. f(x) =5-% +3 
alealpeile)t bs g(x) = Stet 
We) 16(2 =) h(x) See 2 


81. Graph the functions y = 3* and y = 4* and use the 
graphs to solve the inequalities. 


(a) 4° < 3% 
(bedi 3% 

82. Graph the functions y = Gy and y = (4)* and use 
the graphs to solve the inequalities. 


Gah ay 
(b) (3) > GY" 


=: 83. Use a graphing utility to graph each function. Use 


the graph to find any asymptotes of the function. 


OM 10 ear erence 
8 
OF 10 Riera ry” 


=: 84. Use a graphing utility to graph each function. Use 


the graph to find where the function is increasing and 
decreasing, and approximate any relative maximum 
or minimum values. 


(a) f(x) = x’e™ 
(b) g(x) = x2°-* 


&: 85. Use a graphing utility to graph y, = e* and each of 


the functions y, =x, y,=2x°, y,= Vx, and 
y; = |x|. Which function increases at the fastest rate 
as x approaches +00? 


86. 


- Graphical Analysis 


. Conjecture 


Section 3.1 


Conjecture Use the result of Exercise 85 to make a 
conjecture about the rate of growth of y, = e* and 
y =x", where n is a natural number and x 
approaches +00. 


. Writing Use the results of Exercises 85 and 86 to 


describe what is implied when it is stated that a 
quantity is growing exponentially. 


Use a graphing utility to graph 


in the same viewing window. What is the relationship 
between f and g as x increases without bound? 


Use the result of Exercise 88 to make a 
conjecture about the value of [1 + (r/x)} as x 
increases without bound. Create a table that 
illustrates your conjecture for r = 1. 


. Think About It Which functions are exponential? 


(a) 3x 
(nse 


(b) 3x2 
(d) 2-* 


. Think About It Without using a calculator, why do 


you know that 2? is greater than 2, but less than 4? 


. Exploration Use a graphing utility to compare 


the graph of the function y = e* with the graph of 
each given function. [n! (read “n factorial’) is 
defined asn! = 1°2-3---(n-—1)-n] 


(pe 


(a) y, 1! 


eae eae 


oey-lt tote 


93. 


94. 
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Pattern Recognition Identify the pattern of succes- 
sive polynomials given in Exercise 92. Extend the 
pattern one more term and compare the graph of the 
resulting polynomial function with the graph of 
y = e*. What do you think this pattern implies? 


Given the exponential function 
f(x) = a 

show that 

(a) flu + v) = fl) : ft). 

(b) f(2x) = LfG)]?. 


Review 


In Exercises 95-98, solve for y. 
95. 2x — 7y + 14=0 
96. x7 + 3y =4 
OF xe ty 25 











98. x — |y| = 2 
In Exercises 99-102, sketch the graph of the rational 
function. 
2 
99. f(x) = oe 
4x — 3 
100. f(x) =— 
x 
6 
101) capreoee a  o 
Be Ip il 
102. f(x) = es 






Mary Kate Kenny 


300 


3.2 


> What you should learn 


- How to recognize and evaluate 
logarithmic functions with 
base a 





* How to graph logarithmic 
functions 


How to recognize and evaluate 
natural logarithmic functions 


* How to use logarithmic 
functions to model and solve 
real-life applications 


» Why you should learn it 


You can use logarithmic 
functions to model and solve 
real-life problems. For instance, 
Exercises 73 and 74 on page 308 
show how to use a logarithmic 
function to model the minimum 
required ventilation rates in 
public school classrooms. 


Logarithmic Functions and Their Graphs 


Chapter 3 ® Exponential and Logarithmic Functions 





Logarithmic Functions 


In Section 1.7, you studied the concept of the inverse of a function. There, you 
learned that if a function has the property that no horizontal line intersects the 
graph of the function more than once, the function must have an inverse. By 
looking back at the graphs of the exponential functions introduced in Section 3.1, 
you will see that every function of the form 


f(x) = a* 


passes the Horizontal Line Test and therefore must have an inverse. This inverse 
function is called the logarithmic function with base a. 


Definition of Logarithmic Function with Base a 
For x > Oand0 <a Fl, 


y = log, x if and only if x = a’. 
The function given by 
f(x) = log, x 


is called the logarithmic function with base a. 


The equations 


y = log, x and 1=@ 


are equivalent. The first equation is in logarithmic form and the second is in 
exponential form. 

When evaluating logarithms, remember that a logarithm is an exponent. This 
means that log,x is the exponent to which a must be raised to obtain x. For 
instance, log, 8 = 3 because 2 must be raised to the third power to get 8. 


Example 1 ® Evaluating Logarithms 


Use the definition of logarithmic function to evaluate the logarithms. 


a. log, 32 b. log, 27 c. log, 2 
d. Ise 100 e. log; | f. log, 2 
Solution 

a. log, 32 = 5 because 2° = 32. 

b. log, 27 = 3 because 3? = 27. 
Coe, 2 => because 41/2 = \/4 = 2. 
d. log,oi0 = —2 because 10-? = it = i 
e. log, 1 = 0 because 3° = 1. 

£ logy because 2! = 2. 





Complete the table for 
f(x) = 10. 














Complete the table for 
Ff) = logiox. 











Compare the two tables. What is 
the relationship between 
F(x) = 10* and f(x) = log,,x? 
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The logarithmic function with base 10 is called the common logarithmic 
function. On most calculators, this function is denoted by (LOG). Because log,x 


is the inverse function of a*, it follows that the domain of log,x is the range of 
a*, (0, co). In other words, log,x is defined only if x is positive. 


Example 2 ® Evaluating Logarithms on a Calculator 


Use a calculator to evaluate each expression. 





a. log,, 10 
b. 2log), 2.5 
¢. log; (= 2) 
Solution 
Number Graphing Calculator Keystrokes Display 
a. log,, 10 10 1 
b. 2log, 2.5 2 (x) (LOG) 2.5 (ENTER) 0.7958800 
c. logio(—2) 2 ERROR 


Note that the calculator displays an error message (or a complex number) when 
you try to evaluate log,,(—2). The reason for this is that the domain of every 
logarithmic function is the set of positive real numbers. 


The following properties follow directly from the definition of the logarith- 
mic function with base a. 


Properties of Logarithms 
1. log, 1 = 0 because a® = 1. 


2. log, a = 1 because a! = a. 
3. log, a* = x and a!&* = x Inverse Properties 


4. If log, x = log, y, then x = y. One-to-One Property 


Example 3 ® Using Properties of Logarithms 


Solve each equation for x. 

a. log, x = log, 3 

b. log, 4 =x 

Solution 

a. Using the One-to-One Property (Property 4), you can conclude that x = 3. 
b. Using Property 2, you can conclude that x = 1. 
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2) A computer animation of this example 
— appears in the Interactive CD-ROM and 


Internet versions of this text. 











FIGURE 3.10 








y | Vertical asymptote, x = 0 


eS =logi9* 
























(1, 9) 


FIGURE 3.11 


eee 
ee ee 





x 





Graphs of Logarithmic Functions 
To sketch the graph of 
y = log, x 


you can use the fact that the graphs of inverse functions are reflections of each 
other in the line y = x. 


Example 4 B® Graphs of Exponential and Logarithmic Functions 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2° b. g(x) = log, x 
Solution 


a. For f(x) = 2*, construct a table of values. 




















By plotting these points and connecting them with a smooth curve, you obtain 
the graph shown in Figure 3.10. 

b. Because g(x) = log, x is the inverse of f(x) = 2*, the graph of g is obtained 
by plotting the points (f(x), x) and connecting them with a smooth curve. The 
graph of g is a reflection of the graph of fin the line y = x, as shown in Figure 
3.10: 


Example 5 B® Sketching the Graph of a Logarithmic Function 


Sketch the graph of the common logarithmic function 
f(x) = logy x. 
Identify the x-intercept and the vertical asymptote. 


Solution 


Begin by constructing a table of values. Note that some of the values can be 
obtained without a calculator by using the Inverse Property of Logarithms. Others 
require a calculator. Next, plot the points and connect them with a smooth curve, 
as shown in Figure 3.11. The x-intercept of the graph is (1, 0) and the vertical 
asymptote is x = 0 (y-axis). 













1] 10 2 
0.301 | 0.699 } 0.903 
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The nature of the graph in Figure 3.11 is typical of functions of the form 
f(x) = log, x,a > 1. They have one x-intercept and one vertical asymptote. 
Notice how slowly the graph rises for x > 1. In Figure 3.11 you would need to 
move out to x = 1000 before the graph rose to y = 3. The basic characteristics 
of logarithmic graphs are summarized in Figure 3.12. 


y 


Graph of y = log, x,a > 1 


Domain: (0, co) 


Range: (—©o, 00) 
Intercept: (1, 0) 


Increasing 


y-axis is a vertical asymptote 
(log, x > —co asx > 0*) 


Continuous 


Reflection of graph of y = a* 
about the line y = x 





FIGURE 3.12 


In the next example, the graph of log, x is used to sketch the graphs of 
functions of the form y = b + log, (x + c). Notice how a horizontal shift of the 
graph results in a horizontal shift of the vertical asymptote. 


Example 6 > Shifting Graphs of Logarithmic Functions 


The graph of each of the following functions is similar to the graph of 
f(x) = log.) x, as shown in Figure 3.13. 


a. Because 


guy loge — 17a 1), 
the graph of g can be obtained by shifting the graph of f1 unit to the right. 


Mia et Poet d 


b. Because 


ht) = 2+ log, x = 2 Eo) 


4 
i 
| 
| 

emt 
i 
1 


the graph of h can be obtained by shifting the graph of f2 units up. 











A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 






| h(x) 





 f@= 


logig x 














FIGURE 3.13 
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FIGURE 3.14 
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The Natural Logarithmic Function 


As with exponential functions, the most widely used base for logarithmic func- | 
tions is the number e, where 


€ = 2ANS2818287 a. 


The logarithmic function with base e is the natural logarithmic function and is 
denoted by the special symbol In x, read as “the natural log of x” or “elen of x4 


The Natural Logarithmic Function 
The function defined by 


(x)= Woe x = Ina, eS 0 


is called the natural logarithmic function. 


The four properties of logarithms listed on page 301 are also valid for 
natural logarithms. 


Properties of Natural Logarithms 
1. In 1 = 0 because e° = 1. 


2. Ine = 1 because e! = e. 
3.lne? = x and'e"* =x Inverse Properties 
P 


4. If Inx = Iny, then x = y. One-to-One Property 


The graph of the natural logarithmic function is shown in Figure 3.14. Try 
using a graphing utility to confirm this graph. What is the domain of the natural 
logarithmic function? 


Example 7 ® Using Properties of Natural Logarithms 


Use the properties of natural logarithms to simplify the expression. 


a. fee b, e@> 
e 


d. 2 Ine 


a. In— =Ine'==—1 Inverse Property 
b. e™> =5 Inverse Property 
= 0 Property 1 


ds; Dine = 201) = 2 Property 2 


eae nnn nnn nnn rnrnrneEnnn NURI SUES 


“= | ee 
ie ae 


eel 


i ie 


WORSE 


a 


ou + 


te we 















FIGURE 3.15 


g(x) = 


Vertical 
asymptote: 
oS) 





ifn ire 


In (2 —x) 
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On most calculators, the natural logarithm is denoted by (LN), as illustrated in 
Example 8. 


Example 8 ® Evaluating the Natural Logarithmic Function 


Use a calculator to evaluate each expression. 














a. In 2 b. In 0.3 c. Ine? d. In(—1) e. In(1 + V2) 
Solution 

Number Graphing Calculator Keystrokes Display 
a. In 2 (LN) 2 (ENTER) 0.6931472 
b. In 0.3 (LN} .3 (ENTER —1.2039728 
c. In e? LN) (e%) 2 (ENTER) 2 
d. In(—1) (LN) (©) 1 (ENTER) ERROR 
e. In(l + 2) LN) CO 1 &) @) 2 O) CENTER) 0.8813736 














In Example 8, be sure you see that In(— 1) gives an error message on most 
calculators. This occurs because the domain of In x is the set of positive real 
numbers (see Figure 3.14). So, In(— 1) is undefined. 


Example 9 ®& Finding the Domains of Logarithmic Functions 


Find the domain of each function. 
a. f(x) = In@ — 2) b. g(x) = In@ = x) C) he) "in x2 
Solution 
a. Because In(x — 2) is defined only if 
x= 2 > 0; 
it follows that the domain of f is (2, 00). 
b. Because In(2 — x) is defined only if 
Zk OF 


it follows that the domain of g is (—0o, 2). The graph of g is shown in Figure 
S153 


c. Because In x? is defined only if 
$s O), 


it follows that the domain of h is all real numbers except x = 0. 





In Example 9, suppose you had been asked to analyze the function given by 
h(x) = In|x — 2]. How would the domain of this function compare with the 
domains of the functions given in parts (a) and (b) of the example? 
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Memory Model 


fp) 





ie f() = 75-6 In(t + 1) z 





Average score 
os 
i=) 





De PA 6 1 
Time (in months) 


FIGURE 3.16 


Application 


Example 10 ® Human Memory Model 





4 ie 





Students participating in a psychological experiment attended several lectures on 
a subject and were given an exam. Every month for a year after the exam, the 
students were retested to see how much of the material they remembered. The 
average scores for the group are given by the human memory model 


f(t) = 75 — 6In(t + 1), 


Os¢ S12 


where f is the time in months. The graph of f is shown in Figure 3.16. 


a. What was the average score on the original (t = 0) exam? 


b. What was the average score at the end of t = 2 months? 


c. What was the average score at the end of t = 6 months? 


Solution 


a. The original average score was 


f(0) = 75 — 6In(0 + 1) 


S75 = Olin I 
= 75 — 6(0) 
Ils), 


Substitute 0 for ft. 
Simplify. 
Property of natural logarithms 


Solution 


b. After 2 months, the average score was 


f(2) = 75 — 6 In(2 + 1) 


= 75 — 61n3 
= 75 — 6(1.0986) 
= 68.4. 


c. After 6 months, the average score was 


f(6) = 75 — 6 In(6 + 1) 


= 75 — 61n7 
=~ 75 — 6(1.9459) 
P1639: 











determine the answer. 


Analyzing a Human Memory Model Use a graphing utility to determine the time in 
months when the average score in Example 10 was 60. Explain your method of 
solving the problem. Describe another way that you can use a graphing utility to 
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3.2 Exercises 





In Exercises 1-8, write the logarithmic equation in 
exponential form. For example, the exponential form of 
log, 25 = 2is 5? = 25. 


1. log, 64 = 3 2. log, 81 = 4 

3. log, 7 = —2 4 Weoncar = -—3 
Biog,, 4 = £ 6. log.<8 =? 

7. nl =0 8. In4 = 1.386... 


In Exercises 9-18, write the exponential equation in 
logarithmic form. For example, the logarithmic form of 
23 = 8is log, 8 = 3. 


pes = 125 10. 82 = 64 
me 81:4 = 3 
29°? = 27 
= 1 
i305. = 36 


14. 10-7 = 0.001 
15. e? = 20.0855... 


16. et =4 
ie = 1 
18. wv =w 


In Exercises 19-32, evaluate the expression without using a 
calculator. 


19. log, 16 20. log, § 

21. log,,4 22. log, 9 
23. log, 1 24. log), 1000 
25. log), 0.01 26. log), 10 
27. logs 32 28. log, 243 
29. Ine? 30. Ine~? 

31. log, a? 32..10g,,D 


In Exercises 33-44, use a calculator to evaluate the 
logarithm. Round to three decimal places. 


33. log), 345 34. log), 145 

35. log.) $ 36. log, 12.5 

37. In 18.42 38. In/42 

39. 3 In 0.32 40. 21n 0.75 

41. In(l + V3) 42. In(/5 — 2) 
43. Ing 44. In5 


In Exercises 45-50, use the graph of y = log, x to match the 
given function with its graph. [The graphs are labeled (a), 
(b), (c), (d), (e), and (f ).] 


(a) , (b) 

















45. f(x) = log,x + 2 
47. f(x) = —log,(x + 2) 
49. f(x) = log,(1 — x) 


46. f(x) = —log, x 

48. f(x) = log,(x — 1) 
50. f(x) = —log;(—x) 

In Exercises 51-62, find the domain, x-intercept, and 


vertical asymptote of the logarithmic function and sketch 
its graph. 


51. f(x) = log, x 52. g(x) = log, x 

53: views loge: tae 54. h(x) = log,(x — 3) 

SS. f(x) = —log + 2) 56. y = log.(x — 1) + 4 
o 

57. y= lose 5) 58. y = log,o(— x) 

59. f(x) = In@ — 2) 60. A(x) = In(x + 1) 


61. g(x) = In(—x) 62. f(x) = In — x) 
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In Exercises 63-68, use a graphing utility to graph the 
function. Be sure to use an appropriate viewing window. 


63. 
65. 
67. 


69. 


70. 


71. 


72. 


64. f(x) ie logyo(x tl) 
66. f(x) = In(x + 2) 
68. f(x) = 3Inx- 1 


f(x) = log jo(x ore) 
fo) In@= 1) 
f(x) = Inx +2 
Human Memory Model Students in a mathematics 
class were given an exam and then retested monthly 


with an equivalent exam. The average scores for the 
class are given by the human memory model 


F@= 80 = 17 log, o(¢ + 1), ee cs 11h) 


where ¢ is the time in months. 
(a) What was the average score on the original exam 
(4 = Q)? 
(b) What was the average score after 4 months? 
(c) What was the average score after 10 months? 
Population Growth The population of a town will 
double in 
ee 10 In2 
In 67 — In 50 


Find t¢. 

Population The time ¢ in years for the world popu- 
lation to double if it is increasing at a continuous rate 
of r is given by 

lnZ 


r 


years. 


if 


(a) Complete the table. 





r | 0.005 | 0.01 0.015 | 0.02 | 0.025 0.08 | 
pra | 

















(b) Use a reference source to decide which value of 
r best approximates the actual rate of growth for 
the world population. 


Finance A principal P, invested at 95% and 
compounded continuously, increases to an amount K 
times the original principal after t years, where ¢ is 
given by 


3 In K 
0.095 
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Ventilation 


y= 


(a) Complete the table and interpret your results. 


My 1[2/4]6|s|o)e 
a | 


(b) Sketch a graph of the function. 














In Exercises 73 and 74, use the model 


80.4 — 11Inx, 100 < x < 1500 


which approximates the minimum required ventilation 


rate in terms of the air space per child in a public school — 


classroom. In the model, x is the air space per child in cubic 
feet and y is the ventilation rate in cubic feet per minute. 


73. 


74. 


vs: 


76. 


Use a graphing utility to graph the function and 
approximate the required ventilation rate if there is 
300 cubic feet of air space per child. 


A classroom is designed for 30 students. The air 
conditioning system in the room has the capacity of 
moving 450 cubic feet of air per minute. 


(a) Determine the ventilation rate per child, assum- 
ing that the room is filled to capacity. 


(b) Use the graph in Exercise 73 to estimate the air 
space required per child. 


(c) Determine the minimum number of square feet 
of floor space required for the room if the ceiling 
height is 30 feet. 


Work The work (in foot-pounds) done in 
compressing a volume of 9 cubic feet at a pressure of 
15 pounds per square inch to a volume of 3 cubic feet 
is 


W = 19,440(In 9 — In 3). 


Find W. 

Sound Intensity The relationship between the 
number of decibels B and the intensity of a sound J 
in watts per square meter is 


I 
B = 10 lose 55-3): 


(a) Determine the number of decibels of a sound with 
an intensity of 1 watt per square meter. 

(b) Determine the number of decibels of a sound with 
an intensity of 10~? watt per square meter. 

(c) The intensity of the sound in part (a) is 100 times 
as great as that in part (b). Is the number of 
decibels 100 times as great? Explain. 
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Monthly Payment _\n Exercises 77-80, use the model 


= 12.542 n( x > 1000 


‘006) 
x — 1000/’ 
which approximates the length of a home mortgage of 
$150,000 at 8% in terms of the monthly payment. In the 
model, t is the length of the mortgage in years and x is the 
monthly payment in dollars (see figure). 


Length of mortgage 
(in years) 














2,000 4,000 6,000 8,000 10,000 
Monthly payment (in dollars) 


77. Use the model to approximate the length of a 
$150,000 mortgage at 8% if the monthly payment is 
$1100.65. 


78. Use the model to approximate the length of a 
$150,000 mortgage at 8% if the monthly payment is 
$1254.68. 

79. Approximate the total amount paid over the term of 
the mortgage in Exercise 77 with a monthly payment 
of $1100.65. What is the total interest charge? 

80. Approximate the total amount paid over the term of 


the mortgage in Exercise 78 with a monthly payment 
of $1254.68. What is the total interest charge? 


81. (a) Complete the table for the function 

















(b) Use the table in part (a) to determine what value 
f(x) approaches as x increases without bound. 
_ £2 (c) Use a graphing utility to confirm the result of 
part (b). 








Synthesis 


True or False? \n Exercises 82 and 83, determine 
whether the statement is true or false. Justify your answer. 


82. You can determine the graph of f(x) = log,x by 
graphing g(x) = 6* and reflecting it about the x-axis. 
83. The graph of f(x) = log, x contains the point (27, 3). 


In Exercises 84-87, describe the relationship between the 
graphs of f and g. What is the relationship between the 
functions f and g? 


84. f(x) = 3* 
g(x) = log; x 
85. f(x) = 5* 
g(x) = logs x 
86. f(x) = e* 
g(x) = Inx 
87. f(x) = 10* 
g(x) = logiyx 


=| 88. Graphical Analysis Use a graphing utility to graph 


f and g in the same viewing window and determine 
which is increasing at the greater rate as x approach- 
es +00. What can you conclude about the rate of 
growth of the natural logarithmic function? 


(a) f(x) =Inx, g(x) = Vx 
(b) f@) =Inx, g(x) = Y= 


89. Exploration The table of values was obtained by 
evaluating a function. Determine which of the 
statements may be true and which must be false. 








(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 


(d) y is a linear function of x. 


= 90. Exploration Use a graphing utility to compare the 


graph of the function y = In x with the graph of each 
given function. 


(Qin) a= eee 
(b) yp = (« — 1) — x — 1)? 
(c) y, = (x — 1) —3(x — 1)? + 3 — 1) 
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91. Pattern Recognition Identify the pattern of 
successive polynomials given in Exercise 90. 
Extend the pattern one more term and compare the 
graph of the resulting polynomial function with the 
graph of y = Inx. What do you think the pattern 
implies? 

92. Exploration Answer the following questions for 
the function f(x) = log,, x.Do not use a calculator. 


(a) What is the domain of f ? 

(b) What is f~!? 

(c) If x is a real number between 1000 and 10,000, 
in which interval will f(x) be found? 

(d) In which interval will x be found if le) AS 
negative? 

(e) If f(x) is increased by 1 unit, x must have been 
increased by what factor? 

(f) Iff(x,) = 3n and f(x.) = n, what is the ratio of 
Be 10 ho? 


© In Exercises 93-96, (a) use a graphing utility to graph the 
function, (b) use the graph to determine the intervals in 
which the function is increasing and decreasing, and 
(c) approximate any relative maximum or minimum values 
of the function. 


93. f(x) = [In x| 94. h(x) = In(x? + 1) 
a x 12 Inx 
ee Ing 96. g(x) = 





95. f(x) = 


Review 


In Exercises 97-100, translate the statement into an 
algebraic expression. 


97. The product of 8 and n is decreased by 3. 


98. The total hourly wage for an employee is $9.25 per 
hour plus 75 cents for each of g units produced per 
hour. 


99. The total cost for auto repairs if the cost of parts 
was $83.95 and there were ¢ hours of labor at 
$37.50 per hour 


100. The area of a rectangle if the length is 10 units more 
than the width w 


In Exercises 101-104, find the asymptotes of the rational 
function. 








4 
101. f(x) = eee 
Bees 
102 fe 
2 
sear 5S 
103, f\2) = jesse ais 
BASS) 
104. f(x) = a 


In Exercises 105-108, evaluate the expression. Round your 
result to three decimal places. 


105. e° 
107. e+ 


106. e3/2 
108. 4e~° 


3.3 


> What you should learn 


* How to rewrite logarithmic 
functions with a different base 








How to use properties of 
logarithms to evaluate or 
rewrite logarithmic expressions 
* How to use properties of 
logarithms to expand or 
condense logarithmic 
expressions 
* How to use logarithmic 
functions to model and solve 
real-life applications 


> Why you should learn it 


Logarithmic functions are often 
used to model scientific observa- 
tions. For instance, Exercise 85 on 
page 316 shows how to use a 
logarithmic function to model 

_ human memory. 
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Properties of Logarithms 
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Change of Base 


Most calculators have only two types of log keys, one for common logarithms 
(base 10) and one for natural logarithms (base e). Although common logs and 
natural logs are the most frequently used, you may occasionally need to evaluate 
logarithms to other bases. To do this, you can use the following change-of-base 
formula. 


Change-of-Base Formula 


Let a, b, and x be positive real numbers such that a # | and b # 1.Then 
log,x can be converted to a different base as follows. 


Base b Base 10 Base e 
] log 
log,x = se log,x = 810% log,« = ee 
log,a log 9a Ina 


One way to look at the change-of-base formula is that logarithms to base a are 
simply constant multiples of logarithms to base b. The constant multiplier is 


1/(log,a). 


Example 1 ® Changing Bases Using Common Logarithms 








log ;)30 log, yb 
fos 30/=— log,b = —° 
2 02,30 log jo4 Sy logio 4 
Ay TL 
= Use a calculator. 
0.60206 
= 2.4534 Use a calculator. 
It 14 1.14613 
b lon, 14 = ~ 3.8074 
fi logio2- (0.30103 


Example 2 ® Changing Bases Using Natural Logarithms 











In 30 ale 
a. log,30 = a log,b = 1 
3.40120 
= Use a calculator. 
1.38629 
= 2.4534 Use a calculator. 
In 14 2.63906 
b. log,14 =——— = ~ 3.8074 


In2 0.693147 
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STUDY TIP 


There is no general property 
that can be used to rewrite 
log (u + v). Specifically, 
log,(x + y) is not equal to 
log, x + log, y. 


Historical Note 

John Napier, a Scottish mathemati- 
cian, developed logarithms as a 
way to simplify some of the 
tedious calculations of his day. 
Beginning in 1594, Napier worked 
about 20 years on the invention of 
logarithms. Napier was only 
partially successful in his quest to 
simplify tedious calculations. 
Nonetheless, the development of 
logarithms was a step forward and 


received immediate recognition. 


Properties of Logarithms 


You know from the preceding section that the logarithmic function with base a is 
the inverse of the exponential function with base a. So, it makes sense that the 
properties of exponents should have corresponding properties involving 
logarithms. For instance, the exponential property a° = 1 has the corresponding 
logarithmic property log, 1 = 0. 


Properties of Logarithms 


Let a be a positive number such that a # 1, and let n be a real number. If u 
and v are positive real numbers, the following properties are true. 


1. log,(uv) = log, u + log, v 1. In(uvy) = Inu + Inv 
u u 

2. log, = log, ue — log, Vv 2. ln-— = Inu, = Iny 
v v 

3. log,u” = nlog,u sen = nnn 


A proof of the first property listed above is given in Appendix A. 


Example 3 ® Using Properties of Logarithms 


Write the logarithm in terms of In 2 and In 3. 


a. In6 b. In 

Solution 

ain6 =in(2.-3) Rewrite 6 as 2 + 3. 
= |In2 + In3 Property 1 

b. In = In2 — In 27 Property 2 
= In2 — In33 Rewrite 27 as 3°, 
= In2—31n3 Property 3 


Example 4 ® Using Properties of Logarithms 


Use the properties of logarithms to verify that —log,, a = log), 100. 


Solution 
—logy9 jo = —log,,(100~!) Rewrite zg as 1007}. 
= —(—1)log,, 100 Property 3 
= log,, 100 Simplify. 


Try checking this result on your calculator. 


Use a graphing utility to graph 
the functions 


y= Inx — In(x — 3) 
and 


Xx 


Me 3 





y=I1n 


in the same viewing window. 
Does the graphing utility show 
the functions with the same 
domain? If so, should it? 
Explain your reasoning. 
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Rewriting Logarithmic Expressions 


The properties of logarithms are useful for rewriting logarithmic expressions in 
forms that simplify the operations of algebra. This is true because these proper- 
ties convert complicated products, quotients, and exponential forms into simpler 
sums, differences, and products, respectively. 


Example 5 ®& Expanding Logarithmic Expressions 


Expand the logarithmic expressions. 





a. logy Sx*y b. In “2 
Solution 
@ 109; ,9% = 10kig ) ot 10k ae XV Property 1 
= log,)5 + logig x? + logy Property 1 
= log))5 + 3 log) x + logigy Property 3 
ed Marnd (x S152 
b. In DA de ack = lin 7 Rewrite using rational exponent. 
= In(3x — 5)!/2 — In7 Property 2 
1 
= 3 Inx — 5) —In7 Property 3 





In Example 5, the properties of logarithms were used to expand logarithmic 
expressions. In Example 6, this procedure is reversed and the properties of loga- 
rithms are used to condense logarithmic expressions. 


Example 6 ® Condensing Logarithmic Expressions 


Condense the logarithmic expressions. 
a. + logiox + 3 logy(x + 1) 
b. 2 In(@ + 2) — Inx 


Solution 
a. FP legiy® + 3 logio(x + 1) = logigx!” + log get ll)? Property 3 
= logy Vx “a+ 1)3| Property | 
b. 2 In(x + 2) — Inx = In(x + 2)? — Inx Property 3 
a2) 
= In ee) Property 2 
Xx 
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Planets Near the Sun 


Period (in years) 
an 
i : : 
Hi < e i 
i=) 
& 








/ Esa ee a0 
Mercury : 
Mean distance 
(in astronomical units) 
FIGURE 3.17 


Saturn 





Jupiter 








See 
nny 5 In x 
= +—> In x 
Venus 2 3 


Mercury 


FIGURE 3.18 


Chapter3 ® Exponential and Logarithmic Functions 


Application 


One method of determining how the x- and y-values for a set of nonlinear data are ° 
related begins by taking the natural log of each of the x- and y-values. If the points 
are graphed and fall on a straight line, then you can determine that the x- and 
y-values are related by the equation 


Iny = mInx 


where m is the slope of the straight line. 


Example 7 ® Finding a Mathematical Model 





The table gives the mean distance x and the period y of the six planets that are 
closest to the sun. In the table, the mean distance is given in terms of astronomi- 
cal units (where the earth’s mean distance is defined as 1.0), and the period is 
given in terms of years. Find an equation that expresses y as a function of x. 

















Venus | Earth | Mars | Jupiter | Saturn | 
0615 1.0 | 1.381 | 11.862 | 29.458 | 
0.723 | 1.0 1.524 | 5.203 | 9.539 | 














Solution 


The points in the table are plotted in Figure 3.17. From this figure it is not clear 
how to find an equation that relates y and x. To solve this problem, take the natural 
log of each of the x- and y-values given in the table. This produces the following 
results. 











Planet | Mercury | Venus | Earth | Mars | Jupiter | Saturn ] 
1 f 1.423 —0.486 | 0.0 0.632 | 2.473 3.383 
| -0.949 | -0.324 | 0.0 0.421 | 1.649 | 2.255 














Now, by plotting the points in the second table, you can see that all six of the 
points appear to lie in a line (see Figure 3.18). You can use a graphical approach 
or the algebraic approach discussed in Section 1.8 to find that the slope of this line 
is 3. You can therefore conclude that 


2} 
iS Sa 5 
y eee 


Try to convert this to y = f(x) form. You will get a function of the form y = ax®, 
which is a power model (the variable x is raised to a power, D). 





3.3 Exercises 
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In Exercises 1-8, evaluate the logarithm using the 
change-of-base formula. Round your result to three 
decimal places. 


1. log;7 2. log, 4 
3. logy). 4 4. log,)45 
5. log, 0.4 6. logs, 0.125 


7. log,; 1250 8. log, 0.015 


In Exercises 9-16, rewrite the logarithm as a ratio of (a) 
common logarithms and (b) natural logarithms. 


) 9. log, x 10. log,x 
11. log,/; x 12. log, /3 x 
13. log, 14. log, 3 
15. log, 6x 16. log, , x 


1 In Exercises 17-22, use the change-of-base formula to 
‘rewrite the logarithm as a ratio of logarithms. Then use a 
| graphing utility to sketch the graph. 

17. f(x) = log, x 18. f(x) = log, x 

19. f(x) = log, x 20. f(x) = log, ;4 x 

21. f(x) = logy. 22. f(x) = logy4x 


In Exercises 23-42, use the properties of logarithms to 
expand the expression as a sum, difference, and/or 
constant multiple of logarithms. (Assume all variables are 
positive.) 








23. log, 5x 24. log), 10z 
| ; : 
25. POBio”, 26. logio 5 
zy. log, x* 28. log, z~> 
29. In ./z 30. Ind/t 
31. Inxyz 32. es 
K 
eas 
oIn/a—1, a> 1 34, in” : xo 
oe 
x 
Gee a 
Seetn zz — 1)?,z> 1 36. In Sel 
x ie 
a7. in. / — 38. In =n 
y, va 
OXY 
foe. iIn-—; 40. In./x?(x + 2) 
‘ 
x7 Jxy" 


vial 


B41. log, 3 42. log, —,— 
WS 


In Exercises 43-62, condense the expression to the 
logarithm of a single quantity. 


43. Inx + In3 

44, Iny + Int 

45. log,z — log,y 

46. log; 8 — log; t 

47. 2 log,(x + 4) 

48. —4 log, 2x 

49. ‘log, a 

50. $log,(z — 2) 

Sifine— sina 1) 

a5, 2 \holtss ae S) jin % 

53. Ine = 2) = In@ + 2) 

54. 3lnx+ 4Iny — 4Inz 

55. Inx — 4[In(x + 2) + In(x — 2)] 
56. Alin z + In(z + 5)] — 2 In(z — 5) 
57. Ap In(x + 3) + Inx — In(x? — 1)] 
58. 2[In x — In(x + 1) — In(x — 1)] 
59. HIny + 2In(y + 4)] — In(y - 1) 
60. S[In(x + 1) + 2In@ — 1)] + 6Inx 
61. 21n3 — 5 In(x? + 1) 

62. 31n5t° — ¢in74 


In Exercises 63 and 64, compare the logarithmic quantities. 
If two are equal, explain why. 


63. log, 32 


pu logs 


2 
== Wow. 3) = I 4 
log, 4 4 °82 082 


64. log,/70, log, 35, 5 + log, /10 
In Exercises 65-78, find the exact value of the logarithm 


without using a calculator. (If this is not possible, state the 
reason.) 


65. log, 9 66. log, 3/6 

67. log, 16? Ea ee 

69. log,(—9) 70. log,(— 16) 

Wie los: 75 = log.3 72. log, 2 + log, 32 
73. Inve? — Ine? 74. 3 Inet 

75. log, 0 76. In 1 

77. In e*5 78. In #/e3 
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In Exercises 79-84, use the properties of logarithms to 
rewrite and simplify the logarithmic expression. 


79. log, 8 80. log,(4? + 34) 
BI, loge sap Dp Res 

6 
83. In(Se°) 84. n> 


85. 


86. 


True or False? 


Human Memory Model Students participating in a 
psychological experiment attended several lectures 
and were given an exam. Every month for a year 
after the exam, the students were retested to see how 
much of the material they remembered. The average 
scores for the group can be modeled by the memory 
model 


{@— 90 1S log (ea), OSr= 12 


where f is the time in months. 

(a) What was the average score on the original exam 
(F=:0)?. 

(b) What was the average score after 6 months? 

(c) What was the average score after 12 months? 

(d) When will the average score decrease to 75? 


(e) Use the properties of logarithms to write the 
function in another form. 


(f) Sketch the graph of the function over the speci- 
fied domain. 


Sound Intensity The relationship between the 
number of decibels 8 and the intensity of a sound J 
in watts per square meter is 


I 
B = 10 lose). 


Use the properties of logarithms to write the formula 
in simpler form, and determine the number of 
decibels of a sound with an intensity of 107° watt per 
square meter. 


Synthesis 


In Exercises 87-92, determine whether 


the statement is true or false given that f(x) = In x. Justify 
your answer. 


87. f(0) = 0 


88. f(ax) = f(a) + f(a), 
89.0 = 2) =f) =f), 


G00 


se > 


90. Jf) = sf) 


91. 


If f(u) = 2f(v), then v = w?. 
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92. 


93. 


94. 


If f(x) < 0, then 0 <. x <4: 


Prove that log, “= log, u — log, v. 
v 


Prove that log, u” = n log, u. 


=: In Exercises 95 and 96, use a graphing utility to graph the 


two functions in the same viewing window. Use the graphs 
to verify that the expressions are equivalent. 


95: 


O7. 


98. 





f(x) = logig x 96. f(x) = Inx 
hs In x oe logig x 
g(x) aio (x) = ice 
Think About It Sketch the graphs of 
] 
f(x) = In * g(x) = a h(x) = Inx = In2 
2 In 2 


on the same set of axes. Which two functions have 
identical graphs? Explain why. 

Exploration Approximate the natural logarithms 
of as many integers as possible between | and 20 
given that In2 ~ 0.6931,1n3 ~ 1.0986, and 
In 5 = 1.6094. (Do not use a calculator.) 


Review 


In Exercises 99-102, simplify the expression. 


101. 
102. 





(18x2y*)7(18x299)° 
a) Wages te) 


In Exercises 103-108, use a calculator to evaluate the 
expression. Round your result to three decimal places. 


103. 
105. 
107. 


(2.3)7 104. 40(6-3) 
ee 106. 1.437 
4/350 108. 962 


In Exercises 109-112, use a calculator to evaluate the 
logarithm. Round your result to three decimal places. 


109. 
111. 


110. logio3 
112. In( /7 + 1) 


log) 26 
In 10.6 
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Exponential and Logarithmic Equations 





> What you should learn 


Introduction 


So far in this chapter, you have studied the definitions, graphs, and properties of 
* How to solve mote complicated exponential and logarithmic functions. In this section, you will study procedures 
exponential equations for solving equations involving these exponential and logarithmic functions. 


* How to solve simple exponential 
and logarithmic equations 


- How to solve more complicated There are two basic strategies for solving exponential or logarithmic 
logarithmic equations equations. The first is based on the One-to-One Properties and the second is based 
* How to use exponential and on the Inverse Properties. For a > 0 and a # 1, the following properties are true 


logarithmic equations tomodel —for all x and y for which log,x and log,,y are defined. 
and solve real-life applications 


One-to-One Properties 


> Why you should learn it 


Applications of exponential and 
logarithmic equations are found 
in consumer safety testing. For 
instance, Exercise 122 on page 
327 shows how to use a logarith- q'Sax = x 
mic function to model crumple 
zones for automobile crash tests. 


a* = a? if and only if x = y. 
log, x = log, y if and only if x = y. 


Inverse Properties 


log, a* =x 


Example 1 ® Solving Simple Equations 





Original Rewritten 

Equation Equation Solution Property 
a. 2* = 32 2*=2 x= One-to-One 
b. Inx —In3 = 0 Inx = In3 x=3 One-to-One 
Cale) TF =34 x=-2 One-to-One 
d. ex = In e* = In7 x =In7 Inverse 
Ginx = —3 Cee x=e°? Inverse 
f. log,»x = —1 10%0*= 10-1 =x=10-'= 45 _ Inverse 





The strategies used in Example | are summarized as follows. 


Strategies for Solving Exponential and Logarithmic 
Equations 


1. Rewrite the given equation in a form that allows the use of the 
One-to-One Properties of exponential or logarithmic functions. 


2. Rewrite an exponential equation in logarithmic form and apply the 
Inverse Property of logarithmic functions. 


3. Rewrite a logarithmic equation in exponential form and apply the Inverse 
Property of exponential functions. 


318 
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es 








Technology 


ie When solving an expo- 


nential or logarithmic equation, 
remember that you can check 
your solution graphically by 
“graphing the left and right 
sides separately” and using the 
intersect feature of your graph- 
ing utility to determine the 
point of intersection. For 
instance, to check the solution 
of the equation in Example 2(a), 
you can graph 


y=e* and y=/72 


in the same viewing window, as 
shown below. Using the inter- 
sect feature of your graphing 
utility, you can determine that 
the graphs intersect when 

X = 4.277, which confirms the 
solution found in Example 2(a). 





y= 








100 
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Solving Exponential Equations 


Example 2 ® Solving Exponential Equations 


Solve each equation and approximate the result to three decimal places. 


a. et = 72 b. 3(2*) = 42 


Solution 
a. e*=72 Write original equation. 
In e* = In 72 Take natural log of each side. 
x = In72 Inverse Property 
x = 4.277 Use a calculator. 


The solution is In 72 ~ 4.277. Check this in the original equation. 





be 304) = Write original equation. 
2*= 14 Divide each side by 3. 
log, 2* = log, 14 Take log (base 2) of each side. 
x = log, 14 Inverse Property 
f= za Change-of-base formula 
In 2 
x = 3.807 Use a calculator. 


The solution is log, 14 ~ 3.807. Check this in the original equation. 





In Example 2(a), the exact solution is x = In 72 and the approximate — 
solution is x ~ 4.277. An exact answer is preferred when the solution is an 
intermediate step in a larger problem. For a final answer, an approximate solution 
is easier to comprehend. 


Example 3 ® Solving an Exponential Equation 


Solve e* + 5 = 60 and approximate the result to three decimal places. | 
Solution 
e~*+ 5 = 60 Write original equation. 
ex = 55 Subtract 5 from each side. 
In e* = In 55 Take natural log of each side. 
x = 1n55 Inverse Property 
x ~ 4.007 Use a calculator. 


The solution is In 55 ~ 4.007. Check this in the original equation. 
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Example 4 ® Solving an Exponential Equation 


Solve 2(37'~>) — 4 = 11 and approximate the result to three decimal places. 


Solution 
2G4= =A 11 
DBP) em Al) 
iS) 
321-5 eae 
D 


1 
log, 37> = log, 2 


a aS = logs 


2t = 5 + log, 7.5 


Dee 
t ~ 3.417 


log, 7.5 


Write original equation. 


Add 4 to each side. 


Divide each side by 2. 


Take log (base 3) of each side. 


Inverse Property 


Add 5 to each side. 


Divide each side by 2. 


Use a calculator. 


The solution is 3 + 5 log, 7.5 ~ 3.417. Check this in the original equation. 


When an equation involves two or more exponential expressions, you can 
still use a procedure similar to that demonstrated in Examples 2, 3, and 4. 


However, the algebra is a bit more complicated. 


Example 5 ® Solving an Exponential Equation of Quadratic Type 


Solve e — 3e7°+2=0. 
Solution 

6. ae et) 

(e*)? —3e> +2 =4 

(ex — 2)(e* — 1) = 0 


e*-—2=0 
x=In2 

ex=150 
HO 


Write original equation. 
Write in quadratic form. 
Factor. 

Set Ist factor equal to 0. 
Solution 

Set 2nd factor equal to 0. 


Solution 


The solutions are In 2 and 0. Check these in the original equation. 





In Example 5, use a graphing utility to graph y = e* — 3e* + 2. The graph 
should have two x-intercepts: one at x = In 2 ~ 0.693 and one at x = 0. 
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@) The Interactive CD-ROM and Internet So lvi ng Logarith mi C Eq uation S 


versions of this text show every example : 5 : ' 
with its solution; clicking on the Try It! To solve a logarithmic equation such as 


button brings up similar problems. 


: Inx = 3 Logarithmic form 
Guided Examples and Integrated 
Examples show step-by-step solutions write the equation in exponential form as follows. 
to additional examples. Integrated 
Examples are related to several concepts enx = @ Exponentiate each side. 
in the section. 
x = e° Exponential form 


This procedure is called exponentiating both sides of an equation. 


Example 6 ® Solving a Logarithmic Equation 


a. Solve In x = 2. b. Solve log,(5x — 1) = log,(x + 7). 
Solution 
a. Inx = 2 Write original equation. 

ena =e" Exponentiate each side. 


KS ue Inverse Property 


The solution is e?. Check this in the original equation. 


b. log,(5x — 1) = log, (x +7) Write original equation. 
Spe Ih Stge ae 7 One-to-One Property 
4x = 8 Add —x and | to each side. 
x=2 Divide each side by 4. 


The solution is 2. Check this in the original equation. 


Example 7 ® Solving a Logarithmic Equation 





Solve 5 + 2 In x = 4 and approximate the result to three decimal places. 

















Solution 
I+ 2inx=4 Write original equation. 
DAN ill Subtract 5 from each side. 
A y=4 Inx = — ; Divide each side by 2. 
enxi= e172 Exponentiate each side. 
een Inverse Property 
x = 0.607 Use a calculator. 
o (Ls 1 The solution is e~!/? ~ 0.607. To check this result graphically, you can use a_ 
° y=54+2Inx graphing utility to graph y = 5 + 2 In x and y = 4 in the same viewing window, — 











as shown in Figure 3.19. 
FIGURE 3.19 











ee Dt GR alee eee Pee et ee 
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Solve 2 log; 3x = 4. 


Solution 
2 logs 3x = 4 
log; 3x = 2 
Klog, 3x —, 52 
3x = 25 
pets 
3 


25 


Write original equation. 
Divide each side by 2. 
Exponentiate each side (base 5). 


Inverse Property 


Divide each side by 3. 


The solution is 4. Check this in the original equation. Or try performing a 


graphical check by graphing the functions 
y = 2 log, 3x and y=4 


on the same screen. The two graphs should intersect when x = 33 and y = 4. 


Because the domain of a logarithmic function generally does not include all 
real numbers, you should be sure to check for extraneous solutions of logarithmic 


equations. 





Solve log;) 5x + logyo(x — 1) = 2. 
Solution 
log pore lOR ig Xk aelee 
log; o[5x(x — 1)] = 2 
10 !e8:0(5x?— Sx) = 102 


5x7 = 100 
xX? =i 20 = 0 
(x — 5)(x + 4) =0 
4 — 5 =70 
x=5 
x+4=0 
x=-4 


Write original equation. 


Product Property of Logarithms 
Exponentiate each side (base 10). 
Inverse Property 

Write in general form. 

Factor. 

Set Ist factor equal to 0. 

Solution 

Set 2nd factor equal to 0. 


Solution 


The solutions appear to be 5 and —4. However, when you check these in the 
original equation or use a graphical check, you can see that x = 5 is the only 


solution. 
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The effective yield of a savings 
plan is the percent increase in 
the balance after 1 year. Find 
the effective yields for the 
following savings plans when 
$1000 is deposited in a savings 
account. 


a. 7% annual interest rate, 
compounded annually 


b. 7% annual interest rate, 
compounded continuously 


e. 7% annual interest rate, 
compounded quarterly 


d. 7.25% annual interest rate, 
compounded quarterly 


Which savings plan has the 
greatest effective yield? Which 
savings plan will have the 
highest balance after 5 years? 
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Applications 


You have deposited $500 in an account that pays 6.75% interest, compounde 
continuously. How long will it take your money to double? 


Solution 
Using the formula for continuous compounding, you can find that the balance in 
the account is 


A = Pe™ 
Ar 500e°-0675#, 


resulting equation for f. 


50029-96754 = 1000 


e9-0675t ==) 


Let A = 1000. 
Divide each side by 500. 


line? 0854 = Tad Take natural log of each side. 





0.0675t = In 2 Inverse Property 
t ne Divid h side by 0.0675 
= ivide each side 0675. 
0.0675 ‘ 
t ~ 10.27 Use a calculator. 


The balance in the account will double after approximately 10.27 years. This) 
result is demonstrated graphically in Figure 3.20. 


mn Doubling an Investment 





Account balance (in dollars) 


100 





2 4 6 8 10 
Time (in years) 


FIGURE 3.20 





In Example 10, an approximate answer of 10.27 years is given. The ex 
solution, (In 2)/0.0675 years, does not make sense as an answer. 




















Consumer Price Index 
for sugar 

















FIGURE 3.21 
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Example 11 ® Consumer Price Index for Sugar _ Ke 


From 1970 to 1997, the Consumer Price Index (CPI) value y for a fixed amount 
of sugar for the year t can be modeled by the equation 


y= 178+ $7.1 int 


where t = 10 represents 1970 (see Figure 3.21). During which year did the price 
of sugar reach 4.5 times its 1970 price of 30.5 on the CPI? (Source: U.S. Bureau 
of Labor Statistics) 


Solution 
aeons o7.l init — vy Write original equation. 
StS + 187.1 tnt — 137.25 Let y = (4.5)(30.5) = 137.25. 
87.1 In t = 309.05 Add 171.8 to each side. 
In t ~ 3.548 Divide each side by 87.1. 


Cae Exponentiate each side. 


3.548 


if 0B Inverse Property 


t ~ 35 Use a calculator. 


The solution is t ~ 35 years. Because t = 10 represents 1970, it follows that the 
price of sugar reached 4.5 times its 1970 price in 1995. 


eee tee |. Ce 


Writing ABO! IC 


U T M ATH EM ATICS : 


es. 








See neon 








Comparing Mathematical Models The table gives the numbers y (in millions) of 
single compact discs (CDs) shipped annually by manufacturers from 1993 through 
1997, where x = 3 represents 1993. (Source: Recording Industry Association 
of America) 

















a. Create a scatter plot of the data. Find a linear model for the data, and add its 


graph to your scatter plot. According to this model, when will the annual 
shipment of single CDs reach 100 million? 


. Create a new table giving values for In x and In y and create a scatter plot of 
this transformed data. Use the method illustrated in Example 7 in Section 3.3 to 
find a model for the transformed data, and add its graph to your scatter plot. 
According to this model, when will the annual shipment of single CDs reach 
100 million? 


. Solve the model in part (b) for y, and add its graph to your scatter plot in part 
(a). Which model better fits the original data? Which model will better predict 
future shipments? Explain. 
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3.4 Exercises 





Chapter 3 ® Exponential and Logarithmic Functions 





In Exercises 1-6, determine whether the x-values are In Exercises 31-34, approximate the point of intersection of 
solutions or approximate solutions of the equation. the graphs of f and g. Then solve the equation f(x) = g(x) 
; algebraically. 
1. 47-7 = 64 2D = 37 
(a) x =5 (a) x= —1 31. f(x) = 2% 32. f(x) = 27 
(b) x=2 (b) x =2 g(x) = 8 g(x) = 9 
3236 = 75 
(a) x= —2 4+ & 
Oh) = —2. 4+ Ins 
(c) x = 1.219 
4, 5***3 = 812 
(CNS el bes log,/812 
Ce ca a ae 33. f(x) = log,x 34. f(x) = In(x — 4) 
n 
@ x=3(-3+ ae g(x) = 2 g(x) = 0 
5. log,(3x) = 3 6. In(x — 1) = 3.8 
(a) x ~ 20.356 (a) vie iladae*? 
(be (b) x ~ 45.701 
Ones = (c) x= 1+ 1n3.8 


In Exercises 7-30, solve for x. 


*= 16 
* = 625 


pa ee 


7 49 


ie) ee 

Ba) ae 
sot 27, 
-Inx—-—In2=0 
Ca 

5 OS 

set a | 
eax = —7 

. log, x = 3 

. log,625 = 4 
lOgap Gun 210 
210g 6440 — 0 
lhe peat 

. In(2a — 1) =0 





3* = 243 
| 3% = 729 In Exercises 35-44, apply the inverse properties of In x and 
eds. e* to simplify the expression. 
(4)" 6a 35. log,)10*° 36. log,6**~! 
Nee ay 37, Blozs(x—2) 38, Alcs. =? 
GY =5 39. In e**? 40. Ine* 
ae =e AL. elnGx+2) 42, ene 
~Inx —In5 =0 43. —1 + Ine® 44, —8 + ene 


In Exercises 45-56, solve the exponential equation with 
base e algebraically. Approximate the result to three 
decimal places. 


45. ex = 10 46. 4e* = 91 

47. 7 — 2e* =5 48. —14 + 3e* = 11 

49. e* = 12 50. e = 50 

51. 500e~* = 300 52. 1000e-* = 75 

S3.neaeaeste? — > = 0) 54. e* — 5e*+6=0 
400 


55. 20(100 — e*/*) = 500 56. 





— = 350 
ar ee 
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In Exercises 57-64, solve the exponential equation with 
base a algebraically. Approximate the result to three deci- 
mal places. 


57. 10% = 42 58., 10% ="570 
59. 3* = 80 60. 6°* = 3000 
61. 5~/? = 0.20 62. 4-** = 0.10 
63. 23-* = 565 64. 8°2-* = 431 


In Exercises 65-72, use a graphing utility to graph the 
function. Approximate its zero to three decimal places. 


65) ea) =6e!-*-25 66. f(@@) = —4e7-1 + 15 
Bemis) = se” — 962 68. ay yage a 14 
aoiie= 20° — 3 f(x) = —el® +7 

71. h(t) = e0% — 8 72. ite = e274 — 99 


In Exercises 73-82, solve the exponential equation. 
Approximate the result to three decimal places. 





73. 8(103*) = 12 74. 5(10*-9) = 7 
as) = 21 76. 8(3°-*) = 40 
77. (1 sf ove)" a Os (4 E: amt)" = a 
79. (1 ip on)" = 80. (16 = O57 \" = 
81. on ae) yee aa7 


In Exercises 83-96, solve the natural logarithmic equation 
algebraically. Approximate the result to three decimal 
places. 

-inx= —3 

.Inx=2 

. In2x = 2.4 

. In4x = 1 

. 3In 5x = 10 
oinx = 7 

Sings +2=1 
Pinw/x— 8 =5 

a n(x + 1)? = 
Pinx + Ina + 1)=1 
. nx + In -— 2) =! 
Bae ing + In(x + 3) = 1 
95. In@ + 5) = In(x — 1) 
96. In(x + 1) — In(x — 2) 


— In(x + 1) 


= In x2 
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In Exercises 97-106, solve the logarithmic equation 
algebraically. Approximate the result to three decimal 
places. 


97. log, (z — 3) = 2 
98. log,)x? = 6 
99. 6 log,(0.5x) = 11 


100. 
101. 
102. 
103. 


5 log, (x — 2) = 11 

log,o(x + 4) — logyx = log, (x + 2) 

log,x + log,(x + 2) = log,(x + 6) 
aay 

log,x — log,(x — 1) = 3 


104. log,x + log,(x — 8) = 2 
105. log, 8x — logi(1 + Vx) = 
106. log,) 4x — log, (12 + ne 


In Exercises 107-110, use a graphing utility to approximate 
the point of intersection of the graphs. Approximate the 
result to three decimal places. 


107. y, =7 108. y, = 500 

yy = 2* yz = 1500e-*/2 
109. y, =3 110. y, = 10 

yo = Inx y, = 4In(x — 2) 
Finance  \n Exercises 111 and 112, find the time required 


for a $1000 investment to double at interest rate r, 
compounded continuously. 


111. r = 0.085 112. r= 0.12 


Finance \n Exercises 113 and 114, find the time required 
for a $1000 investment to triple at interest rate r, 
compounded continuously. 


113. r = 0.085 114. r = 0.12 
115. Economics The demand equation for a certain 
product is 


P= 500 = 0.5(e) 2). 
Find the demand x for a price of (a) p = $350 and 


(b) p = $300. 
116. Economics The demand equation for a certain 
product is 
‘~ 4 
p = 5000| 1 — 44 970.002 } 
Find the demand x for a price of (a) p = $600 and 


(b) p = $400. 
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Forest Yield’ The yield V (in millions of cubic feet 
per acre) for a forest at age t years is 


V = 6c, 


= (a) Use a graphing utility to graph the function. 


118. 


119. 


(b) Determine the horizontal asymptote of the 
function. Interpret its meaning in the context of 
the problem. 


(c) Find the time necessary to obtain a yield of 1.3 
million cubic feet. 


Trees per Acre The number of trees per acre N of 
a certain species is approximated by the model 


N = 68(105" &). 5 <= x1s40 


where x is the average diameter of the trees 3 feet 
above the ground. Use the model to approximate 
the average diameter of the trees in a test plot when 
N = 21. 


Average Heights The percent of American males 
between the ages of 18 and 24 who are no more 
than x inches tall is 


100 
i 1 + e70-6114(x- 69.71) ; 





m(x) 
The percent of American females between the ages 
of 18 and 24 who are no more than x inches tall is 


100 
files 1 + @70.66607(x— 64.51) 





where m and f are the percents and x is the height 
in inches. (Source: U.S. National Center for 
Health Statistics) 


(a) Use the graph to determine any horizontal 
asymptotes of the functions. What do they 
mean? 


(b) What is the average height of each sex? 


Percent of 
population 





55 60 65 70 75 
Height (in inches) 


120. Human Learning Model In a group project in 


learning theory, a mathematical model for the | 
proportion P of correct responses after n trials was _ 
found to be 


_. hoes 
1 + e702" 


“= (a) Use a graphing utility to graph the function. 


121. 


(b) Use the graph to determine any horizontal 
asymptotes of the function. Interpret the mean- 
ing of the upper asymptote in the context of this 
problem. 


(c) After how many trials will 60% of the responses 
be correct? 


Data Analysis An object at a temperature of 
160°C was removed from a furnace and placed in a 
room at 20°C. The temperature T of the object was 
measured each hour h and recorded in the table. 


=] 


24° 





h | 0 | 1 E | 3 
| 160° | 90° | 56° | 38° | 29° 























A model for this data is 
T=20( + 7O>*)i 


(a) The graph of this model is shown in the figure. 
Use the graph to identify the horizontal asymp- 
tote of the model and interpret the asymptote in 
the context of the problem. 


(b) Use the model to approximate the time when 
the temperature of the object was 100°C. 


iE 


Temperature 
(in degrees Celsius) 





1 2» 3 4 5) 6 Tl 8 
Time (in hours) 
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122. Automobiles Automobiles are designed with 
crumple zones that help protect their occupants in 
crashes. The crumple zones allow the occupants to 
move short distances when the automobiles come to 
abrupt stops. The greater the distance moved, the 
fewer g’s the crash victims experience. (One g is 
equal to the acceleration due to gravity. For very 
short periods of time, humans have withstood as 
much as 40 g’s.) In crash tests with vehicles moving 
at 90 kilometers per hour, analysts measured the 
numbers y of g’s experienced during deceleration by 
crash dummies that were permitted to move x 
meters during impact. The data is shown in the table. 





0.6 | 0.8/1 
53 | 40 32 




















A model for this data is 


36.94 
pa 00) 11-88 In x + ——.- 
i 


(a) Use a graphing utility to graph the data points 
and the model in the same viewing window. 
How do they compare? 


(b) Use the model to estimate the distance traveled 
during impact if the passenger deceleration 
must not exceed 30 g’s. 


(c) Do you think it is practical to lower the number 
of g’s experienced during impact to fewer than 
23? Explain your reasoning. 


Synthesis 


True or False? \n Exercises 123-126, rewrite each verbal 
statement as an equation. Then decide whether the 
statement is true or false. Justify your answer. 


123. The logarithm of the product of two numbers is 
equal to the sum of the logarithms of the numbers. 


124. The logarithm of the sum of two numbers is equal 
to the product of the logarithms of the numbers. 


125. The logarithm of the difference of two numbers is 
equal to the difference of the logarithms of the 
numbers. 


126. The logarithm of the quotient of two numbers is 


equal to the difference of the logarithms of the 
numbers. 


127. Finance You are investing P dollars at an annual 
interest rate of r, compounded continuously, for 
t years. Which of the following would result in the 
highest value of the investment? Explain your 
reasoning. 


(a) Double the amount you invest. 
(b) Double your interest rate. 
(c) Double the number of years. 

128. Think About It Are the times required for the 
investments in Exercises 111 and 112 to quadruple 
twice as long as the times for them to double? Give 


a reason for your answer and verify your answer 
algebraically. 


129. Writing Write a paragraph explaining whether or 
not the time required for an investment to double is 
dependent on the size of the investment. 


Review 


In Exercises 130-133, simplify the expression. 


130. /48x’y> 

eH eed SO) DUS 

132. 3/25 - 3/15 
3 


193.05 
we One 


In Exercises 134-138, find a mathematical model for the 
verbal statement. 

134. M varies directly as the cube of p. 

135. ¢ varies inversely as the cube of s. 

136. d varies jointly as a and b. 

137. x is inversely proportional to b — 3. 


138. c varies inversely as the square root of w. 


In Exercises 139-142, evaluate the logarithm using the 
change-of-base formula. Approximate your result to three 
decimal places. 


139. log, 9 
141. log,/,5 


140. log, 4 
142. log, 22 
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> What you should learn 
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Chapter 3. ® Exponential and Logarithmic Functions 


EMem Exponential and Logarithmic Models 


How to recognize the five most 
common types of models 
involving exponential and 
logarithmic functions 

How to use exponential growth 
and decay functions to model 
and solve real-life problems 


How to use Gaussian functions 
to model and solve real-life 
problems 

How to use logistic growth 
functions to model and solve 
real-life problems 


How to use logarithmic 
functions to model and solve 
real-life problems 


Why you should learn it 


Real-life applications of mathe- 
matics often involve deciding 
which mathematical model to 
use for a given situation. For 
instance, Exercise 45 on page 337 
compares an exponential decay 
model and a linear model for the 
depreciation of a computer over 
3 years. 








Introduction 


The five most common types of mathematical models involving exponential 
functions and logarithmic functions are as follows. 


1. Exponential growth model: —y = ae’. pr 0 


2. Exponential decay model: y= ae 2%, pb =0 
3. Gaussian model: ride Ce 
a 
4. Logistic growth model: 2 Se 
aap” YS paar 
5. Logarithmic models: y=at+binx, y=at blogiox 


The graphs of the basic forms of these functions are shown in Figure 3.22. 


























FIGURE 3.22 


You can often gain quite a bit of insight into a situation modeled by an 
exponential or logarithmic function by identifying and interpreting the function’s 
asymptotes. Use the graphs in Figure 3.22 to identify the asymptotes of each 
function. 
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Exponential Growth and Decay 


Example 1 ® Population Increase ie : 


Population Increase 


Estimates of the world population (in millions) from 1992 through 2000 are 
shown in the table. The scatter plot of the data is shown in Figure 3.23. (Source: 
U.S. Bureau of the Census, International Data Base) 


































z |apeony Tm] 
s ‘Year —_| 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
2 Population | 5445 | 5527 | 5607 | 5688 | 5767 | 5847 | 5926 | 6005 | 6083 
oa 
p++ ttt t+}; )=©=6 An exponential growth model that approximates this data is 

aed 6. 8. 10 

Year (2 AL 1992) P= 530460 0s 2S7ysS IO 
FIGURE 3.23 where P is the population (in millions) and t = 2 represents 1992. Compare the 


values given by the model with the estimates given by the U.S. Bureau of the 

Census. According to this model, when will the world population reach 6.5 
} billion? 

Solution 


Population Increase The following table compares the two sets of population figures. The graph of the 
model is shown in Figure 3.24. 



















‘Year —_| 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
Population | 5445 | 5527 | 5607 | 5688 | 5767 | 5847 | 5926 | 6005 | 6083 
is 5453 | 5529 | 5605 | 5683 | 5763 | 3843 | 5924 | 6006 | 6090 























Population (in millions) 





To find when the world population will reach 6.5 billion, let P = 6500 in the 


2 ae 6 aS 10 model and solve for t. 
Bae 1724) 5304 ¢0.0138191 =P Write original model. 
> 5304¢9-01381% = 6500 Let P = 6500. 
eo=s 


| Technology e0:013819% =~ 1.22549 Divide each side by 5304. 
.¢* Some graphing utilities In est = In 122549 Take natural log of each side. 
have curve-fitting capabilities 
that can be used to find models 
that represent data. If you have t = 14.71 Divide each side by 0.013819. 


0.013819t ~ 0.203341 Inverse Property 


such a graphing utility, try using 
| it to find a model for the data 
| given in Example 1. How does 
your model compare with the 
model given in Example 1? 


According to the model, the world population will reach 6.5 billion in 2004. 





An exponential model increases (or decreases) by the same percent each 
year. What is the annual percent increase for the model in Example 1? 





330 Chapter 3% Exponential and Logarithmic Functions 


Fruit Flies 





Population 


Time (in days) 


FIGURE 3.25 





t 


In Example 1, you were given the exponential growth model. But suppose — 
this model were not given; how could you find such a model? One technique for 
doing this is demonstrated in Example Z ; 


i 


Example 2 B® Modeling Population Growth 





In a research experiment, a population of fruit flies is increasing according to the 
law of exponential growth. After 2 days there are 100 flies, and after 4 days there 
are 300 flies. How many flies will there be after 5 days? 


Solution 


Let y be the number of flies at time . From the given information, you know that 
y = 100 when t = 2 and y = 300 when t = 4. Substituting this information into — 
the model y = ae”’ produces 


100 = ae?” and 300 = ae*?. 
To solve for b, solve for a in the first equation. 


_ 100 





100i ae2" a= pe Solve for a in the first equation. 
Then substitute the result into the second equation. 
300'= ae“ Write second equation. 
100 
200'= ( ~ me Substitute 100/e2? for a. 
me 
So, Divide each side by 100 
Se ivide each s : 
100 vide each side by 
| 
In 3 = 2b Take natural log of each side. 
| | 
~In3 =b Solve for b. | 


Using b = In 3 and the equation you found for a, you can determine that 





& 100 ' 
Oe Ald /2)in 3] Substitute (1/2)In 3 for b. 
100 
es oin3 Simplify. 
100 
e 3 Inverse Property 
CER Simplify. | 


So, with a ~ 33 and b = In 3 ~ 0.5493, the exponential growth model is | 
y= 3309-54931 
as shown in Figure 3.25. This implies that, after 5 days, the population is 


Vi 33e 36) = 514 ites: 


Neen ee ee U Una ann aSEERERSEEERRRREnNSSnEnSnSAn nn nnn RSS SST 





Carbon Dating 


5,000 15,000 
Time (in years) 


FIGURE 3.26 


STUDY TIP 


To find how much of an initial 
10 grams of ?7°Ra isotope with 
a half-life of 1620 years is left 
after 500 years, you would use 


_ the exponential decay model. 


3 
3 
4 


: 
i 
H 


y =ae" 


3(10) = 10e~ 21620) 
b = —In(3)/1620 


Using the value of b found 
above and a = 10, the amount 


left is 
Y= 10e 1 lat/2) 920500) 


y =~ 8.07 grams. 
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In living organic material, the ratio of the number of radioactive carbon 
isotopes (carbon 14) to the number of nonradioactive carbon isotopes (carbon 12) 
is about 1 to 10!*. When organic material dies, its carbon 12 content remains 
fixed, whereas its radioactive carbon 14 begins to decay with a half-life of about 
5700 years. To estimate the age of dead organic material, scientists use the 
following formula, which denotes the ratio of carbon 14 to carbon 12 present at 
any time f (in years). 


Carbon dating model 


The graph of R is shown in Figure 3.26. Note that R decreases as ¢ increases. 


Example 3 ® Carbon Dating ©) 
The ratio of carbon 14 to carbon 12 in a newly discovered fossil is 
asd 
eee 


Estimate the age of the fossil. 


Solution 


In the carbon dating model, substitute the given value of R to obtain the 
following. 





1 
——e—'/8223 — R Write original model. 
1012 2 
e7t /8223 | 1 
102 108 oe 
1 : 2 
et /8223 — T0 Multiply each side by 10. 
In e7 2/8223 = Ins Take natural log of each side. 
t 
~ 3993 ie 2.3026 Inverse Property 
t ~ 18,934 Multiply each side by — 8223. 


So, to the nearest thousand years, you can estimate the age of the fossil to be 
19,000 years. 





The carbon dating model in Example 3 assumed that the carbon 14/carbon 
12 ratio was one part in 10,000,000,000,000. Suppose an error in measurement 
occurred and the actual ratio was only one part in 8,000,000,000,000. The fossil 
age corresponding to the actual ratio would then be approximately 17,000 years. 
Try checking this result. 
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Gaussian Models ! 


t 
% 


As mentioned at the beginning of this section, Gaussian models are of the form. 


y = ae~ Fle, 


This type of model is commonly used in probability and statistics to represent — 
populations that are normally distributed. One model for this situation takes the — 


form i 


e* ?/(20”) 
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where o is the standard deviation (a is the lowercase Greek letter sigma). The 
graph of a Gaussian model is called a bell-shaped curve. Try assigning a value — 
to o and sketching a normal distribution curve with a graphing utility. Can you | 
see why it is called a bell-shaped curve? 

The average value for a population can be found from the be shaped curve | 
by observing where the maximum y-value of the function occurs. The x-value 
corresponding to the maximum y-value of the function represents the average 
value of the independent variable—in this case, x. 








Example 4 ® SAT Scores . @ 


In 1997, the Scholastic Aptitude Test (SAT) math scores for college-bound — 
seniors roughly followed a normal distribution 


= (00362) ot) 2088 a0) eee 





where x is the SAT score for mathematics. Sketch the graph of this function. From 
the graph, estimate the average SAT score. (Source: College Board) 


Solution 


The graph of the function is given in Figure 3.27. From the graph, you can see_ 
that the average mathematics score for college-bound seniors in 1997 was 511. 


SAT Math Scores 






50% of 4 
Woes 


Distribution 
>} 
oS 
So 
tO 





200 400 _— 600 800 


FIGURE 3.27 4| 





mpm t 





















| Increasing 
> rate of 
| growth 





FIGURE 3.28 


Flu Virus 


Students infected 


Dee (Oued 


FIGURE 3.29 





10 12 14 
Time (in days) 
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Logistic Growth Models 


Some populations initially have rapid growth, followed by a declining rate of 
growth, as indicated by the graph in Figure 3.28. One model for describing this 
type of growth pattern is the logistic curve given by the function 

a 


oe 


where y is the population size and x is the time. An example is a bacteria culture 
that is initially allowed to grow under ideal conditions, and then under less 
favorable conditions that inhibit growth. A logistic growth curve is also called a 


sigmoidal curve. 


On a college campus of 5000 students, one student returns from vacation with a 
contagious and long-lasting flu virus. The spread of the virus is modeled by 


5000 
YT + 4999¢-08” 


Example 5 ® Spread of a Virus 


O<t 
where y is the total number of students infected after t days. The college will 
cancel classes when 40% or more of the students are infected. 


a. How many students are infected after 5 days? 


b. After how many days will the college cancel classes? 


Solution 
a. After 5 days, the number of students infected is 
5000 5000 
y — 


1 + 4999e-°8) 1 + 4999-4 
b. Classes are canceled when the number infected is (0.40)(5000) = 2000. 


5000 
1 + 4999¢~ 


1 + 4999e~°* = 2.5 


2000 = 








. 1.5 
=OSt 22, 
‘ 4999 
1.5 
—0.8t =~] 
iG ™ 4999 
0.8f = I a 
SSW a = in 
4999 
er a 
~ ~ 0.8 "4999 
t = 10.1 


So, after 10 days, at least 40% of the students will be infected, and classes will 
be canceled. The graph of the function is shown in Figure 3.29. 
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Logarithmic Models 


Example 6 ® Magnitude of Earthquakes 





On the Richter scale, the magnitude R of an earthquake of intensity / is 


I 
R = logio I 
0 


where J, = 1 is the minimum intensity used for comparison. Find the intensities — 
per unit of area for the following earthquakes. (Intensity is a measure of the wave 
energy of an earthquake.) 

a. Tokyo and Yokohama, Japan in 1923: R = 8:3: 

b. Kobe, Japan in 1995: R = 7.2. 






Solution 
a. Because J, = 1 and R = 8.3, you have 


I 


Ben Simmons/The Stock Market 


Twenty seconds of a 7.2 magnitude 8.3 = logio ay Substitute 1 for J) and 8.3 for R. 
earthquake in Kobe, Japan on 

January 17, 1995 left damage 10%? = 108s! Exponentiate each side. 
approaching $60 billion. I = 1083 = 199,526,000. Inverse property of exponents and logs 


b. For R = 7.2, you have 


il 
(pe logioy Substitute 1 for J) and 7.2 for R. | 
107-2 = 10!8:0! Exponentiate each side. 
I = 10’? = 15,849,000. Inverse property of exponents and logs 


Note that an increase of 1.1 units on the Richter scale (from 7.2 to 8.3) represents” 
an increase in intensity by a factor of 
199,526,000 


i Sree eee 
f-| Year | Population | 15,849,000 
1 | 1810 (px 














In other words, the earthquake in 1923 had an intensity about 13 times preter 
1830 12.87 than that of the 1995 quake. 














ee Bee 


1890 | 62.95 Writing ABOUT MATHE MATICS 
11 }1910 | 91.97 mee a | 
Comparing Population Models The population (in millions) of the United States from 




















ie : 1810 to 1990 is given in the table. (Source: U.S. Bureau of the Census) | 
SEO S0 151.33 Least squares regression analysis gives the best quadratic model for this data as | 
7 1970 | 303.30 P = 0.6569t2 + 0.305t + 6.12 and the best exponential model for this data as | 
be F | = 8,325e°195t, Which model better fits the data? Describe the method you used 

















19 | 1990 250.00 to reach your conclusion. 
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3.5 Exercises 





In Exercises 1-6, match the function with its graph. [The Finance \n Exercises 15 and 16, determine the principal P 
graphs are labeled (a) through (f).] that must be invested at rate r, compounded monthly, so 
that $500,000 will be available for retirement in t years. 
15. r = 75%, t = 20 

16. r = 12%, t = 40 


Bye i (b) ; 


Finance \n Exercises 17 and 18, determine the time 
necessary for $1000 to double if it is invested at interest 
rate r compounded (a) annually, (b) monthly, (c) daily, and 
(d) continuously. 


17. r = 11% 
18. r = 105% 
19. Finance Complete the table for the time ¢ neces- 


sary for P dollars to triple if interest is compounded 
continuously at rate r. 





r | 2% | 4% | 6% | 8% | 10% | 12% 


al BEM 











t 

















=: 20. Modeling Data Draw a scatter plot of the data in 
Exercise 19. Use the curve-fitting capabilities of a 
graphing utility to find a model for the data. 


21. Finance Complete the table for the time ¢ neces- 
sary for P dollars to triple if interest is compounded 
annually at rate r. 





























= )%/4 — £,-x/4 
Bein” Pa Maes P| 2% | 4% | 6% | 8% | 10% | 12% 
3. y = 6 + log, (x + 2) Ay een es > : 
4 | | 
fy = In + y= ———— 
5. y = In + 1) 6. y ass 
G2 22. Modeling Data Draw a scatter plot of the data in 
Finance \n Exercises 7-14, complete the table for a sav- Exercise 21. Use the curve-fitting capabilities of a 
ings account in which interest is compounded continuously. graphing utility to find a model for the data. 
Initial Annual — Time to Amount After 23. Finance If $1 is invested in an account over a 
Investment % Rate Double 10 Years 10-year period, the amount in the account, where t 
7. $1000 12% represents the time in years, is 
1 
NY se A=1+0.075[#] or A= e%% 
9. $750 73 yr ‘A if -d Secalleh see 
g t t t 
10. $10,000 12 yr depending a whether the account pays simple 
interest at 7;% or continuous compound interest at 
11. $500 $1505.00 7%. Graph each function on the same set of axes. 
12. $600 $19,205.00 Which grows at the faster rate? (Remember that [[¢] is 
13. 4.5% $10,000.00 the greatest integer function discussed in Section 1.4.) 


14. 8% $20,000.00 
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24. Finance If $1 is invested in an account over a 
10-year period, the amount in the account, where ¢ 
represents the time in years, is 


0.055 jee 


A=1+.0.06[1] of A=(14 365 


depending on whether the account pays simple inter- 
est at 6% or compound interest at 55% compounded 
daily. Use a graphing utility to graph each function in 
the same viewing window. Which grows at the faster 
rate? 


In Exercises 25-30, complete the table for the radioactive 
isotope. 


Half-life Initial Amount After 

Isotope (years) Quantity 1000 Years 
25.44 Ra 1620 10g 
26. 7°Ra 1620 L5e 
ph aes 5730 Ze 
23-250 5730 3g 
29:42. 7P0 24,360 21 ¢ 
30. 7°°Pu 24,360 0.4 g 


In Exercises 31-34, find the exponential model y = ae™ 
that fits the points in the graph or table. 


31. 32. 


(3, 10) 











4 5 
33. pa) Qu | 4 
ca | I 

















35. Population The population P of a city is 
P = 105,300¢°-°!>! 


where t = 0 represents the year 2000. According to 
this model, when will the population reach 150,000? 


36. Population ‘he population P of a city is 
P = 240,360e°°!2 


where t = 0 represents the year 2000. According to 
this model, when will the population reach 275,000? 


37. Population The population P of a city is 


P = 2500e* 


where ft = 0 represents the year 2000. In 1945, the 
population was 1350. Find the value of k, and use 
this result to predict the population in the year 2010. 


. Population The population P of a city is 


P = 140,500e* 


where t = 0 represents the year 2000. In 1960, the 
population was 100,250. Find the value of k, and use 
this result to predict the population in the year 2020. 


. Population The table gives the population (in 


millions) of a country in 1997 and the projected 
population (in millions) for the year 2020. (Source: 
U.S. Bureau of the Census, International Data Base) 


Country | 1997 | 2020 | 
Croatia 5.0 48 
Mali 99 20.4 














Singapore | 3.5 4.3 
Sweden 8.9 9.5 




















(a) Find the exponential growth model y = ae?! for 
the population in each country by letting t = 0 
correspond to 1997. Use the model to predict the 
population of each country in 2030. 


(b 


7 


You can see that the populations of Mali and 
Sweden are growing at different rates. What 
constant in the equation y = ae?’ is determined 
by these different growth rates? Discuss the 
relationship between the different growth rates 
and the magnitude of the constant. 


(c) You can see that the population of Singapore is 
increasing while the population of Croatia is— 
decreasing. What constant in the equation 
y = ae”' reflects this difference? Explain. 


. Bacteria Growth The number of bacteria N in a 


culture is modeled by 


N = 100e* 


where f is the time in hours. If NV = 300 when t = 5, 
estimate the time required for the population to 
double in size. 


41. 








. Business 
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Bacteria Growth The number of bacteria N in a 
culture is modeled by 


N = 250e*" 
where ¢ is the time in hours. If N = 280 when 


t = 10, estimate the time required for the population 
to double in size. 


. Radioactive Decay The half-life of radioactive 


radium (226Ra) is 1620 years. What percent of a 
present amount of radioactive radium will remain 
after 100 years? 


. Radioactive Decay Carbon 14 dating assumes that 


the carbon dioxide on earth today has the same 
radioactive content as it did centuries ago. If this is 
true, the amount of !4C absorbed by a tree that grew 
several centuries ago should be the same as the 
amount of !4C absorbed by a tree growing today. A 
piece of ancient charcoal contains only 15% as much 
radioactive carbon as a piece of modern charcoal. 
How long ago was the tree burned to make the 
ancient charcoal if the half-life of !4C is 5730 years? 


. Depreciation A car that cost $22,000 new has a 


book value of $13,000 after 2 years. 

(a) Find the straight-line model V = mt + b. 

(b) Find the exponential model V = ae“. 

(c) Use a graphing utility to graph the two models in 
the same viewing window. Which model depre- 
ciates faster in the first 2 years? 

(d) Find the book values of the car after 1 year and 
after 3 years using each model. 


(e) Interpret the slope of the straight-line model. 


. Depreciation A computer that costs $2000 new 


has a book value of $500 after 2 years. 

(a) Find the straight-line model V = mt + b. 

(b) Find the exponential model V = ae“. 

(c) Use a graphing utility to graph the two models in 
the same viewing window. Which model depre- 
ciates faster in the first 2 years? 

(d) Find the book values of the computer after 1 year 
and after 3 years using each model. 

(e) Interpret the slope of the straight-line model. 

The sales S (in thousands of units) of a 

new product after it has been on the market f years 

are modeled by 


S(t) = 100(1 — e**). 


Fifteen thousand units of the new product were sold 
the first year. 


47. 


48. 


49. 


50. 
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(a) Complete the model by solving for k. 
(b) Sketch the graph of the model. 


(c) Use the model to estimate the number of units 
sold after 5 years. 


Business After discontinuing all advertising for a 
certain product in 1998, the manufacturer noted that 
sales began to drop according to the model 


500,000 
1 + 0.6e" 


where S represents the number of units sold and 
t = 0 represents 1998. In 2000, the company sold 
300,000 units. 


(a) Complete the model by solving for k. 
(b) Estimate sales in 2003. 


Business The sales S (in thousands of units) of a 
product after x hundred dollars is spent on advertis- 
ing are modeled by 


S = 10(1 — e*). 


When $500 is spent on advertising, 2500 units are 
sold. 


(a) Complete the model by solving for k. 


(b) Estimate the number of units that will be sold if 
advertising expenditures are raised to $700. 


Business Because of a slump in the economy, a 
company finds that its annual profits have dropped 
from $742,000 in 1998 to $632,000 in 2000. If the 
profit follows an exponential pattern of decline, what 
is the expected profit for 2001? (Let t = 0 represent 
1998.) 


Learning Curve The management at a factory has 
found that the maximum number of units a worker 
can produce in a day is 30. The learning curve for the 
number of units N produced per day after a new 
employee has worked t days is 


Nee -c”), 
After 20 days on the job, a new employee produces 


19 units. 

(a) Find the learning curve for this employee (first, 
find the value of k). 

(b) How many days should pass before this employee 
is producing 25 units per day? 

(c) Is the employee’s production increasing at a linear 
rate? Explain your reasoning. 
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51. Population Growth A conservation organization Physics \n Exercises 54-57, use the following information 
releases 100 animals of an endangered species into a for determining sound intensity. The level of sound 8, in” 
game preserve. The organization believes that the decibels, with an intensity of / is 
preserve has a carrying capacity of 1000 animals and B = 10109, uf 
that the growth of the herd will be modeled by the Ig 
logistic curve where |, is an intensity of 10~'? watt per square meter, 
corresponding roughly to the faintest sound that can be ~ 
o(t) = 1000 heard by the human ear. In Exercises 54 and 55, find the - 
: 1 + 2Qerot65% level of sound, B. | 
where f is measured in months (see figure). 54. (a) I = 107! watt per m? (faint whisper) 
= (a) Use a graphing utility to graph the function. Use (b) I = 10-5 watt per m? (busy street corner) i 


the graph to determine the horizontal asymp- 
totes, and interpret the meaning of the larger 
p-value in the context of the problem. 


(c) J = 10-25 watt per m? (air hammer) 
(d) I = 10° watt per m? (threshold of pain) 
55. (a) I = 10-9? watt per m* (whisper) 


(b) Estimate the population after 5 months. 
(b) I = 10735 watt per m? (jet 4 miles from takeoff) 


(c) After how many months will the population be 


500? (c) J = 1073 watt per m? (diesel truck at 25 feet) 
(d) J = 10~°5 watt per m? (auto horn at 3 feet) 
A 56. Due to the installation of noise suppression materi- 


als, the noise level in an auditorium was reduced 
from 93 to 80 decibels. Find the percent decrease in 
the intensity level of the noise as a result of the 
installation of these materials. 





57. Due to the installation of a muffler, the noise level of 
an engine was reduced from 88 to 72 decibels. Find 
the percent decrease in the intensity level of the noise 
as a result of the installation of the muffler. : 


Endangered 
species population 








TAG 8 10 SI aNG as 
Time (in months) 


Chemistry \n Exercises 58-63, use the acidity model 
given by pH = —log,,[H*], where acidity (pH) is a measure | 
of the hydrogen ion concentration [H*] (measured in moles - 
of hydrogen per liter) of a solution. 


58. Find the pH if [H*] = 2.3 x 10~°. 


Geology  \n Exercises 52 and 53, use the Richter scale for 
measuring the magnitudes of earthquakes. 


52. Find the magnitude R of an earthquake of intensity / ; § 
Ay O48 59. Find the pH if [H*] = 11.3 x 10~°. 
(let I, = 1). p 
(a) I = 80,500,000 60. Compute [H*] for a solution in which pH = 5.8. 
(b) I = 48,275,000 61. Compute [H* ] for a solution in which pH = 3.2. 
(c) I = 251,200 62. A certain fruit has a pH of 2.5 and an antacid tablet 





has a pH of 9.5. The hydrogen ion concentration of 
the fruit is how many times the concentration of the 
tablet? 


63. If the pH of a solution is decreased by | unit, the 
hydrogen ion concentration is increased by what factor? 


53. Find the intensity / of an earthquake measuring R on 
the Richter scale (let J, = 1). 


(a) Chile in 1906, R = 8.6 
(b) Los Angeles in 1971, R = 6.7 
(c) Taiwan in 1999, R = 7.7 
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54. Finance A $120,000 home mortgage for 35 years 
at 75% has a monthly payment of $809.39. Part of 
the monthly payment goes for the interest charge on 
the unpaid balance, and the remainder of the 
payment is used to reduce the principal. The amount 
that goes for interest is 


Pr rp \'2t 
u=m-(m-2)(1 +=) 
1 iw 


and the amount that goes toward reduction of the 
principal is 


Pr p \i28 
a || 
‘ ( al S 


In these formulas, P is the size of the mortgage, r is 

the interest rate, M is the monthly payment, and f¢ is 
the time in years. 

(a) Use a graphing utility to graph each function in 

the same viewing window. (The viewing window 

should show all 35 years of mortgage payments.) 


(b 


— 


In the early years of the mortgage, the larger part 
of the monthly payment goes for what purpose? 
Approximate the time when the monthly 
payment is evenly divided between interest and 
principal reduction. 





: 
: =: (c) Repeat parts (a) and (b) for a repayment period 
| of 20 years (M = $966.71). What can you 
| conclude? 

65. Finance The total interest u paid on a home 
mortgage of P dollars at interest rate r for t years is 


rt 
= (iY, 


1 12t 
er 
eer/ 42 


Consider a $120,000 home mortgage at 75%. 

=! (a) Use a graphing utility to graph the total interest 
function. 

(b) Approximate the length of the mortgage for 
which the total interest paid is the same as the 
size of the mortgage. Is it possible that some 

| people are paying twice as much in interest 

charges as the size of the mortgage? 

4 Data Analysis The table shows the time ¢ (in 

seconds) required to attain a speed of s miles per 

| hour from a standing start for a particular car. 





! 
| 
! 











Two models for this data are as follows. 
t, = 40.757 + 0.556s — 15.817 Ins 


t, = 1.2259 + 0.002352 


a (a) Use a graphing utility to fit a linear model t, and 
an exponential model t, to the data. 





| 





(b) Use a graphing utility to graph the data points 
and each model. 


(c) Create a table comparing the data with estimates 
obtained from each model. 


(d) Use the results of part (c) to find the sum of the 
absolute values of the differences between the 
data and estimated values given by each model. 
Based on the four sums, which model do you 
think better fits the data? Explain. 


67. Forensics At 8:30 AM., a coroner was called to the 
home of a person who had died during the night. In 
order to estimate the time of death, the coroner took 
the person’s temperature twice. At 9:00 Am. the 
temperature was 85.7°F, and at 9:30 a. the temper- 
ature was 82.8°F. From these two temperatures the 
coroner was able to determine that the time elapsed 
since death and the body temperature were related by 
the formula 


eee 10 


524i —_ 
i 98.6 — 70 


where f¢ is the time in hours elapsed since the person 
died and T is the temperature (in degrees Fahrenheit) 
of the person’s body. Assume that the person had a 
normal body temperature of 98.6°F at death, and that 
the room temperature was a constant 70°F, (This 
formula is derived from a general cooling principle 
called Newton’s Law of Cooling.) Use the formula to 
estimate the time of death of the person. 


Synthesis 
True or False? \n Exercises 68-70, determine whether 


the statement is true or false. Justify your answer. 


68. The domain of a logistic growth function cannot be 
the set of real numbers. 

69. A logistic growth function will always have an 
x-intercept. 


z ; + 5 is the graph of 


70. The graph of f(x) = as 


+ ; 
e(x) = Teens shifted to the right 5 units. 
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71. Identify each model as linear, logarithmic, exponen- 
tial, logistic, or none of the above. Explain your 
reasoning. 


(a) y (b) 














(C). cans (d) 
8+@ 
6 
4+ e 
2 @ 
—+—_+_}+ +89 +> x 
5) 24 6 8 
AL 
(irs (f) 
ee 
10 
a © 
6 ® ) 
4 @ .° 
26 
1123 4 5.6 








72. Writing Use your school’s library or some other 
reference source to write a paper describing John 
Napier’s work with logarithms. 


73. Writing Before the development of electronic 
calculators and graphing utilities, some computa- 
tions were done on slide rules. Use your school’s 
library or some other reference source to write a 
paper describing the use of logarithmic scales on a 
slide rule. 


Review 


In Exercises 74-77, divide using synthetic division. 


4x3 + 4x2 — 39x + 36 








ths ge ae ah 
8x3 — 36x2 + 54x — 27 

75. : 

x-3 


716. (2x3 — 8x2 + 3x — 9) + @—4) 
17, (A= 3x4 1S eS) 


In Exercises 78-87, sketch the graph of the equation. 
78. y = 10 — 3x 

79, y= —-4x-1 

80. y = =2x? — 3 

Si sy = 2x7 — 1 1a 30 

82. 3x? — 4y = 0 

83. —x? — 8y =0 








4 

sa daca DIE ys 
a2 

Re Menerys 8 


86. x2 + (y — 8)? = 25 
87. (x — 42 + (y +7) =4 


In Exercises 88-91, graph the exponential function. 
$8. fG) = 27-14 5 

89 f(x) =a 2a a herel 

90. f(x) = 3% — 4 

91. f(x) = —3* +4 


Chapter Summary 





What did you learn? 





® Chapter Summary 


Section 3.1 Review Exercises 

L] How to recognize and evaluate exponential functions with base a 1-6 

LJ How to graph exponential functions 7-18, 23-26 

LJ How to recognize and evaluate exponential functions with base e 19-22 

C1 How to use exponential functions to model and solve real-life applications 27-34 

Section 3.2 

1 How to recognize and evaluate logarithmic functions with base a 35-40 

1 How to graph logarithmic functions 41-46, 53-56 

1 How to recognize and evaluate natural logarithmic functions 47-52 

C1) How to use logarithmic functions to model and solve real-life applications ayf 

Section 3.3 

OX How to rewrite logarithmic functions with a different base 58-61 

C1 How to use properties of logarithms to evaluate or rewrite 62-66 
logarithmic expressions 

OC How to use properties of logarithms to expand or condense 67-74 
logarithmic expressions 

C1 How to use logarithmic functions to model and solve real-life applications 75 

Section 3.4 

_ © How to solve simple exponential and logarithmic equations 76-81 

C1 How to solve more complicated exponential equations 82-95 

1 How to solve more complicated logarithmic equations 96-111 

1 How to use exponential and logarithmic equations to model and solve 112-114 
real-life applications 

Section 3.5 

CI How to recognize the five most common types of models involving exponential 115-120 
and logarithmic functions 

1 How to use exponential growth and decay functions to model and solve 121-125 
real-life problems 

1 How to use Gaussian functions to model and solve real-life problems 126 

0) How to use logistic growth functions to model and solve real-life problems 127 

1 How to use logarithmic functions to model and solve real-life problems 128, 129 
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Review Exercises 





ERa In Exercises 1-6, evaluate the expression. Approx- 
imate your result to three decimal places. 


1. (6.1)24 2. —14(5~°8) 
3, 2-05m 4. 3/1278 
5. 60V3 6. 77V1 


in Exercises 7-10, match the function with its graph. [The 
graphs are labeled (a) through (d).] 


(b) y 


5 
4 
3 
2 








(c) y (d) 








7. fe) = 4 
9. f(x) = - 


8. f(x) = 
10. f(x) = 4° + 1 


In Exercises 11-18, use a graphing utility to construct a 
table of values. Then sketch the graph of the function. 


ee ee 12. f(x) = —4" — 3 


f(x) = —2.65**! 14. f(x) = 2.65*~! 
Pe he +4 16. f(x) = 2*-§ —5§ 
Wfo-Ge +3 ws =G) 5 


In Exercises 19-22, evaluate the expression. Approximate 
your result to three decimal places. 


19. & 20. 29/8 

22, 00-278 

a In Exercises 23-26, use a graphing utility to construct a 
table of values. Then sketch the graph of the function. 
23. hx) =e 42 24. h(x) = 2 — e7+/2 
2D) f(x) = ere 26. s(t) = 4e-2/-, = t>0 


§ 
In Exercises 27 and 28, complete the table to determine the < 
; 


balance A for P dollars invested at rate r for t years and 
compounded n times per year. 


in A Ih 2 | 4) 12 365 | Continuous 
ey | | | 


27. P = $3500, r ='6.5%, t = 10 years 
28. P = $2000, r = 5%, t = 30 years 











In Exercises 29 and 30, complete the table to determine the 
amount P that should be invested at rate r to produce a ~ 
balance of $200,000 in t years. ; 








¢ | 1] 10 | 20 | 30 40 | 50 | 
a | | ee: 


29. r = 8%, compounded continuously 














30. r = 6%, compounded monthly 


31. Waiting Times The average time between incoming ~ | 
calls at a switchboard is 3 minutes. The probability — 
of waiting less than t minutes until the next incoming , 
call is approximated by the model 


FQ) =1—e"> 
If a call has just come in, find the probability that the 


next call will be within 


(a) + minute. (b) 2 minutes. (c) 5 minutes. 4 


32. Depreciation After t years, the value of a car that 
cost $14,000 is 





ae =14 000 


©) Find the value of the car 2 years after it wi 
purchased. 

(c) According to the model, when does the car depre- 
ciate most rapidly? Is this realistic? Explain. 

33. Finance On the day a person was born, a deposit — : 
of $50,000 was made in a trust fund that pays 8.75% 
interest, compounded continuously. F 

(a) Find the balance on the person’s 35th birthday. 

(b) How much longer would the person have to wait ‘ 

to get twice as much? q 





34. Fuel Efficiency A certain automobile gets 28 
miles per gallon of gasoline for speeds up to 50 miles 
per hour. Over 50 miles per hour, the number of 
miles per gallon drops at a rate of 12% for each 
additional 10 miles per hour. If s is the speed and y 
is the number of miles per gallon, then 
Wie ee 8, OO, sees: 


Use this model to complete the table. 

















In Exercises 35 and 36, write the exponential 
equation in logarithmic form. 


35. 4 = 64 36. 2537/2 = 125 


In Exercises 37-40, evaluate the expression by hand. 


37. log, 1000 38. log, 3 


1 1 
39. log, 8 40. log, — 
a 


In Exercises 41-46, sketch the graph of the function. 
Identify any asymptotes. 
41. g(x) = log, x 
42. g(x) = log;x 

x 
43. f(x) = lose 5) 
A4, f(x) = 6 + log, x 
ae f(x) = 4 — log,,(x + 5) 
46. f(x) = log, (x — 3) + 1 
In Exercises 47-52, use your calculator to evaluate each 


expression. Approximate your result to three decimal 
places if necessary. 


47. \n 22.6 
49. Ine! 


51. In(./7 + 5) 


48. 1n 0.98 
50. Ine’ 


=) 
52% (2) 


In Exercises 53-56, sketch the graph of the function. 
Identify any asymptotes. 


53. f(x) = Inx + 3 
55. h(x) = In(x?) 


54. f(x) = In(x — 3) 
56. f(x) = iInx 
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57. Snow Removal The number of miles s of roads 
cleared of snow is approximated by the model 


_ 13 In(h/12) 


= 25 ; 
z in? 


2 Svhisits 


where h is the depth of the snow in inches. Use this 
model to find s when h = 10 inches. 


In Exercises 58-61, evaluate the logarithm using the 
change-of-base formula. Do each problem twice, once with 
common logarithms and once with natural logarithms. 
Approximate the results to three decimal places. 


58. log, 9 59. log,, 200 
60. log, /. 5 61. log, 0.28 


In Exercises 62-66, verify each statement using the 
properties of logarithms. 


62. In8 + In5 = In 40 


Xe agal 1 
64. in g/*=4ine—Liny 


1 
65. ows] 115 loggx — 3 loggy 


63. —In() = In 12 


273 
66. lose =) = 2 log, p + 3 logiog — logiyr 


In Exercises 67-70, use the properties of logarithms to write 
the expression as a sum, difference, and/or multiple of 
logarithms. 





67. log; 5x? 68. log, 
5./y vat I 
69. loSi0 Ga 70. In ae! j 





In Exercises 71-74, write the expression as the logarithm of 

a single quantity. 

71. log, 5 + log, x 

72. logs y — 2 log, z 

73. 5 In|2x — 1| — 2In|x + 1| 

74, 5p 2 In| 2| — 3 In| 

75. Climb Rate The time f, in minutes, for a small 
plane to climb to an altitude of / feet is modeled by 


18,000 
UO Or emnet, 


where 18,000 feet is the plane’s absolute ceiling. 








ccipsl 
FAP 
HIE) 
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(a) Determine the domain of the function appropri- 
ate for the context of the problem. 
=: (b) Use a graphing utility to graph the time 
function and identify any asymptotes. 


(c) As the plane approaches its absolute ceiling, 
what can be said about the time required to 
increase its altitude further? 


(d) Find the time for the plane to climb to an 
altitude of 4000 feet. 


7) In Exercises 76-81, solve for x. 


76. 8 = 512 





Th 87 129 
[SG =a 79. 6*~2 = 1296 
80. log; x = 4 81. log, 243 = 5 


In Exercises 82-91, solve the exponential equation. 
Approximate your result to three decimal places. 


82. e* = 12 83. e>* = 25 

84. 3e7>* = 132 85. 14e>**+? = 560 
86. e* + 13 = 35 87. € —28. = —8 
88. —4(5*) = —68 89. 2(12*) = 190 


90. e — JeX + 10 =0 91. e — 6e* + 8 =0 


equation. Approximate the result to two decimal places. 


92, 206 — 3x = 0 93. 4-92 + x =0 
94, 25¢~03* = 12 
95. 4e12* = 9 


In Exercises 96-107, solve the logarithmic equation. 
Approximate the result to three decimal places. 


96. In 3x = 8.2 OF] Palio eo, 

98. 2 In 4x = 15 99. 4 In 3x = 15 
100. Inx — In3 =2 101. In/x + 8 =3 
102. n/x + 1 =2 103. Inx —In5 =4 
104. log,o(x — 1) = log,o(x — 2) — log,o(x + 2) 
105. log;(x + 2) — logy) x = log, (x + 5) 
106. log,.(1 — x) = -1 

1072 loo 4). = 2 


= In Exercises 108-111, use a graphing utility to solve the 


equation. Approximate the result to two decimal places. 


108. 2 In(x + 3) + 3x =8 
109. 6 log,.(x? + 1) —x =0 
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110. 4 In + 5) —x = 10 
111. x — 2 log, + 4) = 0 


112. Finance $7550 is deposited in an account that — 
pays 7.25% interest, compounded continuously. 


How long will it take the money to triple? 


113. Finance $2440 is deposited in an account that 
pays 6.5% interest, compounded continuously. 


How long will it take the money to quadruple? 


114. Economics The demand equation for a certain 


product is modeled by 


p =1900)— 0520 
Find the demand x for a price of (a) p = $450 and 
(b) p = $400. 

6% In Exercises 115-120, match the function with its 


graph. [The graphs are labeled (a) through (f).] 
(a) y (b) 





(c) y (d) 








116. y = 4c 


115:-y= 36° 
117. y = In(x + 3) 
6 


119. en 7? | oes 


120. y= 


121. Population The population of a town is modeled 
by 
e126 2070143 
where t = 0 represents the year 2000. According to 
this model, when will the population reach 17,000? 


122. Radioactive Decay The half-life of radioactive 
uranium II (734U) is 250,000 years. What percent of 
a present amount of radioactive uranium II will 
remain after 5000 years? 


123. Finance A deposit of $10,000 is made in a sav- 
ings account for which the interest is compounded 
continuously. The balance will double in 5 years. 


(a) What is the annual interest rate for this account? 
(b) Find the balance after 1 year. 


In Exercises 124 and 125, find the exponential function 
y = ae>* that passes through the points. 


124. (0, 2), (4, 3) 
125. (0,3), (5, 5) 


126. Test Scores The test scores for a biology test 
follow a normal distribution modeled by 


y = 0.0499e-&-71/128, 40 < x < 100 


where x is the test score. 
@] (a) Use a graphing utility to sketch the graph of the 
equation. 
(b) From the graph, estimate the average test score. 


127. Typing Speed In a typing class, the average 
number of words per minute typed after t weeks of 
lessons was found to be 


Ri 157 
Bee Aen 





Find the time necessary to type (a) 50 words per 
minute and (b) 75 words per minute. 

128. Physics The relationship between the number of 
decibels 6 and the intensity of a sound / in watts per 
square centimeter is 


I 
B = 10 logue son) 


Determine the intensity of a sound in watts per 
square centimeter if the decibel level is 125. 
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129. Geology On the Richter scale, the magnitude R of 
an earthquake of intensity / is 


R=1 f 
—s0) — 

S10 ik 
where J, = 1 is the minimum intensity used for 
comparison. Find the intensity per unit of area for 
the following values of R. 


(a) R= 84 
(b) R = 6.85 
(c) R= 9.1 
Synthesis 


True or False? \n Exercises 130-135, determine whether 
the equation or statement is true or false. Justify your 
answer. 


130. log, b** = 2x 
ex 
131 
e 
132. In(x + y) = Inx + Iny 
133. In(x + y) = In(x - y) 


10 
134-slogi cl | teint 
x 
135. The domain of the function f(x) = In x is the set of 
all real numbers. 


136. The graphs of y = e*' are shown for k = a, b, c, 
and d. Use the graphs to order a, b, c, and d. Which 
of the four values are negative? Which are positive? 


(a) y (b) 














(d) 
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, Comparing Balances 


Account balance 
(in thousands of dollars) 


20 40 60 80 100 
Time (in years) 


Chapter Project py 








Graphical Approach to Compound Interest’ 


A graphing utility can be used to investigate the rates of growth of different types 
of compound interest. 


Example ® Comparing Balances 


You are depositing $1000 in a savings account. Which of the following will 
produce the largest balance? 

a. 6% annual interest rate, compounded annually 

b. 6% annual interest rate, compounded continuously 


c. 6.25% annual interest rate, compounded quarterly 


Solution 


One way to compare all three options is to sketch their graphs in the same 
viewing window. 


Option (a) Option (b) Option (c) 


0.0625 \* 
A = 1000(1 + 0.06)! A = 1000e°% A= 1000( a oe | 


The graphs are shown at the left. From the graphs, you can conclude that option 
(c) is better than option (b), and option (b) is better than option (a). Note that for 
the first 50 years, there is little difference in the graphs. Between 50 and 100 
years, however, the balances obtained begin to differ significantly. At the end of 
100 years, the balances are (a) $339,302, (b) $403,429, and (c) $493,575. 





Chapter Project Investigations 


1. Which would produce a larger balance: an annual interest rate of 8.05% 
compounded monthly or an annual interest rate of 8% compounded 
continuously? Explain. 


2. You deposit $1000 in each of two savings accounts. The interest for the 
accounts is paid according to the two options described in Question 1. 
How long would it take for the balance in one of the accounts to exceed 
the balance in the other account by $100? By $100,000? 


3. No income tax is due on the interest earned in some types of investments. 
You deposit $25,000 in an account. Which of the following plans is 
better? Explain. 


(a) Tax-free The account pays 5% compounded annually. There is no 
income tax due on the earned interest. 


(b) Tax-deferred The account pays 7% compounded annually. At 
maturity, the earned interest is taxable at a rate of 40%. 
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The Interactive CD-ROM and /nternet 
versions of this text provide answers to 


the Chapter Tests and Cumulative Tests. 


They also offer Chapter Pre-Tests 
(which test key skills and concepts 
covered in previous chapters) and 
Chapter Post-Tests, both of which have 
randomly generated exercises with 

' diagnostic capabilities. 


Exponential Growth 





FIGURE FOR 21 


Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 


In Exercises 1-4, evaluate the expression. Approximate your result to three decimal 
places. 


1. 12.4279 2, 437/2 3, e~7/10 4, @ 


In Exercises 5-7, construct a table of values. Then sketch the graph of the function. 


5. f(x) = 10°* 65 {eS aha Taf %) 3 es ee 
8. Evaluate (a) log, 7~°8? and = (b)_ 4.6 In e?. 


In Exercises 9-11, construct a table of values. Then sketch the graph of the function. 
Identify any asymptotes. 


9. f(x) = —log,,x-6 10. f(x) =In@-—4) 11. f(@%) = 1+ In@-+ 6) 


In Exercises 12-14, evaluate the expression. Approximate your result to three 
decimal places. 


12. log, 44 13. log,/; 0.9 14. log,, 68 


In Exercises 15 and 16, use the properties of logarithms to write the expression as a 
sum, difference, and/or multiple of logarithms. 


5/x 
6 





15. log, 3a" 16. In 


In Exercises 17 and 18, rewrite the expression as the logarithm of a single quantity. 
17. log, 13 + log; y 18. 4Inx —4Iny 


In Exercises 19 and 20, solve the equation algebraically. Approximate your result to 
three decimal places. 


1025 


ie 8 + e4* 





=5 . 20. logiox — log, (8 — 5x) = 2 


21. Find an exponential growth model for the graph in the figure. 


22. The half-life of radioactive actinium (??7Ac) is 22 years. What percent of a 
present amount of radioactive actinium will remain after 19 years? 


23. A model that can be used for predicting the height H (in centimeters) of a 
child based on his or her age is 
H = 70.228 + 5.104x + 9.222Inx, 45 x<6 
where x is the age of the child in years. (Source: Snapshots of Applications 
in Mathematics) 
(a) Construct a table of values. Then sketch the graph of the model. 


(b) Use the graph from part (a) to estimate the height of a 4-year-old child. 
Then calculate the actual height using the model. 
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FIGURE FOR 5 


Take this test to review the material from earlier chapters. After you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1-3, use intercepts and symmetry to sketch the graph of the equation. 
1 y= A/e 2.5y =e 3...) =o eee 


4. Find an equation for the line passing through (-3, 1) and (3, 8). 
5. Explain why the graph at the left does not represent y as a function of x. 





6. Evaluate (if possible) the function f(x) = for each value. 


(a) f(6) (b) f2) ©) f(s + 2) 
7. Describe how the graph of each function would differ from the graph of 
y= 3/x. (Note: It is not necessary to sketch the graphs.) 


(a) r(x) = 39% (b) he) =7e+2 © se) =Vare2 


In Exercises 8 and 9, find (a) (f + g)(x), (b) (f — g)(x), (c) (fg)(x), and (d) (f/g)(x). What 
is the domain of f/g? 


SafG) =2— 3, 2a 47! 9, f(x) = /x— 1, eG) ee 


In Exercises 10 and 11, find (a) f » g and (b) g ef. 
10. f(x) = 2x?, ga)=Vx+6 11. f@)=x-2, g@= |x| 


12. Determine whether h(x) = 5x — 2 has an inverse. If so, find it. 


13. A group of n people decide to buy a $36,000 minibus. Each person will pay 
an equal share of the cost. If three additional people join the group, the cost 
per person will decrease by $1000. Find n. 


14. Find the quadratic function y = a(x — h)* + k whose graph has a vertex at 
(—8, 5) and passes through the point (—4, —7). 


In Exercises 15-17, sketch the graph of the function without the aid of a graphing 
utility. 


15. A(x) = —(x2 + 4x) «16. f(t) = Gt(t — 2)? «17. g(s) = s? + 45 + 10 


In Exercises 18 and 19, find all the zeros of the function. 


18. f(a) = 32 + 2x24 4s 19. f(x) = x4 + 4x? =i 
Sie 2, 
20. Divide 
2x? + 1 


21. Use synthetic division to divide 2x4 + 3x3 — 6x + 5 by x + 2. 
Use a graphing utility to approximate the real zero of the function 
g(x) = x3 + 3x? — 6 to the nearest hundredth. 


23. Find a polynomial with integer coefficients that has —5, —2, and 2 + /3% 
as its zeros. 


—E—E——— 
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In Exercises 24-26, sketch the graph of the rational function by hand. Be sure to 
identify all intercepts and asymptotes. 


2 
24, f(x) = ar 25. f(x) = = 3 26. f(x) = 2 : 








In Exercises 27 and 28, write the partial fraction decomposition of the rational 
expression. Check your result algebraically. 


8 Ds 
0 a ET 23.5 —— >> 
x = 4 21 (ce 4)? 
== In Exercises 29 and 30, use the graph of f to describe the transformation that yields the 
graph of g.Use a graphing utility to graph both equations in the same viewing window. 
2\x DN tas f 
29. f(x) = (2), 9(x) = -@) 30. f(x) = 2.2%, g(x) = —2.2* +4 
In Exercises 31-34, use a calculator to evaluate each expression. Approximate your 
result to three decimal places. 
31. log, 98 32. log, (8) 33. In/31 34. In(./40 — 5) 
In Exercises 35-37, evaluate the logarithm using the change-of-base formula. 
Approximate your answer to three decimal places. 
35. log, 1.8 36. log, 0.149 37. logy. 17 
2— 16 
38. Use the logarithmic properties to expand in"), where x > 4. 
39. Write 2 Inx — + In(x + 5) as a logarithm of a single quantity. 
In Exercises 40 and 41, solve the equation. 
40. 6e7* = 72 41. log, x + log, 5 = 6 
: ie 1000 , 
== 42. Use a graphing utility to graph f(x) = ores and determine the 
eae 


horizontal asymptotes. 
43. The numbers of used cars C (in millions) sold in the United States from 1990 
through 1997 are shown in the table, where ¢ represents the time in years, 
with t = 0 corresponding to 1990. (Source: National Automobile Dealers 
Association) 





(a 2 3 4 5 6 | 7 
14.18 | 14.27 | 15.14 | 16.30 | 17.76 | 18.48 | 19.17 | 19.19 




















= (a) Use a graphing utility to sketch a scatter plot of the data. 

= (b) A model for this data is given by C = —0.025x? + 1.018x + 13.679. 
Use a graphing utility to graph the model in the same viewing window as 
the scatter plot. 

(c) Do you think this model could be used to predict the numbers of used 
cars sold in the future? Explain. 
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4.2 

4.3 & Right Triangle Trigonometry - 
4.4 » Trigonometric Functions of A 
4.5 

4.6 %& Graphs of Other Trigonometric 
4.7 ® Inverse Trigonometric Function: 
4.8 ® Applications and Models 





Photo Source Hawaii 
The Mauna Loa Observatory in Hawaii conducts research to 
understand the global carbon cycle. It is located far from 
pollution sources that would affect the gases being 
measured. (Source: NOAA/Climated Monitoring and Diagnostic 
Laboratory) 












The Big 


In this ee, you will learn the 
following skills and concepts. 


» How to describe an angle and 
convert between radian and degree 
measure 


» How to identify a unit circle and 
its relationship to real numbers 


» How to evaluate trigonometric 
functions of any angle 


> How to use the fundamental 
trigonometric identities 


» How to sketch the graphs of 
trigonometric functions and transla- 
tions of graphs of sine and cosine 
functions 


» How to evaluate the inverse 
trigonometric functions 


» How to evaluate the compositions 
_of trigonometric functions and 
inverse trigonometric functions 








Study Tools 


* Learning objectives at the 
beginning of each section 

* Chapter Summary (p. 433) 

* Review Exercises (pp. 434-437) 

* Chapter Test (p. 439) 





Trigonometry 


> How to Study This Chapter 


R« Wie f 
i Ui Lait VU 
Re % 4 iN st ey x 


Sh € Pe ae ye 


As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Trigonometry (( 


Angle 

Initial side ( 

Terminal side (1. 352) 
Vertex (p. 352) 


Standard position (jp. 352) 
Positive angles (p. 352) 
Negative angles (p. 352) 
Coterminal angles (9. 352) 
Central angle (p. 352 
Radian (p. 353) 





Obtuse angles (p. 3: 
Complementary soglese: 


Supplementary angles (p. 355) 


Degree (p. 355) 
Linear speed ( 
Angular speed ( 
Unit circle (jp. 363) 
Sine (pp. 364, 370) 
Cosecant (pp. 364, 370) 


Loa) 


p. 5 














Cosine ( 

Secant 

Tangent (p 

Cotangent (pp. 36 

Period ( 3 
Hypotenuse (p. 3, 

Opposite side (p. 37| 
Adjacent side (p 

Reference angles 

Amplitude (. 392 

Phase shift (9. 39 

Damping factor (jp. 4 

Inverse sine function 

Inverse cosine function (p 
Inverse tangent function (p. 4 
Angle of elevation (p. 422) 
Angle of depression | 


Bearings (p. 424) 
Simple harmonic motion 
(op. 425, 42¢€ 





* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 4 

* Precalculus Website 

* Student Success Organizer 


STUDY TIP 


To prepare for a chapter test, 
review the learning objectives 
and work the review exercises. 
Take the sample Chapter Test 
and analyze the results. 
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> What y you vanoaid Earl 


* How to describe angles 
* How to use radian measure 
» How to use degree measure 


- How to use angles to model 
and solve real-life problems 


» Why you should learn it 


You can use angles to model and 
solve real-life problems. For 
instance, in Exercises 91-94 on 
page 361, you are asked to use 
angles to find the distance 
between two cities on the same 
longitude. 





4.1 Radian and Degree Measure 





Angles 


As derived from the Greek language, the word trigonometry means “measure-— : 
ment of triangles.” Initially, trigonometry dealt with relationships among the sides _ 
and angles of triangles and was used in the development of astronomy, naviga- 
tion, and surveying. With the development of calculus and the physical sciences 
in the 17th century, a different perspective arose—one that viewed the classic” 
trigonometric relationships as functions with the set of real numbers as their 
domains. Consequently, the applications of trigonometry expanded to include a 
vast number of physical phenomena involving rotations and vibrations. These 
phenomena include sound waves, light rays, planetary orbits, vibrating strings, | 
pendulums, and orbits of atomic particles. 

The approach in this text incorporates both perspectives, starting with angles 
and their measure. 


Vertex 





(a) Angle (b) Angle in Standard Position 
FIGURE 4.1 


An angle is determined by rotating a ray (half-line) about its endpoint. The 
starting position of the ray is the initial side of the angle, and the position after 
rotation is the terminal side, as shown in Figure 4.1(a). The endpoint of the ray 
is the vertex of the angle. This perception of an angle fits a coordinate system in 
which the origin is the vertex and the initial side coincides with the positive 
x-axis. Such an angle is in standard position, as shown in Figure 4.1(b). 
Positive angles are generated by counterclockwise rotation, and negative angles 
by clockwise rotation, as shown in Figure 4.2. Angles are labeled with Greek 
letters a (alpha), 8 (beta), and 6 (theta), as well as uppercase letters A, B, and C. 
In Figure 4.3, note that angles a and B have the same initial and terminal sides. 
Such angles are coterminal. 








Positive angle 
(counterclockwise) 


x 
Negative angle 
(clockwise) 





FIGURE 4.2 FIGURE 4.3 





Arc length = radius when @= 1 radian 
FIGURE 4.4 


. 


i 


; 
4 yadians ~~ : oe 


FIGURE 4.5 


5 radians 


STUDY TIP 









6 
adians 


One revolution around a circle 
_ of radius r corresponds to an 
angle of 27 radians because 


= 27 radians. 
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Radian Measure 


The measure of an angle is determined by the amount of rotation from the 
initial side to the terminal side. One way to measure angles is in radians. This 
type of measure is especially useful in calculus. To define a radian, you can use 
a central angle of a circle, one whose vertex is the center of the circle, as shown 
in Figure 4.4. 


Definition of Radian 


One radian is the measure of a central angle 6 that intercepts an arc s equal 
in length to the radius r of the circle. See Figure 4.4. 


Because the circumference of a circle is 27r units, it follows that a central 
angle of one full revolution (counterclockwise) corresponds to an arc length of 


Ss = 27r. 


Moreover, because 27r ~ 6.28, there are just over six radius lengths in a full circle, 
as shown in Figure 4.5. In general, the radian measure of a central angle 6@ is 
obtained by dividing the arc length s by r. That is, s/r = 0, where 6 is measured 
in radians. Because the units of measure for s and r are the same, this ratio is 
unitless—it is simply a real number. 

Because the radian measure of an angle of one full revolution is 27, you can 
obtain the following. 


i revolution = sl = 7 radians 
2. 2 


a revolution = ee radians 
Auch sae Aes? 
u revolution = oF ie radians 
6 6 3 


These and other common angles are shown in Figure 4.6. 


FIGURE 4.6 


Recall that the four quadrants in a coordinate system are numbered I, II, III, 
and IV. Figure 4.7 shows which angles between 0 and 277 lie in each of the four 
quadrants. Note that angles between 0 and 77/2 are acute and that angles between 
ar/2 and 7 are obtuse. 
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STUDY TIP 


The phrase “the terminal side of 
6 lies in a quadrant” is often 
abbreviated by simply saying 
that “6 lies in a quadrant.” The 
terminal sides of the “quadrant 
angles” 0, 7/2, 7, and 37/2 do 
not lie within quadrants. 








n<Q< sesh <6<2n 


FIGURE 4.7 


Two angles are coterminal if they have the same initial and terminal sides. 
For instance, the angles 0 and 277 are coterminal, as are the angles ar/6 and 
1377/6. You can find an angle that is coterminal to a given angle @ by adding or 
subtracting 27 (one revolution), as demonstrated in Example 1. A given angle 6 
has infinitely many coterminal angles. For instance, 6 = 7/6 is coterminal with 


— t Onn 


where n is an integer. 


Example 1 ® Sketching and Finding Coterminal Angles 
a. For the positive angle 1377/6, subtract 27 to obtain a coterminal angle 
SS = hiya SS See Figure 4.8(a). 
b. For the positive angle 37/4, subtract 27 to obtain a coterminal angle 
Sate Spee See Figure 4.8(b 
A 7 Oe ee Figure 4.8(b). 


c. For the negative angle —27r/3, add 277 to obtain a coterminal angle 


Aq 
—-—+27= Be See Figure 4.8(c). 


cL 
2, 





(a) (b) 
FIGURE 4.8 
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Two positive angles a and 6B are complementary (complements of each 
other) if their sum is 77/2. Two positive angles are supplementary (supplements 
of each other) if their sum is 7. See Figure 4.9. 


B 
é B 
a 
Complementary Angles Supplementary Angles 
FIGURE 4.9 


Example 2 ® Complementary and Supplementary Angles 


If possible, find the complement and the supplement of (a) 2277/5 and (b) 477/5. 


Solution 
a. The complement of 2727/5 is 


WT PLO OT » A 7 


2°) 22 10 10. 10s 
The supplement of 277/5 is 








2a WOT 
as oes 
b. Because 477/5 is greater than 7/2, it has no complement. (Remember to use 
\ only positive angles for complements.) The supplement is 
90° = 4. (360°) 
60°= 4(360°) ey Begs 
135° 45° = 4 (360°) SMBES 
150° 


o2 1 ° 
ae = 79 (360 ) 


Degree Measure 


240° 270° 300° A second way to measure angles is in terms of degrees. A measure of 1 degree 
(1°) is equivalent to a rotation of 1/360 of a complete revolution about the vertex. 
To measure angles, it is convenient to mark degrees on the circumference of a 
circle, as shown in Figure 4.10. So, a full revolution (counterclockwise) corre- 
sponds to 360°, a half revolution to 180°, a quarter revolution to 90°, and so on. 

Because 27 radians corresponds to one complete revolution, degrees and 
radians are related by the equations 


360° = 2a rad and 80 — sarah 


FIGURE 4.10 


From the latter equation, you obtain 





i aad d rad = (=) 
180 Si oe 


which lead to the conversion rules at the top of the next page. 


he i Lf With calculators it is 


-_ 
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The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 


eo" 


Technology 


te 
® 


dontenien: to use decimal 
degrees to denote fractional 

| parts of degrees. Historically, 
however, fractional parts of 
degrees were expressed in 
minutes and seconds, using the 
prime (’) and double prime (”) 
notations, respectively. That is, 


ied 1 
1’ = one minute = (1°) 


We care | ° 
1”= one second = 399(1°) 





Consequently, an angle of 
64 degrees, 32 minutes, and 47 
seconds is represented by 
0 = 64° 32’47”. 

Many calculators have 
special keys for converting an 
angle in degrees, minutes, and 
seconds (D° M’S”) into decimal 
degree form, and vice versa. 





Conversions Between Degrees and Radians 


a7 rad 
1. To convert degrees to radians, multiply degrees by 180°" 


te) 


rad’ 








2. To convert radians to degrees, multiply radians by fm 


To apply these two conversion rules, use the basic relationship 7 rad = 180°. 
(See Figure 4.11.) ; 


30° 45° 60° 
S CS 

90° 180° 360° 
FIGURE 4.11 


When no units of angle measure are specified, radian measure is implied. For 
instance, if you write 9 = 7 or 6 = 2, you should mean 6 = zrradians or 6 = 2 
radians. 


Example 3 ® Converting from Degrees to Radians - 








a a rad 377 
a. 1352 — (195 aes) ae =) = “4 ft ad Multiply by 77/180. 
4 a rad 
b. 540° = (540 deg)( ae 30 =) = 37 rad Multiply by 77/180. 
c. —270° = (-270 des)( a 12 Se Multiply by #7/180 
° 180 deg ) ultiply by 7, F 





Example 4 ®& Converting from Radians to Degrees ~ 


7 7 180 de 5 
a. ny rad = (-2 pad |( MOSSE ®) = —90 Multiply by 180/77. 
On OT 180 de “ 
b. cane ad = (2 rad) 80 cee = 810 Multiply by 180/7. 
c. 2rad = (2 rad) #0828) = oy = 114.59° Multiply by 180/7. 
Tr rad 7 





If you have a calculator with a “radian-to-degree” conversion key, try using 
it to verify the result shown in part (c) of Example 4. 


A computer simulation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


FIGURE 4.12 





Section 4.1 ® Radian and Degree Measure 357 


Applications 


The radian measure formula, 6 = s/r, can be used to measure arc length along a 
circle. Specifically, for a circle of radius r, a central angle 6 intercepts an arc of 
length s given by 


s=ré Length of circular arc 


where 6 is measured in radians. 


Example 5 & Finding Arc Length 
A circle has a radius of 4 inches. Find the length of the arc intercepted by a 
central angle of 240°, as shown in Figure 4.12. 


Solution 


To use the formula s = r6, first convert 240° to radian measure. 


a rad 
240° = (240 des Gace Convert from degrees to radians. 
( 8) 180.des : 
4 
= —yrad Simplify. 
3 
Then, using a radius of r = 4 inches, you can find the arc length to be 
s=ré Length of circular arc 
At 
= 4 age Substitute for r and 0. 
167 cae 
SS- implify. 
3} 
= 16.76 inches. Use a calculator. 


Note that the units for r@ are determined by the units for r because @ is given in 
radian measure and therefore has no units. 





The formula for the length of a circular arc can be used to analyze the motion 
of a particle moving at a constant speed along a circular path. 


Linear and Angular Speed 

Consider a particle moving at a constant speed along a circular arc of radius 
r. If s is the length of the arc traveled in time ¢, then the linear speed of the 
particle is 


arclength _ s 


Linear speed = : : 
time t 


Moreover, if 6 is the angle (in radian measure) corresponding to the arc 
length s, then the angular speed of the particle is 


central angle _ 0 


] d= ; 
Angular spee a / 
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Example 6 P Finding LinearSpeed = 





The second hand of a clock is 10.2 centimeters long, as shown in Figure 4.13. Find 
the linear speed of the tip of this second hand as it passes around the clock face. 


Solution 
In one revolution, the arc length traveled is 
s =2ar 


= 27(10.2) Substitute for r. 





= 20.47 centimeters. 
FIGURE 4.13 The time required for the second hand to travel this distance is 
t = 1 minute = 60 seconds. 


So, the linear speed of the tip of the second hand is 
Linear speed = ; 


20.47 centimeters 
60 seconds 


1.068 cm/sec. 


ut 


Example 7 ® Finding Angular and Linear Speed . 





A lawn roller with a 10-inch radius (see Figure 4.14) makes 1.2 revolutions per 
second. 


a. Find the angular speed of the roller in radians per second. 
b. Find the speed of the tractor that is pulling the roller. 
Solution 


a. Because each revolution generates 27 radians, it follows that the roller turns 
(1.2)(27) = 2.47 radians per second. In other words, the angular speed is 





Angular speed = . 


FIGURE 4.14 _ 2.47 radians 
1 second 


= 2 Aq rad/sec. 
b. The linear speed is 


: s 
Linear speed = 7 


r0 

t 
_ 10(2.47) inches 
¥ 1 second 


=~ 75.4 in./sec. 


ae 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 


4.1 


. odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link 
Exercises 


to Guided Examples for additional help. 





In Exercises 1-6, estimate the angle to the nearest one-half 
radian. 


1. 2. 


Ss: 6. - seh 
In Exercises 7-12, determine the quadrant in which each 
angle lies. (The angle measure is given in radians.) 


7 10 
7. (a) 5 (b) 5 
ll7 oT 
8. (a) a (b) ae 
T 1l7 
9. (a) 79> (b) oe 
ieee i (b) —-2 
11. (a) 3.5 (D225 
12. (a) 6.02 (b) —4.25 


In Exercises 13-16, sketch each angle in standard position. 


Sa 27 

13. (a) a (b) y 
10 RY y 
ob) 

15. (a) a (yictar 

16. (a) 4 (by 


In Exercises 17-20, determine two coterminal angles (one 
positive and one negative) for each angle. Give your 
answers in radians. 





1 
17. (a) i (b) a 
1 @ St 
e= (Gr d= 6 
1 0 T 0 
3a 3a 
2 2 
18. (a) (b) 
et 
US 6 
1 0 
3n 
2 
19, r b x 
(a) z (b) a 
wy 20 wn 
G= 3 ae 1D 
T 0 Tt 0 
3a 3a 
2 2 
OT 27 
2 = Sly == 
0. (a) a (b) 5 


In Exercises 21-24, find (if possible) the complement and 
supplement of each angle. 


T or 
21. (a) 3 (b) oth 

7 Jape 
22% (a) DR (b) Th 
Bs (@)y 1 (br 
24. (a) 3 (b) 1.5 


In Exercises 25-28, express each angle in radian measure as 
a multiple of 7. (Do not use a calculator.) 


25. (a) 30° (b) 150° 
26. (a) 315° (b) 120° 
27 (a) — 20° (b) —240° 
28. (a) —270° —(b) 144° 
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In Exercises 29-36, convert the measure from degrees to 
radians. Round to three decimal places. 


29. 115° 30. 87.4° 
Sh 216.355 S22 
S352: 34, 345° 
35.5 — 083" 36. 0.54° 


In Exercises 37-40, express each angle in degree measure. 
(Do not use a calculator.) 


37. (a) 32/2 (b) 77/6 

38. (a) —70/12 (b) 7/9 

39. (a) 77/3 (b) —117/30 
40. (a) 1177/6 (b) 347/15 


In Exercises 41-48, convert the measure from radians to 
degrees. Round to three decimal places. 


41. = 40, 
i 11 
157 137 
AS === 
3 g 44 5 
45. —4.27 46. 4.87 
A) 48. —0.57 


In Exercises 49-54, estimate the number of degrees in the 
angle. 


5. Sn ena aa 


In Exercises 55-58, determine the quadrant in which each 
angle lies. 


55. (a) 130° (b) 285° 
56. (a) 8.3° Kb) 2509 30% 
Sai 132 50 . (b)g=336° 
58. (a) — 260° (b) —3.4° 


In Exercises 59-62, sketch each angle in standard position. 


59. (a) 30° (b) 150° 
60. (a) —270° (b) —120° 
61. (a) 405° (b) 480° 
62. (a) —750° — (b) —600° 


In Exercises 63-66, determine two coterminal angles (one 
positive and one negative) for each angle. Give your 
answers in degrees. 


63. (a) (b) 
A 9 = 45° 





64. (a) (b) 
8 = —420° 
0= 1202 
65. (a) @ = 240° (b) IN 7] 
a 6 =-180° 
66. (a) —420° (b) 230° 


In Exercises 67-70, find (if possible) the complement and 
supplement of each angle. 


67. (a) 18° (b) 115° 
68. (a) 3° (b) 64° 
69. (a) 79° (b) 150° 


70. (a) 130° (b) 170° 


In Exercises 71-74, convert each angle measure to decimal 
degree form. 


71. (a) 54° 45’ 
72. (a) 245° 10’ 
T3eeesees 30” 
74. (a) —135° 36” 


(b) —128° 30’ 
(b) 2° 12 

(b) 330° 25” 

(b) —408° 1620” 


In Exercises 75-78, convert each angle measure to D° M’S” 
form. 


75. (a) 240.6° (b) —145.8° 
76. (a) —345.12° —(b) 0.45° 

rs) 2.5° (b) —3.58° 
78. (a) —0.355° —(b)-0.7865° 


In Exercises 79-82, find the angle in radians. 


2 


0 


we 


79. Ca 80. 
81. (P 82. 
In Exercises 83-86, find the radian measure of the central 
angle of a circle of radius r that intercepts an arc of length s. 


Radius Arc Length 
83. 27 inches 6 inches 
84. 14 feet 8 feet 


85. 14.5 centimeters 25 ceutimeters 


86. 80 kilometers 160 «ilormesers 


In Exercises 87-90, find the lengt: 0 tie arc on a circle of 
radius r intercepted by a central angle 0. 


Radius Central Angle 
87. 15 inches 180° 
88. 9 feet” 60° 
89. 3 meters | radian 
90. 20 centimeters q/4 radian 


Distance Between Cities \n Exercises 91-94, find the 
distance between the cities. Assume that the earth is a 
sphere of radius 4000 miles and that the cities are on the 
same longitude (one city is due north of the other). 
City Latitude 

91. Dallas, Texas 32° 47/9” N 

Omaha, Nebraska AY ANS AVE” IN| 
92. San Francisco, California 37° 46’ 39” N 


Seattle, Washington AT? 36'32” N 
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City Latitude 
93. Miami, Florida DS aAGa SHIN 
Erie, Pennsylvania AQT ASN: 
94. Johannesburg, South Africa QOaLO aS 
Jerusalem, Israel BAT AIN| 
95. Difference in Latitudes Assuming that the earth is 
a sphere of radius 6378 kilometers, what is the 
difference in latitude of two cities, one of which is 
400 kilometers due north of the other? 


96. Difference in Latitudes Assuming that the earth is 
a sphere of radius 6378 kilometers, what is the 
difference in latitude of two cities, one of which is 
500 kilometers due north of the other? 


97. Instrumentation The pointer on a voltmeter is 6 
centimeters in length (see figure). Find the angle 
through which the pointer rotates when it moves 2.5 
centimeters on the scale. 








FIGURE FOR 98 


FIGURE FOR 97 


98. Electric Hoist An electric hoist is being used to lift 
a beam (see figure). The diameter of the drum on the 
hoist is 10 inches, and the beam must be raised 
2 feet. Find the number of degrees through which the 
drum must rotate. 
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99, Angular Speed A car is moving at a rate of 65 
miles per hour, and the diameter of its wheels is 2.5 
feet. 

(a) Find the number of revolutions per minute the 
wheels are rotating. 


(b) Find the angular speed of the wheels in radians 
per minute. 


100. Angular Speed A 2-inch-diameter pulley on an 
electric motor that runs at 1700 revolutions per 
minute is connected by a belt to a 4-inch-diameter 
pulley on a saw arbor. 


(a) Find the angular speed (in radians per minute) 
of each pulley. 


(b) Find the revolutions per minute of the saw. 


101. Floppy Disk The radius of the magnetic disk ina 
3.5-inch diskette is 1.68 inches. Find the linear 
speed of a point on the circumference of the disk if 
it is rotating at a speed of 360 revolutions per 
minute. 


102. Speed of a Bicycle The radii of the sprocket 
assemblies and the wheel of the bicycle in the figure 
are 4 inches, 2 inches, and 14 inches, respectively. If 
the cyclist is pedaling at a rate of 1 revolution per 
second, find the speed of the bicycle in (a) feet per 
second and (b) miles per hour. 








Synthesis 


True or False? \n Exercises 103 and 104, determine 
whether the statement is true or false. Justify your answer. 


103. A measurement of 4 radians corresponds to two 
complete revolutions from the initial to the terminal 
side of an angle. 


104. The difference of the measures of two coterminal 
angles is always a multiple of 360° if expressed in 
degrees and is always a multiple of 27 radians if 
expressed in radians. 


105. In your own words, explain the meanings of (a) an 
angle in standard position, (b) a negative angle, (cy 
coterminal angles, and (d) an obtuse angle. 


106. A fan motor turns at a given angular speed. How ; 
does the speed of the tips of the blades change if a 
fan of greater diameter is installed on the motor? 
Explain. 

107. Think About It Is a degree or a radian the larger 
unit of measure? Explain. 


108. Writing If the radius of a circle is increasing and 
the magnitude of a central angle is held constant, 
how is the length of the intercepted arc changing? 
Explain your reasoning. 

109. Geometry Prove that the area of a cucula sector 
of radius r with central angle 0 is A = 50r?, where 
@ is measured in radians. 


Review 


In Exercises 110-113, sketch the graphs of y = x° and the 
specified transformation. 


110. f(x) = (« — 2) 
112996) = oe 


111. f@)= x —4 
113: (@) sy 


In Exercises 114-117, graph the exponential function. 
114. f(x) =6@ 115. f(x) =6* -—2 
116. f(x) = 6% 117. f(x) = 6**! 


In Exercises 118-123, graph the logarithmic function. 


118. f(x) = log,x 119. f(x) = log,x +5 
120. f(x) = —log,x 121. f(x) 10s) 
122.. f(x), = low (as) 123. f(x) = log, + 5) 


In Exercises 124-131, simplify the radical expression. 


4 2 

(io 125, 
4/2 3 

126, 22 127, 2 


/6 2/10 
128. /2? + 6? 129. ./182 + 122 
130. ./182 — 6? 131. ./172 — 92 


“See Trigonometric Functions: The Unit Circle 


> What you should learn 


* How to identify a unit circle 
and its relationship to real 
numbers 


* How to evaluate trigonometric 
functions using the unit circle 


* How to use the domain and 
period to evaluate sine and 
cosine functions 


* How to use a calculator to 
evaluate trigonometric 
functions 


> Why you should learn it 


Trigonometric functions are used 
to model the movement of an 
oscillating weight. For instance, in 
Exercises 59 and 60 on page 369, 
the displacement from equilibri- 
um of an oscillating weight sus- 
pended by a spring is modeled 
as a function of time. 





A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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The Unit Circle 


The two historical perspectives of trigonometry incorporate different methods for 
introducing the trigonometric functions. Our first introduction to these functions is 
based on the unit circle. 

Consider the unit circle given by 


io yea Unit circle 


as shown in Figure 4.15. 


y 








A 
(0, 1) 
x 
(0, -1) 
FIGURE 4.15 


Imagine that the real number line is wrapped around this circle, with positive 
numbers corresponding to a counterclockwise wrapping and negative numbers 
corresponding to a clockwise wrapping, as shown in Figure 4.16. 





FIGURE 4.16 


As the real number line is wrapped around the unit circle, each real number 
t corresponds to a point (x, y) on the circle. For example, the real number 0 
corresponds to the point (1, 0). Moreover, because the unit circle has a circum- 
ference of 27, the real number 27 also corresponds to the point (1, 0). 

In general, each real number f also corresponds to a central angle @ (in 
standard position) whose radian measure is ¢. With this interpretation of ¢, the arc 
length formula s = r@ (with r = 1) indicates that the real number r is the length 
of the arc intercepted by the angle 6, given in radians. 
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The Trigonometric Functions 


From the preceding discussion, it follows that the coordinates x and y are two 
functions of the real variable t. You can use these coordinates to define the six 
trigonometric functions of t. 


sine cosecant 
cosine secant 
tangent cotangent 


These six functions are normally abbreviated sin, csc, cos, sec, tan, and cot, 
respectively. 


Definitions of Trigonometric Functions 
Let ¢ be a real number and let (x, y) be the point on the unit circle corre- 








sponding to f. 
3 it 
sint = y CSCio = sa y#0 
y 
1 
cost =x sect = =, x#0 
x 
y x 
tant = —, x#0 cott =-, y#0 
x yy) 


Note that the functions in the second column are the reciprocals of the corre- 
sponding functions in the first column. 

In the definitions of the trigonometric functions, note that the tangent and 
secant are not defined when x = 0. For instance, because t = 71/2 corresponds to 
(x, y) = (0, 1), it follows that tan(7/2) and sec(7/2) are undefined. Similarly, the 
cotangent and cosecant are not defined when y = 0. For instance, because t = 0 
corresponds to (x, y) = (1, 0), cot 0 and csc 0 are undefined. 

In Figure 4.17, the unit circle has been divided into eight equal arcs, corre- 
sponding to t-values of 

iw ie om am sar War 


a Aae. Ub S38 sy A!) 
OL eT) kee 





Similarly, in Figure 4.18, the unit circle has been divided into 12 equal arcs, 
corresponding to f-values of 





TW Ww 27 ST In 4am 3m Sa 117 


FIGURE 4.18 0 
1 Gia DA? ei ems ame oS 6 


and 277. 





°) Fa eaihapuieneanation oF his'ceneset Using the (x, y) coordinates in Figures 4.17 and 4.18, you can easily evaluate. 
appears in the Interactive CD-ROM and the trigonometric functions for common t-values. This procedure is demonstrated 
Internet versions of this text. in Examples 1 and 2. 


Section 4.2. ® Trigonometric Functions: The Unit Circle 365 


Example 1 ® Evaluating Trigonometric Functions 


Evaluate the six trigonometric functions at each real number. 


7 5a 
. t= b. ¢ = — = sat = 
a 6 4 c f=0 d 7 
Solution 


For each t-value, begin by finding the corresponding point (x, y) on the unit circle. 
Then use the definitions of trigonometric functions listed on page 364. 


a. t = 7/6 corresponds to the point (x, y) = (/3/2, 1/2). 

















a : csc : 2, 
sin — = =— —<— = = — = 
GD 6 y 
7 V3 Spina 2a ye 3 
=== sec = ee 
ieeGe aa BD 6 pg aeeB aie 
Ty 12 1 T x 
or Sie S Bie y v3 
b. t = 57/4 corresponds to the point (x, y) = (- / 2/2 = 2/0)! 
5 2 5 1 2 
sin = y= -~2 nN 4/2 
Sar V2 ye ul 2 
——$— = SS eS —S = - FS EF SS ES D 
oR x 5 ae a 5} V2 
= 5 
Pepin gym V2/2 = fe eS ea 
ie hi 4 
c. t = 0 corresponds to the point (x, y) = (1, 0) 
1 
sn0 = y= 0 csc 0 = — is undefined. 
y 
1 
cos0 =x = 1 sec0 =—= 1 
x 
yan can 
tan0 =-=-=0 cot 0 = — is undefined. 
pase al y 
d. t = mcorresponds to the point (x, y) = (—1, 0). 
1 
sin 7 = y =0 csc 7 = — is undefined. 
y 
1 
cos T= x= —1 sec 7 = = — = 
x 
0 
tan aati. cot 7 = ~is undefined. 
a ay 
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Exploration 


With your graphing utility in 
radian and parametric modes, 
enter the equations 


Xit=cosT and YitT=sinT 


and use the following settings. 
Tmin = 0, Tmax = 6.3, 


Tstep =.0-1 

XKmin = -15. Xinax= 15; 
Xscl= 1 

Ymin=-1, Ymax = 1, 
Yscl= I 


1. Graph the entered equations 
and describe the graph. 


2. Use the trace key to move 
the cursor around the graph. 
What do the ¢-values 
represent? What do the 
x- and y-values represent? 


3. What are the least and great- 
est values for x and y? 


Unit circle 














FIGURE 4.20 


Example 2 ® Evaluating Trigonometric Functions 


: : 7 
Evaluate the six trigonometric functions at t = ae 
Solution 
Moving clockwise around the unit circle, it follows that t = — a/3 corresponds 


to the point (x, y) = (ae = «/ 32M 


sin{ -7) = _v3 eso( 7] = tees 





Domain and Period of Sine and Cosine 


The domain of the sine and cosine functions is the set of all real numbers. To 
determine the range of these two functions, consider the unit circle shown in 
Figure 4.19. Because r = 1, it follows that sint = y and cos ¢ = x. Moreover, 
because (x, y) is on the unit circle, you know that —1 < y s land-1l <x<l. 
So, the values of sine and cosine also range between —1 and 1. 

1 eal. 1 
: and 

mies Sines eles COS al 


IA 


may, 


IA 
IA 


x 


Adding 27 to each value of ¢ in the interval [0, 277] completes a second revolution 
around the unit circle, as shown in Figure 4.20. The values of sin(t + 277) and 
cos(t + 227) correspond to those of sin ¢ and cos ¢. Similar results can be obtained 
for repeated revolutions (positive or negative) on the unit circle. This leads to the 
general result 


sin(t + 2an) = sint 
and 
cos(t + 2an) = cost 


for any integer n and real number t. Functions that behave in such a repetitive (or 
cyclic) manner are called periodic. 


Definition of Periodic Function 
A function f is periodic if there exists a positive real number c such that 
fie ec) = fit) 


for all ¢ in the domain of f. The smallest number c for which f is periodic is 
called the period of f. 


STUDY TIP 


From the definition of periodic 
function it follows that the sine 
and cosine functions are peri- 
odic and have a period of 277. 
The other four trigonometric 

_ functions are also periodic, and 
more will be said about this in 
_ Section 4.6. 






o™=s 
Technology 
ie When evaluating trigono- 
metric functions with a calcula- 
tor, remember to enclose all 
fractional angle measures in 
parentheses. For instance, if you 
want to evaluate sin 6 for 

= 7/6, you should enter 


(SIN} CO ) (=) 6 0) (ENTER 


rather than 
SIN) (=) &) 6 (ENTER). 


The first set of keystrokes yields 
the correct value of 0.5.The 
second set yields the incorrect 
value of 0. 











Section 4.2. ® Trigonometric Functions: The Unit Circle 367 


Example 3 ® Using the Period to Evaluate the Sine and Cosine 


ys 7 
a. Because nah = 27 + —, you have 


6 
ee up Ae 7 ups 
sin ae _ sin{ 2 ar 2) = sin 6 = > 
b. Because = = —-47+ = you have 
17 7 T 
COs (-2) = cos( —4 ar z) = Oo = 0. 





Recall from Section 1.4 that a function fis even if f(—t) = f(d), and is odd 


if f(—1t) = —f(d. 


Even and Odd Trigonometric Functions 

The cosine and secant functions are even. 
cos(—t) = cos t sec(—t) = sect 

The sine, cosecant, tangent, and cotangent functions are odd. 
sin(—t) = —sint csc(—t) = —csct 


tan(—t) = —tant cot(—t) = —cott 


Evaluating Trigonometric Functions with 
a Calculator 


When evaluating a trigonometric function with a calculator, you need to set the 
calculator to the desired mode of measurement (degrees or radians). 

Most calculators do not have keys for the cosecant, secant, and cotangent 
functions. To evaluate these functions, you can use the key with their respec- 
tive reciprocal functions sine, cosine, and tangent. For example, to evaluate 
csc(7r/8), use the fact that 


7 1 


ee 8 sin(zr/8) 


and enter the following keystroke sequence in radian mode. 
(=) 8 ENTER Display 2.6131259 
Example 4 ® Using a Calculator 


Function Mode Calculator Keystrokes Display 
a. sin27/3 Radian 2 (a) (=) 3 0.8660254 
bacot 1.5 Radian jee) 0.0709 148 
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4.2 Exercises 


In Exercises 1-4, determine the exact values of the six 
trigonometric functions of the angle 0. 


1. y Mp y 


Cra) (2.4) 














In Exercises 5-12, find the point (x, y) on the unit circle that 
corresponds to the real number t. 


aaa Tay 

5S 6t=— 
4 3 
V1 57 

7¢=— 8 4= — 
6 4 
4 

Op aes lentes 
3 3 
2 

ie 1p 


In Exercises 13-22, evaluate (if possible) the sine, cosine, 
and tangent of the real number. 


FEF TT 
iby p= = = — 
A 14. ¢ 3 
wu ah 
1S — pein, UE 
6 16. ¢ yi 
T 
Gree 2 18 ¢= ia 
4 3 
11 
19, p= 20, p= 22 
6 3 
3 
2 ye 2. 


In Exercises 23-28, evaluate (if possible) the six trigono- | 
metric functions of the real number. | 


| 
i 


377 Sa 
23 == 24 a 
4 6 
aT 3%r 
ii 26. =a 
D 2 
7 377 
Mb SS 28. t — =a 
3 » 


In Exercises 29-36, evaluate the trigonometric function 
using its period as an aid. 


29. sin 5a 30. cos 57 
8 9 
31. cos oF 32. sin a 


33. cos(—37) 34. sin(—37) 
9 8 
35. sin{ -7 36. cos( -*) 


In Exercises 37-42, use the value of the trigonometric 
function to evaluate the indicated functions. 


Sasi = 38. sin(—1) = 
(a) sin(—t) (a) sint 
(b) csc(—t) (b) csc t 

39. cos(—t) = —4 40. cost = -} 
(a) cos t (a) cos(—t) 
(b) sec(—1t) (b) sec(—t) 


42. cost = S 
(a) cos(z — ft) 
(b) cos(t + 7) 


41. sint = 
(a) sin(a — 1) 
(b) sin(t + 7) 


In Exercises 43-52, use a calculator to evaluate the expres- 
sion. Round to four decimal places. 


weed: T 
43. us 44, tan, 
45. csc 1.3 46. cot | 
47. cos(—1.7) 48. cos(—2.5) 
49. csc 0.8 50. sec 1.8 
51.sec 22:8 52. sin(—0.9) 
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Estimation \n Exercises 53 and 54, use the figure and a 
straightedge to approximate the value of each trigonomet- 
ric function. 


53. (a) sin 5 
54. (a) sin 0.75 


(b) cos 2 
(b) cos 2.5 


Estimation \n Exercises 55 and _ 56, use the figure and a 
straightedge to approximate the solution of each equation, 
where 0 < t < 27. 


55. (a) sint = 0.25 
56. (a) sint = —0.75 


(b) cos t 
(b) cos t 


0.25 
0.75 






0.2 0.4 0.6 0.8 


4.25 





4.50 Ieee 5.00 


FIGURE FOR 53-56 


57. Verify that cos 2t # 2 cos t by approximating cos 1.5 
and 2 cos 0.75. 


58. Verify that sin(t, + ¢,) # sint, + sin, by approxi- | 


mating sin 0.25, sin 0.75, and sin 1. 


59. Harmonic Motion The displacement from equilib- 
rium of an oscillating weight suspended by a spring is 


1 
y(t) = 4008 6t 


where y is the displacement in feet and f is the time 
in seconds. Find the displacement when (a) t = 0, 
(b) ¢ = 1, and (c) t = 5. 

60. Harmonic Motion The displacement from equilib- 
rium of an oscillating weight suspended by a spring 
and subject to the damping effect of friction is 


1 
y(t) = 7 cos 6t 
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where y is the displacement in feet and f is the time 
in seconds. Find the displacement when (a) t = 0, 
(b) t = 4, and (c) t = 5. 


Synthesis 


True or False? \n Exercises 61 and 62, determine 
whether the statement is true or false. Justify your answer. 


61. Because sin(—t) = —sinf, it can be said that the 
sine of a negative angle is a negative number. 


62. tana = tan(a — 677) 


63. Exploration Let (x,, y,) and (x5, y,) be points on the 
unit circle corresponding to t= ¢, and t= 7~—t,, 
respectively. 

(a) Identify the symmetry of the points (x,, y,) and 
Cee Yo): 

(b) Make a conjecture about any relationship 
between sin t, and sin(z — 1,). 

(c) Make a conjecture about any relationship 
between cos f, and cos(7 — 1,). 

64. Exploration Let (x,, y,) and (x,y) be points on 
the unit circle corresponding to t= t, and t = t, + 7, 
respectively. 

(a) Identify the symmetry of the points (x,, y,) and 
Gc; wale 

(b) Make a conjecture about any relationship 
between sin ¢, and sin(t, + 77). 

(c) Make a conjecture about any relationship 
between cos ft, and cos(t, + 7). 

65. Use the unit circle to verify that the cosine and secant 
functions are even and that the sine, cosecant, 
tangent, and cotangent functions are odd. 

66. Think About It Because f(t) = sint is an odd 
function and g(t) = cost is an even function, what 
can be said about the function A(t) = f(t)g(t)? 

67. Think About It Because f(t) = sin t and g(t) = tant 
are odd functions, what can be said about the function 


A(t) = f(d)g(t)? 


Review 


In Exercises 68-71, find the inverse of the one-to-one 
function f. 





68. f(x) =4Gx-2) 69. f(@) = 4x3 +1 
ON f (ce) = </ xo eee ee 
71. f(x) = x>-l 


x+V 
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4.3 








hight ba) soehemetry 


ip What you aioli learn 


How to evaluate trigonometric 
functions of acute angles 

How to use the fundamental 
trigonometric identities 


How to use a calculator to eval- 
uate trigonometric functions 
How to use trigonometric 
functions to model and solve 
real-life problems 


p> Why you should learn it 


Trigonometric functions are 
often used in mechanical 


calculations. For instance, 
Exercise 64 on page 379 shows 

~ you how trigonometric functions 
can be used to help find the 
width of a river. 





) 


A computer animation of this concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


The Six Trgenoneee Functions 


Our second look at the trigonometric functions is from a right triangle perspective. 
Consider a right triangle, one of whose acute angles is labeled 6, as shown in 
Figure 4.21. Relative to the angle 6, the three sides of the triangle are the 
hypotenuse, the opposite side (the side opposite the angle 6), and the adjacent 


side (the side adjacent to the angle 6). 


Side opposite 0 





Side adjacent to 0 


FIGURE 4.21 


Using the lengths of these three sides, you can form six ratios that define the 


six trigonometric functions of the acute angle 6. 


sine cosecant cosine secant tangent cotangent 


In the following definition, it is important to see that 0° < 6 < 90° and that for 
such angles the value of each trigonometric function is positive. 





Right Triangle Definitions of Trigonometric Functions _ 


Let 6 be an acute angle of a right triangle. The six trigonometric fun of 


the angle @ are defined as follows. 


sin 9 = cos = FE tan 0 = 
ope eae comes 
opp adj opp 


The abbreviations opp, adj, and hyp represent the lengths of the ‘ites sides 


of a right triangle. 
opp = the length of the side opposite 0 
adj = the length of the side adjacent to 0 
hyp = the length of the hypotenuse 


Note that the functions in the second row above are the reciprocals of the 


corresponding functions in the first row. 








Historical Note 

Georg Joachim Rhaeticus 
(1514-1576) was the leading 
Teutonic mathematical 
astronomer of the 16th century. 
He was the first to define the 
trigonometric functions as ratios 
of the sides of a right triangle. 








FIGURE 4.23 
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Example 1 & Evaluating Trigonometric Functions 


Use the triangle in Figure 4.22 to find the values of the six trigonometric 
functions of 6. 


Ry 
Oy 
S 


ey 


HS | 
3 
FIGURE 4.22 


Solution 
By the Pythagorean Theorem, (hyp)? = (opp)? + (adj), it follows that 


hyp. = /47 + 3° ="/25 = 5. 


So, the six trigonometric functions of 6 are 


dj 4 
ci as = page Pal ool ee 
hyp 5 hyp 5 adj 3 

h 5 h 5 d 
Reps ej Pe riptilap ne 
opp 4 adj 3 opp 4 





In Example 1, you were given the lengths of two sides of the right triangle, 
but not the angle 6. It is more common in trigonometry to be asked to find the 
trigonometric functions of a given acute angle 6. To do this, you can construct a 
right triangle having @ as one of its angles. 


Example 2 > - Evaluating Trigonometric Functions of 45° 


Find the values of sin 45°, cos 45°, and tan 45°. 


Solution 


Construct a right triangle having 45° as one of its acute angles, as shown in Figure 
4.23. Choose the length of the adjacent side to be 1. From geometry, you know 
that the other acute angle is also 45°. So, the triangle is isosceles and the length 
of the opposite side is also 1. Using the Pythagorean Theorem, you find the length 
of the hypotenuse to be <j 











1 2 1 2 
ef crgatay ee ane ee igs Eo 
hyp © /2 yp) <2 Z 
1 
tan 45° = PR - 4 
adj 1 
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cos 60°, sin 30°, and cos 30°. 





Solution 


Opp _ 


hyp 
For 6 = 30°, adj = ./3, opp = 1, and hyp = 2. So, 
cos 30° == 
hyp 


sin 60° = 


and 4.24. 
Sines, Cosines, and Tangents of Special Angles 
T 


sin 3 


A computer animation of this concept 
appears in the Interactive CD-ROM and 


6) 


Internet versions of this text. 


Example 3 > Evaluating Trigonometric Functions of 30° a 


Use the equilateral triangle shown in Figure 4.24 to find the values of sin 60°, 


FIGURE 4.24 
Try using the Pythagorean Theorem and the equilateral triangle in Figure 4.24 to 
verify the lengths of the sides given in Figure 4.24. For 6 = 60°, you have 


adj = 1, opp = ,/3, and hyp = 2. Therefore, 
cos 60° 





sin 30° 
hyp 
Because the angles 30°, 45°, and 60° (77/6, 77/4, and 7/3) occur frequently in 


trigonometry, you should learn to construct the triangles shown in Figures 4.23 


Me teak ct Md 
sin 45 sin] 





1 


adj 1 


and 
hyp 


v3 


2 


1 
and 


SPP ee 
2 


tan 30° = tan 


te ae Te sa rere 
O° = sine COS ces 5 
: ea 3 1 

COSMAS S008 f= 7 tan 45 =tany7= 1 


tan 60° 


cos 60° = cos F 


sin 60° 


= sin= 
3 
In the box, note that sin 30° = ; = cos 60°. This occurs because 30° and 60° 
are complementary angles. In general, it can be shown from the right triangle 


definitions that cofunctions of complementary angles are equal. That is, if @ is an 


acute angle, the following relationships are true. 
cos(90° — 6) = sin 6 
cot(90° — 6) = tan @ 


sin(90° — 0) = cos 0 
csc(90° — 6) = sec 0 


tan(90° — 9) = cot 6 
sec(90° — 6) = csc 0 


FIGURE 4.25 


0.8 





0.6 
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Trigonometric Identities 


In trigonometry, a great deal of time is spent studying relationships between 
trigonometric functions (identities). 


Fundamental Trigonometric Identities 


Reciprocal Identities 




















1 
6 — —a =— 
: cé Sealy sec 0 ene cot 6 
csc 8 = : sec 9 = t @ = 
sin 6 cos 0 as tan 0 


Quotient Identities 


sin 0 cos 6 
tan 0 = cot @ = — 
cos 0 sin 0 








Pythagorean Identities 
sin? 9 + cos? 9 = 1 1 + tan? 6 = sec? 0 


1 + cot? 6 = csc? 0 
Note that sin? 6 represents (sin @)?, cos? @ represents (cos )*, and so on. 


Example 4 ® Applying Trigonometric Identities 
Let @ be an acute angle such that sin @ = 0.6. Find the values of (a) cos @ and 
(b) tan 6 using trigonometric identities. 


Solution 


a. To find the value of cos 0, use the Pythagorean identity 
sin? 6 + cos? 6 = 1. 
So, you have 
(0.6)? + cos 6 = 1 
cos? 9 = 1 — (0.6)? = 0.64 
cos 6 = ./0.64 = 0.8. 


b. Now, knowing the sine and cosine of 6, you can find the tangent of 6 to be 


Substitute 0.6 for sin 6. 
Subtract (0.6)? from each side. 


Extract the positive square root. 





= 0.75. 


Try using the definitions of cos @ and tan 6, and the triangle shown in Figure 4.25, 
to check these results. 


eS 


) 
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1 


FIGURE 4.26 


The Interactive CD-ROM and Internet 
versions of this text offer a built-in 
graphing calculator, which can be used 
with the Examples, Explorations, 
Technology notes, and Exercises. 


Example 5 & Applying Trigonometric Identities = 4 


Ald 
(SAX 


Let @ be an acute angle such that tan 6 = 3. Find the values of each trigonometric 
function using trigonometric identities. 


a. cot 0 b. sec 0 
Solution : 
1 oan | 
as 0 COU Ol Reet Reciprocal identity 
tand 3 | 
b. sec? 6 = 1 + tan’ 6 Pythagorean identity | 
sec? 9 = It 37 





sec? 06 = 10 
sec. 0) =" 10 


Try using the definitions of cot 6 and sec 6, and the triangle shown in Figure 4.26, _ 
to check these results. 





Evaluating Trigonometric Functions with 
a Calculator 


To use a calculator to evaluate trigonometric functions of angles measured in 
degrees, first set the calculator to degree mode and then proceed as demonstrated 
in Section 4.2. For instance, you can find values of cos 28° and sec 28° as follows. | 


Function Graphing Calculator Keystrokes Display 


cos 28° 28 0.8829476 
sec 28° 28 1.1325701 


Throughout this text, angles are assumed to be measured in radians unless 
noted otherwise. For example, sin 1 means the sine of 1 radian and sin 1° means 
the sine of | degree. 


Example 6 > Using a Calculator 


Use a calculator to evaluate sec(5° 40’ 12”). 


Solution 


Begin by converting to decimal form. 


5° 40’12”= 5° + (= Ba (3) = 5.67° 
60 3600 


Then, use a calculator to evaluate sec 5.67°. 


1 
SoA 14) = 56a tae 0492 
bea Js See cos 5.67° 











FIGURE 4.27 
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Applications Involving Right Triangles 


Many applications of trigonometry involve a process called solving right 
triangles. In this type of application, you are usually given one side of a right 
triangle and one of the acute angles and asked to find one of the other sides, or 
you are given two sides and asked to find one of the acute angles. 


Example 7 ® Using Trigonometry to Solve a Right Triangle (© 


A surveyor is standing 50 feet from the base of a large tree, as shown in Figure 
4.27. The surveyor measures the angle of elevation to the top of the tree as 71.5°. 
How tall is the tree? S 

Solution 

From Figure 4.27, you see that 


tan 71.5° = we =~ 
AYOl) 38 
where x = 50 and y is the height of the tree. So, the height of the tree is 
y = xtan 71.5° 
=~ 50(2.98868) 
= 149.4 feet. 


Example 8 ® Using Trigonometry to Solve a Right Triangle «2 


A person is 200 yards from a river. Rather than walking directly to the river, the 
person walks 400 yards along a straight path to the river’s edge. Find the acute 
angle @ between this path and the river’s edge, as illustrated in Figure 4.28. 





FIGURE 4.28 
Solution 
From Figure 4.28, you can see that the sine of the angle 0 is 
ae opp _ 200 1 
males Pie iV 


Therefore, 6 = 30°. 


ne Een RE EIR aE EREEREEEEE REE REnEneenenane 
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4 ft 
ee) 


FIGURE 4.29 


In Example 8, you were able to recognize that the acute angle that satisfies 
the equation sin 6 = 4 is 6 = 30°. Suppose, however, that you were given the’ 
equation sin @ = 0.6 and asked to find the acute angle 0. Because i 


sin 30° = : 
2 
= 0.5000 
and 
sin 45° = Ta 
=~ 0.7071 


you might guess that @ lies somewhere between 30° and 45°. A more precise value 
of @ can be found using the inverse sine key on a calculator. To do this, you can’ 
use the following keystroke sequence in degree mode. 


6 Display 36.8699 
So, you can conclude that if sin 9 = 0.6, then 6 ~ 36.87”. 





Example 9 ® Solving a Right Triangle 





Specifications for a loading dock ramp require a rise of 1 foot for each 3 feet of 
horizontal length. In Figure 4.29, find the lengths of sides b and c and find the 
measure of 6. 


| 





Solution 


: 


From the given specifications, you can write 


rise _ 1 _ 4ft 


run 3. bft 


which implies that b = 12 feet. Using the Pythagorean Theorem, you can write 


C= a ap Pythagorean Theorem 

C= 443 1 Substitute for a and b. 

c* = 160 Simplify. : 
c= 4,/10. Extract positive square root. 


So, c = 4/10 = 12.65 feet. To solve for 0, you can write 


4 
t === 
an 0 D 


Then, using the calculator keystrokes in degree mode 


1()3 | 
you obtain 6 ~ 18.43°. 





| 


| 
| 


4.3 Exercises 
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In Exercises 1-4, find the exact values of the six trigono- 
‘metric functions of the angle @ given in the figure. (Use the 
Pythagorean Theorem to find the third side of the triangle.) 





in Exercises 5-8, find the exact values of the six trigono- 
metric functions of the angle @ for each of the two 
triangles. Explain why the function values are the same. 


Ss 6 1 
et 0 


7. 8. A, 
2 

oe 

Be | cI = - 


In Exercises 9-16, sketch a right triangle corresponding to 
the trigonometric function of the acute angle 0. Use the 
Pythagorean Theorem to determine the third side and then 
find the other five trigonometric functions of 0. 


9. sing =3 10. cos 6 = 3 
af, sec 0 = 2 12. cot @=5 
13. tan 6 = 3 14. sec 6 = 6 
15. cot 0 = 35 16. csc 9 = +7 


In Exercises 17-22, use the given function value(s), and 
trigonometric identities (including the cofunction identi- 
ties), to find the indicated trigonometric functions. 


3 1 
17. sin607 = =f, les = 
2 2 


(a) tan 60° (b) sin 30° 
(c) cos 30° (d) cot 60° 
18. sin 30° = 0 tan 30° = wi 
2 3 
(a) csc 30° (b) cot 60° 
(c) cos 30° (d) cot 30° 
19. Pees, ry eee 
2 3 
(a) sin 6 (b) cos 6 
(c) tan 6 (d) sec(90° — 6) 
20. sec d= 5, tand= 2/6 
(a) cos 6 (b) cot @ 
(c) cot(90° — 6) +d) sind 
21. cosa’= 2 
(a) seca (b) sina 
(c) cota (d) sin(90° — a) 
22. tan B = 5 
(a) cot B (b) cos B 
(c) tan(90° — B) (d) csc B 


In Exercises 23-26, evaluate the trigonometric function by 
memory or by constructing an appropriate triangle for the 
given special angle. 


23. (a) cos 60° (b) csc 30° (c) tan 60° 
24. (a) cot 45° (b) cos 45° (c) ese 45° 
25. (a) sin 45° (b) cos 30° (c) tan 30° 
26. (a) sin 60° (b) tan 45° (c) sec 30° 


In Exercises 27-36, use a calculator to evaluate each 
function. Round your answers to four decimal places. (Be 
sure the calculator is in the correct angle mode.) 


27. (a) sin 10° (b) cos 80° 
282 (a) tan 23-5" (b) cot 66.5° 
29. (a) sin 16.35° (b)_-csc 16.35° 
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(b) sin 73° 56’ 

(b) csc 48° 7’ 

(b) sec 4° 50’ 15” 

(b) tan 11° 15’ 

(b) cos 56° 8’ 10” 
(b) tan 44° 28’ 16” 
(b) cot(2 « 30 + 32) 


30. (a) cos 16° 18’ 

31. (a) sec 42° 12’ 

29. (@).cos.4 50 1S" 
43 ni(ayecot 11-15" 

34. (a) sec 56° 8’ 10” 
35. (a) csc 32° 40’ 3” 
36. (a) sec(2 Dy Aas 32)° 


in Exercises 37-42, find the values of @ in degrees 
(0° < @ < 90°) and radians (0 < 0 < a/2) without the aid 
of a calculator. 


i 
37. (a) sin 0 = B (b) csc 0 = 2 
D, 
38. (a) cos 0 = ie (b) tan @ = 1 
39. (a) sec 9 = 2 (b) cot d= 1 
aa 1 
40. (a) tan 0 = V3 (b) cos 0 = z 
ye} 2 
41. (a) csc 0 = 2/3 (b) sin 0 = v2 
3 2 
3 
42. (a) cot@= x (b) sec 0 = 4) 


In Exercises 43-46, find the values of @ in degrees 
(0° < @ < 90°) and radians (0 < @< 7/2) by using a 
calculator. 

43. (a) sin 6 = 0.0145 
i4. (a) cos 6 = 0.9848 
iS. (a) tan 6 = 0.0125 
46. (a) sin 6 = 0.3746 


(b) sin 8 = 0.4565 
(b) cos 6 = 0.8746 
(b) tan 6 = 2.3545 
(b) cos 6 = 0.3746 


In Exercises 47-50, solve for x, y, or r, as indicated. 


47. Solve for x. 48. Solve for y. 


18 y 


60° 





49. 


Solve for x. 50. Solve for r. 


32 ih 


form the left side of the equation into the right side. 


oi: 
53. 
55. 
56. 
573 
58. 


59: 


60. 


62. 


L\ a 
x ZK 
In Exercises 51-60, use trigonometric identities to trans- 


52. cos Osec 0 = 1 


54. cot asin a = cosa } 


tan @cot 6 = 1 
tan acos a = sina 
(1 + cos @)(1 — cos 6) = sin’ 6 | 








(1 + sin 6)(1 — sin 8) = cos 6 | 
(sec 6 + tan @)(sec 6 — tan 0) = : 
sin? @ — cos? 9 = 2 sin? 6 — 1 

in 6 0 
as ee = csc Osec 0 
cos@  sin@ 
t COU 

an B + cotB _ ROE 

tan B 


. Height A 6-foot person walks from the base of a. 


broadcasting tower directly toward the tip of the 
shadow cast by the tower. When the person is 132_ 
feet from the tower and 3 feet from the tip of the 
shadow, the person’s shadow starts to appear beyond 
the tower’s shadow. 


(a) Draw a right triangle that gives a visual repre- 
sentation of the problem. Show the known quan- 
tities of the triangle and use a variable to indicate 
the height of the tower. 


(b) Use a trigonometric function to write an equa- 
tion involving the unknown quantity. 


(c) What is the height of the tower? 


Height A 6-foot person standing 20 feet from a 
streetlight casts a 10-foot shadow (see figure). What 
is the height of the streetlight? 





'<— 20 ft —><10 ft>1 


63. 


64. 


65. 


Length A 20-meter line is used to tether a 
helium-filled balloon. Because of a breeze, the line 
makes an angle of approximately 85° with the 
ground. 


(a) Draw a right triangle that gives a visual represen- 
tation of the problem. Show the known quantities 
on the triangle and use a variable to indicate the 
height of the balloon. 

(b) Use a trigonometric function to write an equa- 
tion involving the unknown quantity. 


(c) What is the height of the balloon? 


Width of a River A biologist wants to know the 
width w of a river in order to set instruments for 
studying the pollutants in the water. From point A, 
the biologist walks downstream 100 feet and sights 
to point C (see figure). From this sighting, it is deter- 
mined that 6 = 54°. How wide is the river? 





Distance From a 40-foot observation tower on the 
coast, a Coast Guard officer sights a boat in difficul- 
ty. The angle of depression of the boat is 4° (see 
figure). How far is the boat from the shoreline? 


(Not drawn to scale) 
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66. Angle of Elevation A ramp 20 feet in length rises 


67. 


68. 


to a loading platform that is a feet off the ground. 


(a) Draw a right triangle that gives a visual repre- 
sentation of the problem. Show the known quan- 
tities on the triangle and use a variable to indicate 
the angle of elevation of the ramp. 


(b) Use a trigonometric function to write an equa- 
tion involving the unknown quantity. 


(c) What is the angle of elevation of the ramp? 


Machine Shop Calculations A steel plate has the 
form of one-fourth of a circle with a radius of 60 
centimeters. Two 2-centimeter holes are to be drilled 
in the plate positioned as shown in the figure. Find 
the coordinates of the center of each hole. 





Machine Shop Calculations A tapered shaft has a 
diameter of 5 centimeters at the small end and is 15 
centimeters long (see figure). If the taper is 3°, find 


the diameter d of the large end of the shaft. 
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69. Geometry Use a compass to sketch a quarter of a 
circle of radius 10 centimeters. Using a protractor, 
construct an angle of 20° in standard position (see 
figure). Drop a perpendicular from the point of 
intersection of the terminal side of the angle and the 
arc of the circle. By actual measurement, calculate 
the coordinates (x, y) of the point of intersection and 
use these measurements to approximate the six 
trigonometric functions of a 20° angle. 











70. Geometry Repeat Exercise 69 using a 75° angle. 
Synthesis 


True or False? \n Exercises 71-76, determine whether 
the statement is true or false. Justify your answer. 


71. sin 60° csc 60° = 1 

72. sec 30° = csc 60° 
TSMSINASs COS oae—ell 
74. CoC 1G? ese? 107 =" 1 





TS: 


76. tan[(5°)?] = tan?(5°) 
77. In right triangle trigonometry, sin 30° = 4 regardless 
of the size of the triangle. Explain. 


78. You are given only the value tan 6. Is it possible to 
find the value of sec @ without finding the measure of 
6? Explain. 


79. Exploration 
(a) Complete the table below. 





0.2 0.3 | 04 0.5 























(b) As @ approaches 0, how do 6 and sin 6 compare? 
Explain. 


80. Exploration 
(a) Complete the table. @ 





18° | 36° | 54° 1 72ee Roo: 




















(b) Discuss the behavior of the sine function for 6 in 
the range from 0° to 90°. 


(c) Discuss the behavior of the cosine function for 6 
in the range from 0° to 90°. 


(d) Use the definitions of the sine and cosine func- 
tions to explain the results of parts (b) and (c). 


Review 


In Exercises 81-84, perform the operations and simplify. 
x? 17 ee 
ot be) Pee ss 
2 Ota 12) Pagel 
9-42 4424 124+ 9 
3) 2 % 
+ 
x>+4x+4 


x2 — 6x 





81. 


82. 








In Exercises 85-88, solve for x. 














4 12x 
pee ay onc 
6 WD 
se ST ce 
2 4 12 
: +—— = = 
81: Fiiag x-2 x+x-6 
+ 
er SR BP 2 


rs See ee hee 
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> What you should learn 


* How to evaluate trigonometric 
functions of any angle 

* How to use reference angles 
to evaluate trigonometric 
functions 

* How to evaluate trigonometric 
functions of real numbers 


m& Why you should learn it 


4 
S 
v= 
of 
j 
= 
a] 
“a 
oO 
Z 
y 
Z 
a 
D 
5 


You can use trigonometric func- 
tions to model and solve real-life 
problems. For instance, Exercise 
91 on page 388 shows how 


~ trigonometric functions can be 


used to model the average daily 
‘temperature in a city. 
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Section 4.4 ® Trigonometric Functions of Any Angle 





Introduction 


In Section 4.3, the definitions of trigonometric functions were restricted to acute 
angles. In this section, the definitions are extended to cover any angle. If is an 
acute angle, these definitions coincide with those given in the preceding section. 


Definitions of Trigonometric Functions of Any Angle 
Let 6 be an angle in standard position with (x, y) a point on the terminal side 


Or Gand r= Va 7 y+ 0. 


y 
sin 9 =~ cos @ == 
f r (x, y) 
fan@= 2s 440 cOlO=—,. yr 
x y : 
r r 0 
seccO=-, x40 cseO=i-, y#O x 
x y 


Because r = \/x2 + y? cannot be zero, it follows that the sine and cosine 
functions are defined for any real value of 0. However, if x = 0, the tangent and 
secant of @ are undefined. For example, the tangent of 90° is undefined. Similarly, 
if y = 0, the cotangent and cosecant of 6 are undefined. 


Example 1 ® Evaluating Trigonometric Functions 


Let (—3, 4) be a point on the terminal side of 6. Find the sine, cosine, and 
tangent of 6. 


Solution 






(3, 4) 


3 

FIGURE 4.30 

Referring to Figure 4.30, you see that x = —3, y = 4, and 
r= JSP ty = J(-3? + # = J25=5. 

So, you have the following. 


sin 0 = y/r = 4/5, 





cos 9 = x/r = —3/5, tan 9 = y/x = —4/3 
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The signs of the trigonometric functions in the four quadrants can be : 























y 
LE t Ocoee determined easily from the definitions of the functions. For instance, because | 
2 2 cos § = x/r, it follows that cos 6 is positive wherever x > 0, which is inj 
<0. ee Quadrants I and IV. (Remember, r is always positive.) In a similar manner, you | 
yeOe. yy 8 oy 
a oe can verify the results shown in Figure 4.31. 
oe -% 
20 ke Example 2 ® Evaluating Trigonometric Functions 
HO . Be wy) 2 
ye . 0 Given tan @ = —j and cos @ > 0, find sin 6 and sec 6. 
n<o<t 3h 0<2n Solution 
Note that @ lies in Quadrant IV because that is the only quadrant in which the 
tangent is negative and the cosine is positive. Moreover, using . 
i 
Quadrant II Quadrant I tan 6 = ¥ 
sin @: + sin @: + 
cos 0: — cos 0: + 5 
tan 0: — tan 6: + ss rs 
SS > X ca 
fact that y is negative in Quadrant IV, you can let y = —5 and x = 4. So 
Quadrant I | Quadrant IV and the 
a6 anor r= 16 + 25 = \/41 and you have 
cos 6: — cos 6: + 
tan @: + tan @: — ae y —5 0.7809 
sin @ = - => == -0. 
fy WA 
FIGURE 4.31 
ip afl 
sec 9 = — = —— & 1.6008. 
mG 4 
| 
Example 3  Trigonometric Functions of Quadrant Angle. 
: ; 7 377 
Evaluate the sine function at the four quadrant angles 0, > qr, and Ba 
Solution | 
To begin, choose a point on the terminal side of each angle, as shown in Figure 
y 4.32. For each of the four given points, r = 1, and you have 
0 
sin0=~=-—=0 (x.y) = (1,0) 
eg 
eu Aa |! 
sin- =-=-=1 »y) = (0,1 
Se (x, y) = (0, 1) 
: ve nO 
sin 7 =-=—-=0 (x,y) = (—1, 0) 
pe tt 
Si ee Ske 
ii = = (, y) = (, -1) 





i) 
~ 
— 


FIGURE 4.32 os ac a 


] 
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Reference Angles 


The values of the trigonometric functions of angles greater than 90° (or less than 
0°) can be determined from their values at corresponding acute angles called 
reference angles. 


A computer simulation to accompany eg? 
this concept appears in the /nteractive Definition of Reference Angle 


CD-ROM and /nternet versions of this 


ms Let 6 be an angle in standard position. Its reference angle is the acute angle 
ext. 


6’ formed by the terminal side of @ and the horizontal axis. 


Figure 4.33 shows the reference angles for @ in Quadrants II, III, and IV. 


Quadrant II 
















Reference 
angle: 0’ 


Reference 
angle: 0” 








Reference Quadrant cane 
angle: 0’ Il 
0’ = n— @ (radians) 6’ = 0-7 (radians) 0’ = 2m @ (radians) 
0’ = 180° — @ (degrees) 6’ = @— 180° (degrees) 0’ = 360° — @ (degrees) 
FIGURE 4.33 





Example 4 ® Finding Reference Angles 
(a) 
Find the reference angle 6’. 

a. @ = 300° b. 6 = 2.3 C4 O=— 135° 
Solution 


a. Because 300° lies in Quadrant IV, the angle it makes with the x-axis is 


Q’ = 360° — 300° = 60°. Degrees 





Figure 4.34(a) shows the angle @ = 300° and its reference angle 0’ = 60°. 





(b) b. Because 2.3 lies between 77/2 ~ 1.5708 and 7 ~ 3.1416, it follows that it is 
‘ in Quadrant II and its reference angle is 

925° and Biss® 0’ = 7 — 2.3 = 0.8416. Radians 

are coterminal. Figure 4.34(b) shows the angle @ = 2.3 and its reference angle 0’ = a — 2.3. 

; x c. First, determine that — 135° is coterminal with 225°, which lies in Quadrant 

= > 0-135 Ill. Hence, the reference angle is 

Qh 22524180" 8452 Degrees 

(c) Figure 4.34(c) shows the angle 9 = — 135° and its reference angle 0’ = 45°. 


FIGURE 4.34 eee nnn nn RnR RREIIN RR REERER REE RRRRERERREREEEEnEEREREnEnnCE DEED aaaaaaaa 
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(x, y) 








opp = |y|, adj = |x| 
FIGURE 4.35 


STUDY TIP 


Learning the table of values at 
the right is worth the effort. 
Doing so will increase both 
your efficiency and your confi- 
dence. Here is a pattern for the 
sine function that may help you 
remember the values. 








) 0° | 30° | 45° | 60° | 90° 








/0| /1\/2| V3\ 74 





PN, Nite, '\ DE \ oie 














Reverse the order to get cosine 
values of the same angles. 


Trigonometric Functions of Real Numbers 


f 
To see how a reference angle is used to evaluate a trigonometric function, 4 
consider the point (x, y) on the terminal side of 6, as shown in Figure 4.35. Se 


definition, you know that 








sind = u and tan OS os 

r ag 
For the right triangle with acute angle 6’ and sides of lengths |x| 
ag = oer and a joe aul ; 
hyp jar adj |x| | 





true for tan @ and tan 9’ and for the other four trigonometric functions. In all” 
cases, the sign of the function value can be determined by the quadrant in which | 
6 lies. 


So, it follows that sin @ and sin 6’ are equal, except possibly in sign. The same i 


Evaluating Trigonometric Functions of Any Angle 


To find the value of a trigonometric function of any angle 0, 


1. determine the function value for the associated reference angle 0% 


2. depending on the quadrant in which 6 lies, affix the appropriate sign to 
the function value. 

By using reference angles and the special angles discussed in the preceding _ 
section, you can greatly extend the scope of exact trigonometric values. For. 
instance, knowing the function values of 30° means that you know the function | 
values of all angles for which 30° is a reference angle. For convenience, the | 
table below gives the exact values of the trigonometric functions of special angles | 
and quadrant angles. 


Trigonometric Values of Common Angles 






































| @(degrees)| 0° | 30° |; 
6 (radians) | 0 | | | 
sg | 
sin 6 0 
é | 

| | 

cos 0 1 V3 | 
Z : 

[ } 
ane ae «0 2 1 /3 | Undef. | 0 Undef. | 
a | j 
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Example 5 & Trigonometric Functions of Nonacute Angles 


Evaluate the trigonometric functions. 


4 11 
a. COS = b. tan(—210°) Cacsc eu 


Solution 


a. Because 6 = 4727/3 lies in Quadrant III, the reference angle is 0’= 
(47/3) — 7 = m/3, as shown in Figure 4.36(a). Moreover, the cosine is 
negative in Quadrant III, so 





4a 
cos =s( ) cos = 
Seek 
5 


b. Because —210° + 360° = 150°, it follows that —210° is coterminal with the 
second-quadrant angle 150°. Therefore, the reference angle is 0’= 
180° — 150° = 30°, as shown in Figure 4.36(b). Finally, because the tangent 
is negative in Quadrant II, you have 


tan(— 210°) = (—) tan 30° 
by 


a 

c. Because (1177/4) — 27 = 37/4, it follows that 1172/4 is coterminal 
with the second-quadrant angle 37/4. Therefore, the reference angle is 
6’ = m — (37/4) = 7/4, as shown in Figure 4.36(c). Because the cosecant is 
positive in Quadrant II, you have 


U7 _ (+) ey 
ri csc 7 

fe: 1 
sin(77/4) 





(a) (b) (c) 
FIGURE 4.36 


_ errr rn nr en nEnE NER En EERIE REERREREREREEnnmmnnnaas 
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Example 6 ® Using Trigonometric Identities 
Let 6 be an angle in Quadrant II such that sin 6 = a Find (a) cos @ and (b) tan @ 
by using trigonometric identities. 


Solution 
a. Using the Pythagorean identity sin? 6 + cos? 6 = 1, you obtain 


1 \2 
(3) + cos? @= 1 Substitute 5 for sin 6. 


PR ei eet SE 
OE Oi 


Because cos @ < 0 in Quadrant II, you can use the negative root to obtain 
4 V8 : 
cos 6 = ——= 
J9 


_ _2v2 
i 


b. Using the trigonometric identity tan @ = sin 6/cos 0, you obtain 


Example 7 ® Using a Calculator 





a. Use a calculator to evaluate cot 410° and sin(—7). 
b. Use a calculator to solve tan 0 = 4.812,0 < 0 < 277. 


Solution . 





Function Mode Calculator Keystrokes Display | 
a. cot 410° Degree CO (AN) 4100) ENTER 0.8390996 
sin(—7) Radian 7 — 0.6569866 


" 
b. To solve the equation tan 0 = 4.812, you can use the inverse tangent key, 
as follows. . 

. 


Equation Mode Calculator Keystrokes Display — 
tan @ = 4.812 Radian 4.812 (ENTER) 1.365898912. 


The angle 6 ~ 1.366 lies in Quadrant I. A second value of @ lies in Quadrant 
III (tangent is positive) and is 


0= 7+ 1.366 = 4.508. 
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4.4 Exercises 


1 Exercises 1-4, determine the exact values of the six 
rigonometric functions of the angle 0. 


1. (a) Y (b) y 
45 0 x 
(8, —15) 


(4, 3) 
0 


a 


2. (a) y (b) y 
Gals 1) 
@Q é 
(-12, —5) 
3. (a) y (b) y 
6 ) 
x Cad x 
v3.1) 
4. (a) y 


(b) y 
a, G1) 6 ‘ 
(4, —4) 


n Exercises 5-10, the point is on the terminal side of an 
angle in standard position. Determine the exact values of 
the six trigonometric functions of the angle. 


* 


5. (7, 24) 6. (8, 15) 
a) (—4;10) 8. (—5, —2) 
9. (—3.5, 6.8) 10. (34, —73) 


In Exercises 11-14, state the quadrant in which @ lies. 


11. sin 0 < Oandcos 6 < 0 
12. sin 9 > Oandcos 6 > 0 
13. sin 0 > O and tan 6 < 0 
14. sec 6 > O and cot 0 < 0 


In Exercises 15-24, find the values of the six trigonometric 
functions of 6. 


is? 
16. 
17: 
18. 
19. 
20. 
21. 
22. 


Function Value 


sin 9 = 3 
cos 9 = —3 
tand= —§ 
cos 6 = 
cot d= —3 
csc O=4 
sec 9 = —2 
sin 6 = 0 


Constraint 
6 lies in Quadrant II. 
6 lies in Quadrant III. 
sin 0 < 0 
tan @ < 0 
cos 8 > 0 
cot 0 < 0 
sin 8 > 0 


sec 98 = —1 


23. cot @ is undefined. 
24. tan @ is undefined. 


w/2< 0< 3/2 
TOS 
In Exercises 25-28, the terminal side of 0 lies on the given 


line in the specified quadrant. Find the values of the six 
trigonometric functions of 0. 


Line Quadrant 
I Se 25 Il 
yas I 
2s 2 Ve) Ul 
28. 4x + 3y = 0 IV 


In Exercises 29-36, evaluate the trigonometric function of 
the quadrant angle. 


29. cos 77 30. cos 
S15 secur 32. seo = 
33. tan > 34, tan 7 
35. cot — 36. csc 77 


2 


In Exercises 37-44, find the reference angle 0’, and sketch 0 
and @’ in standard position. 


37. 6 = 203° 

39, 6 = —245° 
2 

gin = 


3 


38. 6 = 309° 
40, 6= —145° 
10 
42. 0 =— 
200 Z 
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lla 


43. 6= 3.5 44. Breer 


In Exercises 45-58, evaluate the sine, cosine, and tangent of 
the angle without using a calculator. 


45. 225° 46. 300° 
47. 750° 48. — 405° 
49. — 150° 50. — 840° 
4a 7 
= 2 aio 
at 3 4 
1 7 
5S Cyl 
oh 6 2 
lla 107 
Ss, === Sh == 
4 3 
377 25 
SW, = 5 58. 4 


In Exercises 59-68, use a calculator to evaluate the trigono- 
metric function to four decimal places. (Be sure the 
calculator is set in the correct mode.) 


59. sin 10° 60. sec 225° 
61. cos(— 110°) 62. csc(— 330°) 
63. tan 4.5 64. cot 1.35 
65. tan > 66. tan( -2) 
67. sin(—0.65) 68. sin 0.65 


In Exercises 69-74, find two solutions of the equation. Give 
your answers in degrees (0° < 6 < 360°) and radians 
(0 < 6 < 27). Do not use a calculator. 


69. (a) sin 9 = 4 (b) sin @ = —5 
i) 
Wa) cos6 = v2 (b) cos @ = _v2 
2 2 
OA? 
71. (a) csc 0 = se (b) cot @= —1 
2a) aSCCrOl (b) sec 0 = —2 
73. (a) tand=1 (b) cot 6 = —/3 
3 
74. (a) sin 6 = “ (b). sin 6 = -3 


In Exercises 75-78, use a calculator to approximate two 
values of 6(0° < 6 < 360°) that satisfy the equation. Round 
the values to two decimal places. 


75. sin 0 = 0.8191 
HseCOS 0 = Ola Sor 


76. cos 0 = 0.8746 
78. sin 96 = —0.6514 


In Exercises 79-84, use a calculator to approximate two 
values of 0(0 < 6 < 27) that satisfy the equation. Round 
the values to three decimal places. 


79. cos 0 = 0.9848 80. sin 6 = 0.0175 
81. tan 6 = 1.192 82. cot 0 = 5.671 
83. sec 0 = —2.6667 84. cos 6 = —0.3214 


In Exercises 85-90, find the indicated trigonometric value 
in the specified quadrant. 


Trigonometric Value 


Function Quadrant 
85. sin 6 = -3 IV cos 6 
86. cot 6 = —3 II sin 0 
87. tan 6 = 3 0 sec 0 
$8. csc 0 — = IV cot 6 
89. cos 0 = : I sec 0 
90. sec 0 = -3 Il tan 0 


91. Average Temperature The average daily tempera- 
ture T (in degrees Fahrenheit) for a certain city is 


27 
T = 45 — 23 cos] St - 32)| 


where ¢ is the time in days, with t = 1 corresponding 
to January 1. Find the average daily temperatures on 
the following days. 

(a) January 1 

(b) July 4 (t = 185) 

(c) October 18 (t = 291) 


92. Sales A company that produces a seasonal product 
forecasts monthly sales over the next 2 years to be 


t 
S = 23.1 + 0.442¢ + 4.3 sin os 


where S is measured in thousands of units and ¢ is 
the time in months, with ¢ = 1 representing January 
2001. Predict sales for each of the following months. 


(a) February 2001 (b) February 2002 
(c) September 2001 (d) September 2002 

93. Harmonic Motion The displacement from equilib- 
rium of an oscillating weight suspended by a spring is 


y(t) = 2 cos 6t 


where y is the displacement in centimeters and ¢ is 
the time in seconds (see figure). Find the displace- 
ment when (a) t = 0, (b) t = i, and (c) tf = 5. | 
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Equilibrium 


Displacement 





FIGURE FOR 93 AND 94 


94. Harmonic Motion The displacement from equilib- 
rium of an oscillating weight suspended by a spring 
and subject to the damping effect of friction is 


Via) = 2e~ cos 6t 
where y is the displacement in centimeters and tf is 


the time in seconds (see figure). Find the displace- 
| ment when (a) t = 0, (b) tf = a and (c) t = = 


95. Electric Circuits The current J (in amperes) when 
100 volts is applied to a circuit is 


T= 5e-* sin f 


where ¢ is the time in seconds after the voltage is 
applied (see figure). Approximate the current t = 0.7 
second after the voltage is applied. 


Capacitor 
Inductor 


Resistor 


Voltage source 


96. Distance An airplane, flying at an altitude of 6 
miles, is on a flight path that passes directly over an 
observer (see figure). If 6 is the angle of elevation 
from the observer to the plane, find the distance d 
from the observer to the plane when (a) 0 = 30°, 
(b) 6 = 90°, and (c) 6 = 120°. 





Synthesis 


True or False? \n Exercises 97 and 98, determine 
whether the statement is true or false. Justify your answer. 


97. In each of the four quadrants, the sign of the secant 
function and sine function will be the same. 


98. To find the reference angle for an angle 0 (given 
in degrees), find the integer n such that 
0:s0360m=-- 07s 360) The ‘difference’ 3607 — 0 
is the reference angle. 


99. Writing Consider an angle in standard position 
with r = 12 centimeters, as shown in the figure. 
Write a short paragraph describing the changes in 
the magnitudes of x, y, sin 6, cos 0, and tan 0 as 6 
increases continually from 0° to 90°. 





100. Explain how reference angles are used to find the 
trigonometric functions of obtuse angles. 


101. Explain how reference angles are used to find the 
trigonometric functions of angles with negative 
measures. 


Review 


In Exercises 102-105, graph the exponential function. 
identify the intercepts, asymptotes, domain, and range of 
the function. 


102. y= 2°"! 
104, y = 3-2 


1035 y= oe 2 
105. y = 3¢+0? 


In Exercises 106-109, graph the logarithmic function. 
Identify the intercepts, asymptotes, domain, and range of 
the function. 


106. y = In(x — 1) 
108. y = log, (x + 2) 


107. y = Inx* 
109. y = log,o(—3x) 





St mages 


Bob Thomas/Tony 
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“meme Graphs of Sine and Cosine Functions 


> What you should learn 


* How to sketch the graphs of 
basic sine and cosine functions 


How to use amplitude and 
period to help sketch the 
graphs of sine and cosine 
functions 

How to sketch translations of 
the graphs of sine and cosine 
functions 


How to use sine and cosine 
functions to model real-life 
data 


» Why you should learn it 


Many biological rhythms can be 
modeled with sine and cosine 
functions. For instance, Exercises 
73 and 74 on pages 398 and 399 
use a sine function to model the 
respiration of a person at rest 
and while exercising. 
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Basic Sine and Cosine Curves 


In this section you will study techniques for sketching the graphs of the sine and 
cosine functions. The graph of the sine function is a sine curve. In Figure 4.37, 
the black portion of the graph represents one period of the function and 1s called 
one cycle of the sine curve. The gray portion of the graph indicates that the basic 
sine wave repeats indefinitely to the right and left. The graph of the cosine 
function is shown in Figure 4.38. 

Recall from Section 4.2 that the domain of the sine and cosine functions is 
the set of all real numbers. Moreover, the range of each function is the interval 
[—1, 1], and each function has a period of 277. Do you see how this information 
is consistent with the basic graphs given in Figures 4.37 and 4.38? 


















Range: 
—-Isysl 
Period: 27 
FIGURE 4.37 
y 
Range: 
-l<y<l x 
Period: 27 
FIGURE 4.38 


Note in Figures 4.37 and 4.38 that the sine curve is symmetric with respect to — 


the origin, whereas the cosine curve is symmetric with respect to the y-axis. These 
properties of symmetry occur because the sine function is odd and the cosine 
function is even. 










Maximum Intercept 
Intercept iG 


1 
i 
i} 
1 
1 
1 





y=sinx 


Minimum Intercept 
1 








{——. 





(0, 0) 






FIGURE 4.39 


Technology 

> val When using a graphing 
utility to graph trigonometric 
functions, pay special attention 








to the viewing window you use. 


For instance, try graphing 


y = [sin(10x)]/10 in the 
standard viewing window in 
radian mode. What do you 
observe? Use the zoom feature 
to find a viewing window that 
displays a good view of the 
graph. 
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Section 4.5) Graphs of Sine and Cosine Functions 


To sketch the graphs of the basic sine and cosine functions by hand, it helps 
to note five key points in one period of each graph: the intercepts, maximum 
points, and minimum points (see Figure 4.39). 


y 
Intercept Minimum Intercept Maximum 
1 i i 


1 

Maximum 
So 1 1 \ 
| 1 1 

1 1 

1 i 

! 1 

! 1 


(0, i 


1 
1 
1 
1 
1 
1 
1 












Quarter Half (21, 0) Quarter Full 
period __ period Full period period 
Period: 27 Three-quarter es Period: 27 Half Three-quarter 
: : period 
period period 


Example 1 ® Using Key Points to Sketch a Sine Curve 


Sketch the graph of y = 2 sin x on the interval [ — zr, 477]. 


Solution 
Note that 


y = 2sin x = 2(sin x) 


indicates that the y-values for the key points will have twice the magnitude of 
those on the graph of y = sin x. Divide the period 277 into four equal parts to get 
the key points for y = 2 sin x. 


377 


i (a, 0), (32, -2) and = (277, 0) 


TT 


ape! 
0, (% 
By connecting these key points with a smooth curve and extending the curve in 
both directions over the interval [— 7, 47], you obtain the graph shown in Figure 
4.40. 


2 





FIGURE 4.40 
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FIGURE 4.41 
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Amplitude and Period 


In the remainder of this section you will study the graphic effect of each of the 
constants a, b, c, and d in equations of the forms 


y= d+asin(bx — c) 
and 
y =d + acos(bx — c). 


A quick review of the transformations studied in Section 1.5 should help in this 
investigation. 

The constant factor a in y = asinx acts as a scaling factor—a vertical 
stretch or vertical shrink of the basic sine curve. If |a| > 1, the basic sine curve 
is stretched, and if |a| < 1, the basic sine curve is shrunk. The result is that the 
graph of y = a sin x ranges between —a and a instead of between — 1 and 1. The 
absolute value of a is the amplitude of the function y = a sin x. The range of the 
function y= asinxis-asy<a. 


Definition of Amplitude of Sine and Cosine Curves 


The amplitude of y = asin x and y = acos x represents half the distance 
between the maximum and minimum values of the function and is given by 


Amplitude = |al. 





_ se e 


Example 2 ® Scaling: Vertical Shrinking and Stretching — 
On the same coordinate axes, sketch the graphs of the functions. 


a. y == cosx 
Ce 

b. y = 3. cos x 

Solution 


a. Because the amplitude of y = + cos x is = the maximum value is 5 and the 
minimum value is —} Divide one cycle, 0 < x < 27, into four equal parts to 
get the key points 


ot} ($0). (wth toh mt Gen 


b. A similar analysis shows that the amplitude of y = 3 cos x is 3, and the key 
points are 


(0, 3), (Zo), (7, —3), (32.0), and (277, 3). 


The graphs of these two functions are shown in Figure 4.41. 




















=IGURE 4.42 


Exploration 


Sketch the graph of y = cos bx 
for b = 5, 2, and 3. How does 
the value of b affect the graph? 
How many complete cycles 
occur between 0 and 277 for 
each value of b? 


STUDY TIP 


In general, to divide a 
_period-interval into four equal 
parts, successively add 
“period/4,” starting with the left 
endpoint of the interval. For 
instance, for the period-interval 
[—72/6, 7/2] of length 27/3, 

you would successively add 


/ 


i 2a/3 


me 4) «(6 

q 

to get — 77/6, 0, 77/6, 7/3, and 
4/2. 


oa 
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You know from Section 1.5 that the graph of y = —f(x) is a reflection in the 
x-axis of the graph of y = f(x). For instance, the graph of 
y — 3 COS 
is a reflection of the graph of 
y = 3 cos x, 


as shown in Figure 4.42. 
Because y = a sin x completes one cycle from x = 0 to x = 27, it follows 
that y = a sin bx completes one cycle from x = 0 to x = 277/b. 


Period of Sine and Cosine Functions 


Let b be a positive real number. The period of y = a sin bx and y = acos bx 
is 27r/b. 


Note that if 0 < b < 1, the period of y = asin bx is greater than 27 and 
represents a horizontal stretching of the graph of y = a sin x. Similarly, if b > 1, 
the period of y = a sin bx is less than 277 and represents a horizontal shrinking of 
the graph of y = asinx. If b is negative, the identities sin(—x) = —sin x and 
cos(—x) = cos x are used to rewrite the function. 


Example 3 & Scaling: Horizontal Stretching 


Sketch the graph of y = sin 5 


Solution 

The amplitude is 1. Moreover, because b = i the period is 
Cn oe ‘ 
i ees Aq. Substitute for b. 


Now, divide the period-interval [0, 47] into four equal parts with the values 7, 
27, and 377 to obtain the key points on the graph. 


(0). (a. Gn Oe 3a,=1)) and 
The graph is shown in Figure 4.43. 


(477, 0) 






































Period: 47 


FIGURE 4.43 
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qd Exploration 


Sketch the graph of 
y = sine + c) 


where c = — 77/4, 0, and 77/4. 
How does the value of c affect 
the graph? 














Period: 27 


FIGURE 4.44 





Translations of Sine and Cosine Curves 


The constant c in the general equations 
es ice = ©) and y = @ cos(bx ne) 


creates a horizontal translation (shift) of the basic sine and cosine curves. 
Comparing y = asin bx with y = a sin(bx — c), you find that the graph of 
y = asin(bx — c) completes one cycle from bx — c = 0 to bx — c = 27. By 
solving for x, you can find the interval for one cycle to be 


Left endpoint Right endpoint 


Cc Ce aii 

St lee 

b b b 
Se 
Period 


This implies that the period of y = asin(bx — c) is 2a/b, and the graph of 
y = asin bx is shifted by an amount c/b. The number c/b is the phase shift. 


Graphs of Sine and Cosine Functions 
The graphs of y = asin(bx — c) and y = acos(bx — c) have the following 
characteristics. (Assume b > 0.) 


Amplitude = |a| _— Period = a 


The left and right endpoints of a one-cycle interval can be determined by 
solving the equations bx — c = O and bx — c = 27. 


Example 4 ® Horizontal Translation 


Sketch the graph of y = 4 sin(x — 77/3). 
Solution 


The amplitude is ; and the period is 277. By solving the equations 


PE mics 
afi gt => x=3 


and 


you see that the interval [7/3, 77/3] corresponds to one cycle of the graph. 
Dividing this interval into four equal parts produces the key points 


7 Sa An ip il Tt 
(F.0), eS aa Ge a (Fo). 


The graph is shown in Figure 4.44. 








v= —3cos(2nx + 4m) 








see eae) 
Period | 


FIGURE 4.45 


A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 





y=2+3 cos 2x 








Period 7 


FIGURE 4.46 
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Example 5 & Horizontal Translation 


Sketch the graph of 
y = —3 cos(2ax + 47). 


Solution 
The amplitude is 3 and the period is 277/277 = 1. By solving the equations 


ita 4a — 0 


21.09 ATr 
x=-2 
and 
27x + 407 = 27 
2G = 27 
x=-]1 


you see that the interval [—2,—1] corresponds to one cycle of the graph. 
Dividing this interval into four equal parts produces the key points 


(=2, 23), (-20). (-3,3} (-3.0), aid! (eens 


The graph is shown in Figure 4.45. 


The final type of transformation is the vertical translation caused by the con- 
stant d in the equations 


y= d + asimov —.c) 
and 
y = d +a.cos(bx —‘c)! 


The shift is d units upward for d > 0 and downward for d < 0. In other words, 
the graph oscillates about the horizontal line y = d instead of the x-axis. 


Example 6 » Vertical Translation 


Sketch the graph of 
y = 2 + 30s 2x. 


Solution 
The amplitude is 3 and the period is 7. The key points over the interval [0, 7] are 


(0, 5), (Z.2), (Z.-1), (72,2), and’ (mr, 5). 


The graph is shown in Figure 4.46. 
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Mathematical Modeling 
Sine and cosine functions can be used to model many real-life situations, includ- 
ing electric currents, musical tones, radio waves, tides, sunrises, and weather 
patterns. 
Example 7 ® Finding a Trigonometric Model ©) 
Throughout the day, the depth of water at the end of a dock varies with the tides. 
The table shows the depths (in meters) at various times during the morning. 
y Changing Tides r(time) | Midnight | 2.4m. | 4am. | 6AM. | 8am. | 10am. | Noon | 
A 
ee mens | y (depth) | 2.55 380 [440 | 3.80 | 255 | 180 | 2.27 | 
g : eee ee ee Rs a. Use a trigonometric function to model this data. 
a b. Find the depths at 9 A.M. and 3 P.M. 
eo ; ne c. A boat needs at least 3 meters of water to moor at the dock. During what times 
Eherscice {oan as . in the afternoon can it safely dock? 








4AM 8 AM. Noon 


Time 


FIGURE 4.47 





Q29,3) 7%, 
\ hy h 


FIGURE 4.48 


Solution 


a. Begin by graphing the data, as shown in Figure 4.47. You can use either a sine 
or cosine model. Suppose you use a cosine model of the form 


y =" cos(op = c) a. 


The amplitude is given by 


1 
ee 5 (high) — (low)] = 544 = Ts) = 13 
The period is 
p = 2[(low time) — (high time)] = 2(10 — 4) = 12 


which implies that b = 27/p ~ 0.524. Because high tide occurs 4 hours after 
midnight, you can conclude that c/b = 4, so c ~ 2.094. Moreover, because 
the average depth is 5(4.4 + 1.8) = 3.1, it follows that d = 3.1. So, you can 
model the depth with the function 


y= 1.3 cos(0:5247— 2.094) + 3.1. 

b. The depths at 9 A.M. and 3 P.M. are as follows. 
y = 1.3 cos(0.524 - 9 — 2.094) + 3.1 = 1.97 meters 
y = 1.3 cos(0.524 + 15 — 2.094) + 3.1 ~ 4.23 meters 


9 AM. 
3 P.M. 


c. To find out when the depth y is at least 3 meters, you can graph the model with 
the line y = 3, as shown in Figure 4.48. From the graph, it follows that the 
depth is at least 3 meters between 12:54 pM. (t ~ 12.9) and 7:06 P.M. 
(t ~ 19.1). 


a 


4.5 Exercises 
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In Exercises 1-14, find the period and amplitude. 


1. y = 3 sin 2x 





> X 





7. y = —2sinx 


9. y = 3 sin 10x 
2x, 


1 
11. i? 


1 
13. y= A sin 27x 


In Exercises 15-22, describe the relationship between the 


graphs of f and g. 
15. f(x) = sinx 
g(x) = sin(x — 7) 


2. y = 2 cos 3x 





8 Dx 

. ei COS par 

: 3 

10. y =; sin 8x 
5 

12. y =F cos 
2 

14. y= 30087 


163 f{a)e=' cos x 


a(x) = cos(x + 7) 


x) = —cos 2x 
19. f(x) = cos x 


e(x) = 3 + sin 2x 


20. f(x) = sinx 


22. f(x) = cos 4x 


In Exercises 23-26, describe the relationship between the 
graphs of f and g. 











In Exercises 27-34, graph f and g on the same set of coordi- 
nate axes. (Include two full periods.) 


27. f(x) = —2sinx 
g(x) = 4 sinx 


29. f(x) = cosx 


Otc) sin — 


1 
g(x) =3 - 5 sin 
33. f(x) = 2cosx 


(x )—92 cos(x +77) 


28. f(x) = sinx 


ee: 

g(x) = sin ; 
30. f(x) = 2 cos 2x 
g(x) = —cos 4x 


32.: f(a) = 4 sin wx 
g(x) = 4 sin ax — 3 


34. f(x) = —cosx 


(x) = —cos(x > a7) 


In Exercises 35-52, sketch the graph of the function. 


(Include two full periods.) 


35. y = —2 sin 6x 


36. y = —3 cos 4x 


398 


39. 


41. 


- In Exercises 53-60, use a graphing utility to graph the 


ony, 
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cos 27x 38. 
277 
—sin te 40. 
3 
T 
i —_— 42. 
sn( x 7) 
3 cos(x + 7) 44. 
277X 
DS ——— 46. 
sin 3 


2 a cos 6077x 48. 


3 cos(x + m7) — 3 50. 


y 


y 


y 


II 


II 


ll 


lI 


sin(x — 7) 


sole 
COS| Xx jh 


a Ais one 

— COSies= 
12 

DiCOSt =O 


T 
4 cos( x ae 2) + 4 
4 


—3 cos(6x + 7) 


function. Include two full periods. Be sure to choose an 
appropriate viewing window. 


Graphical Reasoning 


—2 sin(4x + 7) 


fe 7 
4 TA aa 
\3 





3 


cos| 2a = 4 + ] 
2 


5 sin(a — 2x) + 10 


5 cos(a — 2x) 
—=Ool sin 7 te n) 
10 


1 : 
Too Sin 120at 


matches the figure. 


61. 





y 62. 


In Exercises 61-64, find a and d 
for the function f(x) = acos x + d such that the graph of f 





63. 


Graphical Reasoning 


y 64. 








In Exercises 65-68, find a, b, and c 


for the function f(x) = a sin(bx — c) such that the graph of | 
f matches the figure. 


65. 


67. 


y 66. 





68. 











= In Exercises 69-72, use a graphing utility to graph y, and y, : 
in the interval [—27, 27]. Use the graphs to find real 
numbers x such that y, = y>. 


69. 


71. 


WS: 


y, = Six 70. y; =" COse 
1 
a = a 
y, = cos x 72. y, = "Sie 
2 VfB 
ar’ a 
Respiratory Cycle For a person at rest, the velocity 


v (in liters per second) of air flow during a respirato- 
ry cycle (the time from the beginning of one breath 
to the beginning of the next) is | 


Tt 
= 0.85 sin — 
v BOL, 


where t¢ is the time in seconds. (Inhalation occurs 
when v > 0, and exhalation occurs when v < 0.) 
(a) Find the time for one full respiratory cycle. 

(b) Find the number of cycles per minute. 

(c) Sketch the graph of the velocity function. 


4. 
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Respiratory Cycle After exercising for a few 
minutes, a person has a respiratory cycle for which 
the velocity of air flow is approximated by 
v = 1.75 sin(t/2), where t is the time in seconds. 
(Inhalation occurs when v > 0, and exhalation 
occurs when v < 0.) 


(a) Find the time for one full respiratory cycle. 
(b) Find the number of cycles per minute. 
(c) Sketch the graph of the velocity function. 


. Piano Tuning When tuning a piano, a technician 


strikes a tuning fork for the A above middle C and 

sets up a wave motion that can be approximated by 

y = 0.001 sin 88077, where ¢ is the time in seconds. 

(a) What is the period of the function? 

(b) The frequency f is given by f = 1/p. What is 
the frequency of the note? 


. Biology The function 


Sat 
Peni) = 20 cos 


approximates the blood pressure P in millimeters of 
mercury at time f in seconds for a person at rest. 


(a) Find the period of the function. 


(b) Find the number of heartbeats per minute. 
. Data Analysis The table gives the normal daily 


high temperatures for Honolulu H and Chicago C 
(in degrees Fahrenheit) for month ¢, with t = 1 corre- 
sponding to January. (Source: National Oceanic 
and Atmospheric Administration) 























88.7 | 88.5 | 86.9 | 84.1 | 81.2 
ea i= 

| 83.7 | 81.8 | 74.8 | 63.3 | 48.4 | 34.0 
1 





























(a) A model for the temperature in Honolulu is 
t 
H(t) = 84.40 + 4.28 sin( = + 3.86) 


Find a trigonometric model for Chicago. 


(b) Use a graphing utility to graph the data points 


and the model for the temperatures in Honolulu. 
How well does the model fit the data? 














E2 (c) Use a graphing utility to graph the data points 
and the model for the temperatures in Chicago. 
How well does the model fit the data? 


(d) Use the models to estimate the average annual 
temperature in each city. Which term of the 
models did you use? Explain. 


(e) What is the period of each model? Are the 
periods what you expected? Explain. 


(f) Which city has the greater variability in temper- 
ature throughout the year? Which factor of the 
models determines this variability? Explain. 

= Sales \n Exercises 78 and 79, use a graphing utility to 
graph the sales function over 1 year where S is the sales in 
thousands of units and t is the time in months, with t = 1 
corresponding to January. 


Tt 
TSS a ee COS Pa 

oe 
TES = VASO se 23/5 Sin ia 


80. Fuel Consumption The daily consumption C (in 
gallons) of diesel fuel on a farm is modeled by 


27t 
C= 303-2 .6'sin| —— + 10.9 
sin( = + 109) 
where f is the time in days, with t = | corresponding 
to January 1. 


(a) What is the period of the model? Is it what you 
expected? Explain. 


(b) What is the average daily fuel consumption? 
Which term of the model did you use? Explain. 
== (c) Use a graphing utility to graph the model. Use 
the graph to approximate the time of the year 

when consumption exceeds 40 gallons per day. 


81. Data Analysis The percent y of the moon’s face 
that is illuminated on day x of the year 2005, where 
x = 70 represents March 11, is given in the 
table. (Source: U.S. Naval Observatory) 





x | 76 | 84 91 | 98 | 106 | 114 
y|05| 1.0] 05| 00] 05 | 1.0 

















(a) Create a scatter plot of the data. 
(b) Find a trigonometric model that fits the data. 


(c) Add the graph of your model in part (b) to the 
scatter plot. How well does the model fit the data? 


(d) Estimate the moon’s percent illumination for 
May 8, 2005. 








@ a 
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Synthesis 


True or False? \n Exercises 82 and 83, determine 
whether the statement is true or false. Justify your answer. 


82. The graph of the function f(x) = sin(x + 27) 
translates the graph of f(x) = sinx exactly one 
period to the right so that the two graphs look 


identical. 


. The function y = 5 COS 2x has an amplitude that is 
twice that of the function y = cos x. 


. Writing Use a graphing utility to graph the function 
y = asinx for a = 5, a = 5, and a = —3. Write a 
paragraph describing the changes in the graph corre- 
sponding to the specified changes in a. 

. Writing Use a graphing utility to graph the function 
y = d+ smix. ford = 2,9 d = 3.5;.and d=)—2. 
Write a paragraph describing the changes in the graph 
corresponding to the specified changes in d. 

. Writing Use a graphing utility to graph the 
function y = sin bx for b = b= x and b = 4. 
Write a paragraph describing the changes in the 
graph corresponding to the specified changes in b. 

. Writing Usea graphing utility to graph the function 
y = sin(x — c) forc = 1,c = 3, andc = —2. Write 
a paragraph describing the changes in the graph 
corresponding to the specified changes in c. 


Conjecture \n Exercises 88-91, graph f and g on the same 
set of coordinate axes. Include two full periods. Make a 
conjecture about the functions. 


88. f(x) =sinx, e(x)= cos(2 = z) 
$976) —sn' ss eG) = ~cos(1 ae 2) 


90. f(x) =cosx, g(x) = -sin( x = 2) 

91. f(x) =cosx, g(x) = —cos(x — a) 

92. Exploration Using calculus, it can be shown that 
the sine and cosine functions can be approximated 
by the polynomials 

a3 5 2 4 
sinx ~ x — — + — and cosx ~ 1 ee ja 
S14 iS! Dia A! 


where x is in radians. 


ar 





(a) Use a graphing utility to graph the sine function 
and its polynomial approximation in the same 
viewing window. How do the graphs compare? 

(b) Use a graphing utility to graph the cosine 

function and its polynomial approximation in 

the same viewing window. How do the graphs 
compare? 

(c) Study the patterns in the polynomial approxi- 

mations of the sine and cosine functions and 

guess the next term in each. Then repeat parts 

(a) and (b). How did the accuracy of the 

approximations change when additional terms 

were added? 


93. Exploration Use the polynomial approximations 
for the sine and cosine functions given in Exercise 92 
to approximate the following functional values. 
Compare the results with those given by a calculator. 
Is the error in the approximation the same in each 


case? Explain. ) 


(c) sins 


b) sin 1 
(b) sin 6 


unl 
(a) sin 5 


7 
f aan 
(f) cos 4 
. Exploration Use a graphing utility to graph , 
and use the graph to decide whether h is even, odd 
or neither. / 


(a) h(x) = cos? x (b) h(x) = sin? x 
Conjecture If f is an even function and g is an 


odd function, use the results of Exercise 94 to make 
a conjecture about h where 


(a) A(x) =[F@)P — (b) A) = Lg @)]? 


(d) cos(—0.5) = (e) cos 1 


05. 


Review 


In Exercises 96-99, use the properties of logarithms to write 
the expression as a sum, difference, and/or constant 
multiple of a logarithm. 


96. logiyg Vx — 2 


3 
Lael 


97. log,[x?(x — 3)] 


% 


98. In oT 





99. In 





In Exercises 100-103, write the expression as the logarithm 
of a single quantity. 

100. 
101. 
102. 
103. 


710g; x + logig y) 

2 log, x + log,(xy) 

In 3x — 4Iny 

$(In 2x — 2Inx) +'3Inx 


“Meme Graphs of Other Trigonometric Functions 


> What you should learn 


* How to sketch the graphs of 
tangent functions 

* How to sketch the graphs of 

cotangent functions 

How to sketch the graphs of 

secant and cosecant functions 

How to sketch the graphs of 

damped trigonometric 

functions 


> Why you should learn it 


You can use tangent, cotangent, 
secant, and cosecant functions to 
model real-life data. For instance, 
Exercise 74 on page 410 shows 
you how a tangent function can 
be used to model and analyze 
the distance between a televi- 
sion camera and a parade unit. 
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Graph of the Tangent Function 


Recall that the tangent function is odd. That is, tan(—x) = —tan x. Consequently, 
the graph of y = tan x is symmetric with respect to the origin. You also know 
from the identity tan x = sin x/cos x that the tangent is undefined for values at 
which cos x = 0. Two such values are x = +77/2 ~ +1.5708. 





7 7 
x: 5 5:7, 1.3 1 Otel 15 jis 5 


“tan x Undef. ~ 1255.8 | — 14.1 71856 10) 56 14.1 | 1255.8 Undef. 


























As indicated in the table, tan x increases without bound as x approaches 7/2 from 
the left, and decreases without bound as x approaches — 77/2 from the right. So, 
the graph of y = tan x has vertical asymptotes at x = 7/2 and x = — 77/2, as 
shown in Figure 4.49. Moreover, because the period of the tangent function is 7, 
vertical asymptotes also occur when x = 7/2 + nz, where n is an integer. The 
domain of the tangent function is the set of all real numbers other than 
x = 1/2 + nm, and the range is the set of all real numbers. 





Period: 7 

Domain: allx #5 +7 

Range: (—o0, 00) 

Vertical asymptotes: x = 5 + na 


> X 








FIGURE 4.49 


Sketching the graph of a function of the form y = a tan(bx — c) is similar to 
sketching the graph of y = asin(bx — c) in that you locate key points that 
identify the intercepts and asymptotes. Two consecutive asymptotes can be found 
by solving the equations 

ie a Al b A 7 

DC 5 an if = E a 
The midpoint between two consecutive asymptotes is an x-intercept of the 
graph. The period of the function y = a tan(bx — c) is the distance between two 
consecutive asymptotes. The amplitude of a tangent function is not defined. 
After plotting the asymptotes and the x-intercept, plot a few additional points 
between the two asymptotes and sketch one cycle. Finally, sketch one or two 
additional cycles to the left and right. 


®) 


402 


FIGURE 4,50 


A computer animation of this example 
appears in the /nteractive CD-ROM and 
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Internet versions of this text. 











y |y==-3 tan 2x 














FIGURE 4.51 
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Example 1 ® Sketching the Graph of a Tangent Function 


x 
Sketch the graph of y = tan i 


Solution 


By solving the equations 


x 7 Kon ha Be 
a and == 
Z 2 De 
x=-T7 A= 7 
you can see that two consecutive asymptotes occur at x = —7 and x = 7. 


Between these two asymptotes, plot a few points, including the x-intercept, as 
shown in the table. Three cycles of the graph are shown in Figure 4.50. 


























Example 2 ® Sketching the Graph of a Tangent Function 


Sketch the graph of y = —3 tan 2x. 


Solution 
By solving the equations 


2x = — us and 2x = ee 

2 2 

7 7 

2 = — 
4 aoe 
you can see that two consecutive asymptotes occur at x = — a/4 and x = a/ 4. 
Between these two asymptotes, plot a few points, including the x-intercept, as | 
shown in the table. Three cycles of the graph are shown in Figure 4.51. ; 








00/3 








7 
Ex, 8 0 
= 3itanox.| 3 0 | =3 


By comparing the graphs in Examples | and 2, you can see that the graph of 
y = atan(bx — c) is increasing between consecutive vertical asymptotes if 
a > Q, and decreasing between consecutive vertical asymptotes if a < 0. In other 
words, the graph for a < 0 is a reflection in the x-axis of the graph for a > 0. 











FIGURE 4.53 
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Graph of the Cotangent Function 


The graph of the cotangent function is similar to the graph of the tangent function. 
It also has a period of 7. However, from the identity 


COS X 





EI COUX = 
sin x 

you can see that the cotangent function has vertical asymptotes at x = nar, where 
n is an integer, because sin x is zero at these x-values. The graph of the cotangent 
function is shown in Figure 4.52. 














Y |y=cotx 
: Period: 7 
Domain: all x # na 
2 Range: (—o0, 00) 


Vertical asymptotes: x = na 


1 
' 
1 
1 
' 
1 
1 
i} 
1 
1 
i 
i 






a 





=X 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
' 
| 
1 
' 
| 
1 
1 
1 
! 
1 
1 
1 
1 
t 
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1 
I 
1 
1 
1 
1 
1 
| 
1 
1 


FIGURE 4.52 


Example 3 ® Sketching the Graph of a Cotangent Function 


Sketch the graph of y = 2 cot z 


Solution 


To locate two consecutive vertical asymptotes of the graph, solve the equations 
x/3 = 0 and x/3 = 7, as follows. 


By if 
—_-_= d = 
3 0 an 3 
a0) x=37 


Then, between these two asymptotes, plot a few points, including the x-intercept, 
as shown in the table. Three cycles of the graph are shown in Figure 4.53. (Note 
that the period is 37, the distance between consecutive asymptotes. ) 

















3m | 3x | 9a 
: Avg lacie 
2 cot > ped We le=6) 
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Sine: 
maximum 





Cosecant: 
local 
maximum 


FIGURE 4.55 


Cosecant: 


‘ local 


minimum 
Sine: 
minimum 











Graphs of the Reciprocal Functions 


The graphs of the two remaining trigonometric functions can be obtained from 
the graphs of the sine and cosine functions using the reciprocal identities 








and secx = 


csc x = = ; 
sin x COS x 


For instance, at a given value of x, the y-coordinate of sec x is the reciprocal of | 
the y-coordinate of cos x. Of course, when cos x = 0, the reciprocal does not 
exist. Near such values of x, the behavior of the secant function is similar to that 
of the tangent function. In other words, the graphs of 

sin x 


and sec x = 
cos x cos x 








have vertical asymptotes at x = 7/2 + nz, where n is an integer, and the cosine | 
is zero at these x-values. Similarly, 


COS X 1 
= and (ONO Js = | 
sin x sin x | 








have vertical asymptotes where sin x = 0—that is, at x = na. 

To sketch the graph of a secant or cosecant function, you should first make a ~ 
sketch of its reciprocal function. For instance, to sketch the graph of y = csc x, 
first sketch the graph of y = sin x. Then take reciprocals of the y-coordinates to” 
obtain points on the graph of y = csc x. This procedure is used to obtain the” 
graphs shown in Figure 4.54. . : 


Ewa yy 














Period: 27 Period: 2a 

Domain: all x # na Domain: allx # 5 + na 

Range: (—0co, — 1] and[1, 00) 

Vertical asymptotes: x = na Vertical asymptotes: x = 5 + na 
Symmetry: origin Symmetry: y-axis 

FIGURE 4.54 


Range: (—co, Tengu e) : 


In comparing the graphs of the secant and cosecant functions with those of the 
sine and cosine functions, note that the “hills” and “valleys” are interchanged. For 
example, a hill (or maximum point) on the sine curve corresponds to a valley 
(a local minimum) on the cosecant curve. Similarly, a valley (or minimum point) 
on the sine curve corresponds to a hill (a local maximum) on the cosecant curve. 
Additionally, x-intercepts of the sine and cosine functions become vertical 
asymptotes of the cosecant and secant functions, as shown in Figure 4.55. 

















IGURE 4.56 
| 




















FIGURE 4.57 
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Example 4 ® Sketching the Graph of a Cosecant Function 


Sketch the graph of y = 2 cso(x at =| 


Solution 
Begin by sketching the graph of 


7 
= 251 ap = |} 
y sin( 1 7) 


For this function, the amplitude is 2 and the period is 277. By solving the equations 


7 1 
a) and XY pa 
4 4 

7 1% 
y= == 4 = 
4 ae 


you can see that one cycle of the sine function corresponds to the interval from 
x = —7/4 to x = 77/4. The graph of this sine function is represented by the 
gray curve in Figure 4.56. Because the sine function is zero at the midpoint and 
endpoints of this interval, the corresponding cosecant function 


7 
= + — 
y=2 cso 2) 


=o Gail 


has vertical asymptotes at x = —7/4,x = 37/4, x = 77/4, etc. The graph of 
the cosecant function is represented by the black curve in Figure 4.56. 


Example 5 ® Sketching the Graph of a Secant Function 


Sketch the graph of y = sec 2x. 


Solution 


Begin by sketching the graph of y = cos 2x, as indicated by the gray curve in 
Figure 4.57. Then, form the graph of y = sec 2x as the black curve in the figure. 
Note that the x-intercepts of y = cos 2x 


Sao) (oe 


correspond to the vertical asymptotes 


307 


x= ee 
4 


eae ee 
eer ae oe 
of the graph of y = sec 2x. 


[en en Eee ne nnn 
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FIGURE 4.58 


20 oh 


—3it 














fx) =xsinx|™ 





























FIGURE 4.59 




















Damped Trigonometric Graphs 


A product of two functions can be graphed using properties of the individual, 
functions. For instance, consider the function { 


a] 
\ } 


f(x) = xsinx 


as the product of the functions y = x and y = sin x. Using properties of absolute 
value and the fact that |sin x| < 1, you have 0 < |x||sin x] < |x|. Consequently, 


= |x|) Sasi ea )o5) 
which means that the graph of f(x) = x sin x lies between the lines y = —x and 
y = x. Furthermore, because 


7 
f(x) =xsinx = +x at fee 


and 
f(x) =xsinx = 0 at x =r 


the graph of f touches the line y = —x or the line y = x atx = 7/2 + nw and 
has x-intercepts at x = na. A sketch of fis shown in Figure 4.58. In the function, 
f(x) = x sin x, the factor x is called the damping factor. | 


Example 6 ® Damped Sine Wave j 
Sketch the graph of 
fice) ser sin 3x: 


Solution | 





Consider f(x) as the product of the two functions 
y=e™* and y = sin 3x 


each of which has the set of real numbers as its domain. For any real number x, 
you know that e~* > 0 and |sin 3x| < 1. Therefore, e~* |sin 3x| < e7*, which 
means that 


=F SO PSN See SO, 


Furthermore, because 


has intercepts at x = n7r/3. A sketch is shown in Figure 4.59. 


f(x) =e-*sin3x=+e* at x=—2t+ Ug 

(ore ie) 

and 
f(x) = e* sin 3x = 0 at Ae . 
the graph of f touches the curves y = —e *and y = e “atx = 7/6 + nw/3 and 
t 
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Figure 4.60 summarizes the six basic trigonometric functions. 
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Domain: all reals Domain: all reals Domain: allx #3 + nm 

|Range: [—1, 1] Range: [—1, 1] Range: (—0©, 00) 

Period: 27 Period: 27 Period: w 

So if eee 

. y y=CSCX=— y |y=secx= : y 
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(a ve de 
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Domain: all x # na Domain: allx #5 +n Domain: all x # na 

Range: (—00, — 1} and[1, 00) Range: (—00, — 1] and[1, 00) Range: (—©o, oc) 

Period: 27 Period: 27 Period: a 

FIGURE 4.60 








Combining Trigonometric Functions Recall from Section 1.6 that functions can be 
combined arithmetically. This also applies to trigonometric functions. For each of 
the functions 


h(x) =x+sinx and h(x) =cosx — sin 3x 


(a) identify two simpler functions f and g that comprise the combination, (b) use a 
table to show how to obtain the numerical values of h(x) from the numerical values 
of f(x) and g(x), and (c) use a graph of f and g to show how h may be formed. 

Can you find functions 


f(x) =d+asin(bx+c) and g(x) =d + acos(bx + c) 





such that f(x) + g(x) = 0 for all x? 
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4.6 Exercises 





In Exercises 1-6, match the function with its graph. State 
the period of the function. [The graphs are labeled (a), (b), 
(c), (d), (e), and (f).] 


(b) iy 


























(f) 
1. y = sec 2x 2 y = tani — 
1 1 TX 
35 y= = Cot m5 4. y = =sec — 
2 am he 
5 
Saye csr 6. y = —2 sec — 


In Exercises 7-28, sketch the graph of the function. Include 
two full periods. 


We ) = 5 tanx 8. y= 


i tan x 
9. y = tan 3x 10. y = —3 tan 7x 

11. y= —} sec iG 12. y= ¥ sec x 
13. y = csc 7x 14. y = 3 csc 4x 
155 y= see 7x— | 16. y = —2sec4x + 2 
17. y= ese 18. y= ee 
19. y = cot~ 20. y = 3 cot = 

2 ; 2 


21 
23 
25 


27 


= In 


sy = 35sec 2x 22. y = —}tanx 


y= tan 24. y = tan(x + wm) 


- y = csc(a — x) 26. y = sec(a — x) 


1 ( 38 4 
5 CCC Ee a 
aah 4 


Exercises 29-38, use a graphing utility to graph the 


28. y = 2 coi(x os 4 


function. Include two full periods. 


29. y= tan > 30. y = —tan 2x 
31. y = —2 sec 4x 32. y = sec 17x 
33. y = tan(x = 2) 34. y = —csc(4x — 7) 


36. y = 2 sec(2x — a) / 


1 
38. y = 3 seo( aF 4 


cox ~ 5) 
ye a CO "ok; 
ere es 


TX aE 
oO tan — 
y an( 7 =) 


In Exercises 39-46, use a graph to solve the equation on the 
interval [—27, 27]. 


39. tanx = 1 40. tanx = /3 

41. cotx = we 42. cotx = 1 

43. secx = —2 44. secx =2 

45. cscx = /2 46. cscx = Bo 

In Exercises 47 and 48, use the graph of the function to — 
determine whether the function is even, odd, or 
neither. 

47. f(x) = secx 48. f(x) = tanx 


49 


- Graphical Reasoning Consider the functions 


1 
f(x) =2sinx and g(x) = 7 ose x 


} 


(a) Graph f and g in the same coordinate plane. 


on the interval (0, 7). 


(b) Approximate the interval where f > g. 


(c) Describe the behavior of each of the functions as 
x approaches 77. How is the behavior of g related 
to the behavior of f as x approaches 7? 


50. Graphical Reasoning Consider the functions 


1 
f(x) = tan a and g(x) = 3 sec = 


on the interval (— 1, 1). 

(a) Use a graphing utility to graph f and g in the 
same viewing window. 

(b) Approximate the interval where f < g. 


(c) Approximate the interval where 2f < 2g. How 
does the result compare with that of part (b)? 
Explain. 









In Exercises 51-54, use a graphing utility to graph the two 
equations in the same viewing window. Determine 
_ analytically whether the expressions are equivalent. 


more yy, — sinxcscx, y, = 1 





| 52. Hee sin xSecx, .y, = tanx 
: COS x 

veo; ¥, >, yz = cotx 

i sin x 

154. y, =sec?x—1, y, = tan’x 


In Exercises 55-58, match the function with its graph. 
| Describe the behavior of the function as x approaches zero. 
| [The graphs are labeled (a), (b), (c), and (d).] 


fa) (b) y 





nO y (d) 





1 55. f(x) = |x cos x| 
| 57. 


56. f(x) = x sinx 


g(x) = |x| sin x 58. g(x) = |x| cos x 
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Conjecture \n Exercises 59-62, graph the functions f and 
g. Use the graphs to make a conjecture about the 
relationship between the functions. 


59. f(x) = sinx + cos( + =| g(x) =0 


60. f(x) = sinx — cos(1 + =| g(x) = 2 sinx 
61. f(x) = sin? x, g(x) = 5(1 — cos 2x) 


1 
62.. f(x) = cos? =e g(x) = Aw + cos 7x) 


In Exercises 63-66, use a graphing utility to graph the 
function and the damping factor of the function in the 
same viewing window. Describe the behavior of the 
function as x increases without bound. 


63: f(x) = 2 cos 1x 64. f(x) = e-*cos x 
65. 2(x) =e *7/2 sinx 66. h(x) = 27-*/4 sin x 
Exploration \n Exercises 67-72, use a graphing utility to 


graph the function. Describe the behavior of the function 
as X approaches zero. 


6 
67. y = —-+ cos x, “x0 
Xx 


4 
68. y=—+sin2x, x>0 
5 
sin x LS COSEY 
60.36) = 70:(@) Sa 
xX X 
‘ae ouie 
71. f(x) = sin- (2s) asi 
5 gi 
73. Distance A plane flying at an altitude of 7 miles 


above a radar antenna will pass directly over the 
radar antenna (see figure). Let d be the ground 
distance from the antenna to the point directly under 
the plane and let x be the angle of elevation to the 
plane from the antenna. (d is positive as the plane 
approaches the antenna.) Write d as a function of x 
and graph the function over the interval 0 < x < 7. 
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74. Television Coverage 


i 
an 


76. 


. Sales 
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A television camera is on a 
reviewing platform 27 meters from the street on 
which a parade will be passing from left to right (see 
figure). Express the distance d from the camera to 
a particular unit in the parade as a function of the 
angle x, and graph the function over the interval 
—7/2 <x < 7/2. (Consider x as negative when a 
unit in the parade approaches from the left.) 





oe 
2 


Sates Seopa es treg te tpi e 








! 
i 
1 
! 
27 m, 
1 
! 
1 
i 
1 
1 
i 





I~ 


Camera 


The projected monthly sales S (in thousands 
of units) of a seasonal product are modeled by 


a 5. te 
S= meet 


where f is the time in months, with t = 1 correspond- 
ing to January. Graph the sales function over 1 year. 


Predator-Prey Model Suppose the population of a 
certain predator at time ¢ (in months) in a given 
region is estimated to be 

ee! 
P = 10,000 + 3000 sin 

24 

and the population of its primary food source (its 
prey) is estimated to be 


Y 27t 
p = 15,000 + 5000 =, 
L COs 4 


Use the graphs of the models to explain the oscilla- 
tions in the size of each population. 





Population 











1 
10 20 30 40 50 60 70 80 90 
Time (in months) 


Mic 
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Normal Temperatures The normal monthly high 
temperatures in degrees Fahrenheit for Erie, 
Pennsylvania are approximated by 


t t 
H() = 54.33 — 2048 cos — 15.69 sin 


and the normal monthly low temperatures are 
approximated by 


t t 
L(t) = 39.36 — 15.70 cos a ~ 14.16 sin 


where f is the time in months, with tf = 1 correspond- 
ing to January (see figure). (Source: National 
Oceanic and Atmospheric Administration) 


(a) What is the period of each function? 


(b) During what part of the year is the difference 
between the normal high and low temperatures 
greatest? When is it smallest? 


(c) The sun is northernmost in the sky around June 
21, but the graph shows the warmest temperatures 
at a later date. Approximate the lag time of the 
temperatures relative to the position of the sun. 


Dn oC 
y=) 


& 
oO 


Temperature 
(in degrees Fahrenheit) 


N 
oO 





12 3 4 5 6 | 7 | s3ORrOme 
Month of year 


Harmonic Motion An object weighing W pounds 
is suspended from the ceiling by a steel spring (see 
figure). The weight is pulled downward (positive 
direction) from its equilibrium position and released. 
The resulting motion of the weight is described by 
the function 
Lae 

ae /4 cos 4t, £10 : 
where y is the distance in feet and ¢ is the time in 
seconds. 


== (a) Use a graphing utility to graph the function. 


(b) Describe the behavior of the displacement 
function for increasing values of time tf. 


True or False? 
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Synthesis 


In Exercises 79 and 80, determine 


whether the statement is true or false. Justify your answer. 


79. 


80. 


The graph of y = csc x can be obtained on a calcu- 
lator by graphing the reciprocal of y = sin x. 


The graph of y = sec x can be obtained on a calcu- 
lator by graphing a translation of the reciprocal of 
y = sin x. 


. Writing Describe the behavior of f (x) Stan’ as x 


approaches 77/2 from the left and from the right. 


. Writing Describe the behavior of f(x) = csc x as x 


approaches 7 from the left and from the right. 


. Exploration Consider the function 


mi) — X — COS x. 


| (a) Use a graphing utility to graph the function and 


84. 


q 
i 








verify that there exists a zero between 0 and 1. 
Use the graph to approximate the zero. 


(b) Starting with x, = 1, generate a sequence x,, X, 


X3,. . . where x, = cos(x,,_ ,). For example, 
No aul 

X, = cos(Xp) 

X = cos(x,) 

x3 = cos(x,) 


Verify that the sequence approaches the zero of f- 


Approximation Using calculus, it can be shown 
that the tangent function can be approximated by the 
polynomial 

Ox 16x? 
(21059 Aa ale a =r 51 
where x is in radians. Use a graphing utility to graph 
the tangent function and its polynomial approxima- 
tion in the same viewing window. How do the graphs 
compare? 





oO 
w 
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that the secant function can be approximated by the 
polynomial 


em 
SCC gal galt te 
4! 


2! 
where x is in radians. Use a graphing utility to graph 
the secant function and its polynomial approximation 


in the same viewing window. How do the graphs 
compare? 


Pattern Recognition 


=s (a) Use a graphing utility to graph each function. 


all Li 
y, = —|sin wx + > sin 37x 
7 3 


4 i 1 
*(sin We ar = Sil Same =P SSN Sax] 
T 3 5) 


yo = 


3 (b) Identify the pattern started in part (a) and find a 


function y, that continues the pattern one more 
term. Use a graphing utility to graph yy. 

(c) The graphs in parts (a) and (b) approximate the 
periodic function in the figure. Find a function y, 
that is a better approximation. 





eee 

\ 1 ! 1 

1 ' ' ! 

1 \ 1 \ 

{ ! 1 ! 
ras 
' 1 1 1 3 
s 1 1 1 
! 1 ! ' 

' 1 ' 1 
a) 


Review 


In Exercises 87-90, solve the exponential equation. Round 
your answer to three decimal places. 


87. 


89. 





ex = 54 88. 8° = 98 
300 0.15\ 36 
— \. + —— = 
ee 100 90 ( = 


In Exercises 91-96, solve the logarithmic equation. Round 
your answer to three decimal places. 


bi le 
93: 
95; 
96. 


InGx — 2) = 73 92. In(14 — 2x) = 68 
In(x? + 1) = 322 94. In /x+4=5 


logs x + logg(x — 1) = 4 


log, x + log.(x? — 1) = log, 64x 
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> What you should learn 


¢ How to evaluate the inverse 
sine function 


« How to evaluate the other 


inverse trigonometric functions 


* How to evaluate the composi- 
tions of trigonometric 
functions 


> Why you should learn it 


You can use inverse trigonomet- 
ric functions to model and solve 
real-life problems. For instance, 
Exercise 91 on page 419 shows 
how an inverse trigonometric 
function can be used to model 
the angle of elevation from a 
boat to a winch and the length 
of the rope joining them. 


Inverse Trigonometric Functions 


Chapter4 ® Trigonometry 


Inverse Sine Function 


Recall from Section 1.7 that, for a function to have an inverse, it must pass the 
Horizontal Line Test. From Figure 4.61 you can see that y = sin x does not pass 
the test because different values of x yield the same y-value. 




















Sin x has an inverse 
on this interval. 


FIGURE 4.61 


However, if you restrict the domain to the interval —7/2 < x < 7/2 
(corresponding to the black portion of the graph in Figure 4.61), the following 
properties hold. 


1. On the interval [— 7/2, 7/2], the function y = sin x is increasing. 


2. On the interval [— 7/2, 7/2], y = sin x takes on its full range of values, 
Sole aSinies le 


3. On the interval [— 7/2, 7/2], y = sin x passes the Horizontal Line Test. 


So, on the restricted domain — 7/2 < x < 7/2, y = sinx has a unique inverse 
called the inverse sine function. It is deed by 


y = arcsin x or y= sin! x. 


The notation sin~! x is consistent with the inverse function notation f'(x). The 
arcsin x notation (read as “the arcsine of x”) comes from the association of a 
central angle with its subtended arc length on a unit circle. So, arcsin x means 
the angle (or arc) whose sine is x. Both notations, arcsin x and sin~!x, are 
commonly used in mathematics, so remember that sin~! x denotes the inverse 
sine function rather than 1/sinx. The values of arcsin x lie in the interval 
— 7/2 < arcsinx < 7/2. The graph of y = arcsin x is shown in Figure 4.62. 


Definition of Inverse Sine Function 
The inverse sine function is defined by 





y = arcsin x if and only if sin y=x 


where —1 < x < 1 and —7/2 < y < w/2. The domain of bees -aresin : is 
[—1, 1], and eS range is [— 7/2, ey Ag 





‘ < e soi an 


When evaluating the inverse sine function, it helps 2 remember the phrase 
“the arcsine of x is the angle (or number) whose sine is x.’ | 
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STUDY TIP Example 1 ® Evaluating the Inverse Sine Function 

As with the trigonometric If possible, find the exact value. 
functions, much of the work 1 re 
with the inverse trigonometric a. aresin( — 5] b. sin”! 8 c. sin7!2 
functions can be done by exact 
calculations rather than by Solution 
calculator approximations. a. Because sin(— 77/6) = -3 for — 7/2 < y < 7/2, it follows that 
‘Exact calculations help to 
increase your understanding of arsin| = 5) = ee Angle whose sine is —+ 
the inverse functions by relating 2 6 
‘them to the triangle definitions b. Because sin(a/3) = /3/2 for — 7/2 < y < 7/2, it follows that 
of the trigonometric functions. 

sai 5 Oe PTE 

sin ae = 3" Angle whose sine is /3/2 





c. It is not possible to evaluate y = sin~'x when x = 2 because there is no angle 
whose sine is 2. Remember that the domain of the inverse sine function is 


[=1, 1). 
Example 2 ® Graphing the Arcsine Function 


Sketch a graph of y = arcsin x. 


Solution 





By definition, the equations 
y = arcsin x and siny = x 


| are equivalent for — 7/2 < y < 7/2. So, their graphs are the same. From the 
interval [— 7/2, 77/2], you can assign values to y in the second equation to make 
a table of values. 






































a) eee a |. 2 
y D 4 6 6 | 4 D 
it 
tae oT a Dae 
a = Sin y 1 5 5 0 5 <a 1 











The resulting graph for 
= arcsin x 


is shown in Figure 4.62. Note that it is the reflection (in the line y = x) of the 
black portion of the graph in Figure 4.61. Be sure you see that Figure 4.62 shows 
the entire graph of the inverse sine function. Remember that the range of 
y = arcsin x is the closed interval [— 7/2, 77/2]. 








@) 
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A computer animation of this 
concept appears in the 
Interactive CD-ROM and 
Internet versions of this text. 


Other Inverse Trigonometric Functions 


The cosine function is decreasing on the interval 0 < x < 7, as shown in Figure 








4.63. 
y 
V=cOs 
‘3 Sor as, 
—% Af /, 2n 
1 1 
eee 
Cos x has an inverse 
on this interval. 
FIGURE 4.63 


Consequently, on this interval the cosine function has an inverse function—the 
inverse cosine function—denoted by 


y = arccos x or y = cos?! x. 


Similarly, you can define an inverse tangent function by restricting the domair 
of y = tan x to the interval (— 7/2, 7/2). The following list summarizes the 
definitions of the three most common inverse trigonometric functions. The 
remaining three are defined in Exercises 99-101. 


Definitions of the Inverse Trigonometric Functions 


Function Domain Range 
ae 2 ey: 7 7 
y = arcsin x if and only if sin y = x a Pee es BK Be 4 
'y = anceos x thant, only ih c0s yew ee 0 Syn 
; : T 7 
y = arctan x if and only if tan y = x 00: <) X00 wey 
The graphs of these three inverse trigonometric functions are shown i 
Figure 4.64. 
5 
A 
LE 
2 


y = arcsin x 
























| > X 
=| 1 
1 
2 
Domain: [—1, 1] Domain: [—1,1] Domain: (—ce, 00) 
Range: [-Z, z| Range: [0, 7] Range: (—3,5) 


FIGURE 4.64 


STUDY TIP 


It is important to remember that 
the domain of the inverse sine 
_ function and the inverse cosine 
_ function is [—1, 1], as shown in 
: Example 4(c). 
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Example 3 ® Evaluating Inverse Trigonometric Functions 
Find the exact value. 
Z 
a. arccos b. arccos(— 1) c. arctan 0 d. arctan(— 1) 


Solution 
a. Because cos(7/4) = \/2/2, and 77/4 lies in [0, zr], it follows that 


Dna 
arccos iB = ue Angle whose cosine is \/2/2 
b. Because cos 7 = —1, and 7 lies in [0, zr], it follows that 
arccos(— 1) = Ue Angle whose cosine is — | 


c. Because tan 0 = 0, and 0 lies in (— 7/2, 77/2), it follows that 
arctan 0 = 0. Angle whose tangent is 0 


d. Because tan(— 7/4) = —1, and — 7/4 lies in (— 77/2, 77/2), it follows that 


T 
arctan (=!) '—"——> Angle whose tangent is — 1 
. 4 § 


Example 4 ® Calculators and Inverse Trigonometric Functions 


Use a calculator to approximate the value (if possible). 


a. arctan(— 8.45) 
b. arcsin 0.2447 


c. arccos 2 
Solution 


Function Mode Calculator Keystrokes 
a. arctan(—8.45) - Radian [TAN-"] 8.45 
From the display, it follows that arctan(— 8.45) ~ — 1.453001. 
b. arcsin 0.2447 Radian [SIN-*] 0.2447 
From the display, it follows that arcsin 0.2447 ~ 0.2472103. 
c. arccos 2 Radian (cos-1] 2 


In real number mode, the calculator should display an error message because 
the domain of the inverse cosine function is [—1, 1]. 








In Example 4, if you had set the calculator to degree mode, the display would 
have been in degrees rather than radians. This convention is peculiar to calcula- 
tors. By definition, the values of inverse trigonometric functions are always in 
radians. 
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Compositions of Functions 
Recall from Section 1.7 that inverse functions have the properties 
FUG) =~ anda i ra 


for all x in the domain of f and f~!. 


Inverse Properties of Trigonometric Functions 
If -—1<x<1land—7a/2 < y < w/2, then 
sin(arcsinx) =x and arcsin(sin y) = y. 
If —1 <x < landO < y < a, then 
cos(arccos x) = x and arccos(cos y) = y. 
If x is a real number and — 7/2 < y < 7/2, then 


tan(arctan x) = x and arctan(tan y) = y. 


Keep in mind that these inverse properties do not apply for arbitrary values 
of x and y. For instance, 





3 : 
arcsin{ sin 2) = arcsin(—1) = # 


In other words, the property 
arcsin(sin y) = y 


is not valid for values of y outside the interval [— 7/2, 7/2]. 


Example 5 ® Using Inverse Properties 


If possible, find the exact value. 
5 
a. tan[arctan(—5)] b. arsin( sin 7) c. cos(cos”! 7) 


Solution 
a. Because —5 lies in the domain of the arctan function, the inverse property 
applies, and you have 
tan[arctan(—5)] = —5. 
b. In this case, 57/3 does not lie within the range of the arcsine function, 
—m/2 < y < 7/2. However, 57/3 is coterminal with 


5 
Te pg et 


3 3 


which does lie in the range of the arcsine function, and you have 


aresin( si =z) i sin ( =| eg 
in — | =aresin| ‘sin | ——] | = ==. 
3 arcsi 3 3 


c. The expression cos(cos~! 7) is not defined because cos! 7r is not defined. 
Remember that the domain of the inverse cosine function is [—1, 1]. 











(a) 





(b) 


FIGURE 4.65 





a) Le Oxye 


3x 


FIGURE 4.66 
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Example 6 shows how to use right triangles to find exact values of 
compositions of inverse functions. Then, Example 7 shows how to use triangles 
to convert a trigonometric expression into an algebraic expression. This conver- 
sion technique is used frequently in calculus. 


Example 6 ® Evaluating Compositions of Functions 


Find the exact value. 


D 3 
a tan arccos =) b. cos] aresin| — 3) | 


Solution 


2 2 : F 
a. If you let u = arccos 3, then cos u = 3. Because cos u is positive, u is a first- 


quadrant angle. You can sketch and label angle wu as shown in Figure 4.65(a). 
Consequently, 





=| Opp ex, 5. 
(an ALCCOB |= alk 0) ott 
3 adj py 
b. If you let u = arcsin(—2), then sin u = —3. Because sin u is negative, u is a 


fourth-quadrant angle. You can sketch and label angle u as shown in Figure 
4.65(b). Consequently, 


Bove | ne 
COS] arcsin| — e — \COS Ua ett aes 


Inyo = SS 
Example 7 ® Some Problems from Calculus rm 
J 
Write each of the following as an algebraic expression in x. 
1 1 
a. sin(arccos 3x), O<x< 3 b--cotlarccos5x), OQ <x < A 


Solution 


If you let u = arccos 3x, then cos u = 3x. Because 


340 adj 
COS ===] a5 
1 hyp 


you can sketch a right triangle with acute angle u, as shown in Figure 4.66. From 
this triangle, you can easily convert each expression to algebraic form. 


1 
a. sin(arccos 3x) = sinu = SPP _ Vil = Oye. 0 <x 
hyp 3 
adj 3x 
opp V1 — 9x?’ 








| 
i) 
| 
& 
A 


b. cot(arccos 3x) = cot u = 


ge a 7, similar arguments can be made for x-values lying in the interval 
| 

ay OI 
3> 
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4.7 Exercises 





In Exercises 1-16, evaluate the expression without the aid 
of a calculator. 


A. arcsin 5 2. arcsin 0 
Us arecos 5 4. arccos 0 
3 
5. arctan ~2 6. arctan(— 1) 
3 ap) 
Ws aceos{- 2) 8. resi 5 
9. arctan(— J/3) 10. arctan \/3 
1 2. 
11. arecos(— ;) 12. aresin 
3 3 
13. arcsin — 14. wcan(-~2 ) 
y) B 
15. arctan 0 16. arccos | 


In Exercises 17-32, use a calculator to approximate the 
expression. Round your result to two decimal places. 


17. arccos 0.28 18. arcsin 0.45 

19. arcsin(— 0.75) 20. arccos(—0.7) 
21. arctan(— 3) 22. arctan 15 

23. arcsin 0.31 24. arccos 0.26 
25. arccos(— 0.41) 26. arcsin(— 0.125) 
27. arctan 0.92 28. arctan 2.8 

29. arcsin 3 30. arccos(—4) 
31. arctan 4 32. arctan(— 2) 


in Exercises 33 and 34, determine the missing coordinates 
of the points on the graph of the function. 












335 y 34. y 
Aly = arctan x (bss) 
mi e 
2 
I 
4 1 = 3 
4 ‘ a y = arccos x 

















ex In Exercises 35 and 36, use a graphing utility to graph f, g, 
and y = x in the same viewing window to verify geometri- 
cally that g is the inverse of f. (Be sure to restrict the domain 
of f properly.) 


35. f(x) = tan x, 
36. f(x) = sin x, 


g(x) = arctan x 


g(x) = arcsin x 


In Exercises 37-42, use an inverse trigonometric function to 


write @ as a function of x. 


37 


39. 


x+2 


DS 
a 


41. 


fs ve) 


x+3 


38. 
AG 
Za | 
4 
40. 
x+1 
Za a 
10 
42. 
x-1 
Za | 
x2-1 


In Exercises 43-48, use the properties of inverse functions 


to evaluate the expression. 


43. sin(arcsin 0.3) 
45. cos[arccos(—0.1)] 


47. arcsin(sin 377) 


44. tan(arctan 25) 
46. sin[arcsin(—0.2)] 


a 
48. arceos(cos 7) 


In Exercises 49-58, find the exact value of the expression. 
(Hint: Make a sketch of a right triangle. 


49. sin(arctan 3) 
51. cos(arctan 2) 


AL cos(arcsin 5) 
See sec|arctan(— 
37. sin|arccos(— )I 


4 
50. sec( arcsin 4) 


S25 sn = | 
eae 


54. c scl arctan(—; 5) 
56. t cole J] 
58. c ot (arctan 3) 


In Exercises 59-68, write an algebraic expression that is 
equivalent to the expression. (Hint: Sketch a right triangle, 
as demonstrated in Example 7.) 


60. 
62. 
64. 


59. cot(arctan x) sin(arctan x) 


61. cos(arcsin 2x) sec(arctan 3x) 


sec[arcsin(x — 1)] 


I 
coi( arctan ~) 
x 


, = Ip 
cos| arcsin 
* 


63. sin(arccos x) 


65. tan(arccos *) 66. 





a ese arctan =) 68. 


— 
= 


In Exercises 69 and 70, use a graphing utility to graph f and 
g in the same viewing window to verify that the two are 
equal. Explain why they are equal. Identify any asymptotes 
of the graphs. 





4 a 2% 
9. 7x) = sin(arctan 2x), g(x) = Piers 
/4 Beer” 
70. f(x) = tan( arccos *), g(x) = nae 
yy x 
In Exercises 71-74, fill in the blank. 
9 : 
71. arctan — = arcsin( L x #0 
5% 
/ 36 — x? 
72. a = arccos( ), Os x S16 
B =—— = arcsin( 
74. arccos-——~ = arctan( ), je-—2| <2 





In Exercises 75-82, sketch a graph of the function. 


‘4 
75. y = 2 arccos x 76. y = arcsin = 


O71. f(x) = arcsin(x — 1) 78. g(t) = arccos(t + 2) 


79. f(x) = arctan 2x 80. f(x) = 


T 
> + arctan x 


81. h(v) = tan(arccos v) $2. f(x) = arceos 7 


‘In Exercises 83-88, use a graphing utility to sketch a graph 
of the function. 


83. f(x) = 2 arccos(2x) 
85. f(x) = arctan(2x — 3) 
86. f(x) = —3 + arctan(7x) 


84. f(x) = marcsin(4x) 


== In Exercises 89 and 90, write the given function in terms of 
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Inverse Trigonometric Functions 


$7. fa) =r arsin( 2) 88. f(x) = A ~ arcoos( +) 


the sine function by using the identity 
Acos wt + Bsin wt = ./A2 + B? sin( wt + arctan “) 


Use a graphing utility to graph both forms of the function. 
What does the graph imply? 

89. f(t) = 3 cos 2t + 3 sin 2¢ 

90. f(t) = 4 cos mt + 3 sin mt 


91. Docking a Boat A boat is pulled in by means of a 
winch located on a dock 5 feet above the deck of the 
boat (see figure). Let 6 be the angle of elevation from 
the boat to the winch and let s be the length of the 
rope from the winch to the boat. 


(a) Write @ as a function of s. 
(b) Find 6 when s = 40 feet and s = 20 feet. 





92. Photography A television camera at ground level 
is filming the lift-off of a space shuttle at a point 750 
meters from the launch pad (see figure). Let @ be the 
angle of elevation to the shuttle and let s be the 


height of the shuttle. 
(a) Write 6 as a function of s. 


(b) Find @ when s = 300 meters and s = 1200 
meters. 
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93. Photography A photographer is taking a picture of 
a 2-foot painting hung in an art gallery. The camera 
lens is 1 foot below the lower edge of the painting 
(see figure). The angle B subtended by the camera 
lens x feet from the painting is 


B = arctan ce 0: 


X 
pale 
(a) Use a graphing utility to graph 6 as a function of 

x. 

(b) Move the cursor along the graph to approximate 
the distance from the picture when B is maximum. 


(c) Identify the asymptote of the graph and discuss 
its meaning in the context of the problem. 





94. Angle of Elevation An airplane flies at an altitude 
of 6 miles toward a point directly over an observer. 
Consider 6 and x as shown in the figure. 


(a) Write 6 as a function of x. 


(b) Find @ when x = 7 miles and x = | mile. 





6 mi 


|... Se 





95. Security Patrol A security car with its spotlight on 
is parked 20 meters from a warehouse. Consider 6 
and x as shown in the figure. 


(a) Write @ as a function of x. 


(b) Find @ when x = 5 meters and x = 12 meters. 








FIGURE FOR 95 
Synthesis 


True or False? In Exercises 96 and 97, determine 
whether the statement is true or false. Justify your answer. 


ot) ia 5m 
96. sin eas arcsin = = 
57 

= 


5 
97. tan = =1 arctan | = 


‘+ 98. Area In calculus, it is shown that the area of 


the region bounded by the graphs of y = 0, 
y = 1/(x? + 1), x = a, and x = bis given by 


Area = arctan b — arctana 


(see figure). Find the area for the following values 


of a and b. 
(a)a=0,b=1 (b) a= —-1,b=1 
(c) a=0,b =3 (d) a=—-1,b=3 








99. Define the inverse cotangent function by restricting 
the domain of the cotangent function to the interval 
(0, 7), and sketch its graph. 


100. Define the inverse secant function by restricting the 
domain of the secant function to the intervals 
[0, 2/2) and (2/2, 7], and sketch its graph. 

Define the inverse cosecant function by restricting 
the domain of the cosecant function to the intervals 


[— 2/2, 0) and (0, 27/2], and sketch its graph. 


101. 


102. Use the results of Exercises 99-101 to evaluate the 

following without using a calculator. 

(a) arcsec a 

(c) arccot{— J/3) 
1103. Think About It Usea graphing utility to graph the 
functions f(x) = x and g(x) = 6arctanx. For 
x > 0, it appears that g > f Explain why you know 
that there exists a positive real number a such that 
g <f for x > a. Approximate the number a. 


104. Think About It Consider the functions 


(b) arcsec | 


(d) arccse 2 


i) —sinx “and f(x) = arcsin x. 


(a) Use a graphing utility to graph the composite 
functions feof and fo lef. 
(b) Explain why the graphs in part (a) are not the 
graph of the line y = x. Why do the graphs of 
Vacpe and f+: f ditter? 


In Exercises 105-110, prove the identity. 


105. arcsin(—x) = —arcsin x 
106. arctan(—x) = —arctan x 


107. arccos(—x) = m — arccos x 


1 

Ossearcian x arctan— —=— x> 0 
i 

109. arcsin x + arccos x = 


110. arcsin x = arctan Tian 
rr 
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Review 


In Exercises 111-114, sketch a right triangle corresponding 
to the trigonometric function of the acute angle @. Use the 
Pythagorean Theorem to determine the third side. 


111,’ sin 6 = = 112. tan 6 =2 


113. cos 9 =2 114. sec 9 = 3 


In Exercises 115-118, evaluate the expression. Round your 
result to three decimal places. 


115. (8.2)34 
117. (1.1) 


116. 10(14)~2 
118. 16-27 


119. Partnership Costs A group of people agree to 
share equally in the cost of a $250,000 endowment 
to a college. If they could find two more people to 
join the group, each person’s share of the cost 
would decrease by $6250. How many people are 
presently in the group? 

120. Speed A boat travels at a speed of 18 miles per 
hour in still water. It travels 35 miles upstream and 
then returns to the starting point in a total of 4 
hours. Find the speed of the current. 
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> What you should learn 

* How to solve real-life problems 
involving right triangles 

* How to solve real-life problems 
involving directional bearings 


* How to solve real-life problems 
involving harmonic motion 


p> Why you should learn it 


Trigonometric functions 
frequently model real-life 


problems involving wave motion. 


For instance, Exercise 60 on page 
431 shows how a trigonometric 
function can be used to model 
the harmonic motion of a buoy. 
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Applications Involving Right Triangles 


In this section the three angles of a right triangle are denoted by the letters A, B, 
and C (where C is the right angle), and the lengths of the sides opposite these 
angles by the letters a, b, and c (where c is the hypotenuse). 


Example 1 ® Solving a Right Triangle 


Solve the right triangle shown in Figure 4.67 for all unknown sides and angles. 





B 
C a 
3427 
A b= 19.4 C 
FIGURE 4.67 
Solution 


Because C = 90°, it follows that A + B = 90° and B = 90° — 34.2° = 55.8”. To. 
solve for a, use the fact that 


==> a= btanA. 


Z 
b 

So, a = 19.4 tan 34.2° = 13.18. Similarly, to solve for c, use the fact that 
b 


di 
one = > a= u 





nA 
aA =——_-= 
adj 





hyp c cos A 
19.4 
SO, © = SS © BAG. 
UE Ee Cr ees 





In the next three examples, the term angle of elevation represents the angle 
from the horizontal upward to an object. For objects that lie below the horizontal, 
it is common to use the term angle of depression, as shown in Figure 4.68. 


Object 


Horizontal 








Observer 


Angle of 


Observer elevation 





Horizontal 


Object 
FIGURE 4.68 





FIGURE 4.69 





FiGurE 4.70 


| 
| 


| 








FIGURE 4.7) 


| 





Angle of 
depression 
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Example 2 » Finding a Side of a Right Triangle (e) 





A safety regulation states that the maximum angle of elevation for a rescue ladder 
is 72°. If a fire department’s longest ladder is 110 feet, what is the maximum safe 
rescue height? 


Solution 
A sketch is shown in Figure 4.69. From the equation sin A = a/c, it follows that 


aes As—sllOlsina/2ae— al 0456: 


So, the maximum safe rescue height is about 104.6 feet above the height of the 
fire truck. 


Example 3b Finding a Side of a Right Triangle (© 


At a point 200 feet from the base of a building, the angle of elevation to the 
bottom of a smokestack is 35°, whereas the angle of elevation to the top is 53°, as 
shown in Figure 4.70. Find the height s of the smokestack alone. 


Solution 


Note from Figure 4.70 that this problem involves two right triangles. In the 
smaller right triangle, use the fact that tan 35° = a/200 to conclude that the 
height of the building is 


a = 200 tan 35°. 


In the larger right triangle, use the equation 


aa Ss 
200 


to conclude that a + s = 200 tan 53°. So, the height of the smokestack is 
s = 200 tan 53° — a 

200 tan 53° — 200 tan 35° 

~ 125.4 feet. 





tans: — 


Example 4 ® Finding an Acute Angle of a Right Triangle @ 


A swimming pool is 20 meters long and 12 meters wide. The bottom of the pool 
is slanted so that the water depth is 1.3 meters at the shallow end and 4 meters at 
the deep end, as shown in Figure 4.71. Find the angle of depression of the bottom 
of the pool. 





Solution 
Using the tangent function, you see that 
opp 2.7 
tan AC 135, 
es adja oO 


So, the angle of depression is 


A = arctan 0.135 ~ 0.13419 radian ~ 7.69°. 
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Trigonometry and Bearings 


In surveying and navigation, directions are generally given in terms of bearings. 
A bearing measures the acute angle a path or line of sight makes with a fixed 
north-south line, as shown in Figure 4.72. For instance, the bearing S 35° E in 
Figure 4.72 means 35 degrees east of south. 


ae 


S 35°E N 80° W N45°E 
FIGURE 4.72 

Example 5 » Finding Directions in Terms of Bearings @ 
A ship leaves port at noon and heads due west at 20 knots, or 20 nautical miles 


(nm) per hour. At 2 P.M. the ship changes course to N 54° W, as shown in Figure 
4.73. Find the ship’s bearing and distance from the port of departure at 3 P.M. 








40am 220 nm) tae 


FIGURE 4.73 


Solution 


In triangle BCD, you have B = 90° — 54° = 36°. The two sides of this tian 
can be determined to be 


be 20 sinis6u and a VICOSs On 


In triangle ACD, you find angle A as follows. | 


ta A eS Bro 
d+40 20cos36°+40 ~~ 


A & arctan 0.2092494 ~ 0.2062732 radian ~ 11.82° 


The angle with the north-south line is 90° — 11.82° = 78.18°. Therefore, th 
bearing of the ship is 


N 78.18° W. Bearing 





Finally, from triangle ACD, you have sin A = b/c, which yields 
b 20 sin 36° | 
sinA sin 11.82° | 

| 





=~ 57.4 nautical miles. Distance from port 
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Harmonic Motion 


The periodic nature of the trigonometric functions is useful for describing the 
motion of a point on an object that vibrates, oscillates, rotates, or is moved by 
wave motion. 

For example, consider a ball that is bobbing up and down on the end of a 
spring, as shown in Figure 4.74. Suppose that 10 centimeters is the maximum 
distance the ball moves vertically upward or downward from its equilibrium (at 
rest) position. Suppose further that the time it takes for the ball to move from its 
maximum displacement above zero to its maximum displacement below zero and 
back again is t = 4 seconds. Assuming the ideal conditions of perfect elasticity 
and no friction or air resistance, the ball would continue to move up and down in 
a uniform and regular manner. 





Secorhes Ocm 
Somes —10 cm 
Equilibrium _ Maximum negative Maximum positive 
displacement displacement 


FIGURE 4.74 

From this spring you can conclude that the period (time for one complete 
cycle) of the motion is 

Period = 4 seconds 
and that its amplitude (maximum displacement from equilibrium) is 

Amplitude = 10 centimeters. 


Motion of this nature can be described by a sine or cosine function, and is called 
simple harmonic motion. 
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Definition of Simple Harmonic Motion 


A point that moves on a coordinate line is said to be in simple harmonic 
motion if its distance d from the origin at time ¢ is given by either 


d= asin wt or d = acos wt 


where a and w are real numbers such that m > 0. The motion has amplitude 
|a|, period 27r/@, and frequency w/27. 





Example 6 ® Simple Harmonic Motion @ 


Write the equation for the simple harmonic motion of the ball described in Figure 
4.74, where the period is 4 seconds. What is the frequency of this harmonic 
motion? 
Solution 
Because the spring is at equilibrium (d = 0) when t = 0, you use the equation 
d = asin ot. 
Moreover, because the maximum displacement from zero is 10 and the period is 
4, you have 
Amplitude = |a| = 10 








2 
Period = — = 4 p= 
w 2 
Consequently, the equation of motion is 
7 
d = 10 sin 2. 
in 
Note that the choice of a = 10 or a = —10 depends on whether the ball 
initially moves up or down. The frequency is 
aie 1 
Frequency = = = — cycle per second. 
Dt 275 6a 





One illustration of the relationship between sine waves and harmonic motion 
is seen in the wave motion resulting when a stone is dropped into a calm pool of 
water. The waves move outward in roughly the shape of sine (or cosine) waves, 
as shown in Figure 4.75. As an example, suppose you are fishing and your fishing 
bob is attached so that it does not move horizontally. As the waves move outward 
from the dropped stone, your fishing bob will move up and down in simple | 
harmonic motion, as shown in Figure 4.76. 





FIGURE 4.75 FIGURE 4.76 








b) 
\GuRE 4.77 
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Example 7 ® Simple Harmonic Motion 
Given the equation for simple harmonic motion 
3 
d = 6 cos —t 
4 


find (a) the maximum displacement, (b) the frequency, (c) the value of d when 
t = 4, and (d) the least positive value of t for which d = 0. 


Solution 


The given equation has the form d = a cos wt, with a = 6 and w = 37/4. 


a. The maximum displacement (from the point of equilibrium) is given by the 
amplitude. So, the maximum displacement is 6. 


b. Frequency = = 
7 


_ 30/4 
277 


3 | , 
= 8 cycle per unit of time 


c. d=6 cos| (| 


= 6cos 37 
= 6(-1) 
= —6 


d. To find the least positive value of t for which d = 0, solve the equation 


Pee cog 6 
4 


to obtain 
377 wT 3m ST > 2) 10 
ae ae Pers) tyes ip = 4s n> 
4 Dein? 3 3 


WI 


So, the least positive value of t is t = 





so aaa Ses 


—Woiting spout matHematics 













Radio Waves Many different physical phenomena can be characterized by wave 
motion. These phenomena include electromagnetic waves such as radio waves, 
television waves, and microwaves. Radio waves transmit sound in two different 
ways. For an AM station, the amplitude of the wave is modified to carry sound. The 
letters AM stand for “amplitude modulation.” An FM radio signal has its frequency 
modified in order to carry sound, hence the term “frequency modulation.” Of the 
two graphs in Figure 4.77, one shows an AM wave and the other shows an FM 
wave. Which is which? Explain your reasoning. 
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4.8 Exercises 


ec 


In Exercises 1-10, solve the right triangle shown in the 
figure. Round your answer to two decimal places. 


c 


FIGURE FOR 1-10 


A= 202 b= 10 2B = 154 Gaal) 
B=" ae b=) 24 4,A=84°, a=40.5 
“6. AO Oy (Ch WSs C= 3D 
PS ilh, €=s” 8. b = 1.32, c=9.45 
A= bere — 4305 
Bi 160) 1 eel 

Cc 

Ae OA 
b A 


FIGURE FOR 11-14 


In Exercises 11-14, find the altitude of the isosceles triangle 
shown in the figure. Round your answer to two decimal 





places. 

11. 9 = 52°, b = 4 inches 

12. 6 = 18°, b = 10 meters 

13. 0 = 41°, b = 46 inches 

14. 9 = 27°, b = 11 feet 

15. Length of a Shadow If the sun is 25° above the 
horizon, find the length of a shadow cast by a silo 
that is 50 feet tall (see figure). 

16. Length of a Shadow If the sun is 20° above the 
horizon, find the length of a shadow cast by a 
building that is 600 feet tall. 

17. Height A ladder 20 feet long leans against the side 


of a house. Find the height / from the top of the 
ladder to the ground if the angle of elevation of the 
ladder is 80°. . 


18. Height The length of a shadow of a tree is 125 feet 


19. 


20. 


21. 


22. 


23. 


24. 


when the angle of elevation of the sun is 33°. 
Approximate the height / of the tree. 


Height From a point 50 feet in front of a church, 
the angles of elevation to the base of the steeple and 
the top of the steeple are 35° and 47° 407, respectively. — 


(a) Draw right triangles that represent the problem. : 
Label the known and unknown quantities. 


(b) Use a trigonometric function to write an equation 
involving the unknown quantity. 


(c) Find the height of the steeple. 


Height You are standing 100 feet from the base of 
a platform from which people are bungee jumping. 
The angle of elevation from your position to the top 
of the platform from which they jump is 51°. From 
what height are the people jumping? | 
Depth of a Submarine The sonar of a navy cruiser 
detects a submarine that is 4000 feet from the cruiser. 
The angle between the water line and the submarine 
is 34° (see figure). How deep is the submarine? | 








| 
Height of a Kite A 75-foot line is attached toa 
kite. When the kite has pulled the line taut, the angle 
of elevation to the kite is approximately 60° 
Approximate the height of the kite. 
Angle of Elevation An amateur radio oper. 
erects a 75-foot vertical tower for an antenna. F 
the angle of elevation to the top of the tower at 
point on level ground 50 feet from its base. 


Angle of Elevation The height of an outd 
basketball backboard is 125 feet, and the backboar 
casts a shadow 173 feet long. | 


Label the known and unknown quantities. 


(b) Use a trigonometric function to write a 
equation involving the unknown quantity. 


(c) Find the angle of elevation of the sun. ‘ 





25. Angle of Depression A Global Positioning System 
satellite orbits 12,500 miles above earth’s surface. 
Find the angle of depression from the satellite to the 
horizon. Assume the radius of earth is 4000 miles. 


12,500 mi 






GPS 
satellite 


'~ Angle of 
depression 


(Not drawn to scale) 


26. Angle of Depression A cellular telephone tower 
that is 150 feet tall is placed on top of a mountain 
that is 1200 feet above sea level. What is the angle of 
depression from the top of the tower to a cell phone 
user who is 5 horizontal miles away and 400 feet 
above sea level? 


27. Airplane Ascent During takeoff, an airplane’s angle 
of climb is 18° and its speed is 275 feet per second. 
Find the plane’s altitude after | minute. 


28. Airplane Ascent How long will it take the plane in 
Exercise 27 to climb to an altitude of 10,000 feet? 


29. Mountain Descent A sign on a roadway at the top 
of a mountain indicates that for the next 4 miles the 
grade is 10.5° (see figure). Find the change in eleva- 
tion for a car descending the mountain. 





30. Mountain Descent A roadway sign at the top of a 
mountain indicates that for the next 4 miles the grade 
is 12%. Find the angle of the grade and the change in 
elevation for a car descending the mountain. 

31. Navigation An airplane flying at 600 miles per 
hour has a bearing of N 52° E. After flying for 1.5 
hours, how far north and how far east will the plane 
have traveled from its point of departure? 





bearing of S 27° W. If its speed is 20 knots, how 
many nautical miles south and how many nautical 
miles west will the ship have traveled by 6:00 P.M.? 








if Navigation A ship leaves port at noon and has a 
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33. Surveying A surveyor wishes to find the distance 
across a swamp (see figure). The bearing from A to 
B is N 32° W. The surveyor walks 50 meters from A, 
and at the point C the bearing to B is N 68° W. Find 
(a) the bearing from A to C and (b) the distance from 
A to B. 





34. Location of a Fire Two fire towers are 30 kilome- 
ters apart, tower A being due west of tower B. A fire 
is spotted from the towers, and the bearings from A 
and B are E 14° N and W 34° N, respectively (see 
figure). Find the distance d of the fire from the line 
segment AB. 





35. Navigation A ship is 45 miles east and 30 miles 
south of port. If the captain wants to sail directly to 
port, what bearing should be taken? 


36. Navigation A plane is 120 miles north and 85 
miles east of an airport. If the pilot wants to fly 
directly to the airport, what bearing should be taken? 


37. Distance Between Ships An observer in a 
lighthouse 350 feet above sea level observes two 
ships directly offshore. The angles of depression to 
the ships are 4° and 6.5° (see figure). How far apart 
are the ships? 





(Not drawn to scale) 
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38. Distance Between Towns A passenger in an 
airplane at an altitude of 10 kilometers sees two 
towns directly to the east of the plane. The angles of 
depression to the towns are 28° and 55° (see figure). 
How far apart are the towns? 


10 km; 








39. Altitude of a Plane A plane is observed approach- 
ing your home and you assume that its speed is 550 
miles per hour. If the angle of elevation of the plane 
is 16° at one time and 57° one minute later, approxi- 
mate the altitude of the plane. 


40. Height of a Mountain While traveling across flat 
land, you notice a mountain directly in front of you. 
The angle of elevation to the peak is 2.5°. After you 
drive 17 miles closer to the mountain, the angle of 
elevation is 9°. Approximate the height of the 
mountain. 


Geometry \n Exercises 41 and 42, find the angle a 
between two nonvertical lines L, and L,. The angle a 
satisfies the equation 


m,—™, 





tana = | 
1+m,m, 


where m, and m, are the slopes of L, and L,, respectively. 
(Assume that m,m, # —1.) 


alL 3x — 2y =) 42. Li 2 ay = 
ie er oy = I Le OY aaa 


43. Geometry Determine the angle between the 
diagonal of the cube and the diagonal of its base, as 
shown in the figure. 





FIGURE FOR 43 FIGURE FOR 44 


44. Geometry Determine the angle between the diago- 
nal of the cube and its edge, as shown in the figure. 


45. Geometry Find the length of the sides of a regular 
pentagon inscribed in a circle of radius 25 inches. 


46. Geometry Find the length of the sides of a regular 
hexagon inscribed in a circle of radius 25 inches. 


47. Hardware Express the distance y across the flat 
sides of a hexagonal nut as a function of r, as shown 
in the figure. 





eS rl 





x—_—_ 


48. Bolt Holes The figure shows a circular piece of 
sheet metal that has a diameter of 40 centimeters and 
contains 12 equally spaced bolt holes. Determine the 
straight-line distance between the centers of consecu- 
tive bolt holes. 


0 | 35cm 








Trusses \n Exercises 49 and 50, find the lengths of all the 
unknown members of the truss. 


49. 


50. 





Harmonic Motion \n Exercises 51-54, for the simple 
harmonic motion described by the trigonometric function, 
find (a) the maximum displacement, (b) the frequency, and 
(c) the least positive value of t for which d = 0. 


51. d = 4cos 8a 52. d= + cos 207t 
53. d = 7g sin 120zt 54. d = 4 sin 792m 


Harmonic Motion \n Exercises 55-58, find a model 
for simple harmonic motion satisfying the specified 
conditions. 


Displacement (t = 0) Amplitude Period 
55. 0 4cm 2 Sec 
56. 0 3m 6 sec 
Si. 3 IN. 3 in. 1.5 sec 
58. 2 ft Dart 10 sec 


59. Tuning Fork A point on the end of a tuning fork 
moves in simple harmonic motion described by 
d = asin ot. Find @ given that the tuning fork for 
middle C has a frequency of 264 vibrations per 
second. 


60. Wave Motion A buoy oscillates in simple harmon- 
ic motion as waves go past. It is noted that the buoy 
moves a total of 3.5 feet from its low point to its high 
point (see figure), and that it returns to its high point 
every 10 seconds. Write an equation that describes 
the motion of the buoy if its high point is at t = 0. 






Equilibrium 


61. Springs A weight stretches a spring 1.5 inches. 
The weight is pushed 3 inches above its equilibrium 
position and released. Its motion is modeled by 


1 
i 60S 108, t>0 


where y is in feet and ¢ is in seconds. 
(a) Graph the function. 
(b) What is the period of the oscillations? 


(c) Determine the first time the weight passes the 
point of equilibrium (y = 0). 


Section 4.8 PB Applications and Models 431 
Synthesis 


True or False? \n Exercises 62 and 63, determine 
whether the statement is true or false. Justify your answer. 


62. A building that is famous for not being perfectly 
vertical is the Leaning Tower of Pisa. If you know 
the exact angle of elevation 6 to the 191-foot tower 
when you stand near it, then you can determine the 
exact distance to the tower d by using the formula 

191 
tan @ = A 

63. For the harmonic motion of a ball bobbing up and 
down on the end of a spring, one period can be 
described as the length of one coil of the spring. 


64. Numerical and Graphical Analysis A 2-meter-high 
fence is 3 meters from the side of a grain storage bin. 
A grain elevator must reach from ground level outside 
the fence to the storage bin (see figure). The objective 
is to determine the shortest elevator that meets the 
constraints. 


(a) Complete four rows of the table. 


























ae 
D) 3 
0.1 : 
SimOe a iecos Ost 
2 
2 | = 2 
| sin 0.2 | cos 0.2 














Ea 





(b) Use a graphing utility to generate additional 
rows of the table. Use the table to estimate the 
minimum length of the elevator. 


(c) Write the length L, + L, as a function of 6. 
= (d) Use a graphing utility to graph the function. Use 
the graph to estimate the minimum length. How 
does your estimate compare with that of part (b)? 







l iB raubeh mas ii te as | a at ; \ 
1 Ge] (aah 5) al es a TH 7) Daa B 





ee 
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65. Numerical and Graphical Analysis The cross 67. Data Analysis The table gives the average sales S | 
sections of an irrigation canal are isosceles trape- (in millions of dollars) of an outerwear manufacturer 
zoids where the length of three of the sides is 8 feet for each month ft, where t = | represents January. 


(see figure). The objective is to find the angle 6 that 
maximizes the area of the cross sections. [Hint: The 
area of a trapezoid is (h/2)(b, + b).] 


(a) Complete seven rows of the table. 



































Base 1 | Base 2 sca : 
8 | 8 + 16cos 10° 
8 | 8 + 16 cos 20° 


| Altitude _ 


8 sin 10° 
8 sin 20° | 42.5 (a) Create a scatter plot of the data. 




















(b) Find a trigonometric model that fits the data. 
bat Graph the model on your scatter plot. How well 
== (b) Use a graphing utility to generate additional does the model fit the data? 


ee of the table. Use it table to estimate the (c) What is the period of the model? Do you think it 
So tee pe user is reasonable given the context? Explain your 





(c) Write the area A as a function of 6. reasoning. 
=| (d) Use a graphing utility to graph the function. (d) Interpret the meaning of the model’s amplitude 
Use the graph to estimate the maximum in the context of the problem. 
cross-sectional area. How does your estimate 
compare with that of part (b)? Review 


In Exercises 68-77, graph the equation by hand. 
68. 3x —2y =4 69. 5j “So 
70... (y = 2)2 = 80 +2) 71. (x + 3)? = 5y — 8) 








ee oe 73. 2x2 + y2?-4=0_ 
2 | 
TA ee | 
15, EE a5 
66. Data Analysis The times S$ of sunset (Greenwich 4 2 
Mean Time) at 40° north latitude on the 15th of each x2 y2 
month are: 1(16:59), 2(17:35), 3(18:06), 4(18:38), 16C hee 
5(19:08), 6(19:30), 7(19:28), 8(18:57), 9(18:09), 


10(17:21), 11(16:44), 12(16:36). The month is repre- Tex ye 
sented by f, with t = | corresponding to January. A 

model (where minutes have been converted to the 

decimal parts of an hour) for this data is 


S(t) = 18.09 + 1.41 sin q 4.60) 


(a) Use a graphing utility to graph the data points 
and the model in the same viewing window. 
(b) What is the period of the model? Is it what you 
expected? Explain. 


(c) What is the amplitude of the function? What 
does it represent in the model? Explain. 


Chapter Summary 


& Chapter Summary 
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What did you learn? 


Section 4.1 
L) How to describe angles 


L] How to use radian and degree measure 

CL] How to use angles to model and solve real-life problems 

Section 4.2 

CL] How to identify a unit circle and its relationship to real numbers 

L] How to evaluate trigonometric functions using the unit circle 

L] How to use the domain and period to evaluate sine and cosine functions 
[} How to use a calculator to evaluate trigonometric functions 

Section 4.3 

L] How to evaluate trigonometric functions of acute angles 

L} How to use the fundamental trigonometric identities 

CL] How to use a calculator to evaluate trigonometric functions 

CL] How to use trigonometric functions to model and solve real-life problems 
Section 4.4 

L] How to evaluate trigonometric functions of any angle 

CL] How to use reference angles to evaluate trigonometric functions 

CL) How to evaluate trigonometric functions of real numbers 

Section 4.5 


CL} How to use amplitude and period to sketch the graphs of sine and 
cosine functions 


CL] How to sketch translations of graphs of sine and cosine functions 
L] How to use sine and cosine functions to model real-life data 
Section 4.6 

L] How to sketch the graphs of tangent and cotangent functions 

L] How to sketch the graphs of secant and cosecant functions 

L] How to sketch the graphs of damped trigonometric functions 
Section 4.7 

L) How to evaluate the inverse sine function 

L) How to evaluate the other inverse trigonometric functions 

L] How to evaluate the compositions of trigonometric functions 


Section 4.8 
UL) How to solve real-life problems involving right triangles 


CL] How to solve real-life problems involving directional bearings 
L) How to solve real-life problems involving harmonic motion 


Review Exercises 
124 
5-20 
21,22 


23-26 
27-30 
31-34 
35-38 


39-42 
43-46 
47-52 
53,54 


55-68 
69-74 
715-62 


83-86 


87-90 
91,92 


93-96 
97-100 
101, 102 


103-108 
109-120 
121-128 


129, 130 
131 
132 
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Review Exercises 





In Exercises 1-4, estimate the angle to the nearest 
one-half radian. 


1. Re De ere 
is. or 


In Exercises 5-12, sketch the angle in standard position. List 
one positive and one negative coterminal angle. 


lla 27 
oh Ss Oj == 
4 9 
3 3 
9. 70° 10. 280° 
11. —110° 12. —405° 


In Exercises 13-16, convert the measure from radians to 
degrees. Round to two decimal places. 


57 
13) me (ae 


155 3%) 16. 5.7 


in Exercises 17-20, convert the measure from degrees to 
radians. Round to four decimal places. 


17. 480° 13.212 75" 
19.30. 4 20. 196° 777 


21. Phonograph Compact discs have all but replaced 
phonograph records. Phonograph records are vinyl 
discs that rotate on a turntable. A typical record 
album is 12 inches in diameter and plays at 333 
revolutions per minute. 


(a) What is the angular speed of a record album? 
(b) What is the linear speed of the outer edge of a 
record album? 


22. Bicycle At what speed is a bicyclist traveling if his 
27-inch-diameter tires are rotating at an angular speed 
of 57 radians per second? 


In Exercises 23-26, find the point (x, y) on the unit 
circle that corresponds to the real number t. 
277 elas 


23. f= ipa 
t 3 24. t i 


37 Aq 
25. t= 6 26. t= 3 


In Exercises 27-30, evaluate (if possible) the six trigono- 
metric functions of the real number. 


7 T 
27. t= = 28.1 = 7 
29. = 30. t= 27 


in Exercises 31-34, evaluate the trigonometric function 
using its period as an aid. 


32. cos 47 


137 
34. cos 3 


. 
In Exercises 35-38, use a calculator to evaluate the trigono- | 
metric function. Round to two decimal places. 


35. tan 33 36. csc 10.5 
2M seo 38. sin( -Z) 





In Exercises 39-42, find the values of the six trigono- 
metric functions of the angle 6 in the figure. 


39. 40. 
4 
6 < 
aN ‘si 
5 
Ta a 
z | 


In Exercises 43-46, use the given function value ani 
trigonometric identities (including the cofunction identi 
ties) to find the indicated trigonometric functions. 





43. sin 0 =} 
(a) csc 0 (b) cos 6 
(c) sec 0 (d) tan 0 
44. tnd=4 
(a) cot 6 (b) sec 0 
(c) cos 6 (d) csc 0 
45. csc 0 = 4 
(a) sin @ (b) cos 0 
(c) sec 0 (d) tan 6 
46. csc 0 =5 
(a) sin 0 (b) cot 6 
(c) tan 0 (d) sec(90° — @) 


In Exercises 47-52, use a calculator to evaluate the trigono- 
metric function. Round your answer to two decimal places. 


47. tan 33° 48. csc 11° 

49. sin 34.2° 50. sec 79.3° 

peecot ls 147 SAE COSM/ Oma er 

53. Railroad Grade A train travels 3.5 kilometers on a 


straight track with a grade of 1° 10’ (see figure). 
What is the vertical rise of the train in that distance? 





3.5 km see 








34. Guy Wire A guy wire runs from the ground to the 
top of a 25-foot telephone pole. The angle formed 
between the wire and the ground is 52°. How far 
from the base of the pole is the wire attached to the 

| ground? 

[44] In Exercises 55-62, find the six trigonometric func- 

tions of the angle @ (in standard position) whose terminal 

side passes through the point. 


ES. (12, 16) 56. (3, —4) 

37. (3,3) 58. (-¥, -3 

59. (—0.5, 4.5) 60. (0.3, 0.4) 

61. x, 4x), x > 0 62. (—2x, —3x), x > 0 


| 
\n Exercises 63-68, find the remaining five trigonometric 
ens of @ satisfying the condition. 


53. secO=§ tand<0 64. csco=3%, cosd<0 
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65. sin 0 = 2, cos 6 < 0 
66. tan 6 = 2, cos 8 < 0 
67. cos 0 = —§, sin 8 > 0 
68. sin 6 = —7, cos @>0 


In Exercises 69-74, evaluate the trigonometric function 
without using a calculator. 


69. tan 7/3 
71. cos(—77/3) 
73. cos 495° 


70. sec 7/4 
72. cot(—57/4) 
74. sin(— 150°) 


In Exercises 75-82, evaluate the trigonometric function of 
the real number. Round your answer to two decimal places. 


75. sin 4 76. tan 3 
77. sin(—3.2) 78. cot(—4.8) 
79. sin 37 80. cot 1.57 


81. sec 1277/5 82. tan(— 2577/7) 


4.5 | In Exercises 83-90, sketch a graph of the function. 
Include two full periods. 


83. y = sinx 84. y = cosx 
85. f(x) = Ssin = 86. f(x) = 8 cos( ~3) 
87. y= 2+ sinx 88. y = —4 — cos mx 


89. 9(t) = > sin(t = 7) 90. g(t) = 3 cos(t + a) 


91. Sound Waves Sound waves can be modeled by sine 
functions of the form y = asin bx, where x is 
measured in seconds. 


(a) Write an equation of a sound wave whose ampli- 
Me aiGteyea] 
tude is 2 and whose period is 36g second. 


(b) What is the frequency of the sound wave 
described in part (a)? 
92. Sound Waves _ Use the cosine function y = a cos bx 
to model the sound wave described in Exercise 91. 


In Exercises 93-102, sketch a graph of the function. 
Include two full periods. 


93. f(x) = tan x 94. f(t) = tani 2 2) 


96. g(t) = 2 cot 2r 


98. h(t) = se = 2 


95. f(x) = cotx 


97. f(x) = secx 


99. f(x) = cscx 100. f(t) = 3 eso 2 + 2) 
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101. f(x) = x cos x 102. g(x) = e* cosx 


In Exercises 103-108, evaluate the expression. If 
necessary, round your answer to two decimal places. 


104. arcsin(— 1) 
106. arcsin 0.213 
108. sin~! 0.89 


103. arcsin(—3) 
105. arcsin 0.4 
107. sin~'(—0.44) 


In Exercises 109-112, evaluate the expression without the 
aid of a calculator. 


2 
109. arceos ~ 110. arccos Se 


3 
111. cos: “(= 1) 112: cos = 


In Exercises 113-120, use a calculator to approximate the 
value of the expression. Round your answer to two decimal 
places. 


113. arccos 0.324 114. arccos(— 0.888) 
115. arctan 0.123 116. arctan 2.34 
117. arctan 5.783 118. arctan 99.1 
119. tan—}(—1.5) 120. tan! 8.2 


In Exercises 121-128, find the exact value of the expression. 


121: 1227 
. arctan(tan 77) 124. 
126. 
128. 


sin(arcsin 0.72) cos(arccos 0.25) 


arccos|cos(— 577) | 
. cos(arctan 3) tan(arccos 2) 


2) a 

. sec(arctan 12) cot|arcsin(—73)} 

. Angle of Elevation The height of a radio trans- 
mission tower is 70 meters, and it casts a shadow of 
length 30 meters (see figure). Find the angle of 
elevation of the sun. 


x \ 70m 











130. Lost Ball Your football has landed at the edge of 


the roof of your school building. When you are 25 
feet from the base of the building, the angle of 
elevation to your football is 21°. How high off the 
ground is your football? 


131. Distance From city A to city B, a plane flies 650 
miles at a bearing of N 48° E. From city B to city 
C, the plane flies 810 miles at a bearing of S 65° E. 
Find the distance from A to C and the bearing from 


A to C. 


132. 
simple harmonic motion from the waves in the lake 
where you fish. Your bobber moves a total of 1.5 


Wave Motion Your fishing bobber oscillates in_ 


inches from its high point to its low point and 


returns to its high point every 3 seconds. Write an 
equation modeling the motion of your bobber if it is 
at its high point at time ¢t = 0. 


Synthesis 


True or False? \n Exercises 133-136, determine whether 
the statement is true or false. Justify your answer. 


133. The tangent function is often useful for modeling | 


simple harmonic motion. 


134. The inverse sine function y = arcsin x cannot be 
defined as a function over any interval that is greater 
than the interval defined as — 7/2 < y < 7/2. 

135. y = sin @ is not a function because sin 30° = 
sin 150°. 

136. Because tan 37/4 = —1, arctan(—1) = 3727/4. 


In Exercises 137-140, match the function y = asin bx with 
its graph. Base your selection solely on your interpretation 


of the constants a and 6b. Explain your reasoning. [The | 


graphs are labeled (a), (b), (c), and (d).] 
(a) y (b) 





| 


I 


f 


| 








137. 
139. 


141. 


142. 


143. 


144, 


145. 





y= 3sinx 138. y = —3 sinx 


y = 2sin 7x 140. y = 2 sin 5 
Describe the behavior of f(@) = sec 6 at the zeros 
of g(0) = cos 6. Explain. 


The function f is periodic, with period c. Therefore, 
f(t + c) = f(d). Are the following equal? Explain. 


(a) f(r — 20) = flo) 


(b) flr + de) = f(b) 

(©) fe + 3) * fd) 

When graphing the sine and cosine functions, 
determining the amplitude is part of the analysis. 
Why is this not true for the other four trigonometric 
functions? 


Oscillation of a Spring A weight is suspended 
from a ceiling by a steel spring. The weight is lifted 
(positive direction) from the equilibrium position 
and released. The resulting motion of the weight is 
modeled by 


1 
y= Ae ™ cos bt = eae cos 6f 


where y is the distance in feet from equilibrium and 
t is the time in seconds. The graph of the function is 
given in the figure. For each of the following, 
describe the change in the system without graphing 
the resulting function. 

(a) A is changed from : to = 

(b) k is changed from is to a 


(c) b is changed from 6 to 9. 





Exploration The base of the triangle in the figure 

is also the radius of a circular arc. 

(a) Find the area A of the shaded region as a 
function of 6 for 0 < 6 < 7/2. 
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& (b) Use a graphing utility to graph the area function 


G 146. 


Es 


147. 


over the given domain. Interpret the graph in 
the context of the problem. 


a | 


12 


Exploration In calculus it can be shown that the 
arcsine and arctangent functions can be approxi- 
mated by the polynomials 





; ce Be Sire 
arcsinx ~ x + — + + 
6 40 112 
yo ge el 
BYRON A208 2 ee 
3 5 7 


where x is in radians. 

(a) Use a graphing utility to graph the arcsine 
function and its polynomial approximation in 
the same viewing window. How do the graphs 
compare? 

(b) Use a graphing utility to graph the arctangent 

function and its polynomial approximation in 

the same viewing window. How do the graphs 
compare? 

(c) Study the pattern in the polynomial approxima- 

tion of the arctangent function and guess the 

next term. Then repeat part (b). How did the 
accuracy of the approximation change when 
additional terms were added? 


Describe a real-life application that can be 
represented by a simple harmonic motion model 
and is different from any that you’ve seen in this 
chapter. Explain which function you would use to 
model your application, and why. Explain how you 
would determine the amplitude, period, and 
frequency of the model for your application. 
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Chapter Project 


Analyzing a Graph 


Graphs of functions that are combinations of algebraic functions and trigonomet- 
ric functions can be difficult to sketch by hand. For such graphs, a graphing utility 
is helpful. 





Example ® Sketching the Graph of a Function 


Since 1974, the Mauna Loa Climate Observatory in Hawaii has been collecting 
data on the carbon dioxide level of the earth’s atmosphere. A model that closely 
represents the data is 


y= 323 + 1.56+ 0001s 7 2Sisin 2a 


where y represents the monthly average of carbon dioxide concentration (in parts 
per million) and t = 4 represents January 1974, t = 5 represents January 1975, 
and so on. Sketch the graph of this function and explain the oscillations in the 
graph. (Source: National Oceanic and Atmospheric Administration, Climate 
Monitoring and Diagnostic Laboratory, Carbon Cycle-Greenhouse Gases) 


Solution 

The graph of the function is shown below. From the graph, you can see that the 
carbon dioxide level fluctuates each year. The low level each year, which occurs 
toward the end of the summer in the northern hemisphere, is caused by the intake 
of carbon dioxide in growing plants. | 


Carbon dioxide concentration 
(in parts per million) 





Year (4 © 1974) 





Chapter Project Investigations 


1. Sketch the graph of the model given in the example for 27 < t < 29. | 
Between January 1997 and January 1999, what were the highest and — 
lowest levels of carbon dioxide? When did each occur? | 


=: In Questions 2-4, use a graphing utility to graph the function. Choose a viewing 
window that you think produces a good representation of the important — 


features of the graph. 


2g Six 3. y = x? sinx 4. y= 


2, 6) 


} 


> Chapter Test 





FIGURE FOR 3 
' 


§) The Interactive CD-ROM and Internet 


il ee 


versions of this text provide answers to 


the Chapter Tests and Cumulative Tests. 


They also offer Chapter Pre-Tests 
(which test key skills and concepts 
covered in previous chapters) and 
Chapter Post-Tests, both of which have 
randomly generated exercises with 
diagnostic capabilities. 





FIGURE FOR 15 


> Chapter Test 439 


a 


Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 


1. Consider the angle of magnitude 57/4 radians. 
(a) Sketch the angle in standard position. 
(b) Determine two coterminal angles (one positive and one negative). 
(c) Convert the angle to degree measure. 


2. A truck is moving at a rate of 90 kilometers per hour, and the diameter of its 
wheels is 1 meter. Find the angular speed of the wheels in radians per minute. 


3. Find the exact values of the six trigonometric functions of the angle 6 shown 
in the figure. 


4. Given that tan 6 = 2 find the other five trigonometric functions of 6. 


5. Determine the reference angle 6’ of the angle 6 = 290° and sketch 6 and 6’ 
in standard position. 


6. Determine the quadrant in which @ lies if sec 6 < 0 and tan 6 > 0. 


7. Find two values of 6 in degrees (0 < @ < 360°) ifcos @ = — \/3/2. (Do not 
use a calculator.) 


8. Use a calculator to approximate two values of 6 in radians (0 < 6 < 27) if 
csc 6 = 1.030. Round the result to two decimal places. 


In Exercises 9 and 10, find the remaining five trigonometric functions of 6 satisfying 
the conditions. 


9. cos 6 = 3, tan 0 < 0 10. sec 9 = —%, sin@ > 0 


In Exercises 11 and 12, graph the function through two full periods without the aid 
of a graphing utility. 


| 
11. g(x) = -2 sn( 1 os =) 12. f(a) = 5 tan 2a 


In Exercises 13 and 14, use a graphing utility to graph the function. If the function is 
periodic, find its period. 


135) = sin 2ax + 2 cos 7x 14. y = 6e~®-!2" cos(0.251), O < t < 32 

15. Find a, b, and c for the function f(x) = a sin(bx + c) such that the graph of 
f matches the figure. 

16. Find the exact value of tan(arccos =) without the aid of a calculator. 

17. Graph the function f(x) = 2 aresin( $x). 


18. A plane is 80 miles south and 95 miles east of an airport. What bearing 
should be taken to fly directly to the airport? 


19. Write the equation for the simple harmonic motion of a ball on a spring that 
starts at its lowest point of 6 inches below equilibrium, bounces to its maxi- 
mum height of 6 inches above equilibrium, and returns to its lowest point in 
a total of 2 seconds. 


A football thrown by a quarterback follows a parabolic 
path. The horizontal distance the football travels depends 


not only on the speed of the throw, but on the angle at 
which the ball is thrown. 
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> How to Study This Chapter 





The Big Picture 


_ In this chapter you will learn the 
following skills and concepts. 


> How to use fundamental trigono- 
metric identities to evaluate 
trigonometric functions and sim- 
plify trigonometric expressions 

> How to verify trigonometric 

_ identities 

> How to use standard algebraic 
techniques and inverse 


trigonometric functions to solve 
trigonometric equations 


» How to use sum and difference 


formulas, multiple-angle formulas, 


power-reducing formulas, 
half-angle formulas, and product- 
to-sum formulas to rewrite and 
evaluate trigonometric functions 





Study Tools 


* Learning objectives at the 
beginning of each section 

* Chapter Summary (p. 486) 

* Review Exercises (pp. 487-489) 

* Chapter Test (p. 491) 





Important Vocabulary 


As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Sum and difference formulas 

(p. 468) 
Reduction formulas (p.470) 
Double-angle formulas (jp. 475) 
Power-reducing formulas (p. 477) 
Half-angle formulas (p. 478) 
Product-to-sum formulas (p. 479) 
Sum-to-product formulas (p. 480) 





Additional Resources 


STUDY TIP 
* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 5 

* Precalculus Website 

* Student Success Organizer 


Avoid getting frustrated or 
spending too much time on one 
problem. Ask for help, take a 
break to clear your thoughts, 
sleep on it, rework the problem, 
or reread the section in the text. 
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seme Using Fundamental Identities 


» What you should learn 


Introduction 


* How to recognize and write the 


fundamental trigonometric In Chapter 4, you studied the basic definitions, properties, graphs, and applica- 

identities tions of the individual trigonometric functions. In this chapter, you will learn how 
* How to use the fundamental to use the fundamental identities to 

trigonometric identities to 

evaluate trigonometric func- 1. evaluate trigonometric functions. 


tions, simplify trigonometric 
expressions, and rewrite 
trigonometric expressions 


2. simplify trigonometric expressions. 
3. develop additional trigonometric identities. 
4 


: . solve trigonometric equations. 
> Why you should learn it 
Fundamental trigonometric Fundamental Trigonometric Identities 
identities can be used to simplify 


; Reciprocal Identities 
trigonometric expressions. For 




















1 1 1 
instance, in Exercise 99 on page sin = Cosi = anes 
449 you can use trigonometric CSC U Sec Uu cot u | 
identities to simplify an expres- 1 1 1 
sion for the coefficient of friction. cscu = — oi se cotu = 

sin u COS u tan u 


Quotient Identities 











Sf sin u COs u 
om tan u = COU te 
as COS u sin u 
U f+ 
fe} i ) 
Pa) ce 4 
aI Pythagorean Identities 
us sin? u + cos? u = | 1 + tan? u = sec? u 1 + cot?” =cse- ny @ 
Cofunction Identities : 
(a 1 } 
S10 ett COST COS\-=— = 1) sine | 
. Q 2 7 
4 
T T | 
tan|— — u}] =cotu COU Sa ane =| 
2 2 ; 
Se (—= = 7) = exon CSC lex 1 |e SeCuL | 
2) 2 
Even/Odd Identities 
sin(—u) = —sin u, cos(= 4). = Cos u; tan(—u) = —tanu | 
esc(—u) = —cscu,  sec(—u) = secu, cot(—u) = =aenee ;| 


Pythagorean identities are sometimes used in radical form such as 


sinu = +\/1 — cos? u 
or 


tan = +-~/sec7 v= 


where the sign depends on the choice of uw. 


The Interactive CD-ROM and /nternet 
versions of this text offer a built-in 
graphing calculator, which can be used 
in the Examples, Explorations, 
Technology notes, and Exercises. 


o™= 
Technology 
.«* Youcan use a graphing 
utility to check the result of 
Example 2.To do this, graph 















y = sinx cos? x — sinx 
and 
y = —sin? x 


in the same viewing window, as 
shown below. Because Example 
2 shows the equivalence 
algebraically and the two 
graphs appear to coincide, you 
can conclude that the 
expressions are equivalent. 
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Using the Fundamental Identities 


One common use of trigonometric identities is to use given values of trigono- 
metric functions to evaluate other trigonometric functions. 


Example 1 ® Using Identities to Evaluate a Function 
Use the values sec u = -3 and tan u > 0 to find the values of all six trigonometric 
functions. 
Solution 


Using a reciprocal identity, you have 


1 1 2 
cos u = = 
sec u 


BEV A 


Using a Pythagorean identity, you have 





sin? u = 1 — cos? u 


ll 
—_ 
SaaS 
| 
WIN 
ge ees 

N 


Because sec u < Oandtanu > Q, it follows that u lies in Quadrant III. Moreover, 
because sin u is negative when u is in Quadrant III, you can choose the negative 
root and obtain sin u = —/5/3. Now, knowing the values of the sine and cosine, 
you can find the values of all six trigonometric functions. 


5. 1 3 


sy = = —— CSC U = 




















3 sin u J5 
2 1 3 
COS —sanas sec u = ——— 
3 COS U yD 

; snu  —/5/3 J/5 ee. 1 2 

an = — — ee 
ee 3 2 nen 5 
Example 2 ® Simplifying a Trigonometric Expression 


Simplify sin x cos* x — sin x. 

Solution 

Factor the expression and then use a fundamental identity. 
sin x cos? x — sin x = sin x(cos? x — 1) Monomial factor 

= —sin x(1 — cos? x) Factor out — 1. 

= —sin x(sin? x) Pythagorean identity 


—sin? x 


Multiply. 





@) 
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The Interactive CD-ROM and Internet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 


Example 3 ® Factoring Trigonometric Expressions es a 


Factor each expression. 
a. sec?9—1 b, 4tan* 6+ tan 0 — 3 


Solution 
a. Here you have the difference of two squares, which factors as 


sec2@ — 1 = (sec 6 — 1)(sec 6 + 1). 
b. This expression has the polynomial form ax? + bx + c, and it factors as } 


4 tan?@ + tan@ — 3 = (4tan 6 — 3)(tan @ + 1). 





On occasion, factoring or simplifying can best be done by first rewriting the 
expression in terms of just one trigonometric function or in terms of sine and_ 
cosine only. These strategies are illustrated in Examples 4 and 5, respectively. 


Example 4 ® Factoring a Trigonometric Expression : 


Factor csc? x — cot x — 3. 


Solution 


You can use the identity csc? x = 1 + cot? x to rewrite the expression in terms of 
the cotangent. | 


cse2 x ="cot x — 3 = (cot? x) — cotx = 3 Pythagorean identity 
= COL mene Ote ea) Combine like terms. 
= (cotx — 2)(cot x + 1) Factor. 
Example 5 ® Simplifying a Trigonometric Expression . i 


Simplify sin t + cot t cos ¢. 


Solution : 
Begin by rewriting cot ¢ in terms of sine and cosine. 





f ; cos t | 
sint + cottcost = sint + (222) cos ¢t Quotient identity | 
sin 
sin? t + cos? t 
= a Add fractions. | 
sin ¢t | 
1 
SS Pythagorean identity 


= CSCT Reciprocal identity 
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Example 6 ® Adding Trigonometric Expressions 


Perform the addition and simplify. 


sin 0 cos 0 
(lar Cos Gy sin 0 




















Solution 
sin 0 cos @ _ (sin 6)(sin 6) + (cos 6)(1 + cos 8) 
1+cos@ sin 0 (1 + cos 6)(sin 4) 
sin? 6 + cos* 6 + cos 6 oe 
= ultiply. 
(1 + cos 6)(sin 6) wu 
1 +cos 0 pon eae 
= thago ntit 
(1+ cos 6)(sin @) a amie 
1 
ie Divide out common factor. 
sin 6 
= csc 0 Reciprocal identity 


The last two examples in this section involve techniques for rewriting expres- 
sions in forms that are used in calculus. 


Example 7 ® Rewriting a Trigonometric Expression ik, 
1 ak : : 
Rewrite —————— so that it is not in fractional form. 
ieeasiney 
Solution 


From the Pythagorean identity cos?x = 1 — sin? x = (1 — sinx)(1 + sin x), 
you can see that by multiplying both the numerator and the denominator by 
(1 — sin x) you produce a monomial denominator. 





1 ms 1 : f =tsinx. Multiply numerator and 
ee sin st (espe 1 sin & denominator by (1 — sin x). 

| = gn 3 

Sie oe Multiply. 
[eTsillees 
L. >) sinx Pee 

= a AEN Pythagorean identity 

COS~ Xx 


1 sin x 





= 5 5 Separate fractions. 
COS~ X COS* xX 


1 sin x 1 





= > Separate fractions. 
COS*~ X COSx COS X 


= sec? x — tan x sec x Identities 
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Example 8 ® Trigonometric Substitution 





Use the substitution x = 2 tan 6, 0 < @ < 7/2, to express 
a 
as a trigonometric function of 6. 


Solution 
Begin by letting x = 2 tan @. Then, you can obtain 


J/4 + x2 = /4 + (2 tan 6)? Substitute 2 tan @ for x. 
/4 + 4 tan? 6 Rule of exponents 


II 


= /A(1 + tan-'@) Factor. 
==). 4 Sec “10. Pythagorean identity 
= 2 sec 6. sec 6 > Ofor0 < 6 < a/2 





| 
Figure 5.1 shows the right triangle illustration of the trigonometric substitu- : 
tion in Example 8. For 0 < @ < 7/2, you have | 


opp =x, adj=2, and hyp= V4 + x’. 


With these expressions, you can write the following. 


J4+x2 oo 
oS eee E> 2sec 0 = /4 + x? 








FIGURE 5.1 


— Wheiting apout MATHEMATICS 


es 


Bata 
ee 
1c 


= 
a one 
ee ER 


emer ee 


ze 





Remembering Trigonometric Identities Most people find the Pythagorean identity 
involving sine and cosine to be fairly easy to remember: sin u + cos? u = 1. The 
one involving tangent and secant, however, tends to give some people trouble. 
They can't remember if the identity is 


9 9 
1 + tan2u = sec2u or 1+ sec?u = tan2u. 


Which of these two is the correct Pythagorean identity involving tangent and 
secant? Discuss how to remember (or derive) this identity. Can you think of easy 
ways to remember other fundamental trigonometric identities? 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 


5.1 Exercises 


In Exercises 1-14, use the given values to evaluate (if possi- 


ble) the remaining trigonometric functions. 


1 
1. ar cos x = 7 
2. me wo cos x = avs 
3 2 
B. sec 0 = ~/2, sin 9 = - > 
a. csc 6 = 2, tan 6 = 3 
se ax =>, seey = ay 
10 
6. cot d = —3, Bi OAPs 
3 Bn 
7. oe 5: csc hb = age 
7 4 
8. cos( 7 - x) = : Cs Wis 
2 
9: sin(—x) = ae tan’ = era 
10. secx = 4, sinx > 0 
11. tand=2, sin@d< 0 
MmcscO=— —5, cosd=<0 
13. sn@d= —1, cotd=0 
14. tan @is undefined, sin @ > 0 


In Exercises 15-20, match the trigonometric expression 


with one of the following. 
(b) —1 
(e) —tanx 


(a) sec x (c) cot x 


(d) 1 (f) sin x 


15. sec x cos x 16. tan x csc x 
im cot- x — csc? x 
19. sin[ (7/2) — x] 


* cos[(a/2) — x] 


sin(— x) 
cos(—.x) 








with one of the following. 
(b) tanx 


(e) sec? x 


(a) csc x 


(c) sin? x 


(d) sin x tanx (f) sec2?x + tan? x 





a1. sin x sec x 


23. sec* x — tan* x 24. cot x sec x 
; 


18. (1 — cos? x)(csc x) 


In Exercises 21-26, match the trigonometric expression 


22. cos? x(sec? x — 1) 


sec? x — 1] 


sin? x 


26. 


odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link to 
Guided Examples for additional help. 


cos?[ (7/2) — x] 
cos x 





In Exercises 27-44, use the fundamental identities to 
simplify the expression. There is more than one correct 
form of each answer. 


27 
29. 


. 


31. 


33: 


35. 


37 


39) 


41. 
43. 
44, 


cot @sec 6 


sin d(csc @ — sin d) 


cot x 





csc x 
1 — sin? x 
csc? x — 1 


sin @ 





SEC Ons 
tan @ 


ie 
COS| Sv SEC ¥ 
2 


cos? y 
eesitiny) 
sin B tan B + cos B 
cot usin u + tanucos u 


sin 8 sec 8 + cos @csc 0 


42. 


. cos B tan B 


. sec? x(1 = sin* x) 


CScIG) 





sec 0 

1 
tan? x = I 
tan? 0 


sec? 





COU == x }COSIX 
Z 


40. 


cos ¢(1 + tan? £) 


csc fd tan dd + sec dh 


In Exercises 45-56, factor the expression and use the 
fundamental identities to simplify. There is more than one 
correct form of each answer. 


45. 
46. 
47. 


tan? x — tan? x sin? x 
sin? x csc? x — sin? x 


sin? x sec? x — sin? x 


. cos? x + cos? x tan? x 


sec? x = 1 
SCCEG—a ul 
cos? x —' 4 
COSeaka 2 


tan* x + 2tan?x + 1 


. 1 — 2cos* x + cos*x 
. sint x — cos* x 


. sect x — tan* x 


. csc? x — csc? x — cscx + 1 


. sec? x — sec? x — secx + 1 


z 
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in Exercises 57-60, perform the multiplication and use the 
fundamental identities to simplify. There is more than one 
correct form of each answer. 

57. (sin x + cos x)* 

8. (cot x + esc x)(cot x — csc x) 

Apr csc x + 2)(2 csc x — 2) 
(3 


60. 3 sin x)(3 + 3 sin x) 


in Exercises 61-64, perform the addition or subtraction and 
use the fundamental identities to simplify. There is more 
than one correct form of each answer. 

i ] 
COS 





61. 
[COSEG 


1 1 
Gee ae = Il 





* secx + 1 


COS x 1 + sinx 





63. 


il ae Sins cos Xx 


D 


Sec Xx 





64. tan x — 
tan x 


In Exercises 65-68, rewrite the expression so that it is not in 
fractional form. There is more than one correct form of each 
answer. 


sin? y 5 
i eases Sea ‘=a eee 
I SRCOsiy LAN Aas SCChX 
3 tan? x 
67. 


SEC tales *csex + 1 


In Exercises 69-72, 
use a graphing utility to complete the table and graph the 
functions. Make a conjecture about y, and y,. 





0.4 | 0.6 | 0.8 | Op ghe2 | 1.4 


























Yo = Sux 


69. y, = cos( = = x), 


10. Vu = secx— CosSx, y, = sim x tanx 


cos x 
Ths yy = —, y= 
isin 


Le =aSiney 





COS X 


72. yy, = Seerx— SEC’ x, Wn = tan? x + tan* x 





In Exercises 73-76, use a graphing utility to determine — 


which of the six trigonometric functions is equal to the — 
expression. Verify your answer algebraically. 


732 COSC COLL ct SIDE’ 


74. secxcsc x — tanx 
WSs iM ( L cos x) 
sin x\cos x 
(see ay 
sin 6 


yy 
In Exercises 77-82, use the trigonometric substitution to 
write the algebraic expression as a trigonometric function 











76. 
cos 6 


of 0, where 0 < 0 < 77/2. 


77, /9 — x2, 


x = 3cos 6 
78. ./64 — 16x2, x =2cos 0 
79. /x?—9, x =3sec 0 
80. /x2— 4, x =2sec 0 
81. /x? + 25, . x =5 tan 6 
__ 82. Vx? + 100, x = 10tan@ 


In Exercises 83-86, use the trigonometric substitution to 
write the algebraic equation as a trigonometric function of | 
0, where — 77/2 < 0 < 7/2. Then find sin @ and cos 8. 


$3.3 = (9 —x%, x«=—3 sin O 
$4.3 = 36 =x", x =16 santé 





x = 2Zicosd 


2/2 = S164 
$6. =5/3 = /100S x 


x = 10:cosié 


“4 In Exercises 87-90, use a graphing utility to solve the 


equation for 0, where 0 < 0 < 27a. 


87. sin @ = ~/1 — cos? 6 
88. cos 0 = —/1 — sin? 6 : 
89. sec 9 = </1 + tan? 0 
90. csc 0 = V/1 + cot? 6 


i 
In Exercises 91-94, rewrite the expression as a single 
logarithm and simplify the result. 
91. In|cos x| — In|sin x| ' 
92. In|sec x| + In|sin x| 
93. In|cot ¢| + In(1 + tan? 2) } 


94. In(cos? t) + In(1 + tan? 2) 7 








n Exercises 95-98, use a calculator to demonstrate the 
dentity for the given values of 6. 


95. csc? 8 — cot? @= 1 
2 
(a) 6 = 132°, (b) 6= = 


Petan-O'+- 1°="séc? 0 
(a) 0 = 346°, (b) 6= 3.1 
T : 
4 cos( = a) = sin 6 
(a) 6= 80°, (b) 0=0.8 
pesin(— 0) =-—sin 0 
ee 250°, .(b) 6 =4 


. Friction The forces acting on an object weighing 
W units on an inclined plane positioned at an angle 
of @ with the horizontal (see figure) are modeled by 
LW cos 0 = Wsin 80, where yp Is the coefficient of 
friction. Solve the equation for w and simplify the 
result. 








synthesis 


rue or False? \n Exercises 100 and 101, determine 
vhether the statement is true or false. Justify your answer. 


(00. The even and odd trigonometric identities are 
helpful for determining whether the value of a 
trigonometric function is positive or negative. 

(01. A cofunction identity can be used to transform a 

tangent function so that it can be represented by a 


cosecant function. 


ar 
ws 


/116(2/z-+ 3)" 
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Calculus \n Exercises 102-105, fill in the blanks. (Note: 
The notation x—c* indicates that x approaches c from the 
right and xc" indicates that x approaches c from the 


left.) 


T P 
102. As aa , sinx—> and csc x > 
103. Asx 0, cosx—> and sec x > 
a 
104. BSA , tanx-> and cot x > 
105. Asx—> 7m, sinx-> and csc x > 


In Exercises 106-111, determine whether or not the 
equation is an identity, and give a reason for your answer. 


106. cos 0 = V/1 — sin? 9 
107. cot @ = csc? 9 +1 


108. (sin k@)/(cos k#) = tan 6, k is a constant. 

109. 1/(5 cos 6) = 5 sec 0 

110. sin @csc 6 = 1 

111. sin csc fd = 1 

112. Express each of the other trigonometric functions 


of 6 in terms of sin 0. 


113. Express each of the other trigonometric functions 


of 6 in terms of cos 0. 
Review 


In Exercises 114-117, perform the operation and simplify. 


114. (Vx+5)(Vx-5) 115. Vv(/20 — 4/5) 
117. 50x/(./30 — 5) 


In Exercises 118-121, sketch the graph of the function. 
Include two full periods. 
118. y = —4 sin(2x — 27) 
120. y=2- + tan 2x 


119. y = 3 sec(ax — 7) 
121. y= i sec OSs 
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5.2 , verifying ee retric Identities 





What yt you asheuld learn 


How to plan a strategy for 
verifying trigonometric 
identities 

> How to verify trigonometric 
identities 


Why you should learn it 


You can use trigonometric identi- 
ties to rewrite trigonometric 
expressions. For instance, in 
Exercise 65 on page 456 you can 
use trigonometric identities to 
simplify the expression for a rate 
of change. 


A computer animation of this concept 
appears in the Interactive CD-ROM and 


Internet versions of this text. 


Chapter 5 ® Analytic Trigonometry 


Introduction : 


In this section, you will study techniques for verifying trigonometric identities. In : 
the next section, you will study techniques for solving trigonometric equations. 
The key to verifying identities and solving equations is the ability to use the fun- 
damental identities and the rules of algebra to rewrite trigonometric expressions. 

Remember that a conditional equation is an equation that is true for only 
some of the values in its domain. For example, the conditional equation 


sinx = 0 Conditional equation | 
| 


is true only for x = nz, where n is an integer. When you find these values, youl 

are solving the equation. 
On the other hand, an equation that is true for all real values in the domain 

of the variable is an identity. For example, the familiar equation | 


Sing deaecos- © Identity | 












is true for all real numbers x. So, it is an identity. 

Although there are similarities, verifying that a trigonometric equation is an 
identity is quite different from solving an equation. There is no well-defined 
set of rules to follow in verifying trigonometric identities, and the process is best 
learned by practice. 

For instance, to verify that the trigonometric equation tan 6 cos 6 = sin 61 
an identity, begin by working with the more complicated, left side of the equation. 








sin 0 
CAMO ICOSNO Nee COSEG Rewrite tan 0 as as g 
cos 0 cos 6 : 
o 
(= 4 Ese ; 
= ivide out cos 6. 
cos? 
: 4 
= sin 6 Simplify. | 


The result shows that the left side of the equation is equal to the right i? 
Therefore, the identity has been verified. 


Guidelines for Verifying Trigonometric Identities 


the more complicated side first. 
2. Look for opportunities to factor an expression, add fractions, 
mial, or create a monomial denominator. 


functions are in the final expression you want. Sines and cosines pair 
well, as do secants and tangents, and cosecants and cotangents. 


4. If the preceding guidelines do not help, try converting all terms to sines ne | 
cosines. 


5, Always try something. Even paths that lead to dead ends give you insights | 
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Verifying Trigonometric Identities 


Example 1 ® Verifying a Trigonometric Identity 


29-1 

Verify the identity “———— = sin? 0. 
sec’ 0 

Solution 


Because the left side is more complicated, start with it. 


sec?-@—1 (tan*@+1)-—1 
ri = SS ee Pythagorean identity 








sec? 0 sec? 0 
tan? 6 ee ke 
= implify. 
sec? 0 
= tan? O(cos? 6) Reciprocal identity 
sin?6 —? 
>= | 3 (ces*6) Quotient identity 
= sin? 6 Simplify. 


Here is another way to verify the identity in Example 1. 





Sect: Gils 450670 1 
a oa 5 = Rewrite as the difference of fractions. 
sec’ 0 SCCaUMmISCC-20) 
= 1 — cos? 0 Reciprocal identity 
Se ad Stee 
sin 6 Pythagorean identity 


As you can see, there can be more than one way to verify an identity. Your 
method may differ from that used by your instructor or fellow students. Here is a 
good chance to be creative and establish your own style, but try to be as efficient 
: as possible. 


Example 2 ® Combining Fractions Before Using Identities 








ap 2 1 
Verify the identity er —— = 2 sec’ a. 
LSD Ce eenleetan SITY 
Solution 
1 1 sine le—esinkcy 
: ; = : ; Add fractions. 
LS sinee i) sina (= isin’a)(1 + sina) 
z Simplif 
| a implify. 
Ieeasin: @ 
; 2 ae 
ae ar Pythagorean identity 
cos* a 


2 sec? a@ Reciprocal identity 
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Example 3 ® Verifying a Trigonometric Identity — 


Verify the identity 








(tan? x + 1)(cos?x — 1) = —tan?x. 
Solution 
By applying identities before multiplying, you obtain the following. 
(tan? x + 1)(cos?x — 1) = (sec? x)(—sin? x) Pythagorean identities 
sin? x 
= > Reciprocal identity 
cos* x 
sin x \? : 
a Rule of exponents 
cos x | 
= >tan? x Quotient identity 
Example 4 ® Converting to Sines and Cosines ‘ q 


Verify the identity 


tanx + cotx = sec x csc x. 


: | 
Solution | 
| 

In this case there appear to be no fractions to add, no products to find, and no 


opportunities to use the Pythagorean identities. So, try converting the left side 











into sines and cosines to see what happens. | 
sinx COS x ae 
tan x + cotx = apse Quotient identities | 
cosx sinx 4 
sin? a 4. COS. % s 
= ; Add fractions. ii 
cos x sin x 4 
1 Pee |! | 
= Sas al Pythagorean identity | 
cos x sin x 
1 1 é + 
= ae Product of fractions i 





COS) ee SIneY 


=) SCC LX CSCX Reciprocal identities 





Recall from algebra that rationalizing the denominator using conjugates is 
on occasion, a powerful simplification technique. A related form of this technique 
works for simplifying trigonometric expressions as well. For instance, to simplify 
1/(1 — cos x), multiply the numerator and the denominator by 1 + cos x. 


1 ad 1 (i= sos) 1+ cosx.. 1 eons | 
| 


ie—cosee IP costal cose. 1 — cos? x sin? x 


csc? x(1 + cos x) 


This technique is demonstrated in the next example. 


P| 
ahs ee 


7 
4 
7 
dy 
i 





Section 5.2 B® Verifying Trigonometric Identities 453 
ee ee a 
Example 5 & Verifying Trigonometric Identities _ 


cos 

Verify the identity sec y + tan y = ee 

il = grin yy 

Solution 

Begin with the right side. Note that you can create a monomial denominator by 
multiplying the numerator and denominator by (1 + sin y). 


COS ee OS Y, 1 + siny Multiply numerator and 
k—siny 1 =siny \l + siny denominator by (1 + sin y). 





cos y + cos y sin 
= 2 7 2 Z Multiply. 
= Gin 





_ cosy + cosysiny 





5 Pythagorean identity 
cos’ y 


cos cos y sin 
An ay) a y iy 





Separate fractions. 


cos? y cos? y 
1 sin y 
= gas Simplify. 
cosy cosy 
ESC CHyeaitalthy, Identities 





In Examples | through 5, you have been verifying trigonometric identities by 
working with one side of the equation and converting to the form given on the 
other side. On occasion it is practical to work with each side separately, to obtain 
one common form equivalent to both sides. This is illustrated in Example 6. 


Bee 


Example 6 ® Working with Each Side Separately = 


A etna cot? 8 1 — sin 0 

e SS 
oe jee (eeaen sin 0 
Solution 


Working with the left side, you have 





cot? 6 ese? — | 
= Pythagorean identity 
Il Se exe (8) il a2 xe @ 
(csc 6 — 1)(cse@-F 1) 3 
SS Se actor. 
1+cscé 
= CSCO le Simplify. 


Now, simplifying the right side, you have 


esse sin 0 


sin 0 sin@ sin@ 





Separate fractions. 


= csc @-— 1. Reciprocal identity 


The identity is verified because both sides are equal to csc 6 — 1. 
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In Example 7, powers of trigonometric functions are rewritten as more 
complicated sums of products of trigonometric functions. This is a common 
procedure used in calculus. 


Example 7 ® Three Examples from Calculus a FY 





Verify each identity. 
a, tan’ x4 = tan x sec x = tan 
bw sitxcos*x-=. (cos* x. — cos°.x) sin 


c. csc* x cot x = csc? x(cot x + cot? x) 


Solution 
a. tai x = (tan? x)(tan? x) Separate factors. 
Tall: x(sec? ies 1) Pythagorean identity 
= ali y sec’. stan Multiply. 
b. sin? x cos*x = sin* x cos* x sin x Separate factors. 
= (1 — Cos x)cos* x sin x Pythagorean identity 
= (cos* x — cos® x) sin x Multiply. 
. (cse* x COUy = CSC" X C8e* x COL Separate factors. 
=esc4 at le cot? x) cot x Pythagorean identity 
= csc? x(cot x +-cot? x) Multiply. 





ee argh : 


- Writing ApouT. ‘MATHEMA THC 


ee Pee 
« oe 2 
eee ie ee aes 





Error Analysis Suppose you are tutoring a student in trigonometry. One of the 
homework problems your student encounters asks whether the following 
statement is an identity. 





; 22 
tan? x sin? x = 6 tan’x 


Your student does not attempt to verify the equivalence algebraically, but mistak- 


enly uses only a graphical approach. Using range settings of 

Xmin = —37 

Xmax = 37 

Xscl = 7/2 

Ymin = —20 

Ymax = 20 

Yscl = 
your student graphs both sides of the expression on a graphing utility and 
concludes that the statement is an identity. 





What is wrong with your student's reasoning? Explain. Discuss the limitations 
of verifying identities graphically. 


5.2 Exercises 


SS SS EES ES DSS SOLE LES EEL LITE ELL DELLE LIE DEEL GAL DELETE ENLIST REID SOLE LTA IE EE TOI EEE SI LITE EERE SATE E IS ELE 


In Exercises 1-44, verify the identity. 























ae sit csc t = | 
2. secycosy = 1 
3. (1 + sin a)(1 — sin a) = cos? a 
Becot y(sec* y — 1) = I 
BS. cos- 3 — sin? 6B = 1 — 2 sin? B 
i cos’ B — sin? 8B = 2 cos? B — 1 
7. tan? 6+ 4 = sec? 9+ 3 
8. 2 — sec? z = 1 — tan?z 
9. sin? a — sin* a = cos?a — costa 
10. cos x + sin x tan x = sec x 
ee 2 
esc~ 6 
11. = csc 6 sec 0 
cot 0 
cot? t 
72. =-cos ¢(csc? t — 1) 
csc ¢ 
cot? t 
13. = csc tf — sint 
csc t 
2 
sec 
14. —— + tanB= asi? 
tan B tan B 
15. sin!/2 x cosx — sin>/? x cosx = cos? x/sin x 
16. sec®x(sec x tan.x) — sec*x(sec x tan x) = sec>x tan? x 
1 : 
i — CSC. — SINX 
sec x tan x 
cecil. — | 
18. = sec 0 
i COSiO 
19. cot a + tana = csc aseca 
20. sec x — cos x = sinxtanx 
21. sinx cos x + sin? x secx = tanx 
See + tan x 
oe —_—_——— = (sec x + tan x)? 
Sec — tan x 
1 1 
23. + sae ata COU 
tan x cot x 
1 1 , 
“4, — = = CS 2? = Sits 
Rin  CSC.X 
) 
cos 6 cot 6 
ee — | — csc 0 
ie sin 
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26. 
27. 
28. 
29. 
30. 


of 
32. 


S23: 
34. 
SEM 
36. 
yl 
| 38. 
39. 
40. 
41. 
42. 
43. 


44. 
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1 + sin 6 cos 6 
SS a = DC 
cos 0 Il Se Sin @) 
1 1 1 
Sinoastaell CSCpeeral 
COs x sin x cos x 
cos x == 
| = (Ringe Sins = Coss 


tan( 2 a) tan 0 1 
in| == = a = 
2 


cos[(a/2) — x] 








= [ 
sin|(ar/2) — x] a 
csc(—x) 
= —cotx 
sec(— x) 
(1 + sin y)[1 + sin(—y)] = cos? y 
Pace = sec 6 + tan 6 
1 + sin(—6) 
csc(— 9) + 1 
= sec 6 


cos(— 0) + cot(— 6) 


sin x cos y + cos x sin y tanx + tany 








cos X-cosiy “sink sin'y § 1" "tan tan y 


tan x + tan y 


cot x + cot y 





1 — tan x tan y %, COLUM COV sean L 


tan x + cot y 





Stan aans COU 
tan x cot y 


COS 4. = COStY PE sin asm y 





Sia sity = "COs 7 1 1COS y 








/ Lr sad Sl eeasit 6 
1—sin@ — |cos 6 
I= .cos 0. iipearcos 0 
1+cos@  |sin d| 


cos? B + cos = 6) = 


= 


Seca cot? 


N{y 
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In Exercises 45-56, use a graphing utility to verify the 
identity graphically; then confirm it algebraically. 
45. 2 sec? x — 2 sec? x sin?x — sin? x — cos*x = 1 


Silty =a COS 


46. csc x(csc x — sin x) + + cot x = csc*x 


sin x 

47. 2 + cos2x — 3cos*t x = sin?x(2 + 3 cos? x) 
48. 4 tan*¢x + tan? x — 3 = sec? x(4 tan? x — 3) 
49. csct x — 2csc?x + 1 = cot*x 

50. (sint B — 2 sin? B + 1) cos B = cos? B 

51. sect @ — tant @ = 1 + 2 tan’ 6 

52. csc* 9 — cot 6 = 2csc*6— 1 








cos Xx (| = Sinse 
53. ; = 
(| => Ginge COS X 
cot @ CSC G@ueian 
54. = 
CSCIOtaaml cot a 
tan a = 1 b 
55. —————- = tan?’a + tana+ 1 
tana — | 


sin? B + cos? B 


= il — Sin /6 GOS 
sin B + cos B P ° 


in Exercises 57-60, use the properties of logarithms and 
trigonometric identities to verify the identity. 


57. In|tan 6| = In|sin 6| — In|cos 6| 

58. In|sec 6| = —In|cos 6| 

59. —In(1 + cos 6) = In(1 — cos 6) — 2 In|sin 9| 

60. —In|sec 6 + tan 6| = In|sec 6 — tan 6| 

in Exercises 61-64, use the cofunction identities to evaluate 

the expression without the aid of a calculator. 

61. sin? 25° + sin? 65° 

62..cos- 55° + cos? 35 4 

63: cos? 20° + cos” 52° qacos? 38° 4 cos-70) 

64. sin? 12° + sin? 40° + sin? 50° + sin? 78° 

65. Rate of Change The rate of change of the function 
f(x) = sin x + csc x 


with respect to change in the variable x is given by 
the expression 


COS tm CSCRGCOU 


Show that the expression for the rate of change can 
also be 


—cos x cot? x. 


True or False? \n Exercises 66 and 67, determine 
whether the statement is true or false. Justify your answer, - 










oO 


Synthesis 3 


66. The equation sin? 6 + cos? 6 = 1 + tan? 6 is an identi : 
ty, because sin’(0) + cos?(0) = 1 and 1 + tan2(0) = 1. 
67. The equation 1 +tan?6=1+cot?@ is not an 
identity, because it is true that 1 + tan?(7r/6) = 13, 
and 1 + cot?(a/6) = 4. 


variable for which the equation is not true. 


68. sin 9 = \/1 — cos? 0 
69. tan 0 = \/sec?9— 1 
70. \/tan? x = tan x 
71. \/sin? x + cos? x = sinx + cos x 
(2n + l)a 
aa 


72. Verify that for all integers n, cos = 0.4) 





(12n + ie] = | 


73. Verify that for all integers n, sin| 7 


Review 


In Exercises 74-77, perform the operations and simplify. 
TA Sil ay 0 715, (25 
16. /=16(1+ /=4) | 77,°G Saas 


In Exercises 78-85, use the Quadratic Formula to solve th 
quadratic equation. 


713: x* = 655 12 = 0 
79. x71 Sed =O 
80. 3x2 + 6x + 12 =0 
815.382 = 44 + 3 — 0 
$2) 40" ee 
83. 14x? — 10x +9=0 
84. llx? —x +22 =0 
85. 13347 5x + 2 =.0 





P.3 





> What you should learn 


How to use standard algebraic 
techniques to solve trigono- 
metric equations 


How to solve trigonometric 
equations of quadratic type 


How to solve trigonometric 
equations involving multiple 
angles 

How to use inverse trigono- 
metric functions to solve 
trigonometric equations 


Why you should learn it 


_ You can use trigonometric equa- 
tions to solve a variety of real-life 
problems. For instance, in 

_ Exercise 76 on page 467 you 
solve a trigonometric equation to 
help answer questions about the 
unemployment rate in the 

_ United States. 
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Section 5.3. ® Solving Trigonometric Equations 


Introduction 


To solve a trigonometric equation, use standard algebraic techniques such as 
collecting like terms and factoring. Your preliminary goal in solving trigonomet- 
ric equations is to isolate the trigonometric function involved in the equation. 


Example 1 ® Solving a Trigonometric Equation 


2sinx —1=0 Write original equation. 
2 sinx = | Add 1 to each side. 
sin x = 3 Divide each side by 2. 


To solve for x, note in Figure 5.2 that the equation sin x = . has solutions x = 77/6 
and x = 57/6 in the interval [0, 277). Moreover, because sin x has a period of 277, 
there are infinitely many other solutions, which can be written as 


x= 7/6 + 2nw and x = 57/6 + 2nt General solution 


where n is an integer, as shown in Figure 5.2. 



































FIGURE 5.2 





Another way to see that the equation sin x = ; has infinitely many solutions 
is indicated in Figure 5.3. Any angles that are coterminal with 77/6 or 57/6 will 
also be solutions of the equation. 


A 


sin (°2 + 2nn) = 4 on (z 5 2nn) = il 


2) 
ae 








FIGURE 5.3 
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Example 2 ® Collecting Like Terms 


Solve sinx + /2 = —sinx. 


Solution : 
Begin by rewriting the equation so that sinx is isolated on one side of the 
equation. 

sinx + /2 = —sinx Write original equation. 

sinx + sinx + /2 =0 Add sin x to each side. 
sinx + sinx = —V2 Subtract /2 from each side. 
DESI — a Combine like terms. 
2 
Sin i a Divide each side by 2. 


Because sin x has a period of 27, first find all solutions in the interval [0, 2a 
These are x = 57/4 and x = 77/4. Finally, add 2n7 to each of these solutions: 
to get the general form 

17 


a0 
x= et + 2na7 and n= Tie + 2n7 General solution 


where v is an integer. 


Example 3 ® Extracting Square Roots 


eo =e 

“| Technology Solve 3 tan? x — 1 = 0. 
5 wo The solutions in 
Examples 2 and 3 are obtained 
analytically. You can use a 
graphing utility to confirm the 


Solution 


Begin by rewriting the equation so that tanx is isolated on one side of 
equation. 





solutions graphically. For 2 tan?x = |= 0 Write original equation. 

| instance; to Sen the Bn ahah aaa Reh 

solutions found in Example 3, lb > 

sketch the graph of 1 

tan? x = — Divide each side by 3. . 

y = 3tan?x — 1 3 : 

as shown below. | 
tan x = ers Extract square roots. 


Because tan x has a period of 7, first find all solutions in the interval [0, 7). These 
are x = 1/6 and x = 5727/6. Finally, add nz to each of these solutions to get th 
general form 





T BY is | 
5. — Ps +n and 56 = A + ni General solution f 
t 








where n is an integer. 














eo 





Re eS 





IGURE 5.4 
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The equations in Examples 1, 2, and 3 involved only one trigonometric 
function. When two or more functions occur in the same equation, collect all 
terms on one side and try to separate the functions by factoring or by using appro- 
priate identities. This may produce factors that yield no solutions, as illustrated in 
Example 4. 


Example 4 ® Factoring 


Solve cot x cos? x = 2 cot x. 


Solution 


Begin by rewriting the equation so that all terms are collected on one side of the 
equation. 


Coun cos- 1 — Jeet x Write original equation. 
colzcos ar — 2 cotxy = 0 Subtract 2 cot x from each side. 
ent x(cos*x — 2) = 0 Factor. 


By setting each of these factors equal to zero, you obtain 


Coleg — 0) and cos’ x — 2 =0 
7 
= — cos2 =) 
G 5 os? x 
cos x = + /2. 


The equation cot x = 0 has the solution x = 7/2. No solution is obtained from 
cos x = +./2 because +./2 are outside the range of the cosine function. 
Therefore, the general form of the solution is obtained by adding multiples of 7 
to x = 77/2, to get 


40F 
De ae MER General solution 


2 


where n is an integer. You can confirm this graphically by sketching the graph of 
y = cot x cos? x — 2 cotx, as shown in Figure 5.4. 





In Example 4, don’t make the mistake of dividing each side of the equation by 
cot x. If you do this, you lose the solutions. Can you see why? 


Equations of Quadratic Type 


Many trigonometric equations are of quadratic type. Here are a couple of 
examples. 


Quadratic in sin x Quadratic in sec x 
2510 4 — Sin vale 0) sec*x — 3secx— 2 = 0 
2(sin x)? — (sinx) -1=0 (sec x)? — 3(secx) -2 = 0 


To solve equations of this type, factor the quadratic or, if this is not possible, use 
the Quadratic Formula. 
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Example 5 ® Factoring an Equation of Quadratic Type 


Find all solutions of 2 sin? x — sinx — 1 = 0 in the interval [0, 277). 


Solution 
Begin by treating the equation as a quadratic in sin x and factoring. 


2 sin*x — sinx — 1 =0 Write original equation. 
(2 sinx + 1)(sinx — 1) =0 Factor. 


Setting each factor equal to zero, you can find the solutions in the interval [0, 277). 





2sinx + 1=0 and sinx —1=0 | 
i : sin 1 | 
Sins =i inx = 
5 5 | 
Ta 11a 7 | 
2S SS 
2 





When working with an equation of quadratic type, be sure that the equation 
involves a single trigonometric function, as shown in the next example. | 


Example 6 ® Rewriting with a Single Trigonometric Functiol 


Solve 2 sin? x + 3cosx — 3 = 0. 


Solution 


This equation contains both sine and cosine functions. You can rewrite the equa- 
tion so that it has only cosine functions by using the identity sin? x = 1 — cos* x 





2 Sit’ % 33 COS Ga SO Write original equation. 
2QU= cos*x) Bsicosx = 3 =0 Pythagorean identity 
2cos?x —3cosx+1=0 Multiply each side by —1. 
(2. cosx — 1)(cosx — 1) =0 Factor. 
By setting each factor equal to zero, you can find the solutions in the intery 
[0, 277). 
2cosx-—1=0 and cosx al =O 
el cos x = | | 
COSEXY, = > ! 
x=0 
phe 
Blige’) | 
The general solution is therefore | 
7 3 
x=2nn, x= a + 2nt, x= ie + 2ni7 General solutio: 


where n is an integer. 





| Exploration 


Use a graphing utility to 
confirm the solutions found in 
Example 7 in two different 
ways. Do both methods produce 
the same x-values? Which 
‘method do you prefer? Why? 


| 1. Graph both sides of the equa- 
tion and find the x-coordinates 
of the points at which the 
graphs intersect. 


| Left side: y = cosx + 1 
| . Right side: y = sin x 
2. Graph the equation 




















eae y= cosx + | — smx 


and find the x-intercepts of 
the graph. 
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Sometimes you must square both sides of an equation to obtain a quadratic, 
as demonstrated in the next example. Because this procedure can introduce extra- 
neous solutions, you should check any solutions in the original equation to see 
whether they are valid or extraneous. 


Example 7 ® Squaring and Converting to Quadratic Type 


Find all solutions of cos x + 1 = sin x in the interval [0, 27). 


Solution 


It is not clear how to rewrite this equation in terms of a single trigonometric 
function. See what happens when you square both sides of the equation. 


cosx + 1 = sinx Write original equation. 
2 Be Pt: 
cos" x 2 cos x + 1.= sin’ x Square each side. 
cos? x + 2cosx + 1 = 1 — cos?x Pythagorean identity 
cos* x + cos? x 2 cos x + 1 = 1=0 Rewrite equation. 
2. COSax ta 2cosx = 0 Combine like terms. 
2 cos x(cos x +1) = 0 Factor. 


Setting each factor equal to zero produces 


2cosx = 0 and cosx+1=0 

cos x = 0 cos = 
20 = 

% a 9 X= 7. 


Because you squared the original equation, check for extraneous solutions. 


Check for x = 77/2 


T TT 
cos 3 ae ll = Sin Substitute 7/2 for x. 


y) 
O+1=1 Solution checks. / 


Check for x = 37/2 


37 Pepe OE 
cos dl + 1 = sin = Substitute 37/2 for x. 


Qari == = Il Solution does not check. X 
Check for x = 7 
Cos td Zs sin 77 Substitute a for x. 
=i s<F il = @ Solution checks. / 


Of the three possible solutions, x = 37/2 is extraneous. So, in the interval 
[0, 277), the only two solutions are x = 7/2 and x = 7. 
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Functions Involving Multiple Angles = 


The next two examples involve trigonometric functions of multiple angles of the 
forms sin ku or cos ku. 


Example 8 ® Functions of Multiple Angles 


Find all solutions of 2 cosobiel = 0: 






Solution 
2, cos 367110 Write original equation. 
ZiCOs Si Add 1 to each side. 
cos 3t = ; Divide each side by 2. 


In the interval [0, 27), you know that 3r = 7/3 and 3t = 52/3 are the only 
solutions so that, in general, you have 


5 
3t = z + 2n7 and 3t = a + 2n7. 


Dividing these results by 3, you obtain the general solution 





’ eu d ‘ oe ean Golson 
SS ee an alone i Sucorcs eral solut 
9 2 9 a eneral soluvuion 


where n is an integer. 


Example 9 ® Functions of Multiple Angles 


Find all solutions of 3 tan(x/2) + 3 = 0. 


Solution 
Xx 
3 tan 5 +3=0 Write original equation. 
XG 
3 tan 5 =-3 Subtract 3 from each side. 
Xx 
tan 5 =-1 Divide each side by 3. 


In the interval [0, 7), you know that x/2 = 377/4 is the only solution so that, 
general, you have 


LST ES 
et 
Multiplying this result by 2, you obtain the general solution 
37 
i= oa + Qn General solution 


where n is an integer. 
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Using Inverse Functions 


In the next example, you will see how inverse trigonometric functions are used to 
solve an equation. 


Example 10 ® Using Inverse Functions 


Find all solutions of sec? x — 2 tan x = 4. 


Solution 
sec? x — 2 tanx =4 Write original equation. 
1 tan? x — 2 tanx —4=0 Pythagorean identity 
tan? x — 2tanx — 3 ="0 Combine like terms. 
(tanx — 3)(tanx + 1) =0 Factor. 


Setting each factor equal to zero, you obtain two solutions in the interval 
(— 7/2, 7/2). [Recall that the range of the inverse tangent function is 


(72, 7/2). 


tans = (0 Atel = (arn se aie | =) 
tan x = 3 tan —s al 
1 
x = arctan 3 ay Lek 


Finally, by adding multiples of 7, you obtain the general solution 


T 


x = arctan 3 + nw and x= 2 + ni General solution 


where nv is an integer. 





Weiting ABouT MATHEMATICS 





Equations with No Solutions One of the following equations has solutions and the 
other two don't. Which two equations do not have solutions? 

a. sin?x — 5sinx +6=0 

b. sintx — 4sinx + 6 =0 

Gusinax => isinix 16 —10 

Can you find conditions involving the constants 6 and c that will guarantee that 
the equation 





sin2x + bsinx +c =0 


has at least one solution on some interval of length 277? 
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5.3 Exercises 


In Exercises 1-6, verify that the x-values are solutions. 


1. 


2cosx-—1=0 
5 
oe a 
. scx —2=0 
eee Reo 
Ce is (b) x 3 


. 3 tan? 2x — 1 =0 


(@) x=>5 ) x= 22 
12 12 
. 2cos-4%— 1 = 0 
a5, 37 
Q) x = 46 al i 
250 x sme — 1 — 0 
(ee! ies 
2 6 
. cse’x — 4ese7x = 0 
@ x= (b) x= 72 
6 6 


In Exercises 7-20, solve the equation. 


. 2cosx+1=0 

. /3csex-2=0 
. 3sec*?x-—4=0 

. sinx(sinx + 1) =0 
(3tan* x —W)(tan2 x — 3) 
; 4e0s7 x — 1 =0 

. 2sin? 2x = 1 

. tan 3x(tanx — 1) =0 
. cos 2x(2 cosx + 1) = 0 


16. 


8. 2sinx + 1 =0 
10. tanx + /3 =0 
123'cotss— = 0 


sin?x = 3 cos? x 


18. tan? 3x = 3 


In Exercises 21-32, find all solutions of the equation in the 
interval [0, 277). 


21. 
23. 
25. 
27. 
29. 
30. 


cos? x = cos x 225 
3 tan? x = tan x 24. 
sec? x — sec x = 2 26. 
2sinx + cscx = 0 28. 


2cos?x +cosx-—1=0 
2sin?x + 3sinx+1=0 


sec?x —-1=0 
2. sin? x = 2 + cos:x 
sec x csc xX = 2 csc x 


sec x + tanx = 1 





31. 2 sec? x + tan? x —3 =0 


/f_32. cosx + sinxtanx = 2 


In Exercises 33-38, find all solutions of the equation. 


V3 


1 
33. cos 2x = 5 34. sin 2x = ig 
35. tan 3x = 1 36. sec 4x = 2 
Boe eee 
Sik cos a 38. sin 5 = D 


In Exercises 39-42, find the x-intercepts of the graph. 


39. y=sin +1 





In Exercises 43 and 44, solve both equations. How do th: 
solutions of the algebraic equation compare with thi 
solutions of the trigonometric equation? 


43. 6y? — 13y +6 =0 

6 cos? x — 13 cosx + 6=0 
44. y2+y—-20=0 

sin? x + sinx — 20 = 0 


== In Exercises 45-54, use a graphing utility to approximat 


the solutions of the equation in the interval [0, 277). 


45-2'sins cos x = 0 
46. 4sin? x + 2sin?x —2sinx —1=0 


40. y = sin 7x + cos 7X 


ie sin x COS Xx COS xcotx _ 


47. 48. 


i ESiniec 
SO uaCOSh ales) 


COS x i+sinx 
49. xtanx -—1=0 

Bivesce x + 0.5 tanx — 1=0 
meeesc’ x + 0.5 cotx —5 = 0 
Bo, 2 tan* x + 7 tanx — 15 = 0 


54. 6sin?x — 7sinx +2=0 


In Exercises 55-58, use the Quadratic Formula to solve the 
equation in the interval [0, 277). Then use a graphing utility 
to approximate the angle x. 
Seeei2 sin? x — 13sinx + 3 =0 
eo, otan’x + 4tanx —4=0 
Syetan-x + 3tanx+1=0 


58. 4cos?x — 4cosx —-1=0 


In Exercises 59-62, use inverse functions where needed to 
find all solutions of the equation in the interval [0, 27). 
59. tan? x — 6tanx +5 =0 
60. sec? x + tanx —3=0 
Gl. 2 cos? x — Scosx +2 =0 
Me sin? x — 7sinx + 3 = 0 


In Exercises 63 and 64, (a) use a graphing utility to graph 
_the function and approximate the maximum and minimum 
points on the graph in the interval [0, 277), and (b) solve 
the trigonometric equation and demonstrate that its 
solutions are the x-coordinates of the maximum and 
“minimum points of f. (Calculus is required to find the 
trigonometric equation.) 


| Function Trigonometric Equation 
63. f(x) = sinx + cos x 


64. f(x) =2 sin x + cos 2x 


cos x — sinx = 0 


2cosx—4sinxcosx=0 


Fixed Point \n Exercises 65 and 66, find the smallest 
positive fixed point of the function f. [A fixed point of a 
function f is a real number c such that f(c) = c.] 


65. f(x) = tan 66. f(x) = cos x 


67. Graphical Reasoning Consider the function 














f(x) = ee 
Xx 


and its graph shown in the figure. 
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68. 
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(a) What is the domain of the function? 
(b) Identify any symmetry or asymptotes of the 
graph. 
(c) Describe the behavior of the function as x > 0. 
(d) How many solutions does the equation 
1 
cos— = 0 
MG 
have in the interval [—1, 1]? 


(e) Does the equation cos(1/x) = 0 have a greatest 
solution? If so, approximate the solution. If not, 
explain why. 








FIGURE FOR 67 


Graphical Reasoning Consider the function 


sin x 





FG 


Xx 


and its graph shown in the figure. 

(a) What is the domain of the function? 

(b) Identify any symmetry or asymptotes of the 
graph. 

(c) Describe the behavior of the function as x > 0. 


(d) How many solutions does the equation 


sin x 





Xx 


have in the interval [—8, 8]? Find the solutions. 
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69. Harmonic Motion A weight is oscillating on the 
end of a spring (see figure). The position of the 
weight relative to the point of equilibrium is 

1 : 

— (cos 8t — 3 sin 82) 

12 

where y is the displacement in meters and ¢ is the 

time in seconds. Find the times when the weight is at 

the point of equilibrium (y = 0) for0 < ¢ < 1. 


Ve ze 





FIGURE FOR 72 





73. Projectile Motion A sharpshooter intends to hit a 
target at a distance of 1000 yards with a gun that has - 
a muzzle velocity of 1200 feet per second (see 
figure). Neglecting air resistance, determine the 
gun’s minimum angle of elevation 6 if the range r is. 


| 











ee 70. Damped Harmonic Motion The displacement 
from equilibrium of a weight oscillating on the end J 
of a spring is ewest2 10... 


Ve="U56e> 9" Cos 4.98 


where y is the displacement in feet and ¢ is the time 
in seconds. Use a graphing utility to graph the 
displacement function for 0 < t < 10. Find the time 74. Area The area of a rectangle (see figure) inscribe d 
beyond which the displacement does not exceed 1 in one arc of the graph of y = cos x is 
foot from equilibrium. 













7 
71. Sales The monthly sales (in thousands of units) of i wee eee Oe g) 


a seasonal product are approximated by 


S = 74.50 + 43.75 ie 
6 rectangle. 


where f is the time in months, with t = 1 corre- (b) Determine the values of x for which A 2 1. 


sponding to January. Determine the months when 
sales exceed 100,000 units. 


72. Projectile Motion A batted baseball leaves the bat 
at an angle of 6 with the horizontal and an initial 
velocity of v) = 100 feet per second. The ball is 
caught by an outfielder 300 feet from home plate 
(see figure). Find 6 if the range r of a projectile is 





Nase: 
Lae sin 26. 
75. Quadratic Approximation Consider the function ¥ 
f(x) = 3 sin(0.6x — 2). 


(a) Approximate the zero of the function in the 
interval [0, 6]. 


== (b) A quadratic approximation agreeing with f at 
x = Sis g(x) = —0.45x? + 5.52x — 13.70. Use 
a graphing utility to graph f and g in the same 
viewing window. Describe the result. 
(c) Use the Quadratic Formula to find the zeros of g. 
Compare the zero in the interval [0, 6] with the 
result of part (a). 


16. Data Analysis The table gives the unemployment 
rate r for the years 1985 through 1996 in the United 
States. The time ¢ is measured in years, with t = 0 
corresponding to 1990. (Source: U.S. Bureau of 
Labor Statistics) 





Mees |) 4 | 3 | -2 
Pe 72|7.0 | 62| 5.5 















































(a) Create a scatter plot of the data. 

(b) Which of the following models best represents 
the data? Explain your reasoning. 
ar — 15 cos(t + 3.9) + 6.37 
(2) r = 1.03 sin(0.9t + 0.44) + 6.19 
(3) r = sin[0.91(t + 6.44)] + 6.26 
(4) r = 1.5 sin[0.5(t + 2.8)] + 6.25 

(c) What term in the model gives the average unem- 
ployment rate? What is the rate? 


(d) Economists study the lengths of business cycles 
such as unemployment rates. Based on this short 
span of time, use the model to give the length of 
this cycle. 


(e) Use the model to estimate the next time the 
unemployment rate will be 6% or less. 


synthesis 


True or False? \n Exercises 77 and 78, determine 
whether the statement is true or false. Justify your answer. 


7, The equation 2 sin 4f — | = 0 has four times the 
number of solutions in the interval [0, 277) as the 
equation 2 sint — 1 = 0. 

18. If you correctly solve a trigonometric equation down 
to the statement sin x = 3.4, then you can finish 
solving the equation by using an inverse function. 
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In Exercises 79 and 80, use the graph to approximate the 
number of points of intersection of the graphs of y, and y,. 








79. y, = 2sinx $0. y, = 2sinx 
Ye Sa yy =5xt1 
y y 
3442 
° yy 
1 
x 
Ue 
2 
Review 


In Exercises 81-84, solve triangle ABC by finding all missing 
angle measures and side lengths. 





81. B 82. B 
< =e 
A MESS. 
A a fe 
45° 
A C 
83. By 84. ae 
229 eso ce | 
Au G Aa 146 Cc 


In Exercises 85-90, use reference angles to find the sine, 


_ cosine, and tangent of an angle with the given measure. 


85. 390° 86. 570° 
87. 495° 88. 855° 
89. —1845° 90. —1410° 


91. Height Froma point 100 feet in front of the public 
library, the angles of elevation to the base of the 
flagpole and the top of the pole are 28° and 39° 45’, 
respectively. The flagpole is mounted on the front of 
the library’s roof. Find the height of the pole. 

92. Angle of Depression Find the angle of depression 
from the top of a lighthouse 250 feet above water 
level to the water line of a ship 2 miles offshore. 
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5.4 Gina acces euics 


> What you should learn 


* How to use sum and difference 
formulas to evaluate trigono- 
metric functions 


* How to use sum and difference 
formulas to verify identities 
and solve trigonometric 
equations 


> Why you should learn it 


You can use sum and difference 
formulas to rewrite trigonometric 
expressions. For instance, in 
Exercise 76 on page 473 you use 
sum and difference formulas to 
rewrite a trigonometric expres- 
sion in a form that helps you find 
the equation of a standing wave. 


Chapter5 & Analytic Trigonometry 





Using Sum and Difference Formulas 


In this and the following section, you will study the uses of several trigonometric 








identities and formulas. (Proofs of these formulas are given in Appendix A.) 

Sum and Difference Formulas | 
4 | 
sin(u + v) = sinu cos v + cos u sin v tan atv 
tan(u + vy) = — | 
sin(u — v) = sinucos v — cos u sinv 1 — tanutany — 
pal 

eS sei : | 4 

cos(u + v) = cosucos v — sinu sin v bana 

tatu — vy) = 

cos(u — v) = cosucosv + sinu sin v 1+ tanutanv 


~i Exploration 


Use a graphing utility to graph y = cos(x + 2) and y = cos x + cos 2 in the 
same viewing window. What can you conclude about the graphs? Is ittrue 
that cos(x + 2) = cos x +cos 2? : 

Use a graphing utility to graph y = sin(x + 4) and y = sinx + sin 4 in 
the same viewing window. What can you conclude about the graphs? Is it 
true that sin(x + 4) =sin x + sin 4? 





Examples 1 and 2 show how sum and difference formulas can be used to 
find exact values of trigonometric functions involving sums or differences of | 
special angles. 


fee 


Example 1 ® Evaluating a Trigonometric Function 


Find the exact value of cos 75°. 


Solution 


To find the exact value of cos 75°, use the fact that 75° = 30° + 45°) 
Consequently, the formula for cos(u + v) yields . 


cos 75° = cos(30° + 45°) | 
cos 30° cos 45° — sin 30° sin 45° 
YO)? Me | 

i eS eae | 
Vee | 
| 

| 





4 


Try checking this result on your calculator. You will find that cos 75° ~ 0.259. | 
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Example 2 ® Evaluating a Trigonometric Function 


Find the exact value of sin a 


Solution 
Using the fact that 


together with the formula for sin(u — v), you obtain 


_ in 2 =) 
sin — = sin| — — — 
12 3) 4 


eeu 7 CU weed 
SOL Mie COSt ee tee COS tera S10) os 








a e . 3A Eber 

Historical Note ee (2) 1(2) 

4ipparchus, considered the most Bee) DA) 

sminent of Greek astronomers, _ 

Nas born about 160 .c. in Nicaea. = SGSst)) 

te was credited with the inven- 4 

‘ion of trigonometry. He also 

derived the sum and difference Example 3 ® Evaluating a Trigonometric Expression 
ormulas for sin(A + B) and 

-05(A + B). Find the exact value of sin 42° cos 12° — cos 42° sin 12°. 





Solution 
Recognizing that this expression fits the formula for sin(u — v), you can write 


sin 42° cos 12° — cos 42°-sin 12° = sin(42° — 12°) 
| ="sin 30° 


1 
5 
Example 4 ® An Application of a Sum Formula 


Write cos(arctan 1 + arccos x) as an algebraic expression. 


Solution 


This expression fits the formula for cos(u + v). Angles u = arctan1 and 
v = arccos x are shown in Figure 5.5. So 


cos(u + v) = cos(arctan 1) cos(arccos x) — sin(arctan 1) sin(arccos x) 











| 1 = 


‘GuRE 5.5 


| 
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Example 5 ® Proving a Cofunction Identity 


\ 


+ ee ‘ 7 : 
Prove the cofunction identity cos( 2 a x) = sin x. 


Solution 


Using the formula for cos(u — v), you have 
(z 7 Papo bee 
Cos| = =x.) = COS = COs x oe sim's—sin x 
2 2 Dy 


= (0)(cos x) + (1)(sin x) 


= sin x. 





Sum and difference formulas can be used to derive reduction formulas 
involving expressions such as 


: ni ni ! é 
sin( 0 is 2 and cos 0 af nt), where v1 is an integer. 


Example 6 ® Deriving Reduction Formulas 


MPR 


Simplify each expression. 


307 
a. cos 0 — =) b. tan(@ + 377) 


Solution 


a. Using the formula for cos(u — v), you have 
cos 0 2) cos @ cos shu in 6 si s 
lhe COS == i 
5 > sin 6s 5 


= (cos 6)(0) + (sin 6)(— 1) 
= —sin 0. 
b. Using the formula for tan(u + v), you have 


tan 6 + tan 37 


“(Os se) SS 
ant y) 1 — tan 6 tan 377 


tan @ + 0 
1 — (tan 6)(0) 


tan 0. 








The next example was taken from calculus. It is used to derive the derivative 
of the sine function. 
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Example 7 ® An Application from Calculus 


Verify that 


sin(x + 2 = sinx _ ee | a *) uyee o(? = COS ") 


where h + 0. 








Solution 


Using the formula for sin(u + v), you have 


sin(x +h) — sinx  sinxcosh + cosxsinh — sinx 





h h 


cos x sinh — sin x(1 — cos h) 


h 


(COS (4 *) — (sin (*) 








Example 8 ® Solving a Trigonometric Equation 
Find all solutions of 


; 7 : 1 
sin( 2 = 2) ae sin( = 4 =—| 
4 4 


in the interval [0, 277). 


Solution 


Using sum and difference formulas, rewrite the equation as 


: 7 a 7 T 5. 
SIMEVICOSt == ai ook ee =F Se as CORO =-—] 





y 
A 1 
sinx = ——= 
WO 
/2 
Sie = = 
2 
x n os Therefore, the only solutions in the interval [0, 277) are 
| 2 
: Sky q Vas 
: eee an 3b = 
P i 4 4 


These solutions are checked graphically in Figure 5.6. 
FIGURE 5.6 
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5.4 Exercises 


see eS | 


In Exercises 1-6, find the exact value of each expression. 


1 ( + 2) (b oe cose 
Pe COnN 7, 3 Je c 3 
2 in + 22) Sh et rae 
. (a) sin 4 6 Ons, Sl 6 
7 
3. (a) sin( 7 = 2) (b) sin = sin > 
y y, 
4. (a) cos( 22 = z) (b) cos = + cost 


5. (a) cos(120° + 45°) 
6. (a) sin(135° — 30°) 


(b) cos 120° + cos 45° 
(b) sin 135° = cos 30° 


In Exercises 7-14, find the exact values of the sine, cosine, 
and tangent of the angle. 








7. 105° = 60° + 45° 8. 165° = 135° + 30° 

9, 195° = 225° — 30° 10. 255° = 300° — 45° 
i 

ieee oe i 
iD ma 36 jee ew 
17 5 

eee L2G A ee 
De ak \ 6 6 A 


In Exercises 15-22, find the exact values of the sine, cosine, 
and tangent of the angle. 


15. 285° 16. —105° 
Gk Nes" 18. 15° 
137 Ti 
1). = , === 
12 a0 1, 
13a 57 
2) === ss 
12 a2 1) 


In Exercises 23-30, write the expression as the sine, cosine, 
or tangent of an angle. 


Za.6cos25 Cos 5° = sin 25° sin 15° 
24. sin 140° cos 50° + cos 140° sin 50° 
tan 325° — tan 86° tan 140° — tan 60° 
116 tan 325° tan 86° * 1 + tan 140° tan 60° 
DI ESIMEOICOSWIEDNaenCOS ONSIN ed 








28. cos we cos a sin us cin a 
Tl 5 7 5 


tan 2x + tan x 





29. 
tana atanes 


30. cos 3x cos 2y + sin 3x sin 2y 


In Exercises 31-36, find the exact value of the expression. 


31. sin 330° cos 30° — cos 330° sin 30° 
32. cos 15° cos 60° + sin 15° sin 60° 





33 sin —— co ies gs 2 
A wil D Si co D ing 
34. cos a cos tu = sin & sin Bk! 
; 16 16 16 16 


tan 25° + tan 110° 
L = tan2s tan 110" 
tan(57/4) — tan(2/12) 
1 + tan(57/4) tan(a/12) 


a5: 





36. 





In Exercises 37-44, find the exact value of the trigonometric 


function given that sin u = 73 and cosv = -3. (Both u and 
v are in Quadrant Il.) 

37. sin(u + v) 38. cos(u — v) 

39. cos(u + v) 40. sin(v — u) 

41. tan(u + v) 42. csctu a) 

43. sec(v — u) 44. cot(u + v) 


In Exercises 45-50, find the exact value of the trigonomet- 
ric function given that sin u = — and cos v = —#4, (Both 
u and v are in Quadrant Ill.) 
45. cos(u + v) 
47. tan(u — v) 
49. sec(u + v) 


46. sin(u + v) 
48. cot(v — u) 
50. csc(u — v) 


In Exercises 51-54, write the trigonometric expression as an 
algebraic expression. 

51. sin(arcsin x + arccos x) 

52. sin(arctan 2x — arccos x) 

53. cos(arccos x + arcsin x) 


54. cos(arccos x — arctan x) 
In Exercises 55-64, verify the identity. 


55. sin(3a — x) = sinx 56. sin( 2 + x) = cos x 


1 
: sin( 2 = x) = 5 (cos x + ./3 sin x) 


5 2 
: c0s( 2 a x) = see x + sin x) 


4 2 


. cos(a — 6) + sin( 7 - 7 =(0 


(i= tan 
.tan( 7 - 9) = ane 


4 1 + tan 6 


_ cos(x + y)cos(x — y) = cos?.x — sin* y 
_ sin(x + y)sin(x — y) = sin?x — sin? y 
_ sin(x + y) + sin(x — y) = 2 sinxcos y 


» cos(x + y) + cos(x — y) = 2.cosxcos y 


In Exercises 65-68, simplify the expression algebraically and 
use a graphing utility to confirm your answer graphically. 


65. 


67. 


66. cos(a + x) 


20S 
5 x 
yf Or. 
— + 
sin( 5 7 


68. tan(z + 6) 


In Exercises 69-72, find all solutions of the equation in the 
interval [0, 277). 


69. 


70. 


71. 


f2. 


Si ( + =) = sn( 7) 1 

1 ome _-_ — 

n\ x 3 in| x 3 

sin ==||= Sill se = =|) =] = 

“ae A 2 

7 qT 

cos( x 6 <) = cos(1 = 4 = | 
4 4 


tan(x + mw) + 2sin(x + m7) =0 


In Exercises 73 and 74, use a graphing utility to approxi- 
mate the solutions in the interval [0, 277). 


iBE 


74. 


p>. 


i} 


7 7 
cos( ar 2) = cos( 2 = 2) =1 
4 4 
tan(x + 7) — cos( 2 + z) =0 


Harmonic Motion | A weight is attached to a spring 
suspended vertically from a ceiling. When a driving 
force is applied to the system, the weight moves 
vertically from its equilibrium position, and this 
motion is modeled by 
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1 1 
a co 


where y is the distance from equilibrium measured in 
feet and ¢ is the time in seconds. 
(a) Use the identity 


asin B@ + bcos BO = V/a* + b* sin(Bé + C) 


where C = arctan(b/a), a > 0, to write the 
model in the form 


y = a? + b* sin(Br + C). 
(b) Find the amplitude of the oscillations of the 
weight. 


(c) Find the frequency of the oscillations of the 
weight. 


76. Standing Waves The equation of a standing wave 


is obtained by adding the displacements of two 
waves traveling in opposite directions (see figure). 
Assume that each of the waves has amplitude A, 
period 7, and wavelength A. If the models for these 
waves are 


i x 
yj, > A cos 2n{ = *) and 
TN 


Acos 2 (: a *) 
=A cos 27 = + — 
a) ji 
show that 


as 9A 27t 2X 
= OS Gs —,. 
yy Yo 7 nN 








Wit XD 
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Synthesis 


True or False? \n Exercises 77-80, determine whether 
the statement is true or false. Justify your answer. 


77. sin(u + v) = sinu + sinv 


78. cos(u + v) = cosu + cos v 


79. cos(y = 2) = —sinx 


80. snl = 2) a COSEY 


In Exercises 81-84, verify the identity. 


81. cos(nz + 6) = (—1)" cos 8, 

82. sin(nw + 0) = (—1)"sin 6, 7 is an integer. 

83. asin B@ + bcos BO = Va? + b* sin(BO + C), 
where C = arctan(b/a) anda > 0. 


84. asin BO + bcos BO = V/a* + b? cos(B@ — C), 
where C = arctan(a/b) and b > 0. 


n is an integer. 


in Exercises 85-88, use the formulas given in Exercises 83 
and 84 to write the trigonometric expression in the 
following forms. 


(a) /a? + b? sin(B@ + ©) 
(b) /a? + b? cos(BO — C) 
35. sin 8 + cos 6 

86. 3 sin 26 + 4cos 20 
87. 12 sin 3.0 + 5 cos3e@ 
88. sin 20 — cos 20 


Un 


In Exercises 89 and 90, use the formulas given in Exercises 
83 and 84 to write the trigonometric expression in the form 
asin BO + bcos BO. 


89. 2 sin( 0 Be z) 
*) 
90. 5 cos( 0 + =) 


In Exercises 91 and 92, use the figure, which shows two lines 
whose equations are 


y, =m,x+ 6, and y, = m,x + b,. 


Assume that both lines have positive slopes. Derive a 
formula for the angle between the two lines. Then use your 
formula to find the angle between the given pair of lines. 





1 
91. y= xandy = /3x 926. i eT ae 


=: 93. Conjecture Consider the function 
f(0) = sin(0 ae 2) + sine(@ = 2) 


Use a graphing utility to graph the function and use 
the graph to create an identity. Prove your conjecture. 


94. Conjecture Three squares of side s are placed 
side by side (see figure). Make a conjecture about 
the relationship between the sum u + v and w. 
Prove your conjecture by using the identity for the 
tangent of the sum of two angles. 





5 g eS 


95. Proof Write a proof for the formula for sin(u + v). 
96. Proof Write a proof for the formula for sin(u — y). 


Review 


In Exercises 97-100, find the inverse of f. Verify that 
f(f-"(x)) = x and f-"(f(x)) = x. 





oe 8S 


98. Gye ; 
100. f(x) =e 


OF ieee 5) 





99. f(x) =x? — 8 
In Exercises 101-104, apply the inverse properties of In >! 
and ex to simplify the expression. 


101, log; 3° 102. log, 8° 
103. ee 104. 120i 
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seem Multiple-Angle and Product-to-Sum Formulas 





> What you should learn i 
* How to use multiple-angle M ul ti p le-Angle Form u las 


formulas to rewrite and evalu- 


: : In this section you will study four other categories of trigonometric identities. 
ate trigonometric functions 


- How to use power-reducing 1. The first category involves functions of multiple angles such as sin ku and 
formulas to rewrite and cos ku. 
evaluate trigonometric 2. The second category involves squares of trigonometric functions such as 
functions sin? wu. 
* How to use half-angle formulas ; ; ; 
: 9 3. The third category involves functions of half-angles such as sin(u/2). 
to rewrite and evaluate 
trigonometric functions 4. The fourth category involves products of trigonometric functions such as 
* How to use product-to-sum SIN U4 COS Vv. 


formulas to rewrite and 
evaluate trigonometric 
functions 


The most commonly used multiple-angle formulas are the double-angle 
formulas. They are used often, so you should learn them. (Proofs of the 
double-angle formulas are given in Appendix A.) 


> Why you should learn it 


You can use a variety of trigono- Double-Angle Formulas 

metric formulas to rewrite ? tan u 

trigonometric functions in more sin 2u = 2 sin u cos u tan 2u = ne oe 
a n° u 


convenient forms. For instance, in 


oe PE a eOeRD) 
Exercise 121 on page 484 you cos 2u = cos* u — sin’ u 


use a half-angle formula to deter- one ey 
mine the apex angle of a sound 
wave cone from the speed of an =1-2sin?u 


airplane. an 


Example 1 ® Solving a Multiple-Angle Equation 


Find all solutions of 2 cos x + sin 2x = 0. 


Solution 


Begin by rewriting the equation so that it involves functions of x (rather than 2x). 
Then factor and solve as usual. 





2cosx + sin 2x = 0 Write original equation. 
2 COS x - 2 sin cosx~ — 0 Double-angle formula 
A computer animation of this concept 2 cos x(1 + sinx) = 0 Factor. 
ippears in the /nteractive CD-ROM and 
nternet versions of this text. cosx = 0 and 1+ sinx=0 Set factors equal to zero. 
7 37 Sharp Wie. 
Me = = Solutions in [0, 277) 
De wap 2 
Therefore, the general solution is 
7 377, 
OES i and ieee! 22) 


where n is an integer. Try verifying these solutions graphically. 
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Use a double-angle formula to rewrite the equation 
y = 4cos? x — 2. 
Then sketch the graph of the equation over the interval [0, 27]. 


Solution 


Using a double-angle formula, you can rewrite the given function as 
ye icosk a2 


= 2(2 cos? x — 1) 




















= 2.cos 2x. 
ae Using the techniques discussed in Section 4.5, you can recognize that the graph 
of this function has an amplitude of 2 and a period of 7. The key points in the 
Poe 2 57 interval [0, z] are as follows. 
—I + Maximum Intercept Minimum Intercept Maximum 
7 7 Oar 
2+ eZ =r} am) aL ee 
; Oe Gj 5 ( 4 tee 
FIGURE 5.7 Two cycles of the graph are shown in Figure 5.7. 
Example 3 ®& Evaluating Functions Involving Double Angles 4 | 
|| 
3 Use the following to find sin 26, cos 26, and tan 26. 
5) és) 
COS 0 =e, aT Oe or 
13 2 { 
Solution | 
From Figure 5.8, you can see that sin @ = y/r = — 12/13. Consequently, oll 
can write | 
} 
a7 WR 120 ‘ 
in 20 = 2 sin 0 =2 + a 
sin sin 6 cos 6 ( 13 (3) 169 ; 
2 119 
20=2 2g-1= )- = 
cos COs 169 169 
tan 20 = uae = Hee e 
COs-20m) SLO 4 
FIGURE 5.8 4 


The double-angle formulas are not restricted to angles 20 and 6. Other | 
double combinations, such as 46 and 26 or 66 and 38, are also valid. Here are two 
examples. | 


sin 40 = 2 sin 20 cos 20 and cos 66 = cos? 34 — sin? 34 f 


By using double-angle formulas together with the sum formulas given in | 
preceding section, you can form other multiple-angle formulas. 
Ek 

| 

> Ff 
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Example 4 ® Deriving a Triple-Angle Formula 


Express sin 3x in terms of sin x. 


Solution 


sin 3x = sin(2x + x) 
= sin 2x cos x + cos 2x sin x 
= 2 sin x cos x cos x + (1 — 2 sin? x)sin x 
= 2 sin x cos’ x + sinx — 2 sin? x 
= 2 sin x(1 — sin? x) + sinx — 2 sin? x 
= 2sinx — 2 sin?x + sinx — 2 sin? x 


= 3 sinx — 4 sin? x 





Power-Reducing Formulas 


The double-angle formulas can be used to obtain the following power-reducing 
formulas. (Proofs of the power-reducing formulas are given in Appendix A.) 
Example 5 shows a typical power reduction that is used in calculus. 


Power-Reducing Formulas 


: 1 =.cos. 21 ; DEE icos 2 A COS 

Si ee COS Sa (Qn 

2 2 1 Eacos 24 
A computer animation of this concept : fr 
appears in the /nteractive CD-ROM and Example 5 > Reducing a Power Uy 


Internet versions of this text. 
Rewrite sin* x as a sum of first powers of the cosines of multiple angles. 


Solution 
Note the repeated use of power-reducing formulas. 


sin’ = (sina n)- 


- ( — cos =) 
D 


1 
a Al — 2cos 2x + cos? 2x) 
=H -2 ae + LA cos tt) 
a COPE aomase © 


i i 
cos 2x + 8 goes 


] 
= ae — 4cos 2x + cos 4x) 
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Half-Angle Formulas 


You can derive some useful alternative forms of the power-reducing formulas by 
replacing u with u/2. The results are called half-angle formulas. 


©) A computer animation of this concept 2 
2 appears in the Interactive CD-ROM and Half Angle Formulas 


Internet versions of this text. 
wei) ipaaeCOSs 
sin= = ea 
D, 2) 


Beli COs as. sin u 
2 sin u IPS COS i 


The signs of sin(u/2) and cos(u/2) depend on the quadrant in which u/2 lies. — 


Example 6 ® Using a Half-Angle Formula 


Find the exact value of sin 105°. 


Solution 
Begin by noting that 105° is half of 210°. Then, using the half-angle formula for 
sin(u/2) and the fact that 105° lies in Quadrant II, you have 
I= cos 210° 
Z 


-. sof — (—cos 30°) 
i 2 


1 + (3/2) 


2 


Ry poe 


Z 


The positive square root is chosen because sin 0 is positive in Quadrant II. 





gin KOS? = 








Use your calculator to verify the result obtained in Example 6. That is, 
evaluate sin 105° and (./2 + /3)/2. | 


sin 105° ~ 0.9659258 


Tey 3 


5 = 0.9659258 


You can see that both values are approximately 0.9659258. 
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Example 7 ® Solving a Trigonometric Equation 
Find all solutions of 
2 — sin? x = 2 cos?= 


in the interval [0, 27). 


Solution 
- 9 x : te : 
2 aesin y= 2 Cos 2 Write original equation. 
/1 + cos x \? 
Sie oe (: aa ras Half-angle formula 
as Lig COS. 
2— sin’ x = 2 rear Simplify. 
2s? x =I cos.x Simplify. 
2 = (1 — cos? x) = 1 + cosx Pythagorean identity 
COS x cos. = 0) Simplify. 
cos x(cos x — I) = 0 Factor. 


By setting the factors cos x and (cos x — 1) equal to zero, you find that the 
solutions in the interval [0, 27) are 





Product-to-Sum Formulas 


Each of the following product-to-sum formulas is easily verified using the sum 
and difference formulas discussed in the preceding section. 


Product-to-Sum Formulas 


1 
sin usin v = 3 leostu — v) — cos(u + v)] 
1 
cos u cos V = 3 leostu — v) + cos(u + v)] 
Lae ; 
sin u cos v = 5 Lsin(u + y) + sin(u — v)] 


1 
cos u sin v = 5 Lsin(u +) = sin(u — v)] 
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Example 8 ® Writing Products as Sums 





Rewrite the product as a sum or difference. 
cos 5x sin 4x 


Solution | 
1 
cos 5x sin 4x = 5 Lsin(Sx + 4x) — sin(5x — 4x)] 


ls 9 Ne | 
= Sl OF oo. Sine | 
in 9x 5 | 


2 


Occasionally, it is useful to reverse the procedure and write a sum of trigono- 
metric functions as a product. This can be accomplished with the following 
sum-to-product formulas. (A proof of the first formula is given in Appendix A.) 





Sum-to-Product Formulas 


+ = | 
sinx + siny = 2 sin(* 5 | cos( $=) a 


wey) 
sin x — siny = 2.cos 5 sin 











2 


£2) ft 


+ — 
COS Xian COCR meee sin(* 5 | sin(* 5 2) 








x 
cos x + cosy = 2 cos( 








Example 9 ® Using a Sum-to-Product Formula 








Find the exact value of 
cos 195° + cos 105°. | 
Solution 


Using the appropriate sum-to-product formula, you obtain 


(= aa _) (e ag ie 
cos 





COSuL9Sa ta cOstlOS21— 21cos 


COSI OmCOS 45a | 
[ 2)(2) 

2 Dy 
v6 
ae 
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Example 10 ® Solving a Trigonometric Equation 


Find all solutions of sin 5x + sin 3x = 0. 


Solution 


Sin Gps —a0) Write original equation. 


[SESS ane = She 
2 sin Tua sae cos Pages = 0 Sum-to-product formula 


2 sin 4x cos x = 0 Simplify. 


By setting the factor sin 4x equal to zero, you can find that the solutions in the 
interval [0, 27) are 


shy aL Sa 3a 77 
PN Oa Re ea aaa 





The equation cos x = 0 yields no additional solutions, and you can conclude that 
the solutions are of the form 





where n is an integer. These solutions are verified graphically in Figure 5.9. 


FIGURE 5.9 


Example 11 ® Verifying a Trigonometric Identity 


Verify the identity 


sin t + sin 3t 





= tan 2t. 
cos t + cos 3t 


Solution 
Using appropriate sum-to-product formulas, you have 


sint + sin3t _ 2 sin 2t cos(—1) 
cost + cos3t 2cos 2tcos(—t) 





sin 2t 
cos 2t 





tan 2t. 


Writing ssout matHE MATI cs 








Deriving an Area Formula Describe how you can use a double-angle formula or a 
half-angle formula to derive a formula for the area of an isosceles triangle. Use a 
labeled sketch to illustrate your derivation. Then write two examples that show 
how your formula can be used. 
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5.5 Exercises 





In Exercises 1-8, use the figure to find the exact value of the 
trigonometric function. 


eee} 





4 

1. sin 6 2. tan 0 
3. cos 20 4. sin 26 
5. tan 20 6. sec 20 
VeaCSE LO: 8. cot 20 


In Exercises 9-18, find the exact solutions of the equation in 
the interval [0, 277). 
9, sin2x —sinx=0 10. sin2x + cosx =0 
11. 4sinxcos x = 1 12. 
13. cos 2x — cosx = 0 14. 
15. tan 2x — cotx = 0 16. 


VWs =) sini 18. 


sin 2x sin x = cos x 
cos 2x + sinx = 0 
tan 2x — 2cosx = 0 


(sin 2x + cos 2x)? = 1 


In Exercises 19-22, use a double-angle formula to rewrite 
the expression. 


19. 6sinx cos x 
20. 6 cos? x — 3 
21. 4 — 8 sin? x 


22. (cos x + sin x)(cos x — sin x) 


In Exercises 23-28, find the exact values of sin 2u, cos 2u, 
and tan 2u using the double-angle formulas. 


23. mMyi— —— mau eo8 
5 2 
y Dai 
24. =-= = 
4 cos u a <uUu< 7 
3 — 
2D, (iw == O<yx= 
4 D, 
OM COU Miia a a) a 
Se 
Hf, SECM). = Sa 
cu 5 Sas 


28. csc u = 3, 


: | 
In Exercises 29-34, use the power-reducing formulas to 
rewrite the expression in terms of the first power of the 
cosine. 


30. sin® x 
32.. sin* x cos* x 
34. sin* x cos? x 


29: cos? x | 

: 
31. sin? x cos? x | 
33. sin” x cos* x | 


In Exercises 35-40, use the figure to find the exact value of 


the trigonometric function. | 
: 





8 | 
) 
0 
15 | 
6 6 | 
35. oo 36. si | 
6 | 
37. tan 5 38. sec 5 
0 6 | 
39. = 40. cot = 
csc 5 ic 5 


In Exercises 41-48, use the half-angle formulas t¢ 
determine the exact values of the sine, cosine, and tangen 
of the angle. 





41. 75° 42. 165° | 
43, 112° 30’ 44. 67° 30’ | 
45, — 46. — | 
8 12 | 
37 os | 
47. g 48. D 
~ In Exercises 49-54, find the exact values of sin(u/2) 
cos(u/2), and tan(u/2) using the half-angle formulas. | 
49. si ee <au< 
pba i j 
leah i, <4 <7 | 
50 eG <ite™ | 
. cost = —, ai 
5 2 
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51 ? Seen Ti 5 

} = =>) SS <vWe= 

an u 8 5 Uu T 

| 377 

(52. cotu = 3, DS Id 

53 5 225 
mescie— — —. aT << —— 

3 D 
| 7 
54, oe > ea 


— 


In Exercises 55-58, use the half-angle formulas to simplify 


the expression. 
a pe 
. 1 = cos(x — 1) 


/1 — cos 8x 
1 + cos 8x 
In Exercises 59-62, find all solutions in the interval [0, 277). 


Use a graphing utility to graph the function and verify the 
‘solutions. 








59. sin 5 a cos x =" 0 


: 


. 
60. mn, + cos x 


II 
) 


6L. cos = = Gini 


62. tan ~ — sinx = 0 

| 2 

In Exercises 63-74, use the product-to-sum formulas to 
write the product as a sum or difference. 


aT T 
ei COSiG=. 
eA 


. 6 sin 


ap. Sar 
= gi = 
3 6 


. cos 46 sin 60 
. 3sin 2a sin 3a 
- 5 cos(—5£) cos 3B 


oe COS 





68. cos 26 cos 46 

69. sin(x + y) sin(x — y) 
70. sin(x + y) cos(x — y) 
71. cos(@ — 7m) sin(@ + 7) 
72. sin(@ + 7) sin(@ — 7) 


Ed 
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135 LO%cos 75 Cos 15% 
74. 6 sin 45° cos 15° 


In Exercises 75-86, use the sum-to-product formulas to 
write the sum or difference as a product. 


75. sin 60° + sin 30° 
76. cos 120° + cos 30° 


77 ef 
«(COS = sateen COSi=s 
4 4 


eee oe sin on 
4 4 


sin 54 — sin 30 
sin 39 + sin 0 


COSIOME COSI 


78. 


79. 
80. 
81. 
82. 
83. 
84. 


sin x + sin 5x 
+ B) — sin(a — B) 
cos(@ + 27) + cos dh 


cos Fall ae CO) == 
: D 2 
; ie P T 
sn( 1 ar 2) ar sin( 1 = 2) 
D y 


In Exercises 87-90, find all solutions in the interval [0, 277). 
Use a graphing utility to graph the function and verify the 
solutions. 


sin(a 


85. 


86. 


$7. Sin 6x + sin 2x — 0 
SOmeCOS GI COSIOE—a() 


cos 2x 





Gili) See —= Silos 


90. sin? 3x — sin? x = 0 


In Exercises 91-94, use the figure to find the exact value of 
the trigonometric function in two ways. 


L> 


cos? a 


92. 


94. cos asin B 


91. sin? a 


93. sin acos B 
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In Exercises 95-110, verify the identity. In Exercises 117 and 118, write the trigonometric expres- 
sion as an algebraic expression. 

csc 0 
95. csc 20 = re 117. sin(2 arcsin x) 118. cos(2 arccos x) | 
SES, 119. Area The length of each of the two equal sides of 
irsec 20 2 — sec? ¢ an isosceles triangle is 10 meters (see figure). The 


87 coe Das Sia = COS Ad angle between the two sides is 0. | 


OR cache = sini = COs ex (a) Express the area of the triangle as a function of 














6/2. 
99. (sinx + cos x)? = 1 + sin2x | 
psy 08 2) (b) Express the area of the triangle as a function of 
Re ae a 9. Determine the value of @ such that the area is 
3 a 2 3 a maximum. | 
101. 1 + cos 10y = 2 cos? Sy 
3 
ee ees | 
cos B | 
Uu 2 tan u 
103. secc—- = +. / ; 
2 tan u + sin u | 
u | 
104. > = csc u — cotu | 
105. sin x + sin y nee aaa) _ | : | 
cos xX + COS y 2 120. Projectile Motion The range of a projectile fired) 
sinx + sin y Ble) at an angle 6 with the horizontal and with an initial 
106. ==" =1C0t : : : 
cos x — cosy 2 velocity of vy feet per second is 


| 
cos 4x + cos 2x 1 

107. =Cot3: r=—v,* sin 26 
sin 4x + sin 2x istre eye 















ri 
cos t + cos 3f where r is measured in feet. Determine the 
108. ae aco é ¥ | 
sin 3t — sint expression for the range in terms of 0. | 
109. sj Lae _ [a a 121. Mach Number The mach number M of 
: an a ot 2) mec airplane is the ratio of its speed to the speed of 
= sound. When an airplane travels faster than the 
110. cos( 2 + x] fe cos( 2 = x) = cos x speed of sound, the sound waves form a cone) 
behind the airplane. The mach number is related {0 | 
a th f th 
== In Exercises 111-114, use a graphing utility to verify the © ADE Ane tO ne ora ‘| 
identity. Confirm that it is an identity algebraically. ue 1 
Sin Si 
111. cos 3B = cos? B — 3 sin? B cos B 2 ont 
112. sin48 = 4 sin Bcos B(1 — 2 sin? B) Find the angle 6 that corresponds to a mach numbet 
113. (cos 4x — cos 2x)/(2 sin 3x) = —sin x of 4.5. 
114. (cos 3x — cos x)/(sin 3x — sin x) = —tan 2x 


In Exercises 115 and 116, graph the function by hand in the 
interval [0, 277) by using the power-reducing formulas. 


115. f(«) = sin? x 116. f(x) = cos2x 
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122. Railroad Track When two railroad tracks merge, 
the overlapping portions of the tracks are in the 
shapes of circular arcs. The radius of each arc r (in 
feet) and the angle 6 are related by 


Bt G5 0 
5 2r sin 7" 


Write a formula for x in terms of cos 86. 


& y 
siete 
4 > Vs 
" 
& Wi 
Tae Ys 
cr geo a Se 

( 


r@ 


‘ 





Synthesis 


True or False? \n Exercises 123 and 124, determine 
whether the statement is true or false. Justify your answer. 


123. Because the sine function is an odd function, for a 


: negative number u, sin 2u = —2 sin u cos u. 

: ee j= cOsu Gs 

124. sin, = — aa ial when wu is in the second 
: quadrant. 


n Exercises 125 and 126, (a) use a graphing utility to graph 
the function and approximate the maximum and minimum 
doints on the graph in the interval [0, 277) and (b) solve the 
trigonometric equation and verify that its solutions are the 


<-coordinates of the maximum and minimum points of f. 


Calculus is required to find the trigonometric equation.) 


q 


ae. f(x) =4 sin JCOS 


. Function Trigonometric Equation 


2 cos 5 — sinx = 0 
a f(x)=cos2x—2sinx —2cosx(2sinx+1)=0 
127. Exploration Consider the function 

ix) = sintx + cos* x. 


(a) Use the power-reducing formulas to write the 
function in terms of cosine to the first power. 











| \ 

(b) Determine another way of rewriting the func- 
tion. Use a graphing utility to rule out incor- 
rectly rewritten functions. 


Sl (c) Adda trigonometric term to the function so that 


it becomes a perfect square trinomial. Rewrite 
the function as a perfect square trinomial minus 
the term that you added. Use a graphing utility 
to rule out incorrectly rewritten functions. 








== (d) Rewrite the result of part (c) in terms of the sine 
of a double angle. Use a graphing utility to rule 
out incorrectly rewritten functions. 

(ce) When you rewrite a trigonometric expression, 
the result may not be the same as a friend’s. Does 
this mean that one of you is wrong? Explain. 

128. Conjecture Consider the function 


f(x) = 2 sin x[2 cos?(x/2) — 1]. 














(a) Use a graphing utility to graph the function. 
(b) Make a conjecture about the function that is an 
identity with f. 


(c) Verify your conjecture analytically. 


Review 


129. Profit The total profit for a company in October 
was 16% higher than it was in September. The total 
profit for the two months was $507,600. Find the 
profit for each month. 


130. Average Speed Two cars start at a given point and 
travel in the same direction at average speeds of 48 
miles per hour and 56 miles per hour. How much 
time must elapse before the two cars are 12 miles 
apart? 

131. Mixture Problem A 55-gallon barrel contains a 
mixture with a concentration of 30%. How much of 
this mixture must be withdrawn and replaced by 
100% concentrate to bring the mixture up to 50% 
concentration? 


132. Baseball Diamond A baseball diamond has the 
shape of a square where the distance between each 
of the consecutive bases is 90 feet. Approximate the 
distance from home plate to second base. 
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Chapter Summary 


a 


What did you learn? 


Section 5.1 Review Exercises 
C How to recognize and write the fundamental trigonometric identities 1-6 
C1 How to use the fundamental trigonometric identities to evaluate 7-23 


trigonometric functions, simplify trigonometric expressions, and rewrite 
trigonometric expressions 


Section 5.2 




















-] How to plan a strategy for verifying trigonometric identities 24-31 

[] How to verify trigonometric identities 24-31 

Section 5.3 

[1 How to use standard algebraic techniques to solve trigonometric 32-37 
equations 

[J How to solve trigonometric equations of quadratic type 38-41 

-] How to solve trigonometric equations involving multiple angles 42-45 

C] How to use inverse trigonometric functions to solve trigonometric 46-49 
equations 


Section 5.4 

















How to use sum and difference formulas to evaluate trigonometric 50-63 
functions / 
[] How to use sum and difference formulas to verify identities and solve 64-67 | 


trigonometric equations 




















Section 5.5 
How to use multiple-angle fonpules to rewrite and evaluate 68-72 ; 
trigonometric functions | 
How to use power-reducing formulas to rewrite and evaluate 73-76 
trigonometric functions 
How to use half-angle formulas to rewrite and evaluate trigonometric 77-83 
functions 

(1 How to use product-to-sum formulas to rewrite and evaluate 84-92 











trigonometric functions 
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SS a EE ITED OTE LILLIE TELIA TOD LL IEEE TTC EE TEED DET LED EET TEARS 


In Exercises 1-6, name the trigonometric function 
that is equivalent to the expression. 











1 
i De ab 
COS x sin x 
3. : 4. 
sec x tan x 


s+ 6. Si Sane 


sin x 





In Exercises 7-10, use the given values and trigonometric 
identities to evaluate (if possible) the other trigonometric 
functions of the angle. 


; 3 4 
f smx=s5, Ccosx=5 


2 Vile} 
8. tan 0 = 3, gee) = 3 
9, sin( 2 = x) = v2 sinky = a2 
D D 2 
10. cso( 2 = 7 =9 sind= _ 


in Exercises 11-22, use the fundamental trigonometric 
identities to simplify the trigonometric expression. 


1 tan 0 
. ————_ OO 
; cot?x + 1 1="cos*7¢ 
13. tan? x(csc? x — 1) 14. cot? x(sin? x) 
sin alae 7 coi(3 = u) 
2 2 
— iO; === 
sin 0 COS U 
17. cos? x + cos? x cot? x 
18. tan? @csc? @ — tan? @ 
19. (tanx + 1)? cos x 
1 1 cos? x 


a esccO+1 csc@—1 oa, 


20. (sec x — tan x)? 





(Pe ssink 


23. Rate of Change The rate of change of the function 
f(x) = 2V/sinx-is the expression sin~!/2 x cos x. 
Show that this expression can also be written as 


j : 
cot x~/ Sin x. 


In Exercises 24-31, verify the identity. 


24. cos x(tan? x + 1) = secx 


25. sec? x cot x — cotx = tanx 


26. cos( 1 a 2) = Sie 


Die coi(2 = x) = tan x 


1 
28. Ceca = cos 0 


i 
29. : = cot x 
tan x csc x sin x 








30. sin? x cos? x = (cos? x — 2 cos* x + cos® x) sin x 


31. cos? x sin? x = (sin? x — sin* x) cos x 


In Exercises 32-37, solve the equation. 
32. sinx = /3 — sinx 
34. 35/7 tans 

36. 3. csc*x = 4 


S3cos ol - Brcose 
JS: 5 sec x — 1=0 


37. 4tan2 uw — 1 = tan? u 


In Exercises 38-45, find all solutions of the equation in the 
interval [0, 277). 

S852 cose ae; cosa = I 

39) sine sine = — | 

40. cos*x + sinx = 1 

AU esi Cee COs x) 

42. 2 sin2x — /2 = 0 

43. \/3 tan 3x = 0 

44. cos 4x(cos x — 1) = 0 

45. 3 csc? 5x = =4 


In Exercises 46-49, use inverse functions where needed to 
find all solutions of the equation in the interval [0, 27). 


46.1 0 2.sinx =O 

AT. COs’ x 43'cos x = 0 
48. tan? 6+ tang — 12 =0 
AO sec? x +6 tan x + 4e— 0 
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In Exercises 50-53, find the exact values of the sine, 
cosine, and tangent of the angle by using a sum or 
difference formula. 


50. 285° = 315° — 30° 


Dist ea pee) 19am. Saray ae 
=i a ea ane yt ECan 


51. 345° = 300° + 45° 








In Exercises 54-57, write the expression as the sine, cosine, 
or tangent of an angle. 


54. sin 60° cos 45° — cos 60° sin 45° 
55. cos 45° cos 120° — sin 45° sin 120° 


tan 25° + tan 10° 
* 1 — tan 25° tan 10° 


tan 68° — tan 115° 
1 + tan 68° tan 115° 





56 





37. 


In Exercises 58-63, find the exact value of the trigonomet- 
ric function given that sin u = 4, cos v = —%, and u and v 
are in Quadrant Il. 


58. sin(u + v) 
60. cos(u — v) 
62. cos(u + v) 


59. tan(u + v) 
61. sin(u — v) 
63. tan(u — v) 


In Exercises 64-67, find all solutions of the equation in the 
interval [0, 277). 


In Exercises 68 and 69, use double-angle formulas to 
verify the identity algebraically and use a graphing utility 
to confirm it graphically. 


68. sin 4x = 8 cos? x sinx — 4 cos x sinx 


Ai iD es 
Cosi 


In Exercises 70 and 71, find the exact values of sin 2u, 
cos 2u, and tan 2u using the double-angle formulas. 


70. sinu = —-x, ee 
5 2 


Mead F iu : 
Te 2 a ae ) 
72. Projectile Motion A baseball leaves the hand | 
the person at first base at an angle of 6 with the 
horizontal and an initial velocity of vy = 80 feet per | 
second. The ball is caught by the person at second | 
base 100 feet away. Find @ if the range r of a 
projectile is | 


71. cosu = — 


1 
Bs Vo” sin 26. 


In Exercises 73-76, use the power-reducing formulas to. 
rewrite the expression in terms of the first power of the 
cosine. 


730 tane 2x 74. cos? 3x : 


75. sin” x tan? x 


| 
) 
| 


76. cos? x tan? x 


In Exercises 77-80, use the half-angle formulas to deter- 
mine the exact values of the sine, cosine, and tangent of the 
angle. 


77. —75° 78. 15° 
197 _iin ! 
tes 80. Sa | 


In Exercises 81 and 82, use the half-angle formulas 
simplify the expression. 


iecos LOx sin 6x 
as V 2 a 1 + cos 6x 


83. Volume A trough for feeding cattle is 4 meters 
long and its cross sections a isosceles triangl 
with the two equal sides being 5 > meter (see figure). 
The angle between the two sides is @. 





a etn setlist 


to S~i 











(a) Express the trough’s volume as a function of >. | 








(b) Express the volume of the trough as a functio 
@ and determine the value of @ such that the 
volume is maximum. 


In Exercises 84-87, use the product-to-sum formulas to 
write the product as a sum or difference. 


84. cos : sin a 

85. 6 sin 15° sin 45° 
86. cos 5A cos 36 
87. 4 sin 3a cos 2a 


In Exercises 88-91, use the sum-to-product formulas to 
write the sum or difference as a product. 


88. sin 60° + sin 90° 
$9. cos 30 + cos 20 


7 7 

; +—]|- = 

90 cos(2 2) cos( 2 z) 
; 7 ; 7 

91. sn( 2 + 4 sin( x 4 


92. Harmonic Motion A weight is attached to a spring 
suspended vertically from a ceiling. When a driving 
force is applied to the system, the weight moves 
vertically from its equilibrium position, and this 
motion is described by the model 


y = 1.5 sin 8t — 0.5 cos 8t 


where y is the distance from equilibrium measured in 
feet and f is the time in seconds. 


(a) Write the model in the form 
y = Ja? + b* sin(Bt + C). 


(b) Find the amplitude of the oscillations of the 
weight. 


(c) Find the frequency of the oscillations of the 
weight. 


Synthesis 


True or False? \n Exercises 93-96, determine whether 
the statement is true or false. Justify your answer. 





2 
4. sin(x + y) = sinx + siny 


93. lf > < 0< ewinatene E<a()) 


Be sin(—x) cos(—x) = —2 sin 2x 
6. 4 sin 45° cos 15° = 1+ 3 
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97. List the reciprocal identities, quotient identities, 
and Pythagorean identities from memory. 


98. Name the trigonometric functions that are consid- 
ered to be odd. 


99. Think About It If a trigonometric equation has an 
infinite number of solutions, is it true that the 
equation is an identity? Explain. 

100. Think About It Explain why you know from 
observation that the equation a sin x — b = 0 has 
no solution if |a| < |b]. 


In Exercises 101 and 102, use the graphs of y, and y, to 
determine how to change one function to form the identity 
Ay = tbe 

7 
101. y, = sec'(2 = x) 


y = cot? x 





pee Se RD years 





102. y, = —— 





=: In Exercises 103 and 104, use a graphing utility with root- or 


zero-finding capabilities to approximate the zeros of the 
function. 


LOS yi en Gt a4 COS 


1 WX 
~y=2 — =x? + 3 sin — 
104. y=2 7% 3 sin 
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Chapter Project 





Tmin = 0 
limaxe—— 
Tsel =.05 
Xmin = -20 
Xmax = 200 
Wexscli=20) 
Ymin = -5 
Ymax = 20 
Wel 











Chapter5 & Analytic Trigonometry 


Projectile Motion 


In this project, you will use parametric equations to model the path of a projectile. | 
Parametric equations use a third variable 1 to represent time. The variables x and 
y are written as functions of t. For any time ¢, the horizontal position x(t) and 
vertical position y(t) of a projectile (ignoring air resistance) launched at ground 
level are given by the equations 


x(t) = (vo cos A)t 
VG vo super Loe. 


In these equations, @ is the angle with the horizontal and vg is the initial velocity 
in feet per second, as indicated in the figure at the left. 

Set your graphing utility to parametric and degree modes, and use the 
viewing window shown at the left. Let vy = 88 feet per second and 6 = 20° and 
graph the parametric equations 


x(t) = (88 cos 20°)t 

y(t) = (88 sin 20°)t — 1677. 
Use the zoom and trace features to (a) find the maximum height attained by the 
projectile, (b) find the time at which the maximum height occurs, (c) determine 


the length of time that the projectile is in the air, and (d) determine the range of 
the projectile. 













Chapter Project Investigations 


1. Verify analytically the range of the projectile by solving the equation | 
(88 sin 20°)t — 167 = 0 for t and then evaluating x(t) at this t-value. 

=. 2. Use a graphing utility to find the maximum height and range of the | 
projectile when 6 = 30° and vy = 132 feet per second. What viewing — 
_window did you use? a 

3. Let vy = 60 feet per second and find the maximum range for the angles 

6 = 20°, 30°, 40°, 50°, and 60°. In general, what angle should you use to © 
produce the maximum range? 


4. What is the relationship between the time the projectile reaches its 
maximum height and the time it takes for the projectile to return to the 


ground? Explain. 





5. Eliminate t from the parametric equations 
x(t) = (v,cos 6)t and y(t) = (vp sin @)t — 16417 


by solving for f in the first equation and substituting this value into the 
equation for y. Show in this case that the height of the projectile is given 
by the equation 





2 
y = (tan 6)x — wets 
0 


Use this equation to find the angle @ corresponding to a maximum | wang 
of 200 feet and initial velocity of vy) = 80 feet per second. 


Chapter Test 





The /nteractive CD-ROM and Internet 

versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests ik 
(which test key skills and concepts 
covered in previous chapters) and 


Chapter Post-Tests, both of which have 2 
randomly generated exercises with 

diagnostic capabilities. 3. 

4. 

5 

EZ 6. 


& Chapter Test 





Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 


If tan@ = S and cos 6 < 0, use the fundamental identities to evaluate the 
other five trigonometric functions of 6. 


. Use the fundamental identities to simplify csc? B(1 — cos? £). 


4 4 
‘ sn SES 3h = eI Be 
Factor and simplify —,————. 
SCCaa am allen 


COSTO SING, 








Add and simplify 


sin@ cos@ 


. Determine the values of 6, 0 < @ < 27, for which tan 6 = — ./sec? 6 — 1 


is true. 


Use a graphing utility to graph the functions y, = cos x + sin x tan x and 
y = sec x. Make a conjecture about y, and y,. Verify the result analytically. 


In Exercises 7-12, verify the identity. 


Ul: 


g; 


11. 
12. 


13. 
14, 


15. 
16 


1 ic 
19. 








| Die 
IGURE FOR 24 


22. 
23. 
24. 
25. 
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sin 8 sec 6 = tan 0 8. sec? x tan? x + sec? x = sect x 


CSCLOsai SCC 1a: 





T : 

: = cota + tana 10. cos( +f 2) = —sinx 
sina + cosa 2 
sin(n7 + 0) = (—1)" sin 6, n is an integer. 
(sin x + cos x)* = 1 + sin2x 
Rewrite sin* x tan x in terms of the first power of the cosine. 
Use a half-angle formula to simplify th Se 

se a half-angle formula to simpli CICK DICSS1 ON ees 

€ age P 1 + cos 46 


Write 4 cos 26 sin 46 as a sum or difference. 


Write sin 39 — sin 40 as a product. 


In Exercises 17-20, find all solutions of the equation in the interval [0, 27). 


tan? x + tanx = 0 18. sin2a — cosa =0 


Arcos — 3: ="0 20. csc? x — cscx —2=0 


Use a graphing utility to approximate the solutions of the equation 
3 cos x — x = 0 accurate to three decimal places. 

Explain why the equation cos? x + cos x — 6 = 0 has no solution. 

Find the exact value of cos 105° using the fact that 105° = 135° — 30°. 
Use the figure to find the exact values of sin 2u and tan 2u. 


The index of refraction n of a transparent material is the ratio of the speed of 
light in a vacuum to the speed of light in the material. For the glass triangular 
prism in the figure, n = 1.5 and a = 60°. Find the angle @ for the glass 
prism. 


ee sin(6/2 + a/2) 


sin(0/2) 






6.1 » Law of Sines 

6.2 »® Law of Cosines 
6.3 Vectors in the Plane — 
6.4 & Vectors and Dot Products 





Superstock 
In November of 1999, 81.4% of U.S. airline flights arrived on | 


time. Factors such as severe weather, aircraft maintenance, 
and air traffic control decisions can cause flight delays. 
(Source: U.S. Department of Transportation) 





> How to Study This Chapter 





The Big Picture 


In this chapter you will learn the 
following skills and concepts. 


> How to use the Law of Sines and 
the Law of Cosines to solve 
oblique triangles 


» How to find the areas of oblique 
triangles 


» How to write the component 
forms of vectors and perform 
basic vector operations 


> How to find the direction angles 
of vectors and the angle between 
two vectors 


> How to multiply and divide 
complex numbers written in 
trigonometric form 


> How to find powers and nth roots 
of complex numbers 


Important Vocabulary 


As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


Oblique triangle (p. 494) 

Law of Sines (jp. 494) 

Law of Cosines (p. 503) 

Directed line segment (p.511) 

Initial point (jp. 511) 

Terminal point (p. 511) 

Magnitude of directed line segment 
(p.511) 

Vector v in the plane (p. 511) 

Standard position (p. 512) 

Component form of vector v (jp. 512) 

Zero vector (p, 512) 

Magnitude of v (p. 512) 

Unit vector (jp. 512) 

Parallelogram law (jp. 513) 

Resultant (p.513) 

Standard unit vectors (jp. 516) 

Horizontal and vertical components 
of v (p.516) 

Linear combination of vectors 
(p. 516) 


Direction angle (p. 517) 

Dot product (p. 524) 

Angle between two nonzero 
vectors (p. 525) 

Orthogonal (p. 526) 

Work (p. 529) 

Complex plane (p. 532) 

Real axis (p.532) 

Imaginary axis (p. 532) 

Absolute value of a complex 
number (p. 532) 

Trigonometric form of a complex 
number (p. 533) 

Modulus (p. 533) 

Argument (pp. 533) 

nth root of a complex number 
(p. 537) 

nth roots of unity (p. 539) 





Study Tools 


> Learning objectives at the 
beginning of each section 

*, Chapter Summary (p. 543) 

* Review Exercises (pp. 544-547) 

* Chapter Test (0. 549) 

* Cumulative Test for Chapters 4-6 
(pp. 550-551) 





Additional Resources 


* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 6 

* Precalculus Website 

* Student Success Organizer 


STUDY TIP 


When your test is returned, 
review it carefully. Rework the 
problems you answered 
incorrectly. Discovering your 
mistakes will help you to avoid 
repeating them. 
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Law of Sines 


> What you should learn 


« How to use the Law of Sines to 


Introduction 


solve oblique triangles (AAS, In Chapter 4 you looked at techniques for solving right triangles. In this section 
ASA, or SSA) and the next, you will solve oblique triangles—triangles that have no right 
* How to find the areas of angles. As standard notation, the angles of a triangle are labeled as A, B, and C, 
oblique triangles and their opposite sides as a, b, and c, as shown in Figure 6.1. 
+ How to use the Law of Sines 
to model and solve real-life G 
problems 


> Why you should learn it 


You can use the Law of Sines to 

solve real-life problems involving 

oblique triangles. For instance, in A c B 
Exercise 44 on page 501 you use 


the Law of Sines to determine FIGURE 6.1 


the distance from a ranger 
station to a forest fire. 


To solve an oblique triangle, you need to know the measure of at least one 
side and any two other parts of the triangle—either two sides, two angles, or one: 
angle and one side. This breaks down into the following four cases. : 
1. Two angles and any side (AAS or ASA) 
2. Two sides and an angle opposite one of them (SSA) : 
3. Three sides (SSS) 

4. Two sides and their included angle (SAS) 
The first two cases can be solved using the Law of Sines, whereas the last twe 


cases require the Law of Cosines (Section 6.2). A proof of the Law of Sines is 
given in Appendix A. 





Law of Sines 
If ABC is a triangle with sides a, b, and c, then 


a De se ee 











sind sinB  sinC 


G 





A é B 


A is acute. A is obtuse. 





The Law of Sines can also be written in the reciprocal form 


Sina. -sin B. _-sin"C 





a b Cc 





FIGURE 6.2 


STUDY TIP 


_ When solving triangles, a 
careful sketch is useful as a 
quick test for the feasibility of 
an answer. Remember that the 
longest side lies opposite the 
largest angle, and the shortest 
side lies opposite the smallest 
angle. 
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Example 1 ® Given Two Angles and One Side—AAS 
For the triangle in Figure 6.2, C = 102.3°, B = 28.7°, and b = 27.4 feet. Find 
the remaining angle and sides. 


Solution 
The third angle of the triangle is 


A= 1802 = B= C 
180 28> 02.3" 
= 49.0°. 


By the Law of Sines, you have 


a b yi Cc 


sin 49° sin 28.7° sin 102.3°° 





Using b = 27.4 produces 


L274 
sin 28.7° 





b 
a= (sin A) 


(sin 49°) ~ 43.06 feet 
sin B 


and 





pa! (si ee 102.3°) ~ 55.75 feet 
c= plsin ©) = = 5g ae (sin 102. BroMCet: 


Example 2 ® Given Two Angles and One Side—ASA @ 


A pole tilts toward the sun at an 8° angle from the vertical, and it casts a 22-foot 
shadow. The angle of elevation from the tip of the shadow to the top of the pole is 
43°. How tall is the pole? 


Solution 
From Figure 6.3, note that A = 43° and B = 90° + 8° = 98°. So, the third angle 
is 


C= 1807 4". B 
180° — 43° — 98° 
= 39°. 


By the Law of Sines, you have 


a Cc 





sin 43° sin 39° 
Because c = 22 feet, the length of the pole is 
22, 


Cc 
— (sin) in 43°) = 23.84 feet. 
a Ps alsin ) 4 OS (sin 43°) 84 fee 








For practice, try reworking Example 2 for a pole that tilts away from the sun 
under the same conditions. 


©) 
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A computer simulation to accompany 
this concept appears in the Interactive 
CD-ROM and Internet versions of this 
text. 


The Ambiguous Case (SSA) 


Consider a triangle in which you are given a, b, and A. (h = bsin A) 


A is acute. A is acute. A is acute. A is acute. A is obtuse. A is obtuse. 





The Ambiguous Case (SSA) 


In Examples 1 and 2 you saw that two angles and one side determine a unique 
triangle. However, if two sides and one opposite angle are given, three possible 
situations can occur: (1) no such triangle exists, (2) one such triangle exists, or (3) 
two distinct triangles may satisfy the conditions. 


ices ancl nin tisdale 

















Sketch . 
a 
b a b a y a b \ : a 
eee hi Ao Aa Ae ee 
Necessary a<h a=h a>b i= a <0 a<b 
condition 
Triangles None One One Two None 
possible 
Example 3 ® Single-Solution Case—SSA | | 
For the triangle in Figure 6.4, a = 22 inches, b = 12 inches, and A = 42°. Find 
the remaining side and angles. 
Solution 
By the Law of Sines, you have 
D2, 12 
Cc = 
: sin 42° sinB 
B= G22 nt 
Vas sinB = b = 12 = 0.3649803 
A é B a 22 | 
One solution: a > 6 B = 21.41°. B is acute. | 


FIGURE 6.4 


Now, you can determine that 
C = 180° — 42° — 21.41° 
= 116.59°. 
Then the remaining side is 


c DD 
sin 116.59° sin 42° 








° 
G=isin (4) sii 116.59" ; 2 =~ 29.40 inches. 
sin A Ss 


in 42° 


——— ee. O_O eee 








Vo solution:a <h 
IGURE 6.5 
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Example 4 ® No-Solution Case—SSA 


Show that there is no triangle for which a = 15, b = 25, and A = 85°. 
Solution 


Begin by making the sketch shown in Figure 6.5. From this figure it appears that 
no triangle is formed. You can verify this using the Law of Sines. 








TD 
snA sinB 
15 25 





sin 85° sin B 
sin a\=2 25% 85° 








sin B = of == 1.660 > 1 


This contradicts the fact that |sin B| < 1. So, no triangle can be formed having 
sides a = 15 and b = 25 and an angle of A = 85°. 


Example 5 ® Two-Solution Case—SSA 


Find two triangles for which a = 12 meters, b = 31 meters, and A = 20.5°. 
Solution 
By the Law of Sines, you have 
ee ly 
sinA sinB 
sin “\- (= 205° 
= 3) ——= 
i? 


There are two angles B, ~ 64.8° and B, ~ 180° — 64.8° ~ 115.2° between 0° 
and 180° whose sine is 0.9047. For B, ~ 64.8°, you obtain 


C = 180° — 20.5° — 64.8° = 94.7° 











sib of = 0.9047. 





- Cire) = (sin 94.7°) ~ 34.15 meters. 


|2 
sin 20.5° 
For B, ~ 115.2°, you obtain 
C= 1807720521122 "443° 





a 12 
= i = ——~ (sin 44.3°) = 23.93 meters. 
CS (sin C) Sore (sin ) meters 


The resulting triangles are shown in Figure 6.6. 
Rees e g= 12m b=31m f5.a=12 
TE Ae es 64.8°\ a 7 \ 
A B, A ee 


FIGURE 6.6 
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b=52m 


FIGURE 6.8 
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= 90 m 


y 
4 


Area of an Oblique Triangle - 
The procedure used to prove the Law of Sines leads to a simple formula for the | 
area of an oblique triangle. Referring to Figure 6.7, note that each triangle has a 
height of h = b sin A. Consequently, the area of each triangle is 
1 1 1 : 
Area = 5 (base) (height) = 3b sin A) = 5 0¢ sin A. 


By similar arguments, you can develop the formulas 


1 1 
Area = Ae sin C = Ae sin B. 





A is acute. A is obtuse. 
FIGURE 6.7 


Area of an Oblique Triangle 


The area of any triangle is one-half the product of the lengths of two sides 
times the sine of their included angle. That is, 


1 1 1 
Area = ao sin A = gab sin C = Biss sin B. 





Note that if angle A is 90°, the formula gives the area for a right triangle: 
1 1 : 
Area = ae = 7 base) (height). 


Similar results are obtained for angles C and B equal to 90°. 


Example 6 ® Finding the Area of a Triangular Lot 








Find the area of a triangular lot having two sides of lengths 90 meters and 52, 
meters and an included angle of 102°. ; 


Solution 


Consider a = 90 m, b = 52 m, and angle C = 102°, as shown in Figure 6.8. | 
Then the area of the triangle is | 


| 

| 

ise i 1 ; } 

Area = zab SiniGy= 7 20)(52)(sin 102°) ~ 2289 square meters. | 
| 

| 





eae 
5 Mine 
Oe Satis rele 





FIGURE 6.9 











40°. 
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Application 


Example 7 ® An Application of the Law of Sines @ 


The course for a boat race starts at point A and proceeds in the direction S 52° W 
to point B, then in the direction S 40° E to point C, and finally back to A, as shown 
in Figure 6.9. Point C lies 8 kilometers directly south of point A. Approximate the 
total distance of the race course. 


Solution 


Because lines BD and AC are parallel, it follows that ZBCA = ZDBC. 
Consequently, triangle ABC has the measures shown in Figure 6.10. For angle B, 
you have B = 180° — 52° — 40° = 88°. Using the Law of Sines 


a = b Cc 
sin52° sin 88° sin 40° 








you can let b = 8 and obtain 


8 ‘ ae 
a= sn 98° Si 52°) = 6.308 





8 
in 40°) = 5.145. 
ae (sin 40°) 5 


The total length of the course is approximately 


Length ~ 8 + 6.308 + 5.145 = 19.453 kilometers. 


—Weiting avout MATHEMATICS 





Using the Law of Sines In this section, you have been using the Law of Sines to 
solve oblique triangles. Can the Law of Sines also be used to solve a right triangle? 
If so, write a short paragraph explaining how to use the Law of Sines to solve the 
following two triangles. Is there an easier way to solve these triangles? 


a. (AAS) b. (ASA) 


B B 
50° 50° 
= 20 
— ij ay 
C A G A 
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6.1 Exercises 


In Exercises 1-18, use the information to solve the triangle. 

















1 Cc 
4 
b G20 ane 
30° 45°7\. 
A c B 
2 6 
b 105° a 
40° 
A c= 20 # 
3. 
4 C 
135° rae 
A c=45 3 J 
5, A=36, a=8 b=5 
6.A=60°, a=9, c= 10 
TA = 1024” -C=*16.7. ea ae 
8. A = 243°, C=54.6, c=2.68 
9. A= 83°20, C=54.6", c= 18.1 
10. A= 5°40", B= 8°15’, b=48 
11. B= 15°30", a=45, b= 68 
2.8 =245" b=62, c=58 
13. C= 145°, b=4, c=14 
14.A= 100°, a= 125, c= 10 
A= 110° 15’, a= 48, b= 16 
16. C = 85°20’, a= 35, c=50 
1 Ate B= AP, oa 
ieebae C= 104, a=s: 


in Exercises 19-26, use the information to solve (if possible) 
the triangle. If two solutions exist, find both. 


19. A = 58°, a=45, b=128 
20. A= 58°, a=114, b=128 
21.A=76°, a=18, b=20 


Chapter6 Additional Topics in Trigonometry f 
~ The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 


& odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that linktd 
Guided Examples for additional help. 


22 A= 16 oe = 34 
23.A=110°, a=125, b= 200 
24. A= 110°, a= 125, b= 100 
254A =O =a ee 
6. ASW, =F, b= 3 


In Exercises 27-30, find a value for b such that the triangle 

has (a) one solution, (b) two solutions, and (c) no solution. 

27. A = 36°, 28. A= 60°, a=10 | 

29. A = 10°, 30. A = 88°, a= 315.6 
y/ 

In Exercises 31-36, find the area of the triangle having the 

indicated sides and angle. 


a=5 
a = 10.8 


31. C= 120°, a=4,1b=6 

32. B = 130°, a=62, c= 20 

33. A = 43°45’, b=57, ¢=85 

34.A =5°15’, b=45, c=22 

35: B= 72°30’, a= 105,. c = 64 

36. C = 84°30’, a=16, b= 20 
“aan Height Because of prevailing winds, a tree grew s¢ 


that it was leaning 4° from the vertical. At a point 3: 
meters from the tree, the angle of elevation to the to 
of the tree is 23° (see figure). Find the height h of th 
tree. 


’ 


| 


h 









| 
Height A flagpole at a right angle to the horizont: 
is located on a slope that makes an angle of 12° wit. 
the horizontal. The pole’s shadow is 16 meters lon 
and points directly up the slope. The angle of elevi 
tion from the tip of the shadow to the sun is 20°. 


38. 


(a) Draw a triangle that represents the problem. Sho’! 
the known quantities on the triangle and use 
variable to indicate the height of the flagpole. 

(b) Write an equation involving the unknow 
quantity. | 

(c) Find the height of the flagpole. 


2». Angle of Elevation A 10-meter telephone pole 
casts a 17-meter shadow directly down a slope when 
the angle of elevation of the sun is 42° (see figure). 
Find 6, the angle of elevation of the ground. 





a 

40.\ Flight Path A plane flies 500 kilometers with a 
bearing of N 44° W from Naples to Elgin (see 
figure). The plane then flies 720 kilometers from 
Elgin to Canton. Find the bearing of the flight from 
Elgin to Canton. 






Batre. Ce IAN 


N lgi N 
a gin : 
S00km | 


41 Bridge Design A bridge is to be built across a 
| small lake from a gazebo to a dock (see figure). The 
bearing from the gazebo to the dock is S 41° W. 
From atree 100 meters from the gazebo, the bearings 
to the gazebo and the dock are S 74° E and S 28° E, 
___ tespectively. Find the distance from the gazebo to the 
, dock. 








2. Railroad Track Design The circular arc of a 
railroad curve has a chord of length 3000 feet and a 
central angle of 40°. 
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(a) Draw a figure that visually represents the prob- 
lem. Show the known quantities on the figure 
and use variables r and s to represent the radius 
of the arc and the length of the arc, respectively. 


(b) Find the radius r of the circular arc. 
» (c) Find the length s of the circular arc. 


43.) Glide Path A pilot has just started on the glide path 

ti for landing at an airport where the length of the 
runway is 9000 feet. The angles of depression from 
the plane to the ends of the runway are 17.5° and 
18.8°. 


(a) Draw a figure that visually represents the 
problem. 


(b) Find the air distance the plane must travel until 
touching down on the near end of the runway. 


(c) Find the ground distance the plane must travel 
until touching down. 


(d) Find the altitude of the plane when the pilot 
begins the descent. 


44, Locating a Fire The bearing from the Pine Knob 
fire tower to the Colt Station fire tower is N 65° E 
and the two towers are 30 kilometers apart. A fire 
spotted by rangers in each tower has a bearing of 
N 80°E from Pine Knob and S 70°E from Colt 
Station. Find the distance of the fire from each tower. 





45. Distance A boat is sailing due east parallel to the 
shoreline at a speed of 10 miles per hour. At a given 
time the bearing to the lighthouse is S 70° E, and 15 
minutes later the bearing is S 63° E (see figure). Find 
the distance from the boat to the shoreline if the 
lighthouse is at the shoreline. 
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46. Distance A family is traveling due west on a road 
that passes a famous landmark. At a given time the 
bearing to the landmark is N 62° W, and after the 
family travels 5 miles farther the bearing is N 38° W. 
What is the closest the family will come to the land- 
mark while on the road? 


Distance The angles of elevation @ and ¢ to an 
airplane from the airport control tower and from an 
observation post 2 miles away are being continu- 
ously monitored (see figure). Write an equation 
giving the distance d between the plane and observa- 
tion post in terms of 6 and ¢. 


47. 








Airport va « fe oral ' d 
control a a servation 
me ig ¥ post 
PACA Ls 
ae BS OY | 
cs 2 mi — 
Synthesis 


True or False? In Exercises 48 and 49, determine 
whether the statement is true or false. Justify your answer. 


48. It is not possible to create an obtuse triangle whose 
longest side is one of the sides that forms its obtuse 
angle. 

49. Two angles and one side of a triangle do not neces- 
sarily determine a unique triangle. 


50. Graphical and Numerical Analysis In the figure, 


a and £6 are positive angles. 


18 


\o 


(a) Write a as a function of B. 





(b) Use a graphing utility to graph the function. 
Determine its domain and range. 

(c) Use the result of part (a) to write c as a function 
of B. 

4 (d) Use a graphing utility to graph the function in 

part (c). Determine its domain and range. 


(e) Complete the table. What can you infer? 





| 0.4 | 0.8 | ie 

















51. Graphical Analysis 


(a) Write the area A of the shaded region in the : 
figure as a function of 6. | 





(c) Determine the domain of the area function. | 
Explain how the area of the region and the 





domain of the function would change if the | 
8-centimeter line segment were decreased in 


length. 





Review 


In Exercises 52-55, use the given values to evaluate th 
other five trigonometric functions. 





: re 
§2. sinX = 5 << 7 ‘ 
Sar a 
53. Cos x = 5, 5 Kos <a Mog E 
37r ll 
54) Secs = —4, amo a | 
55. fix ==5, 22a 2 


2 


In Exercises 56-59, use the fundamental trigonomet 
identities to simplify the expression. 






56. sin x cot x 57. tan x COS x Sees 


58. 1 — sin(Z — x) 


o 


59. 1+ cot (3 = x} 
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Law of Cosines 





> What you should learn 2 
* How to use the Law of Cosines Introd ucti on 


to solve oblique triangles 

(SSS or SAS) 
* How to use the Law of Cosines 
to model and solve real-life 
problems 
How to use Heron’s Area 
Formula to find the area of a 


Two cases remain in the list of conditions needed to solve an oblique triangle— 
SSS and SAS. To use the Law of Sines, you must know at least one side and its 
opposite angle. If you are given three sides (SSS), or two sides and their includ- 
ed angle (SAS), none of the ratios would be complete. In such cases you can use 
the Law of Cosines. A proof of the Law of Cosines is given in Appendix A. 


triangle Law of Cosines 
: Standard Form Alternative Form 
> Why you should learn it ee 
Cod 
You can use the Law of Cosines a* = b? + c? — 2be cos A cos A = ———_ 
: 2be 

to solve real-life problems 
- involving oblique triangles. F 5 4 Oo ee be 
For instance, in Exercise 40 on Oi = a C= Lac COs B cos B= oe ee 


page 508 you use the Law of 


 Cosines to approximate the Or bar Ge 


| eds } De aD Dae 3 _ 
number of feet a baseball player c’ = a’ + b* — 2ab cos C cos C = ab 
must run to catch a ball. 


Example 1 ® Three Sides of a Triangle—SSS 


Find the three angles of the triangle in Figure 6.11. 








ay 1S) ia: 





FIGURE 6.11 


Solution 


It is a good idea first to find the angle opposite the longest side—side b in this 
| case (see Figure 6.11). Using the Law of Cosines, you find that 
Geo Sasa e 


B= = = —(.45089. 
Ge 2ac 2(8)(14) 








Because cos B is negative, you know that B is an obtuse angle given by 
B = 116.80°. At this point, knowing that B ~ 116.80°, it is simpler to use the 
Law of Sines to determine A. 

sin *) (= 116.80° 
b é 19 





sin A = af = 0.37582 


Because B is obtuse, you know that A must be acute, because a triangle can have, 
at most, one obtuse angle. So, A ~ 22.08° and 


C = 180° — 22.08° — 116.80° = 41.12”. 
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Exploration 


What familiar formula do you 
obtain when you use the third 
form of the Law of Cosines 


ce = a* + b? — 2abcos C 


and you let C = 90°? What is 
the relationship between the Law 
of Cosines and this formula? 


~@.) The Interactive CD-ROM and Internet 

; versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 


Do you see why it was wise to find the largest angle first in Example 17 
Knowing the cosine of an angle, you can determine whether the angle is acute o1 
obtuse. That is, 


cos9>0 for 0° < 6< 90° Acute 
cos@ <0 for 90° < 6 < 180°. Obtuse 


So, in Example 1, once you found that angle B was obtuse, you knew that angles 
A and C were both acute. If the largest angle is acute, the remaining two angles 
are acute also. 


Example 2 ® Two Sides and the Included Angle—SAS 
Find the remaining angles and side of the triangle in Figure 6.12. 


G *< 


15 cm 


FIGURE 6.12 | 
Solution | 
Use the Law of Cosines to find the unknown side a in the figure. 


a2 = b* + c* — 2bce cosA : 


2 


a” = 157 +407 —25) 0) cos-15% 
a? =~ 451.79 
a = 21.26 


Because a ~ 21.26 cm, you now know the ratio a/sin A and you can use the Law 
of Sines 


& atten’ 
sinA sinB 








to solve for B. 
(a 4) 
a 
sin 115° 
= 15( 21.26 
= 0.63945 
So, B = arcsin 0.63945 =~ 39.75° and C ~ 180° — 115° — 39.75° = 25.25°. 


II 


sin B 











eo ee 





FIGURE 6.13 


The Interactive CD-ROM and Internet 
versions of this text offer a built-in 
graphing calculator, which can be used 
in the Examples, Explorations, 
Technology notes, and Exercises. 
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Applications 


Example 3 & An Application of the Law of Cosines @ 


The pitcher’s mound on a softball field is 46 feet from home plate and the 
distance between the bases is 60 feet, as shown in Figure 6.13. (The pitcher’s 
mound is not halfway between home plate and second base.) How far is the 
pitcher’s mound from first base? 


Solution 


In triangle HPF, H = 45° (line HP bisects the right angle at H), f = 46, and 
p = 60. Using the Law of Cosines for this SAS case, you have 


he= fp” — Jip cost 
= 467 + 60° — 2(46)(60) cos 45° 
=~ 1812.8. 
Therefore, the approximate distance from the pitcher’s mound to first base is 
h ~ ./1812.8 
~ 42.58 feet. 


Example 4 ® An Application of the Law of Cosines 





A ship travels 60 miles due east, then adjusts its course northward, as shown in 
Figure 6.14. After traveling 80 miles in that direction, the ship is 139 miles from 
its point of departure. Describe the bearing from point B to point C. 





FIGURE 6.14 


Solution 


You have a = 80, b = 139, and c = 60; so, using the alternative form of the Law 
of Cosines, you have 


az+c*2-—b? 
2ac 

802 + 602 — 1392 
2(80)(60) 

— 0.97094. 


cos B = 


ut 


Therefore, B ~ arccos(— 0.97094) ~ 166.15°. So, the bearing measured from 
due north from point B to point C is 166.15° — 90° = 76.15°, or N 76.15° E. 
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Historical Note 

Heron of Alexandria (c. 100 8.c.) 
was a Greek geometer and 
inventor. His works describe how 
to find the areas of triangles, 
quadrilaterals, regular polygons 
having 3 to 12 sides, and circles as 
well as the surface areas and 
volumes of three-dimensional 
objects. 
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Heron’s Area Formula 


The Law of Cosines can be used to establish the following formula for the 
area of a triangle. This formula is credited to the Greek mathematician Heron 
(c. 100 B.c.). A proof of this formula is given in Appendix A. 


Heron’s Area Formula 


Given any triangle with sides of lengths a, b, and c, the area of the 
triangle is 


Areas = ~/s(5.—a)(s'— b)is =e) 


where s = (a + b+ c)/2. 


Example 5 ® Using Heron's Area Formula 
Find the area of the triangular region having sides of lengths a = 43 meters, 
b = 53 meters, and c = 72 meters. Hy 


Solution 
Because s = (a + b + c)/2 = 168/2 = 84, Heron’s Area Formula yields 


Area = \/s(s — a)(s — b)(s — c) 
= /84(41)31)02) 


1131.89 square meters. 








v 


- Wheiting asourt MATHEMATICS | 








The Area of a Triangle You have now studied three different formulas for the area of | 
a triangle. Use the most appropriate formula to find the area of each triangle 
below. Show your work and give your reasons for choosing each formula. 


Standard Formula Area = 5 bh 





Area = 5 bcsinA = Sab sinc = SacsinB 
Area = ./s(s — a)(s — b)(s — ©) 
a. b. 


Oblique Triangle 





Heron’s Area Formula 


2 ft 
y 























6.2 Exercises 
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In Exercises 1-16, use the Law of Cosines to solve the 


triangle. 
1 E De & 
DAD G=T p=3 a= 8 
A B A 
c=15 c=9 e 
3 € 4. E 
ea. a eae 
A E— 30) 2 A G B 


eel, b= 14, c=20 
M5, b= 25, c= 72 
Mea —75.4, b=52, c= 52 
ee 14), b= 0.75, ¢ = 125 
9. A= 135°, b=4, c=9 
f= 55°, b=3, c= 10 
Mee = 10°35, a= 40, ¢ = 30 
eR =175° 20, a=62, c=95 
Meme = 125° 40’, a = 32, c= 32 
Mme — 15°15’, a= 6.25, b=2.15 
43° 0a=5, b=s 
16. C= 103, a=3, b=3 











In Exercises 17-22, complete the table by solving the 
parallelogram shown in the figure. (The lengths of the 
diagonals are given by c and d.) 

















| a c d 6 ob 
W7. 5 8 45° 

18. 25 35 120° 
19. 10 14 20 

2%. 40 60 80 

2. 15 950 > NaH 


| es 50 chaaes 


In Exercises 23-28, use Heron’s Area Formula to find the 
area of the triangle. 


23. 
24. 
25. 
26. 
27. 
28. 


(29. 


30. 


31. 


32. 


33. 


a=5, b=7, c= 10 

C= 152 G9 

a=25, b=102, c=9 

a= 73.4; b= 52, ¢ = 52 

a = 12.32, b= 8.46, c= 15.05 

a= 3.05, b=0.75, c=2.45 

Navigation A boat race runs along a triangular 


course marked by buoys A, B, and C. The race starts 
with the boats headed west for 3700 meters. The 
other two sides of the course lie to the north of the 
first side, and their lengths are 1700 meters and 3000 
meters. Draw a figure that gives a visual representa- 
tion of the problem, and find the bearings for the last 
two legs of the race. 


Navigation A plane flies 810 miles from Niagara 
to Cuyahoga with a bearing of N 75° E. Then it flies 
648 miles from Cuyahoga to Rosemount with a 
bearing of N 32°E. Draw a figure that visually 
represents the problem, and find the straight-line 
distance and bearing from Niagara to Rosemount. 


Surveying To approximate the length of a marsh, a 
surveyor walks 250 meters from point A to point B, 
then turns 75° and walks 220 meters to point C (see 
figure). Approximate the length AC of the marsh. 


<i 
iis Oke 
220m ~s. 250m 





Surveying A triangular parcel of land has 115 
meters of frontage, and the other boundaries have 
lengths of 76 meters and 92 meters. What angles 
does the frontage make with the two other bound- 
aries? 

Surveying A triangular parcel of ground has sides 
of lengths 725 feet, 650 feet, and 575 feet. Find the 
measure of the largest angle. 
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34. Streetlight Design Determine the angle 6 in the 


35. 


design of the streetlight shown in the figure. 





Distance Two ships leave a port at 9 A.M. One 
travels at a bearing of N 53° W at 12 miles per hour 
and the other travels at a bearing of S 67° W at 16 
miles per hour. Approximate how far apart they are 
at noon that day. 


36. Distance A 100-foot vertical tower is to be erected 


Bw 


on the side of a hill that makes a 6° angle with the 
horizontal (see figure). Find the length of each of the 
two guy wires that will be anchored 75 feet uphill 
and downhill from the base of the tower. 





Navigation Ona map, Orlando is 178 millimeters 
due south of Niagara Falls, Denver is 273 millime- 
ters from Orlando, and Denver is 235 millimeters 
from Niagara Falls (see figure). 

(a) Find the bearing of Denver from Orlando. 


(b) Find the bearing of Denver from Niagara Falls. 





38. 


39: 


40. 





- a between the planes when A = 42°, b = 35 mile : 
and c = 20 miles. . 


; 

; ( 

Navigation Onamap, Minneapolis is 165 millime- 
ters due west of Albany, Phoenix is 216 millimeters 
from Minneapolis, and Phoenix is 368 millimeters 


from Albany (see figure). f 
(a) Find the bearing of Minneapolis from Phoenix. 
(b) Find the bearing of Albany from Phoenix. 





f 
Baseball On a baseball diamond with 90-foot 
sides, the pitcher’s mound is 60.5 feet from home 
plate. How far is it from the pitcher’s mound to third 
base? . 


Baseball The baseball player in center field is 
playing approximately 330 feet from the television 
camera that is behind home plate. A batter hits a fl} 
ball that goes to the wall 420 feet from the camera 
(see figure). Approximate the number of feet that the 
center fielder has to run to make the catch if the 
camera turns 8° to follow the play. 








42. 


. Engineering 


FIGURE FOR 41 


Aircraft Tracking Use the figure for Exercise 41 to 
determine the distance a between the planes when 
A = 11°, b = 20 miles, and c = 20 miles. 


If Q is the midpoint of the line seg- 
ment PR in the truss rafter shown in the figure, find 
the lengths of the line segments PQ, QS, and RS. 














. Engine Design An engine has a 7-inch connecting 


rod fastened to a crank (see figure). 
(a) Use the Law of Cosines to write an equation 
giving the relationship between x and 0. 


(b) Write x as a function of 6. (Select the sign that 
yields positive values of x.) 


| BO) Use a graphing utility to graph the function in 


| 
| 











part (b). 


(d) Use the graph in part (c) to determine the maxi- 


mum distance the piston moves in one cycle. 





45. Paper Manufacturing In a certain process with 


\ 


continuous paper, the paper passes across three 
rollers of radii 3 inches, 4 inches, and 6 inches (see 
figure). The centers of the 3-inch and 6-inch rollers 
are d inches apart, and the length of the arc in contact 
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with the paper on the 4-inch roller is s inches. 
Complete the following table. 








/d (inches) 10 | 12 


| 13 | 14 | 15 | 16 
6 (degrees) 























s (inches) 














FIGURE FOR 45 


46. Awning Design A retractable awning lowers at an 


angle of 50° from the top of a patio door that is 7 feet 
tall (see figure). Find the length x of the awning if no 
direct sunlight is to enter the door when the angle of 
elevation of the sun is greater than 70°. 





47. Area The lengths of the sides of a triangular parcel 


of land are approximately 200 feet, 500 feet, and 600 
feet. Approximate the area of the parcel. 


48. Area A parking lot has the shape of a parallelogram 


(see figure). The lengths of two adjacent sides are 70 
meters and 100 meters. Find the area of the parking 
lot if the angle between the two sides is 70°. 
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Synthesis 


True or False? \n Exercises 49 and 50, determine 
whether the statement is true or false. Justify your answer. 


49. In Heron’s Area Formula 
Area = /s(s — a)(s — b)(s — c) 
s is the average of the lengths of the three sides of the 
triangle. 


50. In addition to SSS and SAS, the Law of Cosines can 
be used to solve triangles with SSA conditions. 





. Circumscribed and Inscribed Circles Let R and r 
be the radii of the circumscribed and inscribed 
circles of a triangle ABC, respectively (see figure), 
and lets = (a+ b + c)/2. / 


an 
—_ 


A 


Jas 





a b Cc 
(a) Prove that 2R = — = — ae : 
sin A sinB  sinC 


(b) Prove that r = ws LNs oh 


S 











Circumsecribed and Inscribed Circles \n Exercises 52 


and 53, use the results of Exercise 51. 


§2. Given a triangle with a = 25, b = 55, and c = 72, 
find the area of (a) the triangle, (b) the circumscribed 
circle, and (c) the inscribed circle. 

53. Find the length of the largest circular track that can 


be built on a triangular piece of property with sides 
of lengths 200 feet, 250 feet, and 325 feet. 


54. Use the Law of Cosines to prove that 


atb+ec s@aebeies 
2 2) ; 





1 
5 bel + cos A) = 


55. Use the Law of Cosines to prove that 
a-b+c @i aaa 
Z 2 





1 
5 bel — cos A) = 


Review 
In Exercises 56-61, evaluate the expression without the aid 
of a calculator. 


56. arcsin(— 1) 57. arccos 0 
58. arctan /3 59. arctan — /3 


60. aesio( 2 61. arccos{ =} 


In Exercises 62-65, write an algebraic expression that is 
equivalent to the expression. 


62. sec(arcsin 2x) 63. tan(arccos 3x) 





—1\8 
64. cot[arctan(x — 2)] 65. cos(aresin”™ p) | 


In Exercises 66-69, use trigonometric substitution to write 
the algebraic equation as a trigonometric function of 6, 
where — 77/2 < @ < 7/2. Then find sec @ and csc 0. 


66.5 = /25 —x2, x=5sin@ 
67. —-J/2 = J/4=— x2, x=2 cos? 
68. —/3 = Vx? -—9, x=3see0 


69. 12 = 36+ x2, x=6tand | 








FE anita A 
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> What you should learn 


* How to represent vectors as 
directed line segments 

* How to write the component 
forms of vectors 

* How to perform basic vector 
Operations and represent them 
graphically 

* How to write vectors as linear 

combinations of unit vectors 

How to find the direction 

angles of vectors 

How to use vectors to model 

and solve real-life problems 


> Why you should learn it 


You can use vectors to model 

and solve real-life problems 

involving magnitude and direc- 

tion. For instance, in Exercise 77 

on page 522 you use vectors to 

determine the tension in the tow 
| lines between a tugboat and a 
barge. 
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Introduction 


Quantities such as force and velocity involve both magnitude and direction and 
cannot be completely characterized by a single real number. To represent such a 
quantity, you can use a directed line segment, as shown in Figure 6.15. The 
directed line segment PQ has initial point P and terminal point Q. Its magnitude 
(or length) is denoted by ||PQI| and can be found using the distance formula. 


Terminal point 






Initial point 


FIGURE 6.15 FIGURE 6.16 


Two directed line segments that have the same magnitude and direction are 
equivalent. For example, the directed line segments in Figure 6.16 are all equiva- 
lent. The Set of all directed line segments that are equivalent to given directed line 
segment PQ is a vector v in the plane, written v = PQ. Vectors are denoted by 
lowercase, boldface letters such as u, v, and w. 


Example 1 ® Vector Representation by Directed Line Seqments 


Let u be represented by the directed line segment from P = (0, 0) to OQ = (3, 2), 
and let v be represented by the directed line segment from R = (1,2) to 
S = (4, 4), as shown in Figure 6.17. Show that u = v. 








FIGURE 6.17 


Solution me 

From the distance formula, it follows that PQ and RS have the same magnitude. 
PO = /@ — 0)? + @— 02 = V13 
|RS|| = /4-— 1? + @- 2) = V13 

Moreover, both line segments have the same direction because they are both 


directed toward the upper right on lines having a slope of 2. So, PO and RS have 
the same magnitude and direction, and it follows that u = v. 
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FIGURE 6.18 
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-8 a P=(4,-7) 


Component Form of a Vector 


The directed line segment whose initial point is the origin is often the most 
convenient representative of a set of equivalent directed line segments. This 
representative of the vector v is in standard position. 

A vector whose initial point is at the origin (0, 0) can be uniquely represent- 
ed by the coordinates of its terminal point (v,, v2). This is the component form 
of a vector vy, written 


v = (y, VY). 


The coordinates v, and v, are the components of v. If both the initial point and 
the terminal point lie at the origin, v is the zero vector and is denoted by 
0 = (0, 0). 


Component Form of a Vector ; 
The component form of the vector with initial point P = (p,, p2) and termi- 
nal point Q = (q,,q,) is 

PQ = (qi — Piz ~ Pa) = (V1,V2) = V- 
The magnitude (or length) of v is 

lvl = V(q, — pi)? + (qo — Pp)? = Vv + Vy. 


v|| = 0 if and only if v is the zero 


Te fen ie ET een 








If ||v|| = 1, v is a unit vector. Moreover, 


vector 0. 
4 


Two vectors u = (u,, U5) and v = (V,, v>) are equal if and only if vu, = v, and 
Uy = V>. For instance, in Example 1, the vector u from P = (0, 0) to Q = (3, 2) is 
u = PO = 3 — 0,2 — 0) = 33,2) 
and the vector v from R = (1, 2) to S = (4, 4) is 
v = RS = (4-1,4- 2)= (3,2). 


Example 2 ® Finding the Component Form of a Vector 





Find the component form and magnitude of the vector v that has initial point 
(4, —7) and terminal point (— 1, 5). 


Solution 
Let P = (4, —7) = (p,, p>) and let Q = (—1, 5) = (q, q), as shown in Figure 
6.18. Then, the components of v = (Vv, v5) are | 


Vy Seda Dy nel ee eo f 
Vd ia ee eee fi 
So, v = (—S, 12) and the magnitude of v is 


lvl = “(—5)2 + 122 = ./169 = 13. 











FIGURE 6.19 


“Acomputer animation of this concept 
“appears in the /nteractive CD-ROM and 
Internet versions of this text. * 

















| FIGURE 6.21 
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Vector Operations 


The two basic vector operations are scalar multiplication and vector addition. 
In operations with vectors, numbers are usually referred to as scalars. In this text, 
scalars will always be real numbers. Geometrically, the product of a vector v and 
a scalar k is the vector that is |k| times as long as v. If k is positive, kv has the 
same direction as v, and if k is negative, kv has the direction opposite that of v, 
as shown in Figure 6.19. 

To add two vectors geometrically, position them (without changing length 
or direction) so that the initial point of one coincides with the terminal point of 
the other. The sum u + v is formed by joining the initial point of the second 
vector v with the terminal point of the first vector u, as shown in Figure 6.20. This 
technique is called the parallelogram law for vector addition because the 
vector u + v, often called the resultant of vector addition, is the diagonal of a 
parallelogram having u and v as its adjacent sides. 





FIGURE 6.20 


Definitions of Vector Addition and Scalar Multiplication 


Let u = (u,, u,) and v = (1, v>) be vectors and let k be a scalar (a real 
number). Then the sum of u and v is the vector 


u + v= (u, + v,, U5 + v») Sum 
and the scalar multiple of k times u is the vector 


ku = Ku, uy) = (kuy, kup). 


Scalar multiple 


The negative of v = (Vj, V>) is 
Vig) . 
(Va, =Vy) Negative 
and the difference of u and v is 
u-—v=u+(—y) 
=U) — Ve V5) - Difference 


To represent u — v geometrically, you can use directed line segments with the 
same initial point. The difference u — v is the vector from the terminal point of 
v to the terminal point of u, as shown in Figure 6.21. 


©) 
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A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


(a) 
FIGURE 6.22 


| 


The component definitions of vector addition and scalar multiplication are 
illustrated in Example 3. In this example, notice that each of the vector operations 


can be interpreted geometrically. 


Let v = (—2, 5) and w = (3, 4), and find each of the following vectors. 


a. 2v Day Wa-¥: c. v + 2w 
Solution 
a. Because v = (—2, 5), you have 
ON = 2=2,5) 
= (2(—2), 2(5)) 
r= (—4, 10). 
A sketch of 2v is shown in Figure 6.22(a). 
b. The difference of w and v is 
w—v=6 —(-2),4—5) 
==(5, 1). 
A sketch of w — v is shown in Figure 6.22(b). 
c. The sum of v and 2w is. 7 


(= 2) 5) 23,4) 
(~2, 5) + (2), 2(4)) 
= (= 2, 5) (6.8) 
=(—2 6, 5.7718) 
= (4, 13). 
A sketch of v + 2w is shown in Figure 6.22(c). 


v + 2w 











ae 








Historical Note 

William Rowan Hamilton (1805-1865), 
an Irish mathematician, did some of 
the earliest work with vectors. 
Hamilton spent many years develop- 
ing a system of vector-like quantities 
called quaternions. Although 
Hamilton was convinced of the bene- 
fits of quaternions, the operations he 
defined did not produce good models 
for physical phenomena. It wasn’t 
until the latter half of the nineteenth 
century that the Scottish physicist 
James Maxwell (1831-1879) restruc- 
tured Hamilton's quaternions in a 
form useful for representing physical 
quantities such as force, velocity, and 
acceleration. 
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Vector addition and scalar multiplication share many of the properties of 
ordinary arithmetic. 


Properties of Vector Addition and Scalar Multiplication 


Let u, v, and w be vectors and let c and d be scalars. Then the following 
properties are true. - 


lu+v=vtu 6. (c+ du=cu+du 
2.(u+v)+w=u+(v+w) 7. cu+v)=cut+cv 
3.u+0=u 8. 1(u) = u, O(u) = 0 

4. u+ (-u) =0 9. |lev|| = lel [lvl 

5. c(du) = (cd)u 


Property 9 can be stated as follows: the magnitude of the vector cv is the 
absolute value of c times the magnitude of v. 


Unit Vectors 


In many applications of vectors it is useful to find a unit vector that has the same 
direction as a given nonzero vector v. To do this, you can divide v by its magni- 
tude to obtain 


Vv ( 1 
UW. = unit vectof = — = — IV. 
Iv \jvIl 


Note that u is a scalar multiple of v. The vector u has magnitude | and the same 
direction as v. The vector u is called a unit vector in the direction of v. 


Example 4 & Finding a Unit Vector 


Find a unit vector in the direction of v = (—2, 5) and verify that the result has 
magnitude 1. 


Solution 
The unit vector in the direction of v is 
Vv (—2, 9) 








Iv VA22 + 6 


2 


This vector has magnitude 1 because 


Jay Gal - VEE VB 











FIGURE 6.23 





FIGURE 6.24 
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i 


The unit vectors (1, 0) and (0, 1) are called the standard unit vectors and - 
are denoted by 


eo) and j= 0, 1), 
as shown in Figure 6.23. (Note that the lowercase letter i is written in boldface to 
distinguish it from the imaginary number i = \/— 1, These vectors can be used 
to represent any vector v = (Vv, v5) as follows. 

v = (1), V2) 


vy.0) tar. 1) 


=vit+ vj 


The scalars v, and v, are called the horizontal and vertical components of v, 
respectively. The vector sum 


Vili tayl 


is called a linear combination of the vectors i and j. Any vector in the plane can 
be expressed as a linear combination of the standard unit vectors i and j. 


Example 5 > Writing a Linear Combination of Unit Vectors 
Let u be the vector with initial point (2, — 5) and terminal point (— 1, 3). Write u 
as a linear combination of the standard unit vectors i and j. 


Solution 


Begin by writing the component form of the vector u. 
Bases ahs) | 
= (3,8) 
eve) (cio 


This result is shown graphically in Figure 6.24. 





Example 6 ® Vector Operations 


Let u = —3i + 8jand let v = 2i — j. Find 2u — 3v. 


Solution 


| 
You could solve this problem by converting u and v to component form. This, 
however, is not necessary. It is just as easy to perform the operations in unit vector : 


form. i] 


‘ 
| 
i] 


2u — 3v = 2(—3i + 8j) — 3(2i — j) 
= —6i + 16j — 6i + 3j 
eM y ee say | 











FIGURE 6.25 





(3, 3) 
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Direction Angles 


If u is a unit vector such that 6 is the angle (measured counterclockwise) from the 
positive x-axis to u, the terminal point of u lies on the unit circle and you have 


u = (x, y) = (cos 6, sin 8) = (cos 6)i + (sin 0)j 


as shown in Figure 6.25. The angle 6 is the direction angle of the vector u. 

Suppose that u is a unit vector with direction angle 6. If v is any vector that 
makes an angle @ with the positive x-axis, it has the same direction as u and you 
can write 


v = || v|| (cos 6, sin 0) 
= || v|| (cos @)i + || v|| (sin 6)j. 


Because v = ai + bj = ||v|| (cos 6)i + ||v|| (sin 6) j, it follows that the direction 
angle 6 for v is determined from 





Example 7 ® Finding Direction Angles of Vectors 


Find the direction angle of each vector. 
a. u = 31+ 3j b. v = 3i — 4j 
Solution 

a. The direction angle is 


b 
tand=-=-—= 1. 
a 


Therefore, 9 = 45°, as shown in Figure 6.26(a). 
b. The direction angle is 
tang =2 = —* 
an F 3° 


Moreover, because v = 3i — 4j lies in Quadrant IV, 6 lies in Quadrant IV and 
its reference angle is 


4 
0 = arctan —*) =| 5.13 | oso 





Therefore, it follows that 6 ~ 360° — 53.13° = 306.87°, as shown in Figure 
6.26(b). 
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FIGURE 6.27 





GURE 6.28 


ae 


y 






Applications of Vectors 


Example 8 ® Finding the Component Form of a Vector — ©) | 





Find the component form of the vector that represents the velocity of an airplane 
descending at a speed of 100 miles per hour at an angle 30° below the horizontal, 
as shown in Figure 6.27. 


Solution 


The velocity vector v has a magnitude of 100 and a direction angle of 6 = 210°. 
v = ||v|| (cos 6)i + ||v|| (sin Aj 
= 100(cos 210°)i + 100(sin 210°)j 


100(— >>} + 100(5* \ 


= —50/3i — 50j 
(—50+/3, = 50) 
You can check that v has a magnitude of 100. 
Ivll = V(-sov3)° + (50) 
= 3/7500" + 2500" 
10,000 
100 





Il 


Example 9 ® Using Vectors to Determine Weight @ | 





A force of 600 pounds is required to pull a boat and trailer up a ramp inclined at 
15° from the horizontal. Find the combined weight of the boat and trailer. 


Solution 


Based on Figure 6.28, you can make the following observations. 
||BA || = force of gravity = combined weight of boat and trailer 
\|BC|| = force against ramp 
||AC|| = force required to move boat up ramp = 600 pounds 


By construction, triangles BWD and ABC are similar. So, angles ABC is 15°. 
Therefore, in triangle ABC you have 





aoe ac | 600 
5. —. Ss, 
|BA|| — ||BA| 
600 
BA|| = =~ 2318. 
Ba sin 15° 


Consequently, the combined weight is approximately 2318 pounds. (In Figure 
6.28, note that AC is parallel to the ramp.) 
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Example 10 ® Using Vectors to Find Speed and Direction «2 


An airplane is traveling at a fixed altitude with a negligible wind velocity. The 
airplane is headed N 30° W at a speed of 500 miles per hour, as shown in Figure 
6.29. As the airplane reaches a certain point, it encounters a wind with a velocity 
of 70 miles per hour in the direction N 45° E. What are the resultant speed and 
direction of the airplane? 


120° 





—> X 





FIGURE 6.29 


Solution 
Using Figure 6.29, the velocity of the airplane (alone) is 


Vv, = 500<cos 120°, sin 120°) 
= (—250, 250./3) 
and the velocity of the wind is 
v, = 70<cos 45°, sin 45°) 
5 3542). 
So, the velocity of the airplane (in the wind) is 
VE SVG sie 
(—250 + 35/2, 2503 + 35/2) 
= (— 200.5, 482.5) 


and the speed of the airplane is 


|v] = (—200.5)2 + (482.5) 





== 522.5 miles per hour. 


Finally, if 6 is the direction angle of the flight path, you have 





~ —2.4065 
which implies that 
0 = 180° + arctan(— 2.4065) 
= 180° — 67.4° 
= 112.6°. 





520 


6.3 Exercises 


In Exercises 1-12, find the component form and the 
magnitude of the vector v. 


1. 











Initial Point 


Terminal Point 


777, (=1, 5) (15, 12) 
Sa(1, 11) (9, 3) 
Oe, 5) (Saul) 

4.10. (3, 11) (9, 40) 
t(1, 3) (—8, —9) 
i C2, 7) (5. 49) 


In Exercises 13-18, use the figure to sketch a graph of the 
specified vector. 
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13. —v 14. 5v 
15.ut+v 16. u-—v 
P70 2 18. v — ju 


In Exercises 19-26, find (a) u + v, (b) u — v,and (c) 2u — 3v. 
Then sketch your resultant vector. 


19. u= 2,1), v= 1,3) 
20. u = (2,3), v= (4,0) 
21. u = (—5,3), v= (0,0) 
22 Fu KOO) Vv = 2. 1) 
23.u=itj, v=2-3j 
24,u=—-2i+j, v= -i+2j 
25. u=2i, v=j 
26. u = 3j, v= 2i 


In Exercises 27-36, find a unit vector in the direction of the 


given vector. 


27. u = (3, 0) 28. u = (0, —2) 
29. v = (—2, 2) 30. v = (5, — 12) 
31. v = 64 — 2j 32. V=1 8 
33. w = 4j 34. w = —6i 
S35. WwW = 10) 36. w = 7j — 3i 


In Exercises 37-40, find the vector v with the given magni- 
tude and the same direction as u. 


Magnitude Direction 
37. |vl| =5 u = (3, 3) 
38. ||v|| = 6 u = (—3, 3) 
39. ||v|| =9 u = (2,5) 
40. ||v|| = 10 u = (—10,0) 


In Exercises 41-46, find the component form of v and 
sketch the specified vector operations geometrically, 
where u = 2i — jand w =i + 2j. 

41. v 
43. v= 
45. vy = 3(u + w) 


u 42. v=4w 
44. v=-u+w 
46. v=u — 2w 


In Exercises 47-50, find the magnitude and direction angle 
of the vector v. 


47. v = 3(cos 60% + sin 60%) 






48. v = 8(cos 135° + sin 135°j) 
50. v= —Si + 4j 


in Exercises 51-58, find the component form of v given its 
magnitude and the angle it makes with the positive x-axis. 


Sketch v. 

| Magnitude Angle 

51. |v|| = 3 6 = 0° 

52. ||v|| = 1 6 = 45° 

53. ||v\| = 3 6=1150° 

54. ||v\| = 3 0 = 45° 

55. ||v|| = 3/2 6 150° 

56. lvl] = 43 6 = 90° 

57. ||v|| = 2 v in the direction i + 3j 
58. ||v|| = 3 v in the direction 3i + 4j 








| Re oer. 
u and v with direction angles 6, and @,. 


Magnitude Angle 
59, jul] = 5 9, = 0° 
Wiss 8, = 90° 
50. |jul| = 4 6, = 60° 

|v|| = 4 6, = 90° 
61. ||ul] = 20 6, = 45° 
® iv = 50 6, = 180° 
52. ||u|| = 50 9, = 30° 
- |Ivl| = 30 6, = 110° 





a between the given vectors. (Assume 0° < @ < 180°.) 
oy — i+ j, w = 2i — 2j 

54. v = 31 — 2j, w= 21+ 2j 

55. v=i+ j, 
36. v=i+ 2j, 





w = 31 -j 


w = 2i/-j 


n Exercises 67 and 68, find the angle between the forces 
jiven the magnitude of their resultant. (Hint: Write force 
l as a vector in the direction of the positive x-axis and force 


2 as a vector at an angle @ with the positive x-axis.) 


In Exercises 59-62, find the component form of the sum of 


n Exercises 63-66, use the Law of Cosines to find the angle 


67. 
68. 


—> 69. 


Ee 


70. 


SS Ae 


72 
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Force 1 Force 2 Resultant Force 
45 pounds 60 pounds 90 pounds 
3000 pounds 1000 pounds 3750 pounds 


Resultant Force Forces with magnitudes of 125 
newtons and 300 newtons act on a hook (see figure). 
The angle between the two forces is 45°. Find the 
direction and magnitude of the resultant of these 
forces. 


125 newtons 








300 newtons 


Resultant Force Forces with magnitudes of 2000 
newtons and 900 newtons act on a machine part at 
angles of 30° and — 45°, respectively, with the x-axis 
(see figure). Find the direction and magnitude of the 
resultant of these forces. 


2000 newtons 


900 newtons 


Resultant Force Three forces with magnitudes of 
75 pounds, 100 pounds, and 125 pounds act on an 
object at angles of 30°, 45°, and 120°, respectively, 
with the positive x-axis. Find the direction and 
magnitude of the resultant of these forces. 


Resultant Force Three forces with magnitudes of 
70 pounds, 40 pounds, and 60 pounds act on an 
object at angles of — 30°, 45°, and 135°, respectively, 
with the positive x-axis. Find the direction and 
magnitude of the resultant of these forces. 
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Cable Tension 


Horizontal and Vertical Components of Velocity A 
ball is thrown with an initial velocity of 70 feet per 
second, at an angle of 35° with the horizontal (see 
figure). Find the vertical and horizontal components 
of the velocity. 





Horizontal and Vertical Components of Velocity A 
gun with a muzzle velocity of 1200 feet per/second 
is fired at an angle of 6° with the horizontal. Find the 
vertical and horizontal components of the velocity. 


In Exercises 75 and 76, use the figure to 


determine the tension in each cable supporting the load. 


75% 


76. 10in. 20 in. 





2000 Ib 


~ 5000 Ib 


71. Barge Towing A loaded barge is being towed by 


two tugboats, and the magnitude of the resultant is 
6000 pounds directed along the axis of the barge (see 
figure). Find the tension in the tow lines if they each 
make an 18° angle with the axis of the barge. 


TD 
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78. 


—> 79. 





81. 


Shared Load To carry a 100-pound cylindrical 
weight, two people lift on the ends of short ropes that 
are tied to an eyelet on the top center of the cylinder. 
Each rope makes a 20° angle with the vertical. Draw 
a figure that gives a visual representation of the 
problem, and find the tension in the ropes. 


Navigation An airplane is flying in the direction 
S 32° E, with an airspeed of 875 kilometers per hour. 
Because of the wind, its groundspeed and direction 
are 800 kilometers per hour and S 40° E, respectively 
(see figure). Find the direction and speed of the 
wind. 





875 kilometers per hour 


. Navigation An airplane’s velocity with respect t 


the air is 580 miles per hour, and it is headin; 
N 60° W. The wind, at the altitude of the plane, i 
from the southwest and has a velocity of 60 miles pe 
hour. Draw a figure that gives a visual representatioi 
of the problem. What is the true direction of th 
plane, and what is its speed with respect to th 
ground? 


Work Aheavy implement is pulled 30 feet across | 
floor, using a force of 100 pounds. Find the wor! 
done if the direction of the force is 50° above th 
horizontal (see figure). (Use the formula for work 
W = FD, where F is the component of the force 1 
the direction of motion and D is the distance.) 





32. Tetherball A tetherball weighing 1 pound is pulled 
outward from the pole by a horizontal force u until 
the rope makes a 45° angle with the pole (see figure). 
Determine the resulting tension in the rope and the 
magnitude of u. 





SE 


45° 





ynthesis 


rue or False? \n Exercises 83-86, decide whether the 
tatement is true or false. Justify your answer. 


3. If u and v have the same magnitude and direction, 
then u = v. 

4. If u is a unit vector in the direction of v, then 
v = |v] u. 

5. If v = ai + bj = 0, thena = —b. 

6. If u = ai + Dj is a unit vector, then a? + b? = 1. 

7. Think About It Consider two forces of equal 
magnitude acting on a point. 


(a) If the magnitude of the resultant is the sum of the 
magnitudes of the two forces, make a conjecture 
about the angle between the forces. 


(b) If the resultant of the forces is 0, make a conjec- 
ture about the angle between the forces. 


(c) Can the magnitude of the resultant be greater 
than the sum of the magnitudes of the two 
forces? Explain. 


8. Graphical Reasoning Consider two forces 
F, = (10, 0) and F, = 5(cos @, sin 6). 
(a) Find ||F, + F,]|| as a function of 6. 

= (b) Use a graphing utility to graph the function in 
part (a) forO < 0 < 27. 

(c) Use the graph in part (b) to determine the range 
of the function. What is its maximum, and for 
what value of @ does it occur? What is its mini- 
mum, and for what value of @ does it occur? 


_ (d) Explain why the magnitude of the resultant is 
| never 0. 
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89. Prove that (cos @)i + (sin 6)j is a unit vector for 
any value of 0. 


utility that graphs two vectors and their difference 
given the vectors in component form. 


In Exercises 91 and 92, use the program in Exercise 90 to 
find the difference of the vectors shown in the figure. 


91. 








(—100, 0) 
—50 


Review 


In Exercises 93-96, use the specified trigonometric substi- 
tution to write the algebraic expression as a trigonometric 
function of 0,where 0 < 0 < 7/2. 


93. /x? — 64, x =8sec 0 
94. /64 — x2, x =8sin0 
95. /x? + 36, x= 6tané 
96. J (x2 — 25)3, x = 5sec 0 


In Exercises 97-102, solve the equation. 


97. cos 1(cosxar 1) 30 

98. sin x(2 sin x + </2} = (l) 

99. 3 sec x sinx — 2\/3 sinx = 0 
100. cos x csc x + cos x./2 = 0 
101. (sin?x — 1) sin?x = 0 
102:-(2:cos*x-— 3)(cos? x = 1) =.0 


WE 
vo 
fe) 
© Ee 
£ 
Vv 
S 
° 
P=) 
WwW 
> 
c 
e 
cB 
fe) 
+ & 
[= 
= 
° 
oc 
= 
‘= 
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6.4 Bal Erareleeelitse le) am aaeye ll (an 


> What you should learn 


* How to find the dot product 
of two vectors and use the 
Properties of the Dot Product 

* How to find the angle between 
two vectors 

* How to determine whether two 
vectors are orthogonal 

* How to write a vector as the 
sum of two vector components 

* How to use vectors to find the 
work done by a force 


> Why you should learn it 


You can use the dot product of 
two vectors to solve real-life 
problems involving two vector 
quantities. For instance, in 
Exercise 51 on page 531 you use 
the dot product to find the force 
necessary to keep a truck from 
rolling down a hill. 


The Dot Product of Two Vectors 


So far you have studied two vector operations—vector addition and multiplica 
tion by a scalar—each of which yields another vector. In this section you wil 
study a third vector operation, the dot product. This product yields a scalar 


rather than a vector. 


Definition of Dot Product 
The dot product of u = (u,, u,) and v = (vy, v>) is 


Us V = UWyV, + UyVo. 


/ 
/ 


Properties of the Dot Product 


Let u, v, and w be vectors in the plane or in space and let c be a scalar. 


lou:v=v-:u 

2.0-v=0 
3.u:(v+w)=u-vt+u-w 
doy wei 

5. cu: v) =cu-v=u-cv 


Proofs of Properties 1, 4, and 5 are given in Appendix A. 


Example 1 ® Finding Dot Products 


Find each dot product. 
as (455) + "Q53) 
beet? ay 2 <1, 2) 

Cc. (0, 3) : (4, = 2) 


Solution 

a: (4,5) (2,3) = 4(2) + 5(3) 
=8+ 15 
= 23 


be Q>—1)+ 4102) =2(0) ta GaWQ), =-2\— 2 =30 
c. (0,3) > (4, -2) = 0(4) + 3(-2) =0 -6 = -6 





In Example 1, be sure you see that the dot product of two vectors is a scalat 
(areal number), not a vector. Moreover, notice that the dot product can be positive, 


zero, or negative. 
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Example 2 ® Using Properties of Dot Products 


Let u = (—1, 3), v = (2, —4), and w = (1, —2). Find each dot product. 
a. (u° v)w b. u> 2v 
Solution 
Begin by finding the dot product of u and v. 
u- v= (—1,3) - Q, —4) 
SO) 34) 


= -14 
a. (u- v)w = —14(1, —2) 
= (—14, 28) 
b. u + 2v = 2(u- y) 
= 2(— 14) 
= —28 


Notice that the first product is a vector, whereas the second is a scalar. Can you 
see why? 


Example 3 ® Dot Product and Magnitude 


The dot product of u with itself is 5. What is the magnitude of u? 


Solution 


Because ||u||? = u + uandu- u = 5, it follows that 
ul =Vu-u 
=/5. 


The Angle Between Two Vectors 


The angle between two nonzero vectors is the angle 0, 0 < 6 < 7m, between 
their respective standard position vectors, as shown in Figure 6.30 on page 526. 
This angle can be found using the dot product. (Note that the angle between the 
zero vector and another vector is not defined.) A proof is given in Appendix A. 


Angle Between Two Vectors 


If 6 is the angle between two nonzero vectors u and v, then 


4 u:v 
C08: 6 = ae ae 
lull Iv 
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v=, 5) 











Example 4 ® Finding the Angle Between Two Vectors 


Find the angle between u = (4, 3) and v = (3, 5). 


Solution 
u:v 


COS (0 = ea at 
lull lvl 


(4,3) + (3,5) 
14, 3)11 143, 5) 
Oa 
~ 5734 


This implies that the angle between the two vectors is 





6 aD)?” 


pa) 
= arccos ——— 
5/34 





FIGURE 6.30 as shown in Figure 6.30. 
Rewriting the expression for the angle between two vectors in the form 
u-v=|lull vi cos @ Alternative form of dot product 
produces an alternative way to calculate the dot product. From this form, you cat 
see that because || u|| and ||v|| are always positive, u - v and cos @ will always hav 
the same sign. Figure 6.31 shows the five possible orientations of two vectors. 
0 ; y 
0 
7) 
pee erat St meee 7 : Re 
u Vv Mi MV SSS ae 
u 
18 
0= 7 << g=2 0<b<] 9=0 
2 2 2 
cos 9 = —1 = I <2COStO a0) cos@=0 OR=COSiG al cos @= 1 
Opposite Direction Obtuse Angle 90° Angle Acute Angle Same Direction 
FIGURE 6.31 


Definition of Orthogonal Vectors 


The vectors u and v are orthogonal if u - v = 0. 


(Aimee dake 


The terms “orthogonal” and “perpendicular” mean essentially the same 
thing—meeting at right angles. Even though the angle between the zero vectot 
and another vector is not defined, it is convenient to extend the definition of 
orthogonality to include the zero vector. In other words, the zero vector is 
orthogonal to every vector u, because 0 - u = 0. 





FIGURE 6.32 


A computer simulation to accompany 
this concept appears in the /nteractive 
CD-ROM and Internet versions of this 
text. 





a Wy 
Ois’obtuse. 
FIGURE 6.34 
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Example 5 & Determining Orthogonal Vectors 


Are the vectors u = (2, —3) and v = (6, 4) orthogonal? 

Solution 

Begin by finding the dot product of the two vectors. 
u-+v = (2, —3) - (6,4) = 2(6) + (—3)(4) =0 


Because the dot product is 0, the two vectors are orthogonal, as shown in Figure 
6:32; 


Finding Vector Components 


You have already seen applications in which two vectors are added to produce a 
resultant vector. Many applications in physics and engineering pose the reverse 
problem—decomposing a given vector into the sum of two vector components. 

Consider a boat on an inclined ramp, as shown in Figure 6.33. The force F 
due to gravity pulls the boat down the ramp and against the ramp. These two 
orthogonal forces, w, and w,, are vector components of F. That is, 


F = Ww, + Wo. Vector components of F 


The negative of component w, represents the force needed to keep the boat from 
rolling down the ramp, whereas w, represents the force that the tires must 
withstand against the ramp. A procedure for finding w, and w, is shown below. 


Definition of Vector Components 


Let u and v be nonzero vectors such that 
u=w,+ wr 


where w, and w, are orthogonal and w, is parallel to (or a scalar multiple of) 
v, as shown in Figure 6.34. The vectors w, and w, are called vector compo- 
nents of u. The vector w, is the projection of u onto v and is denoted by 


Ww, = proj,u. 


The vector w, is given by w, = u — Wj. 


From the definition of vector components, you can see that it is easy to find 
the component w, once you have found the projection of u onto v. To find the 
projection, you can use the dot product. 


Projection of u onto v 
Let u and v be nonzero vectors. The projection of u onto v is 


u: Vv 
LO}, — fae 
E Iv? 


FIGURE 6.35 


FIGURE 6.36 
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Example 6 ® Decomposing a Vector inte Components ’ 
Find the projection of u = (3, —5) onto v = (6, 2). Then write u as the sum ot 
two orthogonal vectors, one of which is proj,u. 


Solution 


The projection of u onto v is 


Se CO iene eee _ (62 
W, = proj,u = ae \y = (3 | 2) = ° 2) 


as shown in Figure 6.35. The other component, w,, is 


oy ® OF 27 
mou w = G,-5)— (52) (2-2) 
So, 


Example 7 ® Finding a Force 





A 600-pound boat sits on a ramp inclined at 30°, as shown in Figure 6.36. What 
force is required to keep the boat from rolling down the ramp? 


Solution 


Because the force due to gravity is vertical and downward, you can represent the 
gravitational force by the vector 


F = —600j. Force due to gravity 


To find the force required to keep the boat from rolling down the ramp, project F 
onto a unit vector v in the direction of the ramp, as follows. 


3 


1 
v = (cos 30°)i + (sin 30°)j = “on 35 34 Unit vector along ramp 


Therefore, the projection of F onto v is 


w, = proj, F 

- (iF) 

= (F-v)v 
(—600)(5)v 


-300( Si i 15), 


2 y) 


The magnitude of this force is 300, and therefore a force of 300 pounds is 
required to keep the boat from rolling down the ramp. 








FIGURE 6.38 
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Work 


The work W done by a constant force F acting along the line of motion of an 
object is 


W = (magnitude of force)(distance) 
= ||F|| ||P ll 


as shown in Figure 6.37(a). If the constant force F is not directed along the line 
of motion, as shown in Figure 6.37(b), the work W done by the force is 


W = |[projzg F||||PO|| = (cos 6)|F||||POl| = F - PO. 





(a) (b) 
FIGURE 6.37 


This notion of work is summarized in the following definition. 


Definition of Work 


The work W done by a constant force F as its point of application moves 
along the vector PQ is given by either of the following. 


1. W= ||projpgF'| \|PO| Projection form 
2,W=F- PO Dot product form 
Example 8 ® Finding Work — (2 


To close a sliding door, a person pulls on a rope with a constant force of 50 
pounds at a constant angle of 60°, as shown in Figure 6.38. Find the work done 
in moving the door 12 feet to its closed position. 


Solution 


Using a projection, you can calculate the work as follows. 
W = |[proj xg F|| || PQ|| 
= (cos 60°)||F | ||PQ | 


= 5(50)(12) 


= 300 foot-pounds 


So, the work done is 300 foot-pounds. You can verify this result by finding the 
vectors F and PQ and calculating their dot product. 
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6.4 Exercises 
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In Exercises 1-4, find the dot product of u and v. 


1. u = (6,1) 2. u = (5, 12) 
v = (-2,3) v = (-3,2) 
3. u = 4i — 2j 4. u=3i+ 4j 
v=i-j v=7i-2j 


In Exercises 5-8, use the vectors u= @ 2) and 
v= <-3, 4) to find the indicated quantity. State whether 
the result is a vector or a scalar. 

6. |lv|| + 3 

8. 3u-v 


5.u-u 
7. (u- v)v 


In Exercises 9-14, use the dot product to find the magnitude —— 


of u. 

9. u = (—5, 12) 10. u = (2, —4) 
11. u = 201 + 25j 12. u = 12i — 16j 
13. u = 6j 14. u= —2li 


In Exercises 15-24, find the angle @ between the vectors. 


15. u = (1, 0) 16. u = (3, 2) 
v= (0, —2) v = (4, 0) 
17. u = 31+ 4j 18. u = 2i — 3j 
v= —-2j vV =i - 2j 
19. u = 2i —j 20. u = —6i — 3j 

v= 6i + 4j v= -8 + .4j 
21. u=Si+ 5j 22. u = 2i — 3j 
v= —6i + 6j v= 4i + 3j 


23. u = cos( 2); - sin( 7); 
v= cos( 5") + si (=); 
a ee 
7 7 
24. u= =i =: sint—4)4 
u cos( 7 sin( 2) 
T T 
2 2 eae 
y cos( 7); sin( 2); 


In Exercises 25-28, use vectors to find the interior angles of 
the triangle with the given vertices. 


25. (1, 2). 94), (2;,5) 26."(+39— 4 (832) 
B= 3, Oe 2), (O; 6) 28. (=375)( = oy 9) 


In Exercises 29-32, find u - v, where @ is the angle between 
u and v. 


2 
29. |lul| = 4, lvl] = 10, 0 = = 











30. ||ul| = 100, ||v|| = 250, 0 = 
31. [lull = 81, |v] = 64, 0 = 7 
32. [ul] = 9, |lvl| = 144, 6 = a 


In Exercises 33-38, determine whether u and v are orthog- 
onal, parallel, or neither. 


33. a = <—12)30) 34. u = (3, 15) 

v= (4-3 v= (-1,5) 
35. u = 4(3i — j) 36. u=i 

v= Sit 6j v= —-2i+2j 
37. 0 = 2125 38. u = (cos 8, sin 0) 


¥ = iy v = (sin 0, —cos @) 


In Exercises 39-42, find the projection of u onto v and the 
vector component of u orthogonal to v. 


39. u = (2, 2) 40. u = (4, 2) 
v = (6, 1) v= (1,'=2) 

41. u = (0,3) 42. u = (—3, —2) 
v = (2, 15) v = (-4, —1) 


In Exercises 43-46, find two vectors in opposite directions 
that are orthogonal to the vector u. (The answers are not 
unique.) 


43. u = (3,5) 
45. uu =3i — 3j 


44, u = (-8, 3) 
46. u = —3i — 3j 


Work In Exercises 47 and 48, find the work done in 
moving a particle from P to Q if the magnitude and 
direction of the force are given by v. 


47. P= (0,0), Q=(4,7), v=(U&4 

48. P = (1,3), Q=(-3,5), v= —2i +3j 

49. Revenue The vector u = (1650, 3200) gives the 
numbers of units of two products produced by a com- 
pany. The vector v = (15.25, 10.50) gives the price 


(in dollars) of each unit, respectively. Find the dot 
product u - v and explain what information it gives. 


50. Revenue Repeat Exercise 49 after increasing the 
prices by 5%. Identify the vector operation used to 
increase the prices by 5%. 

51. Braking Load A truck with a gross weight of 
30,000 pounds is parked on a 5° slope (see figure). 
Assume that the only force to overcome is the force 
of gravity. 

(a) Find the force required to keep the truck from 
rolling down the hill. 


(b) Find the force perpendicular to the hill. 





Weight = 30,000 Ib 


52. Braking Load Rework Exercise 51 for a truck that 
is parked on an 8° slope. 

53. Work A 25-kilogram (245-newton) bag of sugar is 
lifted 3 meters. Determine the work done. 

34. Work Determine the work done by a crane lifting a 
2400-pound car 5 feet. 

55. Work A force of 45 pounds in the direction of 30° 
above the horizontal is required to slide an imple- 
ment across a floor (see figure). Find the work done 
if the implement is dragged 20 feet. 





ee D0) ft ——$—$___— 4 


96. Work A tractor pulls a log 800 meters and the 
tension in the cable connecting the tractor and log is 
approximately 1600 kilograms (15,691 newtons). 
Approximate the work done if the direction of the 
force is 35° above the horizontal. 
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Synthesis 


True or False? \n Exercises 57 and 58, determine 
whether the statement is true or false. Justify your answer. 


57. The work W done by a constant force F acting along 
the line of motion of an object is represented by a 
vector. 


58. A sliding door moves along the line of vector PO. If 
a force is applied to the door along a vector that is 
orthogonal to PQ, then no work is done. 


59. Think About It What is known about 6, the angle 
between two nonzero vectors u and v, under the 
following conditions? 


(a) u-v=0 (b) u-v>0 (c) u-v <0 
60. Think About It What can be said about the vectors 
u and v under the following conditions? 


(a) The projection of u onto v equals u. 
(b) The projection of u onto v equals 0. 


61. Use vectors to prove that the diagonals of a rhombus 
are perpendicular. 


62. Prove the following. 
lu — v|P = Jul? + |lv|P — 2u - v 
63. Prove the following Properties of the Dot Product. 
(a) 0: v=0 
(b) u-(v+w)=u-vtu-w 
(c) clu- v) =u-cv 


64. Prove that if u is orthogonal to v and w, then u is 
orthogonal to cv + dw for any scalars c and d. 


& 
Review 


In Exercises 65-68, find the exact solutions of the equation 
in the interval [0, 277). 


65. sin2x— /3sinx=0 66. sin2x+ /2cosx=0 


67a tans = tan 68:5 cos 24—9 sin. — 2 


In Exercises 69-72, find the exact value of the trigonometric 
function given that sin u = -2 andcosv = S (Both u and 
v are in Quadrant IV.) 


69. sin(u — v) 
71. cos(v — u) 


70. sin(u + v) 
72. tan(u — v) 
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>» What you should learn 
* How to plot complex numbers 

in the complex plane 

How to write the trigonometric 

forms of complex numbers 

* How to multiply and divide 

complex numbers written in 

trigonometric form 

How to use DeMoivre's 

Theorem to find powers of 

complex numbers 

How to find nth roots of 

complex numbers 


° 


& Why you should learn it 


You can use the trigonometric 
form of a complex number to 
perform operations with 
complex numbers. For instance, 
in Exercises 107-114 on page 
542 you use the trigonometric 
forms of complex numbers to 
help you solve polynomial 
equations. 


Imaginary 
axis 





FIGURE 6.40 


‘Meme Trigonometric Form of a Complex Number 





The Complex Plane 


Just as real numbers can be represented by points on the real number line, you car 
represent a complex number 


at 


as the point (a, b) in a coordinate plane (the complex plane). The horizontal axis 
is called the real axis and the vertical axis is called the imaginary axis, as showr 
in Figure 6.39. 


Imaginary 
axis 





32 1 


@ -l 
(—2, —1) or 
0-2. 


FIGURE 6,39 


The absolute value of the complex number a + bi is defined as the distance 
between the origin (0, 0) and the point (a, b). 


Definition of the Absolute Value of a Complex Nt bee 


The absolute value of the complex numberz=a+tbiis 


la + bi] = Jae + B. ae 






If the complex number a + bi is a real number (that is, if b = 0), then thi 
definition agrees with that given for the absolute value of a real number 


la + 0i| = Va? + 0? = al. 


Example 1 ® Finding the Absolute Value of a Com 





Plot z = —2 + 5i and find its absolute value. 


Solution 
The number is plotted in Figure 6.40. It has an absolute value of 


lax (= 2) aes | 
= /29. 
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FIGURE 6.41 
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FIGURE 6.42 
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Section 6.5 2% Trigonometric Form of a Complex Number 


Trigonometric Form of a Complex Number 


In Section 2.4 you learned how to add, subtract, multiply, and divide complex 
numbers. To work effectively with powers and roots of complex numbers, it is 
helpful to write complex numbers in trigonometric form. In Figure 6.41, consider 
the nonzero complex number a + bi. By letting 0 be the angle from the positive 
real axis (measured céunterclockwise) to the line segment connecting the origin 
and the point (a, b), you can write 


b=rsin 6 
where r = \/a? + b*. Consequently, you have 
a + bi = (rcos 8) + (rsin @)i 


=rcos @ and 


from which you can obtain the trigonometric form of a complex number. 


Trigonometric Form of a Complex Number 
The trigonometric form of the complex number z = a + bi is 
z= r(cos 6 + isin 8) 


where a = rcos 0,b = rsin 0,r = J/a* + b’, and tan 6 = b/a. The 
number r is the modulus of z, and @ is called an argument of z. 


The trigonometric form of a complex number is also called the polar form. 
Because there are infinitely many choices for 0, the trigonometric form of a 
complex number is not unique. Normally, @ is restricted to the interval 
0 < @ < 27, although on occasion it is convenient to use 0 < 0. 


Example 2 ® Writing a Complex Number in Trigonometric Form 


Write the complex number z = —2 — 2/3: in trigonometric form. 


Solution 
The absolute value of z is 
r= |-2 - 2/3i| = /(-2) + (-2V3) = V16 = 4 


and the angle 6 is 


b= Bf3} 
eo ee 
a Z 


Because tan(7/3) = /3 and z = —2 — 2./3i lies in Quadrant III, you choose 
Oto be 6 = 1+ 7/3 = 4777/3. So, the trigonometric form is 


z = r(cos 6 + isin 6) 
4( 4a ee =) 
— + isin—]. 
cos F 
See Figure 6.42. 
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Example 3 > Writing a Complex Number in Standard Form 


Write the complex number in standard form a + bi. 


z= Va cos(-Z) + ésin(—)| 





Ld » 
| Technology Solution 
ae Lf A graphing utility can be Because cos(— 77/3) = 5 and sin(— 7/3) = — /3/2, you can write 
used to convert a complex oe 7 
number in trigonometric (or fi VA cos{ -2) ate isin(—Z) | 
polar) form to rectangular form, 
and vice versa. For specific etre a 
keystrokes, see the user's manu- = 2/2 Danita ope 
hing utility. 
al for your graphing utility. Be jy es 








Multiplication and Division of Complex 
Numbers 


The trigonometric form adapts nicely to multiplication and division of comple) 
numbers. Suppose you are given two complex numbers 


Z, ="F(cos' 6+ i sin 6)" Sand?” z, = r,(cos 6, + Tamme 
The product of z, and z, is 
ZZ) = MyF,(cos 6, + isin 6,)(cos 6, + i sin 6,) 
= r,r[(cos 6, cos 6, — sin 6, sin6,) + i(sin 6, cos 6, + cos 6, sin @,)]. 
Using the sum and difference formulas for cosine and sine, you can rewrite thi 
equation as 
Zo = Tyrsleost@, 16.) 47 sin(@, + 6,)). 


This establishes the first part of the following rule. The second part is left to you 
(see Exercise 119). 


Product and Quotient of lwo ComplexNumbers 
Let z, = r,(cos 6, + isin 0,) and z, = r,(cos 6, + isin 6,) be complex 
numbers. 

Zz = PLcos(6; + 0) = -esin(O; + 8,)] Produce 

= “\Tcos(6, =0,) =e sin(O; = 6). \ ozone Quotient 

iy 72 





Note that this rule says that to multiply two complex numbers you multiph 
moduli and add arguments, whereas to divide two complex numbers you divide 
moduli and subtract arguments. 
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Example 4 ® Multiplying Complex Numbers 


Find the product of the complex numbers. 


a Dap hay Wig Mage 
Be ce ee es ae pg NS a 
Solution 
2(c 27 ; =) x a Ter ; ue) 
= OSi=a Sill COStmeras Si = 
eS 3 i Si 3 - i sin 6 
16 (= + uz) ae (22 + 7) | 
= os(—= + Sin = se = 
5 COR es aes SoG 
Yor . . MM 
16 (| COS = SI 
2 2 


II 


TT 5 
16{cos = ap i Sit z) 
DQ 2 


16[0 + i(1)] 
= 6% 


You can check this result by first converting the complex numbers to the standard 
forms z; ==al)+ J3i and z, = 4\/3 — 4i and then multiplying algebraically, 
as in Section 2.4. 


(-1 + V3i)(4/3 - 43) 
—4./3 + 41+ 121+ 4/3 
16i 


ZZ 


II 


Example 5 ® Dividing Complex Numbers 


Find the quotient, z,/z>, of the complex numbers. 
z, = 24(cos 300° + i sin 300°) Z> = 8(cos 75° + 7sin 75°) 


Solution 








z, _ 24(cos 300° + i sin 300°) 
Zn 8(cos 75° + i sin 75°) 


= ~ [cos(300" — 75°) + isin(300° — 75°)] 
= 13(cos 225° + isin 225°) 
2) 2 
alee > )| 
D Dp; 
2/2 
2 - 











The Granger Collection 
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Powers of Complex Numbers 


To raise a complex number to a power, consider repeated use of the multiplica: 
tion rule. 


z= r(cos 6 + isin @) 
z2 = r(cos 6 + isin 6)r(cos 6 + isin 6) = r2(cos26 + isin26) 


z3 = r*(cos 26 + isin 26)r(cos 6 + isin 6) = r3(cos 36 + isin 36) 


aes 
lI 


r*(cos 46 + isin 46) 


r°>(cos 56 + isin 56) 


Nn 
II 


This pattern leads to the following important theorem, which is named after the 
French mathematician Abraham DeMoivre (1667-1754). 


DeMoivre’s Theorem 
If z = r(cos 6 + isin 6) is a complex number and n is a positive integer, 
then 


z" = [r(cos 6 +i sin 6)" 


= r"(cos nO + isinné). 








Example 6 ® Finding Powers of a Complex Number 

Use DeMoivre’s Theorem to find (— 1+ /3 ‘pe 

Solution 
Historical Note First convert the complex number to trigonometric form using 
Abraham DeMoivre (1667-1754) 

3. 
is remembered for his work in r= Ve 1) (</3)? ='2 and 6 = arctan < = oe 
probability theory and DeMoivre’s 
Theorem. His The Doctrine of De a 
Chances (published in 1718) =f; = 2{cos + isin 22) 
includes the theory of recurring ° 2 
series and the theory of partial Then, by DeMoivre’s Theorem, you have 
fractions. , ) s 
(-1+ /3i)2 = | 2(cos 22 + isin 22) 


2 2 
= 2| cos(12) = + isin(12) = 


= 4096(cos 82 + isin 87) 
= 4096(1 + 0) 
= 4096. 


Exploration 


_ The nth roots of a complex 

_ number are useful for solving 
some polynomial equations. For 
instance, explain how you can 
~use DeMoivre’s Theorem to 
solve the polynomial equation 


“+ 16=0. 


- [Hint: Write — 16 as 
-16(cos 7 + isin 7).] 
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Roots of Complex Numbers 


Recall that a consequence of the Fundamental Theorem of Algebra is that a 
polynomial equation of degree n has n solutions in the complex number system. 
So, the equation x° = 1 has six solutions, and in this particular case you can find 
the six solutions by factoring and using the Quadratic Formula. 


xo = =O — Dine a 1) 
=( - 1)@?24+2x%+ 1+ IDG? -—x+1)=0 
Consequently, the solutions are 


=a Sey 1+ J/3i 


= +1, = Sis Ses d = 
Xx Xx ) an. Xx 7 


Each of these numbers is a sixth root of |. In general, the nth root of a complex 


number is defined as follows. 


Definition of nth Root of a Complex Number 


The complex number u = a + bi is an nth root of the complex number z if 


= (a bi) 


To find a formula for an nth root of a complex number, let u be an nth root 
of z, where 


u = s(cos B + isin B) 

and 
z = r(cos @ + isin 8). 

By DeMoivre’s Theorem and the fact that uv” = z, you have 
s" (cos nB + isinnB) = r(cos 6 + isin ). 


Taking the absolute values of both sides of this equation, it follows that s” = r. 
Substituting back into the previous equation and dividing by r, you get 


cos nB + isinnB = cos 6 + isin 6. 
So, it follows that 

cos nB = cos 0 
and 

sinnB = sin 6. 


Because both sine and cosine have a period of 27, these last two equations have 
solutions if and only if the angles differ by a multiple of 277. Consequently, there 
must exist an integer k such that 


nB = 0+ 27k 


ne Oe 27k 

= my 
By substituting this value of B into the trigonometric form of u, you get the result 
stated on the following page. 
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Real 
axis 





nth Roots of a Complex Number 


For a positive integer n, the complex number z = r(cos 6 + isin 8) has 
exactly n distinct nth roots given by 


+2 + 27k 
er cos 2+ 224 + isin @* ark) 


n 


where ki Os eon tee yn) il 


When k exceeds n — 1, the roots begin to repeat. For instance, if k = n, the 
angle 


Ot 2a 0 
Se aT 
n n 
is coterminal with @/n, which is also obtained when k = 0. 

The formula for the nth roots of a complex number z has a nice geometrical 
interpretation, as shown in Figure 6.43. Note that because the nth roots of z all 
have the same magnitude ‘/7, they all lie on a circle of radius "Vr with center at 
the origin. Furthermore, because successive nth roots have arguments that differ 
by 27r/n, the n roots are equally spaced around the circle. 

You have already found the sixth roots of 1 by factoring and by using the 
Quadratic Formula. Example 7 shows how you can solve the same problem with 
the formula for nth roots. 


Example 7 ® Finding the nth Roots of a Real Number 


Find all the sixth roots of 1. 


Solution 


First write 1 in the trigonometric form 1 = 1(cos 0 + isin 0). Then, by the nth 
root formula, with n = 6 and r = 1, the roots have the form 


0 + 27k 0 + 27k 
Vi( cos 9* 2 Ss eeSii oe) 


or simply cos(ak/3) + i sin(ak/3). So, for k = 0, 1, 2,3, 4, and 5, the sixth roots 
are as follows. (See Figure 6.44.) 


COSOR ar sine—al 





1 3 
are ey ees Increment by <=. 
3 3 2 2 n ge 3 
Soho oe et AE 
cos —— + isin — = —— + — 
3 3 2) 2; 
COSta@ 41 Sin 7 =" = Ih 
Ar | OAR 1 3... 
COSkeemet S101 _ = l 
3} 3 2, 2) 
Sa 5a th aS 
COS tea at SU ey 
3 3 2) 2 
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In Figure 6.44, notice that the roots obtained in Example 7 all have a magni- 
tude of | and are equally spaced around the unit circle. Also notice that the complex 
roots occur in conjugate pairs, as discussed in Section 2.5. The n distinct nth roots 
of | are called the nth roots of unity. 


Example 8 ® Finding the nth Roots of a Complex Number 


Find the three cube roots of 
= lt i. 

Solution 

Because z lies in Quadrant II, the trigonometric form for z is 
Za aant gel 

= ,/8 (cos 135° + isin 135°). 

By the formula for nth roots, the cube roots have the form 

68 (cos 13> + 360K ree 13 Se ae") 


3 3 


Finally, for k = 0, 1, and 2, you obtain the roots 


© se fo) ° a ° 
= 14% 
° st ° ° ae ° 
{cos EO + isin BE Je) = ,/2(cos 165° + i sin 165°) 


~ — 1.3660 + 0.36607 


Deis © 
pee = \/2(cos 285° + i sin 285°) 


fe} =e 1e) yD 
{cos = AIO 5 is 3 


=~ 0.3660 — 1.36607. 





A Famous Mathematical Formula The famous formula 
e7+ i = e%(cos b + isin b) 


is called Euler’s Formula, after the German mathematician Leonhard Euler 
(1707-1783). Although the interpretation of this formula is beyond the scope of 
this text, we decided to include it because it gives rise to one of the most wonder- 
ful equations in mathematics. 


eM +1=0 


This elegant equation relates the five most famous numbers in mathematics—O, 1, 
qr, e, and i—in a single equation. Show how Euler’s Formula can be used to derive 
this equation. 
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6.5 Exercises 


In Exercises 1-6, plot the complex number and find its In 


absolute value. 


vb 35 





Exercises 35-44, represent the complex number graphi- 


cally, and find the standard form of the number. 


1. —7i F4 ei) . 3(cos 120° + i sin 120°) 
3. —44+ 4i 45> 36. 5(cos 135° + i sin 135°) 
5.6 — Ti 6. —8 + 3i 37. 3(cos 300° + i sin 300°) 
38. +(cos 225° + i sin 225°) 
In Exercises 7-10, write the complex number in trigono- oe 3m 
metric form. 39. 3.75{ cos i + isin =7) 
Ws Imaginary 8. Imaginary 
Sant 2 5 
oe ee 40. 6{cos oe + isin 7) 
12 12 
41. a(cos = + isin 4 
42. 7(cos 0 + isin 0) 
43. 3[cos(18° 45’) + isin(18° 45’) ] 
E Imaginar " ay, ae Sar 
ee  Sege ok \_44, 6[cos(230° 30’) + i sin(230° 30’)] 
ce In Exercises 45-48, use a graphing utility to represent the 





45 


In Exercises 11-26, represent the complex number graphi- 


cally, and find the trigonometric form of the number. 46 


——— 


complex number in standard form. 


4 


Dale vse 
5 JKG cos = isin 


2 


4 


5 


T en Ti 
Coen oe 


9 


J 11. 3 - 33 12. 2+ 2i 47. 3(cos 165.5° + isin 165.5°) 
13. /3 +i 14. 4-4/3: 48. 9(cos 58° + i sin 58°) 
15, —2(1 + ~/3i) 16. 3(./3 — i) 
17. —Si 18. 4: In Exercises 49-60, perform the operation and leave the 
1D, = se 2a 20. 3:—i result in trigonometric form. 
Diva 2264 ee o( 7 2) o( Us =) 
Oe 2 MU 
23.3 + /3i 24, 2/2 - j ip | coy) isin) || ose isin) | 
N25 3 — i 26. 1 + 3i 8( ot tt 3 |, Om 
a 50. cos 3 + Esing 4\ cos.” + # silt 7 
fe In Exercises 27-34, use a graphing utility to represent the 5 roe une oy] [2 oO ewes ° 
complex number in trigonometric form. Bie [3(cos WE seh Lol ML3(cos Oa ) 
52. [0.5(cos 100° + i sin 100°)] x 
Ife Ss aD) Phy (3 AP Si 
29. -3 +; 30. —5 —; [0.8(cos 300° + i sin 300°)] 
31. 3/2 -7i 32, 4/5 — 4i 53. [0.45(cos 310° +i sin 310°)] x 
33. -8 —5/3i 34, —9)—'27107 [0.60(cos 200° + i sin 200°) ] 
54. (cos 5° + isin 5°)(cos 20° + isin 20°) 
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| cos 50° + i sin 50° 12 

B55 20° + isin 20° 81. (cos = + isin 2) 

| 2(cos 120° + i sin 120° 8 
56. ae 82. (cos 2 + isin =) 
57, £08(57/3) + i sin(S7/3) 83. [5(cos 3.2 + isin 3.2) 
| cos 7 + isin 7 84. (cos 0 + isin 0)?° 

| 3 + isin 4. 7 

ee oo 


: 12(cos 52° + i sin 52°) 87. [3(cos 15° + isin 15°)|* 
3(cos 110° + isin 110°) 


88. [2(cos 10° + isin 10°) ]® 
6(cos 40° + i sin 40°) 


5) 
. T 
— (cos 100° + i sin 100°) 89. | 2(cos ice Sit) = 








In Exercises 61-68, (a) give the trigonometric form of the 90. | 2{c0s Ep isin ali 
complex numbers, (b) perform the indicated operation 8 8 
using the trigonometric form, and (c) perform the indicated 





operation using the standard form, and check your result In Exercises 91-106, (a) use the formula on page 538 to find 
with that of part (b). the indicated roots of the complex number, (b) represent 
: ; , each of the roots graphically, and (c) express each of the 

61. (Ce 2i)(1 — i) 62. we 7 i)(1 + i) roots in standard form. 
wet) we a(1 Z V3i) Sy 91. Square roots of 5(cos 120° + i sin 120°) 
65. oe 66. 1+ V3i 92. Square roots of 16(cos 60° + i sin 60°) 
im 1- /3i 6 — 3i oe nf 

5 Aj 93. Cube roots of 8(cos == $F 7 Sin 22) 
67. : 683, ———— 3 8 

a= BY =k a Di 


5 
94. Fifth roots of 32( cos = + isin 2) 


In Exercises 69-72, sketch the graphs of all complex 6 


numbers z satisfying the given condition. 95. Square roots of —25i 

69. |z| =2 705 \z| = 3 96. Fourth roots of 625i 

: T San _ 97. Cube roots of —25(4 a J/3i) 
a Er 6 een a 98. Cube roots of —4./2(1 — i) 
: 99. Fourth roots of 16 

In Exercises 73-90, use DeMoivre’s Theorem to find the indi- 100. Fourth rootnok : 

cated power of the complex number. Express the result in 

! Standard form. 101. Fifth roots of 1 

me. (1 + i) 74. (2 + 2i)6 ~~ 102. Cube roots of 1000 

75. (1 7)!0 716. (3°— 2i)8 103. Cube roots of — 125 

a7. 2(/3 ie i)’ 78. 4(1 = Ji) 104. Fourth roots of —4 

79. [5(cos 20° + i sin 20°) P 105. Fifth roots of 128(—1 + i) 
80. [3(cos 150° + i sin 150°) 4 106. Sixth roots of 647 
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in Exercises 107-114, use the formula on page 538 to find 
all the solutions of the equation and represent the 
solutions graphically. 


107. xt -—i=0 108. + 1=0 
109. x° + 243 =0 110. x — 27=0 
111. x* + 164 =0 112. x° — 647 = 0 


113. e —(1-—i)=0 114. x° + (1+ 7)=0 


Synthesis 


True or False? In Exercises 115-118, determine whether 
the statement is true or false. Justify your answer. 


115. Although the square of the complex number bi is 
given by (bi)? = —6*, the absolute value of the 
complex number z = a + bi is defined as 
la + bil = fa? + Bb. 


116. Geometrically, the nth roots of any complex 
number z are all equally spaced around the unit 
circle centered at the origin. 

117. The product of two complex numbers, 
z, =r,(cos 6, + isin @,) and z,= r,(cos 6, + isin 4,), 
is zero only when r, = 0 and/or r, = 0. 

118. By DeMoivre’s Theorem, 

7 \8 sos r 
(4 + /6i)° = cos(32) + isin(8. 6). 

119. Given two complex numbers z, = 7,(cos @,+ 7 sin 4) 

and z, = r,(cos 6, + isin @,), z, # 0, show that 


£ r gry 
+ = —[cos(@, — @,) + isin(@, — @)]. 
rs ‘ ‘ 

120. Show that == r[cos(—@) + isin(—@)] is the 
complex conjugate of z = r(cos @ + isin @). 

121. Use the trigonometric forms of z and = in Exercise 
120 to find (a) zz and (b) z/z, =z + 0. 

122. Show that the negative of z = r(cos @ + isin @) is 
—z = r[cos(@+ am) + isin(@ + wm). 

123. Show that —3(1 + ./3i) is a sixth root of 1. 


124. Show that 2~'/*(1 — 2) is a fourth root of —2. 


Graphical Reasoning \n Exercises 125 and 126, use the 
graph of the roots of a complex number. 

(a) Write each of the roots in trigonometric form. 

(b) Identify the complex number whose roots are given. 
nal (c) Use a graphing utility to verify the results of part (b). 


125. Imaginary 
axis 


Bide 
Real 
\o4 axis 


308 


axis 





Review 


In Exercises 127-132, solve the right triangle shown in the 
figure. Approximate the result to two decimal places. 


127. A= 22°, a=8 
128. B= 66°, a= 335 
129. A = 30°, b= 
130. B = 6, 
131, A = 42°15", c= 112 
132. B= 81°30", c=68 


G b A 


In Exercises 133-136, for the simple harmonic motior 
described by the trigonometric function, find the 
maximum displacement and the lowest possible value of 1 
for which d = 0. 


134. d= 5 eos l2at 


136. d = sin 6071 


133. d = 16 cos a 


- Vis 1S 
135. d = jg sin {at 
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What did you learn? 


Section 6.1 
C) How to use the Law of Sines to solve oblique triangles (AAS, ASA, or SSA) 


C) How to find the areas of oblique triangles 
C How to use the Law of Sines to model and solve real-life problems 


Section 6.2 
C) How to use the Law of Cosines to solve oblique triangles (SSS or SAS) 


[) How to use the Law of Cosines to model and solve real-life problems 
LC) How to use Heron's Area Formula to find the area of a triangle 


Section 6.3 
C) How to represent vectors as directed line segments 


C) How to write the component forms of vectors 

CL) How to perform basic vector operations and represent them graphically 
CL) How to write vectors as linear combinations of unit vectors 

CL) How to find the direction angles of vectors 

CL) How to use vectors to model and solve real-life problems 


Section 6.4 
C1 How to find the dot product of two vectors and use the Properties of the 
Dot Product 


C) How to find the angle between two vectors 

C) How to determine whether two vectors are orthogonal 

CL) How to write a vector as the sum of two vector components 
CL) How to use vectors to find the work done by a force 


Section 6.5 
(1) How to plot complex numbers in the complex plane 


CL) How to write the trigonometric forms of complex numbers 

C) How to multiply and divide complex numbers written in trigonometric form 
C1 How to use DeMoivre's Theorem to find powers of complex numbers 

O) How to find nth roots of complex numbers 


Review Exercises 
1-12 


13-16 
17-19 


20-27 
28, 29 
30-33 


34-37 
38-43 
44-47 
48-53 
54-59 
60-62 


63-70 


71-74 
75-78 
79-82 
83, 84 


85-88 
89-92 
93,94 
95-98 
99-106 


544 Chapter6 ® Additional Topics in Trigonometry 


Review Exercises 





6.1 | In Exercises 1-12, use the Law of Sines to solve (if 
possible) the triangle. If two solutions exist, list both. Round 
your answers to two decimal places. 


1. B 2s 
<a c 
(G = 
oe er eee 
ws 
A b e 


. B=72°, C = 82°, b 
B= 107% C= 207, ¢ 

- A= 16°", B= 98°, c = 8.4 
A= 95°, B= 45°, c 

. A = 24°, C = 48°, b 

B= 64°, C = 36°, a = 367 
. B= 150°, b = 30, c = 10 
10. B = 150°, a= 10, b= 
11. A = 75°, a = 51.2, b = 33.7 
12. B= 25°, a=62, b=4 


COA AMH SD WwW 


In Exercises 13-16, use the information to find the area of 
the triangle. 


13. A = 27, b=5, c=7 
14. B= 80°, a=4, c=8 
15. C = 123°, a= 16, b=5 
16. A = 11°, b = 22, c= 21 


17. Height From a certain distance, the angle of eleva- 
tion to the top of a building is 17°. At a point 50 
meters closer to the building, the angle of elevation 
is 31° (see figure). Approximate the height of the 
building. 





18. Geometry Find the length of the side w of the 
parallelogram. 


12 
ay 


FIGURE FOR 18 


19. Height of a Tree Find the height of a tree that 
stands on a hillside of slope 28°(from the horizontal) 
if from a point 75 feet down the hill the angle of 
elevation to the top of the tree is 45° (see figure). 





| 
In Exercises 20-27, use the Law of Cosines to solve 
the triangle. 

20. a=5, b=8, c= 10 

21. a = 80, b = 60, c = 100 
22. a= 2.5, b= 5.0, c = 4.5 
23. a = 16.4, b = 8.8, c = 12.2 
DAN Bin o— 4 eae 

25. B = 150°, a = 10, ¢ = 20 
26. C = 43°, a = 22.5, b = 31.4 


27. A = 62°, 


= 11.34, c= 19.52 | 


| 
» 


28. Surveying To approximate the length of a marsh, a 
surveyor walks 425 meters from point A to point B. 
Then the surveyor turns 65° and walks 300 meters to 
point C. Approximate the length AC of the marsh 


| 


(see figure). i 


= 8 





300 m 425 m 








29. Navigation Two planes leave an airport at approx- 
imately the same time. One is flying 425 miles per 
hour at a bearing of N 5° W, and the other is flying 
530 miles per hour at a bearing of N 67° E. Draw a 
figure that gives a visual representation of the 
problem and determine the distance between the 
planes after they have flown for 2 hours. 


_ In Exercises 30-33, use Heron’s Area Formula to find the 
area of the triangle. 





30.a=4,b=5,c=7 


31. a= 15, b= 8, c= 10 
mez. 2 = 12.3, b = 15.8, c = 3.7 


! 


a7..(—6, —8) 
| 


pS. ag = 38.1, b = 26.7, c 


ll 


19.4 
sy In Exercises 34-37, graph the vector with the 
specified initial point and terminal point. 


Initial Point Terminal Point 


34. (0, 0) (8, 7) 
35. (3, 4) (-5, -7) 
36. (—3, 9) (8, —4) 

(8, 3) 


In Exercises 38-43, find the component form of the vector v 


(38. 





satisfying the conditions. 


39. 





40. Initial point: (0, 10); Terminal point: (7, 3) 


41. Initial point: (1, 5); Terminal point: (15, 9) 


42. ||vl| = 8, 6 = 120° 
a3. |lv|=3, 0 = 225° 


545 


® Review Exercises 


In Exercises 44-47, find the component form of the 
specified vector given that u = 6i — 5j and v = 10i + 3). 
Then sketch your result. 
44. 2u+v 


46. 3v 


45. 4u — S5v 
47. Sv 


In Exercises 48-51, write vector u as a linear combination of 
the standard unit vectors i and j. 


48. u = (-3,4) 49. u = (-6, -8) 
50. u has initial point (3, 4) and terminal point (9, 8). 
51. u has initial point (—2, 7) and terminal point (5, —9). 


In Exercises 52 and 53, write the vector v in the form 
v(cos i + sin @)j). 


52. v = —10i + 10j 53. v= 4i -j 


In Exercises 54-59, find the magnitude and the direction 
angle of the vector v. 


54. v = 7(cos 60° + sin 60°j) 
55. v = 3(cos 150° + sin 150°j) 
56. v = 5i + 4j 


57. v= —4i + 7j 
58. v = —3i — 3j 
59. v = 8i — j 


60. Resultant Force Forces of 85 pounds and 50 
pounds act on a single point. The angle between the 
forces is 15°. Describe the resultant force. 


61. Rope Tension A 180-pound weight is supported by 
two ropes, as shown in the figure. Find the tension 
exerted on each rope. 
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°. Ib 


62. Navigation An airplane has an airspeed of 724 
kilometers per hour at a bearing of N 30° E. If the 
wind velocity is 32 kilometers per hour from the 
west, find the groundspeed and the direction of the 
plane. 


6.4 | In Exercises 63-66, find the dot product of u and v. 


63. u = (6,7) 64. u = (= 925 
v = (-3,9) v = (—4, -14) 
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66. u = —7i + 2j 
v = 161 — 12j 


65. u = 3i + 7j 
v= [bie] 
In Exercises 67-70, use the vectors u = (-3, 4» and 


v = (2, 1) to find the indicated quantity. State whether the 
result is a vector or a scalar. 


67. 2u:u 
69. u(u- v) 


68. ||v||? 
70. 3u-v 


In Exercises 71-74, find the angle between u and v. 


Wap. «War 
71. u ee PF Sil 





4 
Salis ae SVE « 
y 1008 Nevis o a 
72. u = cos 45% + sin 45°j 
v = cos 300% + sin 300° 
73. u = (2/2, -4), v=(-2,1) 
7A. w= (3,53), vou eew ay 


In Exercises 75-78, determine whether u and v are orthog- 
onal, parallel, or neither. 


75. u = (-3, 8) 76. u = (4, -3) 
v = (8,3) v = {—2, 4) 
7. w= —i 78. u= —2i+j 
V=i7 2j v = 31 + Oj 


In Exercises 79-82, find projju and the vector component 
of u orthogonal to v. 


79. u=(—4.3), y= (—8, —2) 
80. u = (5,6), v = (10, 0) 

81. u = (2,7), v= (1,-1) 

$2. w= — 3, 5), V = (—), 2) 


In Exercises 83 and 84, find the work done in moving a 
particle from P to Q if the magnitude and direction of the 
force are given by v. 


$3. P = (5, 3), O = (8, 9), v = (2,7) 

$4. P= (=2; —9), O = (—12; 8), v = 31 — 6j 

6.5 | In Exercises 85-88, plot the complex number and 
find its absolute value. 


85. 7i 86. —6i 
$7.5 3i 88. —10 — 4i 


In Exercises 89-92, write the trigonometric form of the 
complex number. 


89. 5 — 5i 90. 5 + 12: 
91. —3/3 + 3i 92. —7 


In Exercises 93 and 94, (a) express the two complex 
numbers in trigonometric form, and (b) use the trigono- 
metric form to find z,z, and z,/z,. 


93. z, = 2/3 - 21, ~ = —10i 
94. 72,= -3( +1), B=2339 


In Exercises 95-98, use DeMoivre’s Theorem to find the indi- 
cated power of the complex number. Express the result in 
standard form. 


T 4 
95. 15 + — 
S | (cos 1D i sin =) 


il secret 
Sa 
co isin 15 


7-2 + ue 
Ss. d —7) 
Graphical Reasoning \n Exercises 99 and 100, use the 
graph of the roots of a complex number. 


(a) Write each of the roots in trigonometric form. 
(b) Identify the complex number whose roots are given. 


= (©) Usea graphing utility to verify the results of part (b). 


99. Imaginary 
axis 


Real 
axis 





100. Imaginary 
axis 


Real 
axis 





In Exercises 101 and 102, use the formula on page 538 to 
find the roots of the complex number. 


101. Sixth roots of —729i 
102. Fourth roots of 256 


In Exercises 103-106, find all solutions of the equation and 
represent the solutions graphically. 


103. x*+ + 81 =0 104. x5 — 32 =0 
105. x3 + 8i =0 106. (x3 — 1)(x2 + 1) =0 


Synthesis 


True or False? \n Exercises 107 and 108, determine 
whether the statement is true or false. Justify your answer. 


107. The Law of Sines is true if one of the angles in the 
triangle is a right angle. 


108. When the Law of Sines is used, the solution is 
always unique. 

109. State the Law of Sines from memory. 

110. State the Law of Cosines from memory. 


111. If one of the angles in the triangle is a right angle, 
the Law of Cosines simplifies to what famous 
theorem? 


112. What characterizes a vector in the plane? 


113. Which vectors in the figure appear to be equivalent? 





114. The vectors u and v have the same magnitudes in 
the two figures. In which figure will the magnitude 
of the sum be greater? Give a reason for your 
answer. 


(a) y 


11S: 


116. 


117. 


118. 
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(b) 


ee 





. u 
% 


Give a geometric description of the scalar multiple 
ku of the vector u. 


Give a geometric description of the sum of the 
vectors u and v. 


The figure shows z, and z,. Describe z,z, and z,/z,. 


Imaginary 
axis 


22 <1 
Real 
Se. axis 


One of the fourth roots of a complex number z is 
shown in the figure. 


(a) How many roots are not shown? 
(b) Describe the other roots. 


Imaginary 
axis 
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Program 

e Input a 

¢ Input b 

¢ Input c 

¢ Input d 

¢ Draw a line from (0, 0) to (a, b). 
¢ Draw a line from (0, 0) to (c, d). 
e Add a + c and store in e. 

e Add b + d and store in f. 

¢ Draw a line from (0, 0) to (e, f). 
e Draw a line from (a, b) to (c, d). 
e Draw a line from (c, d) to (e, f). 
e Pause to view graph. 


e End program 


Chapter Project > 


Adding Vectors Graphically 


The psuedo-code at the left can be translated into a program for a graphing utility. 
(The program for several models of graphing calculators can be found at our 
website college.hmco.com.) The program sketches two vectors 

u=ait+ bj and v=cit+ dj 


in standard position. Then, using the parallelogram law for vector addition, the 
program also sketches the vector sum u + v. Before running the program, you 
should set values that produce an appropriate viewing window. 


(a) Use the program to sketch the sum of the vectors u = S5i+ 2j and 
v = —4i + 3j. Set your viewing window as indicated in the figure below. 
Identify the vectors u, v, and u + v in the graph. 


6 


=2 


(b) An airplane is headed N 60° W at a speed of 400 miles per hour. The airplane 
encounters wind of velocity 75 miles per hour in the direction N 40° E. Use the 
program to find the resultant speed and direction of the airplane. 


edad Project Investigations 


cob FR al 


a} 
ighe result to estimate graphically the components of the sum. Then chee your | 
result analytically. (Use —9 < x < 9and -6 < y < 6.) 1 





1. u = 31+ 4j, v= —-Sit+j 2. u= 5i — 4j, = 342) 

3.u= —41+ 4j, v= —2i — 6j 4.u=7i+ 3j, v= —2i — 6j 

5. After encountering the wind, is the airplane in part (b) above traveling at i 
a higher speed or a lower speed? Explain. / 


6. Consider the airplane described in part (b), headed N 60° W at a speed of 
400 miles per hour. What wind velocity, in the direction of N 40° B; will 
produce a resultant direction of N 50° W? Explain how to use the program 
above to obtain the answer experimentally. Then explain how to obtain the 
answer analytically. 


7. Consider the airplane described in part (b), headed N 60° Wata ced of — 
400 miles per hour. What wind direction, at a speed of 75 miles per hour, © 
will produce a resultant direction of N 50° W? Explain how to use the pro- 
gram above to obtain the answer experimentally. Then explain how to) ; 
obtain the answer analytically. 
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Chapter Test 





The Interactive CD-ROM and Internet Take this test as you would take a test in class. After you are done, check your work 
versions of this text provide answers to _ against the answers given in the back of the book. 

the Chapter Tests and Cumulative Tests. 

They also offer Chapter Pre-Tests (which 





test key skills and concepts covered in In Exercises 1-6, use the given information to solve the triangle. If two solutions 

“previous chapters) and Chapter exist, find both. 

Post-Tests, both of which have randomly 3 ¥ i 

“generated exercises with diagnostic LAA, B= 68), a= 12.2 2a NAC 1334 = 18,1 
capabilities. 3. A = 24°, a= 11.2, b = 13.4 4.a=40, b=7.3, c= 124 

: 240 mi pc 5. B= 100°, a = 15, b = 23 6. C = 123°, a= 41, b=57 

: 7. A triangular parcel of land has borders of lengths 60 meters, 70 meters, and 


82 meters. Find the area of the parcel of land. 


8. A plane flies 370 miles from point A to point B with a bearing of N 24° E. It 
then flies 240 miles from point B to point C with a bearing of N 37° E (see 
figure). Find the distance and bearing from point A to point C. 


In Exercises 9 and 10, find the component form of the vector v with the given 
components. 


9. Initial point of v: (—3, 7); Terminal point of v: (11, — 16) 
10. Magnitude of v: ||v|| = 12; Direction of v: u = (3, —5) 





. In Exercises 11-13,u = (3,5) andv = (—7, 1). Find the resultant vector and sketch 
a its graph. 


| FIGURE FOR 8 ll. uty 15 ay ISsOUs OV 


14. Find a unit vector in the direction of u = (4, —3). 


| 15. Forces with magnitudes of 250 pounds and 130 pounds act on an object at 
angles of 45° and — 60°, respectively, with the x-axis. Find the direction and 
magnitude of the resultant of these forces. 


16. Find the angle between the vectors u = (—1,5) and v = (3, —2). 
17. Are the vectors u = (6, 10) and v = (2, 3) orthogonal? 


18. Find the projection of u = (6, 7) onto v = (—5S, —1) and the vector compo- 
nent of u orthogonal to v. 


19. Write the complex number z = 5 — 5i in trigonometric form. 
20. Write the complex number z = 6(cos 120° + isin 120°) in standard form. 


In Exercises 21 and 22, use DeMoivre's Theorem to find the indicated power of the 
complex number. 


8 
i pa Ke | 3(cos + isin 2) 22. (sa Bie 
} 6 6 
23. Find the fourth roots of 256(1 + i). 


24. Find all solutions of the equation x3 — 27i = 0 and represent the solutions 
graphically. 
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Cumulative Test for Chapters 4-6 





Take this test to review the material from earlier chapters. After you are done, check 
your work against the answers given in the back of the book. 


1. Consider the angle 6 = — 120°. 
(a) Sketch the angle in standard position. 
(b) Determine a coterminal angle in the interval [0°, 360°). 
(c) Convert the angle to radian measure. 
(d) Find the reference angle 6’. 
(e) Find the exact values of the six trigonometric functions of 6. 


2. Convert the angle of measure 2.35 radians to degrees. Round the answer to 
one decimal place. 


y 3. Find cos @ if tan 9 = —3 and sin 0 < 0. 


In Exercises 4 and 5, find the period and amplitude, and sketch the graph of the 
trigonometric function. 








1 
4, f(x) = 3 — 2 sin wx 5. g(x) = f tan(x — 3) 
6. Find a, b, and c such that the graph of the function h(x) = a cos(bx + c) 


FIGURE FOR 6 matches the graph in the figure. 


7. Sketch the graph of the function f(x) = 5 sin x over the interval 
SOT SX S377, 


In Exercises 8 and 9, find the exact value of the expression without the aid of a 
calculator. 


8. tan(arctan 6.7) 9: tan(arcsin 3) 


10. Write an algebraic expression equivalent to sin(arccos 2x). 
11. Use the fundamental identities to simplify: cos( F = x) CSCa, 


si @ = Il cos 0 
DQ Ee Subtract carn es tp ec 
see cos 6 Si G) = Il 

In Exercises 13-15, prove the identity. ) 
13. cot? a(sec* a — 1) = 1 14., sin(x + y) sin(x — y) = sin? x — sin? y 
15) sin? xcose= Ae — cos 4x) 

In Exercises 16 and 17, find all solutions of the equation in the interval [0, 277). | 


16. 2 cos* B — cos B = 0 17. 3 tan 6 — cotd=0 


| 
18. Use the Quadratic Formula to solve the equation in the interval [0, 2m): 
Sin: vet) sin ve de OF | 


19. Given that sin u = = cos v = 2 and angles u and v are both in Quadrant 1 
find tan(u — v). 
| 


FIGURE FOR 23-26 





IGURE FOR 38 





20. 


21. 


22. 
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If tan 6 = 5, find the exact value of tan(26). 


If tan 0 = = find the exact value of sin A 


— OT 7 : 
Write the product 5 sin om co a as a sum or difference. 


In Exercises 23-26, use the given information to solve the triangle shown in the 
figure. 


23. 
24. 
25. 
26. 


27. 


28. 
29. 


30. 
34: 


32. 
33: 


34. 
ABs 
36. 


37. 


38. 


39. 


40. 


A= 30°,a=9, b=8 

A = 30°,b= 8, c = 10 
A = 30°, C= 90°, b = 10 
a=4,b=8,c=9 





Two sides of a triangle have lengths 7 and 12 inches. Their included angle 
measures 60°. Find the area of the triangle. 


Find the area of a triangle with sides of lengths 11, 16, and 17 inches. 
Write vector u = (3, 5) as a linear combination of the standard unit vectors 
i and j. 

Find u - v for u = 3i + 4j and v = i — 2j. 

Find the projection of u = (8, —2) onto v = (1, 5) and the vector compo- 
nent of u orthogonal to v. 

Find the trigonometric form of the complex number —2 + 2i. 


Find the product of [4(cos 30° + i sin 30°) ][6(cos 120° + i sin 120°)]. Write 
the answer in standard form. 


Find the three cube roots of 1. 
Write all the solutions of the equation x+ — 256i = 0. 


From a point 200 feet from a flagpole, the angles of elevation to the bottom 
and top of the flag are 16° 45’ and 18°, respectively. Approximate the height 
of the flag to the nearest foot. 


A record single rotates on a turntable at 45 revolutions per minute. Find the 
angular speed of the record. Then find the speed of the groove that the needle 
is in when the needle is 3 inches from the center of the record. 


To determine the angle of elevation of a star in the sky, you get the star in 
your line of vision with the backboard of a basketball hoop that is 5 feet high- 
er than your eyes (see figure). Your horizontal distance from the backboard is 
12 feet. What is the angle of elevation of the star? 


Write a model for a particle in simple harmonic motion with a displacement 
of 4 inches and a period of 8 seconds. 


An airplane’s velocity with respect to the air is 500 kilometers per hour, with 
a bearing of N 30° E. The wind at the altitude of the plane has a velocity of 
50 kilometers per hour with a bearing of N 60° E. What is the true direction 
of the plane, and what is its speed relative to the ground? 


» Solving Systems of Equations 
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Lee Snider/The Image Work 
In 1996, 57 million newspapers were printed daily in the 


United States. With a population of over 265 million, there 
were about 215 newspapers per 1000 people. (Source: U.S. 
Bureau of the Census and Editor & Publisher, Co.) 







: The Big Picture 


| In this chapter you will learn the 
following skills and concepts. 


f 
{ 


» How to solve systems of equations 
by substitution, by elimination, 

by Gaussian elimination, and by 

| graphing 

| » How to recognize linear systems 

in row-echelon form and to use 

back-substitution to solve the 


“systems 





> How to solve nonsquare systems 
‘of equations 





re How to sketch the graphs of 
inequalities in two variables and to 
solve systems of inequalities 













> How to solve linear programming 


How to use systems of equations 
and inequalities to model and solve 
real-life problems 


Study Tools 





| Learning objectives at the 
beginning of each section 

* Chapter Summary (p. 611) 

i*) Review Exercises (pp. 612-615) 
* Chapter Test (0. 617) 


x. 





Important Vocabulary 


Equations an do 
Inequalities — 


> Hot re Study This Chapter 





As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


System of equations (jp. 554) 


Solution of a system of equations 


(p. 554) 


Solving a system of equations 


(p. 554) 


Method of substitution (p. 554) 


Graphical method (p. 558) 
Points of intersection (p. 558) 
Break-even point (. 559) 


Method of elimination (jp. 565) 


Equivalent systems (p. 566) 
Consistent system (p. 568) 
Inconsistent system (9. 568) 
Row-echelon form (1.577) 
Ordered triple (p. 577) 

Row operations (p. 578) 


Gaussian elimination (p. 578) 

Nonsquare system of equations 
(p. 582) 

Position equation (p. 583) 

Solution of an inequality (1p. 590) 

Graph of an inequality (. 590) 

Linear inequalities (p. 591) 

Solution of a system of inequalities 
(p. 592) 

Consumer surplus (pp. 595) 

Producer surplus (9. 595) 

Optimization (jp. 601) 

Linear programming (9. 601) 

Objective function (jp. 601) 

Constraints (0. 601) 

Feasible solutions (jp. 601) 





Additional Resources 


* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 7 

* Precalculus Website 

* Student Success Organizer 





STUDY TIP 


One way to check your work is 
to plug your answer into the 
equation or inequality, then 
solve to see if the numbers on 

_ each side are equal. Working on 
your “checking skills” should 
improve your test scores. 
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554 Chapter 7 ® Systems of Equations and Inequalities 


7.1 


> What you should learn 


* How to use the method of 
substitution to solve systems of 
equations in two variables 





How to use a graphical 
approach to solve systems of 
equations in two variables 


How to use systems of 
equations to model and solve 
real-life problems 


b> Why you should learn it 


Systems of equations help you 
solve real-life problems. For 
instance, Exercise 71 on page 563 
shows how you can use a system 
of equations to compare the 
compensation plans of two 
different job offers. 


Solving Systems of Equations 





The Method of Substitution 


Up to this point in the book, most problems have involved either a function of one 
variable or a single equation in two variables. However, many problems in 
science, business, and engineering involve two or more equations in two or more 
variables. To solve such problems, you need to find solutions of a system of 
equations. Here is an example of a system of two equations in two unknowns. 


2 Vi Equation | 

3x — 2y=4 Equation 2 
A solution of this system is an ordered pair that satisfies each equation in the 
system. Finding the set of all solutions is called solving the system of equations. 


For instance, the ordered pair (2, 1) is a solution of this system. To check this, you 
can substitute 2 for x and | for y in each equation. 


Check (2, 1) in Equation 1: 


2x +y=5 Write Equation 1. 
OL) era L 5 Substitute 2 for x and 1 for y. 
44+1=5 Solution checks in Equation 1. / 
Check (2, 1) in Equation 2: 
3x —2y=4 Write Equation 2. 
3(2) — 2(1) if 4 Substitute 2 for x and | for y. 
6—-—2=4 Solution checks in Equation 2. Y 


In this chapter you will study four ways to solve equations, beginning with 
the method of substitution. 


Method Section Type of System 
1. Substitution ge Linear or nonlinear, two variables 
2. Graphical method Ts\\ Linear or nonlinear, two variables 
3. Elimination VA Linear, two variables 
4. Gaussian elimination We) Linear, three or more variables 


Method of Substitution 


1. Solve one of the equations for one variable in terms of the other. 


2. Substitute the expression found in Step | into the other equation to obtain | 
an equation in one variable. 


we en a een 


3. Solve the equation obtained in Step 2. 


4. Back-substitute the value obtained in Step 3 into the expression obtained : 
in Step | to find the value of the other variable. 


5. Check that the solution satisfies each of the original equations. 


Netinaiinisheahcani taste tiie teeters 
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2.9) l oration Example 1 ® Solving a System of Equations by Substitution 


Use a graphing utility to graph 
y =4-— x and y = x — 2 in the 
same viewing window. Use the Be Equation 1 
trace feature to find the 

coordinates of the point of 
intersection. Are the coordinates 
the same as the solution found Begin by solving for y in Equation 1. 
in Example 1? Explain. 


Solve the system of equations. 


eS yee 2 Equation 2 


Solution 


y=4-x%x Solve for y in Equation 1. 


Next, substitute this expression for y into Equation 2 and solve the resulting 
single-variable equation for x. 


Xe y= 2 Write Equation 2. 
(dex) = 2 Substitute 4 — x for y. 
io —= Gl oe gee D) Simplify. 
2x = 6 Combine like terms. 
x=3 Divide each side by 2. 


The /nteractive CD-ROM and Internet : ae ; : 
Wersions of this text offer a built-in Finally, you can solve for y by back-substituting x = 3 into the equation 


graphing calculator, which canbeused y = 4 — x, to obtain 
in the Examples, Explorations, 


Technology notes, and Exercises. Yates © Write revised Equation 1. 
y=4-3 Substitute 3 for x. 
y=1. Solve for y. 


The solution is the ordered pair (3, 1). You can check this as follows. 


Check 
Substitute (3, 1) into Equation 1: 


xt+ty=4 Write Equation 1. 
. 
q Sar il = al Substitute for x and y. 
STUDY TIP 
= 4=4 Solution checks in Equation 1. J 


Because many steps are required — Substitute (3, 1) into Equation 2: 
to solve a system of equations, 





it is very easy to make errors in ge) ee NOV eRE ROE a 

aa é . o 

arithmetic. So, we strongly Si Ie Substitute for x and y. 

‘suggest that you always check ' ; / 

your solution by substituting it 2=2 Solution checks in Equation 2. 

into each equation in the} Because (3, 1) satisfies both equations in the system, it is a solution of the system 
original system. of equations. 





The term back-substitution implies that you work backwards. First you solve 
for one of the variables, and then you substitute that value back into one of the 
equations in the system to find the value of the other variable. 
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a 
a 


Technology 


ee One way to check the 
answers you obtain in this 
section is to use a graphing 
utility. For instance, enter the 
two equations in Example 2 


y, = 12,000 — x 


_ 1180 — 0.09x 
Y2 0.11 





and find an appropriate viewing 





window that shows where the 
lines intersect. Then use the 
zoom and trace features to find 
their point of intersection. Does 
this point agree with the 
solution obtained at the right? 


ee 
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A total of $12,000 is invested in two funds paying 9% and 11% simple interest. 
The yearly interest is $1180. How much is invested at each rate? 





Example 2 ® Solving a System by Substitution 


Solution 

Verbal 9% 11% ae Total 

Model: fund fund investment 
9% 11% a. Total 
interest interest interest 

Labels: Amount in 9% fund = x (dollars) 
Interest for 9% fund = 0.09x (dollars) 
Amount in 11% fund = y (dollars) 
Interest for 11% fund = 0.11y (dollars) 
Total investment = $12,000 (dollars) 
Total interest = $1180 (dollars) 

System: Keats y = 12,000 Equation 1 
0.09x + O.lly = 1,180 Equation 2 


To begin, it is convenient to multiply both sides of Equation 2 by 100. This 
eliminates the need to work with decimals. 


100(0.09x + 0.11y) = 100(1180) 
9x + lly = 118,000 


Multiply each side by 100. 
Revised Equation 2 
To solve this system, you can solve for x in Equation 1. 

x = 12,000 — y 


Then, substitute this expression for x into revised Equation 2 and solve the 


Revised Equation 1 


resulting equation for y. 
9x + lly = 118,000 
9(12,000 — y) + 1ly = 118,000 
108,000 — 9y + 1ly = 118,000 


Write revised Equation 2. 
Substitute 12,000 — y for x. 
Distributive Property 
Combine like terms. 


Divide each side by 2. 


Write revised Equation 1. 


Substitute 5000 for y. 


2y = 10,000 
y = 5000 
Next, back-substitute the value y = 5000 to solve for x. 
x = 12,000 — y 
x = 12,000 — 5000 
x = 7000 


Simplify. 


The solution is (7000, 5000). So, $7000 is invested at 9% and $5000 is investec 
at 11%. Check this in the original problem. 





A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Exploration 


Use a graphing utility to graph 
the two equations in Example 3 


Dax + 4 7 
y= 2x+1 


in the same viewing window. 

_ How many solutions do you 

think this system has? 

Repeat this experiment for 

the equations in Example 4. 
How many solutions does this 
system have? Explain your 

_ reasoning. 
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The equations in Examples | and 2 are linear. Substitution can also be used 
to solve systems in which one or both of the equations are nonlinear. 


Example 3 ®& Substitution: Two-Solution Case 


Solve the system of equations. 
Kaci dnrstyiS4 all 
2 ay al 


Equation 1 

Equation 2 

Solution 

Begin by solving for y in Equation 2 to obtain 
= Peer ke 


Solve for y in Equation 2. 
Next, substitute this expression for y into Equation | and solve for x. 

Me arAy aye) Write Equation 1. 

nox — (eer) = 7 Substitute 2x + 1 for y. 

i 0 al ey 

Dia yh grec a(t) 

(x + 4) — 2) =0 


oe 


Simplify. 
General form 
Factor. 

Solve for x. 


Back-substituting these values of x to solve for the corresponding values of y 
produces the solutions (—4, —7) and (2, 5). Check these in the original system. 


Example 4 » Substitution: No-Real-Solution Case 
Solve the system of equations. 
—-x+y=4 Equation 1 
Mer yer Equation 2 
Solution ; 


Begin by solving for y in Equation | to obtain 


=x+ 4. Solve for y in Equation 1. 
Next, substitute this expression for y into Equation 2 and solve for x. 
x? +y=3 


Ko 4) = "3 


Write Equation 2. 


Substitute x + 4 for y. 





x7+x+1=0 Simplify. 
—-1+ Y1?-4(0)01 
= 5 ( i Quadratic Formula 
alll ON he an 
2 Simplify. 


Because the discriminant is negative, the equation x? + x + 1 = 0 has no (real) 
solution. So, this system has no (real) solution. 
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Technology 


ae al Most graphing calculators 


have built-in programs that 
approximate the point(s) of 
intersection of two graphs. 
Typically, you must enter the 
equations of the graphs and 
visually locate a point of 
intersection before running the 
intersection program. 

Use this feature to find the 
points of intersection for the 
graphs in Figure 7.1. Be sure to 
adjust your viewing window so 
that you see all the points of 
intersection. 
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Graphical Approach to Finding Solutions 


From Examples 2, 3, and 4, you can see that a system of two equations in two 
unknowns can have exactly one solution, more than one solution, or no solution. 
By using a graphical method, you can gain insight about the number of solutions 
and the location(s) of the solution(s) of a system of equations by graphing each 
of the equations in the same coordinate plane. The solutions of the system corre- 
spond to the points of intersection of the graphs. For instance, the two equations 
in Figure 7.1(a) graph as two lines with a single point of intersection; the two 
equations in Figure 7.1(b) graph as a parabola and a line with two points of inter- 
section; and the two equations in Figure 7.1(c) graph as a line and a parabola that 


have no points of intersection. 
—x+y=4|? 
\\ 4 





























(a) One intersection point (b) Two intersection points  (c) No intersection points 


The Interactive CD-ROM and /nternet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 


FIGURE 7.1 


2) 


Example 5 ® Solving a System of Equations Graphically 


Solve the system of equations. 


Examples are related to several concepts y =Inx Foran 
in the section. 2 
xt+ty=1 Equation 2 
Solution 
y Sketch the graphs of the two equations, as shown in Figure 7.2. From the graphs, 





it is clear that there is only one point of intersection and that (1, 0) is the solution 
point. You can confirm this by substituting 1 for x and 0 for y in both equations. 


Check (1, 0) in Equation 1: 




















y=Inx 
0 =In1 Equation 1 checks. 4 
Check (1, 0) in Equation 2: 


Write Equation 1. 


xt+ty=1 Write Equation 2. 








(i Ohl Equation 2 checks. / 


FIGURE 7.2 


Example 5 shows the value of a graphical approach to solving systems of 
equations in two variables. Notice what would happen if you tried only the 
substitution method in Example 5. You would obtain the equation x + Inx = 1. 
It would be difficult to solve this equation for x using standard algebraic 
techniques. 


35,000 


20,000 


10,000 
5,000 


Revenue or cost (in dollars) 


FIGURE 7.3 


30,000 + 
25,000 + 


Break-even point: 


Break-Even Analysis 









Loss - 18,182 units 


5,000 15,000 25,000. 
Number of units 
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Applications 


The total cost C of producing x units of a product typically has two components— 
the initial cost and the cost per unit. When enough units have been sold so that 
the total revenue R equals the total cost C, the sales are said to have reached the 
break-even point. You will find that the break-even point corresponds to the 
point of intersection of the cost and revenue curves. 


Example 6 ® Break-Even Analysis @ 


A small business invests $10,000 in equipment to produce a product. Each unit of 
the product costs $0.65 to produce and is sold for $1.20. How many items must 
be sold before the business breaks even? 


Solution 


The total cost of producing x units is 


Total Cost per , Number Initial 


cost unit of units cost 
C = 0.65x + 10,000. Equation 1 
The revenue obtained by selling x units is 
Total _ Price per , Number 
revenue unit of units 
R = 1.20x. Equation 2 


Because the break-even point occurs when R = C, you have C = 1.20x, and the 
system of equations to solve is 


C = 0.65x + 10,000 
C1007 


Now you can solve by substitution. 


1.20x = 0.65x + 10,000 Substitute 1.2x for C in Equation 1. 
0.55x = 10,000 Subtract 0.65x from each side. 
10,000 
3o SSeS Divide each side by 0.55. 
0.55 
x = 18,182 units Use a calculator. 


Note in Figure 7.3 that sales less than the break-even point correspond to an 
overall loss, whereas sales greater than the break-even point correspond to a 
profit. 





Another way to view the solution in Example 6 is to consider the profit 
function 


Poe" —C. 


The break-even point occurs when the profit is 0, which is the same as saying that 
R=C. 
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State Population 


4800 
4600 
4400 
4200 
4000 
3800 
3600 
3400 


Population (in thousands) 











Arizona 





(4.6, 4240.1) 












\ 








Alabama |... 











Se 
I Ph 23 


= Saal Lee 
abs) (ys) 


Year (0 <— 1990) 


FIGURE 7.4 


Example 7 ® State Population @ 





From 1990 to 1997, the population of Arizona was increasing at a faster rate than 
the population of Alabama. Models that approximate the two populations 
P (in thousands) are 


[P= BOB Sp dla ihi Arizona 
P=4055.6-- 39°97 Alabama 


where t = 0 represents 1990 (see Figure 7.4). According to these two models, 
when would you expect the population of Arizona to have exceeded the popula- 
tion of Alabama? (Source: U.S. Bureau of the Census) 


Solution 


Because the first equation has already been solved for P in terms of f, substitute 
this value into the second equation and solve for t, as follows. 


3631.2 + 131.7t = 4055.6 + 39.9t Substitute for P in Equation 2. 
131.7t — 39.9t = 4055.6 — 3631.2 — Subtract 39.9r and 3631.2 from each side. 
91.8t = 424.4 Combine like terms. 
t ~ 4.6 Divide each side by 91.8. 


So, from the given models, you would expect that the population of Arizona 
exceeded the population of Alabama after t ~ 4.6 years, which was sometime 
during 1994. 





- Writing ABOUT MATHEMATICS 








Interpreting Points of Intersection You plan to rent a 14-foot truck for a 2-day local 
move. At truck rental agency A, you can rent a truck for $29.95 per day plus $0.49 
per mile. At agency B, you can rent a truck for $50 per day plus $0.25 per mile. The 
total cost y (in dollars) for the truck from agency A is 


y = ($29.95 per day)(2 days) + 0.49x 
= 59.90 + 0.49x 
where x is the total number of miles the truck is driven. 


a. Write a total cost equation in terms of x and y for the total cost of the truck 
from agency B. 

b. Use a graphing utility to graph the two equations and find the point of 
intersection. Interpret the meaning of the point of intersection in the context 
of the problem. 

c. Which agency should you choose if you plan to travel a total of 100 miles over 
the 2-day move? Why? 

d. How does the situation change if you plan to drive 200 miles over the 2-day 
move? 
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>) The /nteractive CD-ROM and Internet versions of this text contain step-by-step solutions to all 
odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link to 


7. 1 Exercises : Guided Examples for additional help. 





In Exercises 1-4, determine which ordered pairs are 11. 7+y=0 12. fy = —2x? +2 
solutions of the system of equations. ig 6 
y= 2(x* — 2x? +71) 


Ko Gee ye) 


1. Es yearned (a) (0, —3) (b) (—1, —4) 
6x+y=-6 (©) (-3,-2) @ (-3,-3) 

me | 4x7 + y= 3 (a) (2, —13) (b) (2, et 
a sa lis a) (Cal ances eel tue) 





3. | y= -2e* (a) (-2,0) (b) (0, =) 

By a2 (c), (0; =3) (d)(= 1, 2) \ = 
4. [-logx+3=y (a) (9, ¥) (b) (10, 2) 

axty=% () (1,3) (d) (2, 4) 


ae ete eee 


Y x2 rok weal 
In Exercises 5-14, solve the system by the method of 


substitution. Check your solution graphically. y 
S| 2x + y=6 6.5 ys 4 ee 
—x+y=0 E Seats t= ALS) 








In Exercises 15-28, solve the system by the method of 
substitution. 


[See yas. 0 16. | x+2y= 1 
Isa anes 
ia a 210 18; |6x — 3y — 4 = 0 
4x t+y—5=0 ne 
19. [1.5x + 0.8y = 2.3 
03% =.02y = (0m 
= 9.0 
x O24 =, L.6y = 23:0 


x y = 20 





20. bate. 
9 10 ee | 
ieee ye = DS i y= a aa 24. 
~x-2y=-7 
x= y= 0 26. (x= 2y= 
2x +y=0 


29; 


27. {2-—y=0 28. 


x-y=0 
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In Exercises 29-42, solve the system graphically. 


29. |—x t+2y= 2 Os y= 0 
es y=15 ere. 

JL. 4| tr .3 yea 32. |\—x 4+ 2y—1 
trade ee y=2 

33: x+y=4 
oo se 0 

34. —x+ty=3 
(aa al 

35: Saya cue (Y) 36. 157 = 454 = 0 
aia ; —ix+y=-} 

37. |7x + 8y = 24 38.) ¢ = ey=i0 
| ea teem 

39. (3x — 2y=0 40. 2x —~y+3=0 
ewe eee: 

41. | et yy = 25 x ay = 25 
Ee — loy= 0 He He 


== In Exercises 43-50, use a graphing utility to approximate all 


points of intersection of the graphs. 


43. y=e* 44. y = —4e* 
peel eee 
45. |x + 2y=8 
y = log, x 
46. y= =—2- in& — 1) 
eee 
ee 43:0: Sane 
yor x ledoee 
4952 7 = 169 50S | 2" = 
os. (toh 


In Exercises 51-62, solve the system graphically or 
algebraically. Explain your choice of method. 


51. | y = 2x 52. | x+y=4 
ae, ea es 
53. [3x — Ty +6=0 54. |x? + y* = 25 

Vay 4 (ieee 


BEE ae 56. oe 


i ay =—"0 y= VSx-1 


Sicily ee 58. [x7 +y=4 
. = Mix 73 —y=0 
59. [y = x4 — 2x? 41,, 60. |) =e eee 
| : = yer Brel 
61. xy-1=0 | 62. |\x—-2y=a4 
pee eae | y=vx-a 
Break-Even Analysis \n Exercises 63-66, find the sales 
necessary to break even (R = C) for the cost C of x units 


and the revenue R obtained by selling x units. (Round to the 
nearest whole unit.) 


Vie le 


63. C = 8650x + 250,000, R = 9950x 
64. C = 2.65x + 350,000, R = 4.15x 
65. C = 5.5\/x + 10,000, R = 3.29x 
66. C = 7.8\/x + 18,500, R = 12.84% 


67. Break-Even Point A small business invests 
$16,000 to produce an item that will sell for $5.95. 
Each unit can be produced for $3.45. 


(a) How many units must be sold to break even? 


(b) How many units must be sold to make a profit of 
$6000? 


68. Break-Even Point A small business invests $5000) 
to produce an item that will sell for $34.10. Each unit 
can be produced for $21.60. 


(a) How many units must be sold to break even? 


(b) How many units must be sold to make a profit of 
$8500? 


69. Finance A total of $25,000 is invested in two 
funds paying 6% and 8.5% simple interest. The 6% 
investment has a lower risk. The investor wants a 
yearly interest income of $2000 from the investment. 


(a) Write a system of equations in which one 
equation represents the total amount invested and 
the other equation represents the $2000 required 
in interest. Let x and y represent the amounts 


invested at 6% and 8.5%, respectively. | 


= (b) Use a graphing utility to graph the two 
equations. As the amount invested at 6% 
increases, how does the amount invested at 8.5% | 
change? How does the amount of interest 


| 
yj 


income change? Explain. | 


(c) What amount should be invested at 6% to meet 
the requirement of $2000 per year in interest? 





70. Finance A total of $20,000 is invested in two funds 


=: (b) 


71. 


a2. 


73. 





paying 6.5% and 8.5% simple interest. The 6.5% 
investment has a lower risk. The investor wants a 
yearly interest check of $1600 from the investments. 


(a) Write a system of equations in which one 
equation represents the total amount invested and 
the other equation represents the $1600 required 
in interest. Let x and y represent the amounts 
invested at 6.5% and 8.5%, respectively. 

Use a graphing utility to graph the two 
equations. As the amount invested at 6.5% 
increases, how does the amount invested at 8.5% 
change? How does the amount of interest 
change? Explain. 

(c) What amount should be invested at 6.5% to meet 

the requirement of $1600 per year in interest? 


Choice of Two Jobs You are offered two jobs 
selling dental supplies. One company offers a 
straight commission of 6% of sales. The other 
company offers a salary of $350 per week plus 3% of 
sales. How much would you have to sell in a week in 
order to make the straight commission offer better? 


Choice of Two Jobs You are offered two different 
jobs selling college textbooks. One company offers 
an annual salary of $25,000 plus a year-end bonus of 
2% of your total sales. The other company offers an 
annual salary of $20,000 plus a year-end bonus of 
3% of your total sales. Determine the annual sales 
required to make the second offer better. 


Log Volume You are offered two different rules for 
estimating the number of board feet in a 16-foot log. 
(A board foot is a unit of measure for lumber equal 
to a board | foot square and | inch thick.) The first 


rule is the Doyle Log Rule and is modeled by 
V = (D - 4), S=-D' =. 40 


and the other is the Scribner Log Rule and is 


modeled by 
i =0.79D? — 2D — 4, Des Drs Al) 


where D is the diameter (in inches) of the log and V 
is its volume in board/feet. 


(a) Use a graphing utility to graph the two log rules 


in the same viewing window. 
(b) For what diameter do the two scales agree? 


(c) If you were selling large logs by the board foot, 
which scale would you use? 
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Geometry 
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Economics The supply and demand curves for a 
business dealing with wheat are 


Supply: p = 1.45 + 0.00014x? 

Demand: p = (2.388 — 0.007x) 

where p is the price in dollars per bushel and x is the 
quantity in bushels per day. Use a graphing utility to 
graph the supply and demand equations and find the 


market equilibrium. (The market equilibrium is the 
point of intersection of the graphs for x > 0.) 


In Exercises 75-78, find the dimensions of the 


rectangle meeting the specified conditions. 


Te: 
76. 
Tats 


78. 


79. 


80. 


& 81. 


The perimeter is 30 meters and the length is 3 meters 
greater than the width. 


The perimeter is 280 centimeters and the width is 20 
centimeters less than the length. 


The perimeter is 42 inches and the width is 
three-fourths the length. 


The perimeter is 210 feet and the length is 15 times 
the width. 


Geometry What are the dimensions of a rectangu- 
lar tract of land if its perimeter is 40 kilometers and 
its area is 96 square kilometers? 


Geometry What are the dimensions of an isosceles 
right triangle with a 2-inch hypotenuse and an area 
of 1 square inch? 


Data Analysis The table gives the amount y, in 
millions of short tons, of paperboard produced in 
the years 1993 through 1996 in the United 
States. (Source: American Forest and Paper 
Association) 





1994 
45.7 


1995 
46.6 


1996 
47.9 


| Year | 1993 
43.1 


=. 

















Ly 





(a) Use the regression features of a graphing utility 
to find a linear model f and a quadratic model g 
that represent the data in the interval from 1993 
through 1996. Let t = 3 represent 1993. 


(b) Use a graphing utility to graph the data and the 
two models in the same viewing window. 

(c) Approximate the points of intersection of the 
graphs of the models. 
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Synthesis 


True or False? \n Exercises 82 and 83, determine 
whether the statement is true or false. Justify your answer. 


$2. In order to solve a system of equations by substitu- 
tion, you must always solve for y in one of the two 
equations and then back-substitute. 


83. If a system consists of a parabola and a circle, then 
the system can have at most two solutions. 


84. What is meant by a solution of a system of equations 
in two variables? 


85. Think About It When solving a system of 
equations by substitution, how do you recognize that 
the system has no solution? 


86. Writing Write a brief paragraph describing any 
advantages of substitution over the graphical method 
of solving a system of equations. 

87. Exploration Find an equation of a line whose 
graph intersects the graph of the parabola y = x? at 
(a) two points, (b) one point, and (c) no points. 
(There is more than one correct answer.) 


88. Conjecture Consider the system of equations 
y=P 
yan 

=: (a) Use a graphing utility to graph the system for 


Di— lee ao anaes 


(b) For a fixed even value of b > 1, make a conjec- 
ture about the number of points of intersection of 
the graphs in part (a). 





Review 


In Exercises 89-94, find the general form of the equation of 
the line through the two points. 


89. (—2, 7), (5, 5) 
91. (6, 3), (10, 3) 
93. (2,0), (4, 6) 


90. (3.5, 4), (10, 6) 
92. (4, —2), (4, 5) 
94. (—3, 8), 6,3) 


In Exercises 95-98, find the domain of the function and 
identify any horizontal or vertical asymptotes. 


95. f(x) = ar 96. f(x) = = 7 ; 


site oie 4 
x2 — 16 








97. f(x) 98... fa) Se = 


In Exercises 99-102, sketch the graph of the equation. 
99. y = —2°* 100. y = 25° 


“by 2a 


101. y = 3e* 4 102. y 5 
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7.2 BOM Ee Cm melee ois 





> What you should learn 


* How to use the method of 
elimination to solve systems of 
linear equations in two variables 


How to interpret graphically 
the numbers of solutions of 
systems of linear equations in 
two variables 


How to use systems of 
equations in two variables to 
model and solve real-life 
problems 


> Why you should learn it 


You can use systems of equations 
in two variables to model and 
_ solve real-life problems. For 
__ instance, Exercise 64 on page 575 
_ shows how to use a system of 
equations to analyze an 
investment portfolio. 





The Method of Elimination 


In Section 7.1, you studied two methods for solving a system of equations: 
substitution and graphing. Now you will study the method of elimination. The 
key step in this method is to obtain, for one of the variables, coefficients that 
differ only in sign so that adding the equations eliminates the variable. 


on + Sys 7 Equation 1 
ot = 2ye= — | Equation 2 
3y= 6 Add equations. 


Note that by adding the two equations, you eliminate the x-terms and obtain a 
single equation in y. Solving this equation for y produces y = 2, which you can 
then back-substitute into one of the original equations to solve for x. 


Example 1 ® Solving a System of Equations by Elimination 


Solve the system of linear equations. 


3x + 2y =4 Equation 1 
5x 2y — 8 Equation 2 
Solution 


Because the coefficients of y differ only in sign, you can eliminate the y-terms by 
adding the two equations. 


3x +2y= 4 Write Equation 1. 
Se y= 8 Write Equation 2. 
8x = 12 Add equations. 


Therefore, x = 3, By back-substituting this value into Equation 1, you can solve 
for y. 


3x +2y=4 Write Equation 1. 
3() +2y=4 Substitute 5 for x. 
Z mee 
5 +2y=4 Simplify. 
y= Fy Solve for y. 


The solution is 3, —4). Check this in the original system. 


Try using the method of substitution to solve the system given in Example 1. 
Which method do you think is easier? Many people find that the method of 
elimination is more efficient. 
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STUDY TIP 


To obtain coefficients (for one 
of the variables) that differ only 
in sign, you often need to multi- 
ply one or both of the equations 
by suitably chosen constants. 


Example 2 ® Solving a System of Equations by Elimination 


Solve the system of linear equations. 


2X5 Oy 7 Equation 1 
3k y= 35 Equation 2 
Solution 


For this system, you can obtain coefficients that differ only in sign by multiplying 
Equation 2 by 3. 








iy —i— 7 DS Sy = a Write Equation 1. 
Sey = 5 aS Bh) = — 115) Multiply Equation 2 by 3. 
llx = —22 Add equations. 
So, you can see that x = —2. By back-substituting this value of x into Equation 
1, you can solve for y. 
Dey = i] Write Equation 1. 
2(=2) =—3y ==7 Substitute —2 for x. 
—3y = -3 Collect like terms. 
y= 1 Solve for y. 


The solution is (—2, 1). Check this in the original system. 


Check 
2(—2).— 31) as —7 Substitute into Equation 1. 
—-4-—3=-7 Equation 1 checks. Y 
3(—2) + 1 is =5 Substitute into Equation 2. 
—-6+1=-5 Equation 2 checks. / 


In Example 2, the two systems of linear equations 


eye 

Bye i> 
and 

ee =] 

Uke ap Shy = = IS) 


are called equivalent systems because they have precisely the same solution set. 
The operations that can be performed on a system of linear equations to produce 
an equivalent system are (1) interchanging any two equations, (2) multiplying an 
equation by a nonzero constant, and (3) adding a multiple of one equation to any 
other equation in the system. 


Exploration 


Sketch the graph of each of the 
following systems of equations. 


a. |y=s5x+ 1 
. 

b. a 
—6x +2 = —6y 

e iy -x +3 
aaa 


Determine the number of 


solutions each system has. 


Explain your reasoning. 
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Method of Elimination 


1. Obtain coefficients for x (or y) that differ only in sign by multiplying all 
terms of one or both equations by suitably chosen constants. 


2. Add the equations to eliminate one variable and solve the resulting 
equation. 


3. Back-substitute the value obtained in Step 2 into either of the original 
equations and solve for the other variable. 


4. Check your solution in both of the original equations. 


Example 3 ® Solving a System of Equations by Elimination 


Solve the system of linear equations. 


ie +3y= 9 Equation 1 
2x — 4y = 14 Equation 2 
Solution 


You can obtain coefficients that differ only in sign by multiplying Equation | by 
4 and multiplying Equation 2 by 3. 








voy 9 E> 20x + 12y = 36 Multiply Equation 1 by 4. 
2x — 4y = 14 i 6x — 12y = 42 Multiply Equation 2 by 3. 
26x = 78 Add equations. 


From this equation, you can see that x = 3. By back-substituting this value of x 
into Equation 2, you can solve for y. 


2x — 4y = 14 Write Equation 2. 

26) — 4y = 14 Substitute 3 for x. 

—4y = 8 Collect like terms. 
y=-2 Solve for y. 


The solution is (3, — 2). Check this in the original system. 


Remember that you can check the solution of a system of equations 
graphically. For instance, to check the solution found in Example 3, graph both 
equations in the same viewing window, as shown in Figure 7.5. Notice that the 
two lines intersect at (3, — 2). 


3.1 


—4.7 4.7 


FIGURE 7.5 
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STUDY: TIP Graphical Interpretation of Solutions 


It is possible for a general system of equations to have exactly one solution, tw¢ 
or more solutions, or no solution. If a system of linear equations has two differen 
solutions, it must have an infinite number of solutions. To see why this is true 
consider the following graphical interpretations of a system of two lineaj 
equations in two variables. 


Keep in mind that the terminol- 
ogy and methods discussed in 
this section and the following 
section apply only to systems of 
linear equations. 


Graphical Interpretations of Solutions 


For a system of two linear equations in two variables, the number of 
solutions is one of the following. 


Number of Solutions Graphical Interpretation 
1. Exactly one solution The two lines intersect at one point. — 
2. Infinitely many solutions The two lines are identical. 
3. No solution The two lines are parallel. 


| 
A system of linear equations is consistent if it has at least one solution. It is 
inconsistent if it has no solution. | 


Example 4 ® Recognizing Graphs of Linear Systems 


0) A computer simulation of thisexample Match the system of linear equations with its graph in Figure 7.6. State whethei 
the system is consistent or inconsistent and describe the number of solutions. 


| 2x —3y = 3 b. {itmote =a 2k SVS 


appears in the /nteractive CD-ROM and 
Internet versions of this text. 


—4x + 6by = 6 x+2y=5 


— 4x 32 6ye= 6 


i. 





FIGURE 7.6 


Solution 


a. The graph of system (a) is a pair of parallel lines (ii). The lines have no point 
of intersection, so the system has no solution. The system is inconsistent. 


b. The graph of system (b) is a pair of intersecting lines (iii). The lines have one 
point of intersection, so the system has exactly one solution. The system is 
consistent. 


c. The graph of system (c) is a pair of lines that coincide (i). The lines have 
infinitely many points of intersection, so the system has infinitely many 
solutions. The system is consistent. 











FIGURE 7.7 


; 


| 





FIGURE 7.8 
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In Examples 5 and 6, note how you can use the method of elimination to 


determine that a system of linear equations has no solution or infinitely many 
solutions. 


Example 5 ® No-Solution Case: Method of Elimination 


Solve the system of linear equations. 


x—-—2y=3 Equation 1 
—2x + 4y=1 Equation 2 
Solution 


To obtain coefficients that differ only in sign, multiply Equation 1 by 2. 


Dy 3 2x —4y= 6 Multiply Equation 1 by 2. 
—2x + 4y = 1 Ie ai Ay) = II Write Equation 2. 
0=7 False statement 


Because there are no values of x and y for which 0 = 7, you can conclude that the 
system is inconsistent and has no solution. The lines corresponding to the two 
equations in this system are shown in Figure 7.7. Note that the two lines are 
parallel and therefore have no point of intersection. 





In Example 5, note that the occurrence of a false statement, such as 0 = 7, 
indicates that the system has no solution. In the next example, note that the 
occurrence of a statement that is true for all values of the variables, such as 0 = 0, 
indicates that the system has infinitely many solutions. 


Example 6 ® Many-Solutions Case: Method of Elimination 


Solve the system of linear equations. 


2x- y=1 Equation 1 
4x —2y=2 Equation 2 
Solution 


To obtain coefficients that differ only in sign, multiply Equation 2 by —}. 





ga my =i E> Dig — yes il Write Equation 1. 
Ax —2y =2 =e ap yi = II Multiply Equation 2 by -3. 
0= O Add equations. 


Because the two equations turn out to be equivalent (have the same solution set), 
you can conclude that the system has infinitely many solutions. The solution set 
consists of all points (x, y) lying on the line 2x — y = 1 as shown in Figure 7.8. 
Letting x = a, where a is any real number, you can see that the solutions to the 
system are (a, 2a + 1). 


nnn nee ee Dn Inn RIEIEEnnpnn nee ene enene EERE RE RRRREEEEnenenenenel 
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ea 
Technology 
_.«* The general solution of 
the linear system 


[eanonen 
dx+ey=f 


is x = (ce — bf )/(ae — db) and 
y = (af — cd)/(ae — db). If 

ae — db = 0, the system does 
not have a unique solution. 
Graphing utility programs for 
solving such a system can be 
found at our website 
college.hmco.com. Try using the 
program for your graphing 
utility to solve the system in 
Example 7. 











Example 7 illustrates a strategy for solving a system of linear equations that 


has decimal coefficients. 


Example 7 B® A Linear System Having Decimal Coefficients 


Solve the system of linear equations. 


0.02x — 0.05y = —0.38 
0.03x + 0.04y = 1.04 


Solution 


Equation 1 


Equation 2 


§ 


Because the coefficients in this system have two decimal places, you can begin 
by multiplying each equation by 100. (This produces a system in which the 


coefficients are all integers.) 
2K seen 8 
3x + 4y = 104 


Revised Equation | 


Revised Equation 2 


Now, to obtain coefficients that differ only in sign, multiply Equation 1 by 3 and 


multiply Equation 2 by —2. 
2 Sy N38, ‘ 
3x +4y = 104 





—6x — 


6x — 15y = —114 Multiply Equation 1 by 3. 
8y = —208 








— 23y = —322 Add equations. 


So, you can conclude that 


wpe acer 
HE SE 


Back-substituting this value into Equation 2 produces the following. 


3x + 4y = 104 
3x + 4(14) = 104 
3x = 48 

x= 16 


Write revised Equation 2. 
Substitute 14 for y. 
Collect like terms. 


Solve for x. 


The solution is (16, 14). Check this in the original system. 


Check 
0.02x — 0.05y = —0.38 
0.02(16) — 0.05(14) 2 0535 
0.32 — 0.70 = —0.38 
0.03x + 0.04y = 1.04 
0.03(16) + 0.04(14) = 1.04 


0.48 + 0.56 = 1.04 


Il II 


Write original Equation 1. 
Substitute into Equation 1. 
Equation 1 checks. Jo 

Write original Equation 2. 
Substitute into Equation 2. 


Equation 2 checks. J 


Multiply Equation 2 by —2. 











FIGURE 7.9 


Original flight 
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Applications 


At this point, you may be asking the question “How can I tell which application 
problems can be solved using a system of linear equations?” The answer comes 
from the following considerations. 


1. Does the problem involve more than one unknown quantity? 


2. Are there two (or more) equations or conditions to be satisfied? 


If one or both of these conditions occur, the appropriate mathematical model for 
the problem may be a system of linear equations. Example 8 shows how to 
construct such a model. 


Example 8 ® An Application of a Linear System Ge 


An airplane flying into a headwind travels the 2000-mile flying distance between 
two cities in 4 hours and 24 minutes. On the return flight, the same distance is 
traveled in 4 hours. Find the air speed of the plane and the speed of the wind, 
assuming that both remain constant. 


Solution 


The two unknown quantities are the speeds of the wind and the plane. If r, is the 
speed of the plane and r, is the speed of the wind, then 


r, — T> = speed of the plane against the wind 
r, + r, = speed of the plane with the wind 

as shown in Figure 7.9. Using the formula 
Distance = (rate)(time) 


for these two speeds, you obtain the following equations. 
2000 = (7, — rd(4 + - | 


2000 = (r, + r,)(4) 


These two equations simplify as follows. 


S000)= Tin, = ir, Equation 1 
SOUTH CT a Equation 2 
By elimination, the solution is 
n= oe = 477.27 miles per hour Speed of plane 
I ll p 
250 
ore =~ 22.73 miles per hour. Speed of wind 


Check this solution in the original statement of the problem. 
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Equilibrium 





_ G,000,000, 120) 


Price per unit (in dollars) 
a om 
(=) Nn S Nn 


N 
Nn 


a5 
1,000,000 3,000,000 


Number of units 


FIGURE 7.10 





{ 


In a free market, the demands for many products are related to the prices of 
the products. As the prices decrease, the demands by consumers increase and the 
amounts that producers are able or willing to supply decrease. 


Example 9 ® Finding the Point of Equilibrium . : : @ 


The demand and supply functions for a certain type of calculator are 


p = 150 — 0.00001x Demand equation 

p= 60 + 0.00002x Supply equation 
where p is the price in dollars and x represents the number of units. Find the point 
of equilibrium for this market. The point of equilibrium is the price p and number 
of units x that satisfy both the demand and supply equations. 
Solution 


Begin by substituting the value of p given in the supply equation into the demand 
equation. 


p = 150 — 0.00001x Write demand equation. 
60 + 0.00002x = 150 — 0.00001x Substitute 60 + 0.00002x for p. 
0.00003x = 90 Collect like terms. 
x = 3,000,000 Solve for x. 


So, the point of equilibrium occurs when the demand and supply are each 3 
million units. (See Figure 7.10.) The price that corresponds to this x-value is 
obtained by back-substituting x = 3,000,000 into either of the original equations. 
For instance, back-substituting into the demand equation produces 


p = 150 — 0.00001(3,000,000) 
= 150-30 
= $120. 


The solution is (3,000,000, 120). You can check this as follows. 


Check 
Substitute (3,000,000, 120) into the demand equation. 


p = 150 — 0.00001x Write demand equation. 
“) 
120 = 150 — 0.00001(3,000,000) Substitute 120 for p and 3,000,000 for x. 
120 = 120 Solution checks in demand equation. / 


Substitute (3,000,000, 120) into the supply equation. 


p = 60 + 0.00002x Write supply equation. 
9 
120 = 60 + 0.00002(3,000,000) Substitute 120 for p and 3,000,000 for x. 
120 = 120 Solution checks in supply equation. / 
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7.2 Exercises 





In Exercises 1-10, solve by elimination. Match each line with 
its equation. 


aie 20 Katy oyaral 
—x+2y=4 


vay =v) 


y 





In Exercises 11-30, solve the system by elimination and 
check any solutions algebraically. 








3. {xt y=0 4. (2x- y= 3 meee "| ene 
i. Hohe x—2y=1 2h TSS 
13. |2x + 3y = 18 14. | x + 7y = 12 
ae y=11 | apa 
15. |2%-4-2y. = 10 16: | 27 44s 
cea {een 
17. {Su + 6v = 24 18. 3x + lly=4 
aa AE esc: Sy =9 
19. [1.8% + 1.2y = 4 20. | 3.1x-— 2.9y=—10:2 
5. ae Y=? 6. [3x + 2y= 3 eae 6y = 3 Coane JM | 
is Oma ee) es 2A, 22. (2 
a fs ay = 5 
y y 
Ca 4x+ y=4 
aie B3y=1.5 24 (6.3x + 7.2y =5.4 
2x — 2.4y = 1.2 a 


25.41 0:05%.-10.03y = 0.21 
ee ane 
26. [0.2x — 0.5y = —27.8 
ae 68.7 
on + 3m= 3 28. Fie ye 8 


5x + 8y = 10 


27. 
3b + 11m = 13 





29. 











Cae 
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In Exercises 31-38, use a graphing utility to graph the lines 
in the system. Use the graphs to determine if the system is 
consistent or inconsistent. If the system is consistent, 
determine the number of solutions. 


31. [2x — 5y = 0 82. (Oxo a 
foe etre, 
ae 3,- y=3 34. [4x - 6y = 9 
= he sr Shy = Y eae ae 
35: ulead ye 8x — l4y=5 
ee y=9 ae ae 
5 || =s0 <F Ie = 8 38. iis le 
be v6 ytx=-l 


In Exercises 39-46, use a graphing utility to graph the two 
equations. Use the graphs to approximate the solutions of 
the system. 


39. le + 9y = 42 40. | 4y = —8 
7 


6x = y =16 KR Eeay=—25 
a 3, ly=g 42. eee 

ear sir 8 —x + 6y= 28 
43. (05x +22y= 9 44. [2.4% +3.8y = —17.6 

6x + 0.4y = —22 4=— D2y="=3.2 


45. i —2y= 24 


46. |10x — 13y = —20 
37 Oy — 20) 


8x + lly = —16 


In Exercises 47-54, use any method to solve the system. 


47. is —5y=7 48. fee + 3y = 17 


2x+ y=9 4x+3y= 7 
49. |y=2x-— 5 50. (7x +33y = 16 
oe | y= xr 2 
St | x= Sy = 21 S22 yt ba 3X SAS 
ee eee 
Sah Pe + 8y = 19 54. 4x = 3y = 6 
y=xe3 Ios een 
Supply and Demand In Exercises 55-58, find the point 
of equilibrium of the given demand and supply equations. 
Demand Supply 
55. p= d0F= 05x p = 0.125x 
56. p = 100 — 0.05x p = 25 + 0.1x 


57. p = 140 — 0.00002x 
58. p = 400 — 0.0002x 


p = 80 + 0.00001x 
p = 225 + 0.0005x 
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59. Airplane Speed An airplane flying into a headwind 
travels the 1800-mile flying distance between two 
cities in 3 hours and 36 minutes. On the return flight, 
the distance is traveled in 3 hours. Find the air speed 
of the plane and the speed of the wind, assuming that 
both remain constant. 


60. Airplane Speed Two planes start from the same 
airport and fly in opposite directions. The second 
plane starts 5 hour after the first plane, but its speed 
is 80 kilometers per hour faster. Find the air speed of | 
each plane if 2 hours after the first plane departs the 
planes are 3200 kilometers apart. 


61. Acid Mixture Ten liters of a 30% acid solution is 
obtained by mixing a 20% solution with a 50% 
solution. 


(a) Write a system of equations in which one equation 
represents the amount of final mixture required 
and the other represents the amount of acid in the 
final mixture. Let x and y represent the amounts of 
the 20% and 50% solutions, respectively. 

== (b) Use a graphing utility to graph the two equations 
in part (a). As the amount of the 20% solution 
increases, how does the amount of the 50% 
solution change? 


(c) How much of each solution is required to obtain 
the specified concentration of the final mixture? 


62. Fuel Mixture Five hundred gallons of 89 octane 
gasoline is obtained by mixing 87 octane gasoline 
with 92 octane gasoline. 


(a) Write a system of equations in which one 
equation represents the amount of final mixture 
required and the other represents the amounts of 
87 and 92 octane gasolines in the final mixture. 
Let x and y represent the numbers of gallons of 
87 octane and 92 octane gasolines, respectively. 














wa 


Use a graphing utility to graph the two equations 
in part (a). As the amount of 87 octane gasoline 
increases, how does the amount of 92 octane 
gasoline change? 


a (b 


(c) How much of each type of gasoline is required to. 
obtain the 500 gallons of 89 octane gasoline? 


63. Finance A total of $12,000 is invested in two 
corporate bonds that pay 7.5% and 9% simple 
interest. The investor wants an annual interest 
income of $990 from the investments. What amount 
should be invested in the 7.5% bond? 


64. Finance A total of $32,000 is invested in two 
municipal bonds that pay 5.75% and 6.25% simple 
interest. The investor wants an annual interest 
income of $1900 from the investments. What amount 
should be invested in the 5.75% bond? 


65. Ticket Sales At a local championship basketball 
game, 1435 tickets were sold. A student admission 
ticket cost $1.50 and an adult admission ticket cost 
$5.00. The total ticket receipts for the ball game were 
$3552.50. How many of each ticket were sold? 


66. Clearance Sale A department store held a sale to 
sell all of the 214 winter jackets that remained after 
the season ended. Until noon, each jacket in the store 
was priced at $31.95. At noon the price of the 
jackets was further reduced to $18.95. After the last 
jacket was sold, total receipts for the clearance sale 
were $5108.30. How many jackets were sold before 
noon and how many were sold after noon? 


67. Production A plastics factory uses two different 
machines working continuously to produce deodor- 
ant containers. One machine produces the containers 
1.8 times faster than the second machine. If 1764 
containers are produced, how many are produced by 
each machine? 

68. Balloons A child and his father blow up balloons 
together for a party. The child inflates two balloons 
for every three done by his father. How many 
balloons are inflated by each person to total 80? 


Fitting a Line to Data \n Exercises 69-74, find the least 
squares regression line y = ax + b for the points 


(x,, ys); Oe Yo), 5b Oi 7 Yn) 


by solving the system for a and b. Then use the linear 
regression capabilities of a graphing utility to confirm the 
result. (For an explanation of how the coefficients of a and 
b in the system are obtained, see Appendix B.) 


69. | 5b + 10a = 20.2 70. | 5b + 10a = 11.7 
106 + 30a = 50.1 


10b + 30a = 25.6 
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GAN | TD ia =Fes5 alle We72s | 6b + 15a = 23.6 


21b + 9la = 114.2 15b + 55a = 48.8 





73. [4b + 4a = 8 74. | 8b+ 28a= 8 
4b + 6a=4 28b + 116a = 37 





75. Data Analysis A store manager wants to know the 
demand for a certain product as a function of the 
price. The daily sales for the different prices of the 
product are given in the table. 





| Price @) | $1.00 | $1.25] $1.50 


| Demand (y) | 450 | 375 | 330 














(a) Find the least squares regression line 
y = ax + b for the data by solving the system 
for a and b. 

3.006 + 3.7500a 
3.75b + 4.8125a 


1155.00 
1413.75 


ll 


SJ (b) Use the linear regression capabilities of a 
graphing utility to confirm the result. 


(c) Plot the data and the linear regression equation. 


(d) Use the line to predict the demand when the 
price is $1.40. 


76. Data Analysis A farmer used four test plots to 
determine the relationship between wheat yield in 
bushels per acre and the amount of fertilizer in 
hundreds of pounds per acre. The results are given in 
the table. 
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Fertilizer (x) | 1.0 | 1.5 | 2.0 | 2.5 | 
Yield (y) | 32 4 | 48 | 93 | 


(a) Find the least squares regression line 
y = ax + b for the data by solving the system 





for a and b. 
Ab 7.0a = 174 
Tb + 13.5a = 322 





=: (b) Use the linear regression capabilities of a 
graphing utility to confirm the result. 
(c) Plot the data and the linear regression equation. 


(d) Use the line to predict the yield for a fertilizer 
application of 160 pounds per acre. 


Synthesis 


True or False? \n Exercises 77-79, determine whether 
the statement is true or false. Justify your answer. 


77. If two lines do not have exactly one point of 
intersection, then they must be parallel. 


78. Solving a system of equations graphically will 
always give an exact solution. 


79. If a system of linear equations has no solution, then 
the lines must be parallel. 


Exploration \n Exercises 80-83, find a system of linear 
equations that has the given solution. (There is more than 
one correct answer.) 


80. (6, 3) 
82. (3, 3) 


81. (8, —2) 
83. (—4, -10) 


Think About If \n Exercises 84 and 85, the graphs of the 
two equations appear to be parallel. Yet, when the system is 
solved algebraically, you find that the system does have a 
solution. Find the solution and explain why it does not 
appear on the portion of the graph that is shown. 


84. leary sx = 200.5 SSsel 2120) a0 
99y — x = —198 


13x — 12y = 120 





86. Writing Briefly explain whether or not it is possi- 
ble for a consistent system of linear equations to 
have exactly two solutions. 


87. Think About It Give examples of (a) a system of 
linear equations that has no solution and (b) a 
system that has an infinite number of solutions. 


Exploration \n Exercises 88 and 89, find the value of k 
such that the system of linear equations is inconsistent. 


88. [4x — 8y = -3 89. 15x + 3y = 6 
2x + ky = 16 —10x + ky =9 


Review 


In Exercises 90-97, solve the inequality and graph the 
solution on a real number line. 


90 Oxo 

9b: 24.93) — Sx 1 
O2. 8x Ly = 42x =) 
93.055 = OO 
94. \xi= 8|.< 10 

95. |x + 10| > —3 

96.)12x7 GE 3x 35010 
OT 3x ee tO 


In Exercises 98 and 99, write the partial fraction 
decomposition for the rational expression. 


we = || 3 


o x2 + 11x + 30 ee x(x? =a} 


In Exercises 100-103, write the expression as the logarithm 
of a single quantity. 

100. Inx + In6 

101. Inx — 5 In(x + 3) 

102. log, 12 — log, x 

103. § log, 3x 


In Exercises 104 and 105, solve the system by the method of 
substitution. 


104. ye | th 
fe: ta 2y —'— 12 

105. (30x — 40y — 33 = 0 
Fe 12 20y 921 =0 
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7.3 Bele Ce ate cue 








> What you should learn 


* How to recognize linear systems 


Row-Echelon Form and Back-Substitution 


in row-echelon form and use 
back-substitution to solve the 
systems 


How to use Gaussian 
elimination to solve systems 
of linear equations 


How to solve nonsquare 
systems of linear equations 


How to use systems of linear 
equations in three or more 
variables to model and solve 
application problems 


> Why you should learn it 


Systems of linear equations in 

_ three or more variables can be 
used to model and solve real-life 
problems. For instance, Exercise 
72 on page 588 shows how to 
__use a system of linear equations 
to analyze the reproduction rates 
of deer in a wildlife preserve. 





The method of elimination can be applied to a system of linear equations in more 
than two variables. In fact, this method easily adapts to computer use for solving 
linear systems with dozens of variables. 

When elimination is used to solve a system of linear equations, the goal is to 
rewrite the system in a form to which back-substitution can be applied. To see 
how this works, consider the following two systems of linear equations. 


System of Three Linear Equations in Three Variables: (See Example 3.) 
5G DSP Bye 8 


=—oeey = —4 
JIE — Sh AP DYE 17 


Equivalent System in Row-Echelon Form: (See Example 1.) 
Le Dy 5c = 9 
y+ 3z=5 
ie 
The second system is said to be in row-echelon form, which means that it 
has a “stair-step” pattern with leading coefficients of 1. After comparing the two 


systems, it should be clear that it is easier to solve the system in row-echelon 
form. 


Example 1 ® Using Back-Substitution in Row-Echelon Form 


Solve the system of linear equations. 


x= 2y + 3z=9 Equation | 
y+3z=5 Equation 2 
a) Equation 3 


Solution 


From Equation 3, you know the value of z. To solve for y, substitute z = 2 into 
Equation 2 to obtain 


y + 3(2) =5 Substitute 2 for z. 
y=- it Solve for y. 
Finally, substitute y = —1 and z = 2 into Equation | to obtain 


x — 2(-1) + 32) =9 


Substitute —1 for y and 2 for z. 
x=1. Solve for x. 


The solution is x = 1, y = —1, and z = 2, which can be written as the ordered 
triple (1, — 1, 2). Check this in the original system of equations. 





Christopher Lui/China Stock 
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Historical Note 

One of the most influential 
Chinese mathematics books was 
the Chui-chang suan-shu or Nine 
Chapters on the Mathematical Art 
(written in approximately 250 B.c.). 
Chapter Eight of the Nine Chapters 
contained solutions of systems of 
linear equations using positive 
and negative numbers. One such 
system was 


BXGge Vania 
2x + 3y+ z= 34. 
x + 2y + 3z = 26 


This system was solved using 
column operations on a matrix. 
Matrices (plural for matrix) will be 
discussed in the next chapter. 


STUDY TIP 


As demonstrated in the first step 
in the solution of Example 2, 
interchanging rows is the easiest 
way of obtaining a leading 
coefficient of 1. 


Gaussian Elimination 


Two systems of equations are equivalent if they have the same solution set. To 
solve a system that is not in row-echelon form, first convert it to an equivalent 
system that is in row-echelon form by using the following operations. 


Operations That Produce Equivalent Systems 


Each of the following row operations on a system of linear equations 
produces an equivalent system of linear equations. 


1. Interchange two equations. 
2. Multiply one of the equations by a nonzero constant. 


3. Add a multiple of one of the equations to another equation to replace the 
latter equation. 


To see how this is done, let’s take another look at the method of elimination, 
as applied to a system of two linear equations. 








Be 


Example 2 > Using Gaussian Elimination to Solve a System — 


Solve the system of linear equations. 


By oye ot 
(a= Py Sa 
Solution | 


There are two strategies that seem reasonable: eliminate the variable x or 
eliminate the variable y. The following steps show how to use the first strategy. 


Ka 0 Interchange two equations in the system. 
SXiau2), wall 
= Sear y= Multiply the first equation by — 3. 
= 3% ti sy = 0 Add the multiple of the first equation to the 
3x -—2y=-1 second equation to obtain a new equation. 
y=-1 
x- y= 0 New system in row-echelon form 
| era 
Now, using back-substitution, you can determine that the solution is y = —1 and 
x = —1, which can be written as the ordered pair (— 1, — 1). Check this in the 


original system of equations. | 


As shown in Example 2, rewriting a system of linear equations in row- 
echelon form usually involves a chain of equivalent systems, each of which is 
obtained by using one of the three basic row operations listed above. This process | 
is called Gaussian elimination, after the German mathematician Carl Friedrick 
Gauss (1777-1855). F 
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Example 3 ® Using Gaussian Elimination to Solve a System 


Solve the system of linear equations. 


gS 2VeE Se = 329 


Equation | 

pe a 3y =—4 Equation 2 

De — Share ove = | 1 Equation 3 
Solution 


Because the leading coefficient of the first equation is 1, you can begin by saving 
the x at the upper left and eliminating the other x-terms from the first column. 





Ky Bz — 9 Write Equation 1. 
= Sy =-4 Write Equation 2. 
wate — Add Equation 1 to Equation 2. 
2 Ay ar aye 9 









Adding the first equation to 
the second equation produces 


2x — 5y + 5z= 17 a new second equation. 





= Dig ce Ay — (Ce == = Iie Multiply Equation 1 by —2. 
oe Sy Sz= 17 Write Equation 3. 
ay ee Add revised Equation 1 to Equation 3. 
mis Dy 4237. =H29 











Adding —2 times the first 
equation to the third equation 
produces a new third equation. 


yo 32 =. 5 

ay a — —]1 

Now that all but the first x have been eliminated from the first column, go to work 
on the second column. (You need to eliminate y from the third equation.) 

Ly too Y 

y+ 3z=5 

2z=4 












Adding the second equation 
to the third equation produces 
a new third equation. 





Finally, you need a coefficient of 1 for z in the third equation. 
X= 2yi+132=.9 
ya) 

pe 7, 





Multiplying the third equation 
by 3 produces a new third 
equation. 


This is the same system that was solved in Example 1, and, as in that example, 
you can conclude that the solution is 


Se Ale yay and z= 2. 


In Example 3, you can check the solution by substituting x = 1, y = —1, 
and z = 2 into each original equation, as follows. 


Equation 1: 1 —2(—1)+3(22)= 9vV 
Equation 2: —1 + 3(—1) =-4/S 
Equation 3: 2(1) — 5(—1) + 5(2) = 17Vo 
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* 


(a) Solution: one point 


ras 


(b) Solution: one line 


9 


(c) Solution: one plane 


a 


(d) Solution: none 


{ 


(e) Solution: none 
FIGURE 7.11 


Systems of Equations and Inequalities 


\ 


The next example involves an inconsistent system—one that has no solution. 
The key to recognizing an inconsistent system is that at some stage in the elimi- 
nation process you obtain a false statement such as 0 = —2. 


Example 4 ® An Inconsistent System 





Solve the system of linear equations. 























Sarees.) ual $6 va Equation 1 
LS ey eee Equation 2 
ery Socal Equation 3 
Solution 
a. BV ge ol | Adding —2 times the first 
Sy—4z= 0 equation to the second equatio: 
yy q equation | 
x+2y—-3z=-1 produces a new second equation. 
ie sya sail Adding —1 times the first 
S5y—-4z= 0 equation to the third equation 
Sy — 42 = -2 produces anew ti a 
pr, as ite Sy = oak 2 Adding — 1 times the second oa 
s5y-4z= 0 equation to the third equation 
one " produces a new third equation. 


Because the third “equation” is impossible, you can conclude that this system is 
inconsistent and therefore has no solution. Moreover, because this system is 
equivalent to the original system, you can conclude that the original system also 
has no solution. 


As with a system of linear equations in two variables, the solution(s) of a 
system of linear equations in more than two variables must fall into one of three 
categories. 


The Number of Solutions of a Linear System 
For a system of linear equations, exactly one of the following is true. 


1. There is exactly one solution. y 
2. There are infinitely many solutions. 


3. There is no solution. 


In Section 7.2, you learned that a system of two linear equations in two 
variables can be represented graphically as a pair of lines that are intersecting, 
coincident, or parallel. A system of three linear equations in three variables has a 
similar graphical representation—it can be represented as three planes in space 
that intersect in one point [see Figure 7.11(a)], intersect in a line or a plane 
[see Figures 7.11(b) and 7.11(c)], or have no points common to all three planes 
[see Figures 7.11(d) and 7.11(e)]. 


STUDY TIP 


In Example 5, x and y are 
solved in terms of the third 
_ variable z. To write a solution to 
the system that does not use any 
of the three variables of the 
system, let a represent any real 
_ number and let z = a. Then 
_ solve for x and y. The solution 
| can then be written in terms of 
_ a, which is not one of the 
variables of the system. 










STUDY TIP 


When comparing descriptions of 
an infinite solution set, keep in 

' mind that there is more than one 
_ way to describe the set. 


Bapemcnennacinerisie) 
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Example 5 ® A System with Infinitely Many Solutions 


Solve the system of linear equations. 









Lies Saad Equation 1 
b deci” Sdemceties Equation 2 
—x + 2y ee Equation 3 
Solution 
pO ie as a eed Adding the first equation to 
bia ea a the third equation produces 
3y -3z= 0 a new third equation. 
ti y= 32 S1 Adding —3 times the second 
y= z= 0 equation to the third equation 
OS. 26 produces a new third equation. 





This means that Equation 3 depends on Equations | and 2 in the sense that it gives 
us no additional information about the variables. So, the original system is 
equivalent to the system 


i a WW — 34S — Il 

yee" 00: 
In this last equation, solve for y in terms of z to obtain y = z. Back-substituting 
for y in the previous equation produces x = 2z — 1. Finally, letting z = a, where 


a is areal number, you can see that the solutions to the given system are all of the 
form 


se 0 "IN y= 4, and Z= a4. 
So, every ordered triple of the form 
(2a — 1, a, a), ais areal number 


is a solution of the system. 





In Example 5, there are other ways to write the same infinite set of solutions. 
For instance, the solutions could have been written as 


(b, (> + 1), 3(b + 1), 
To convince yourself that this description produces the same set of solutions, 
consider the following. 


b is a real number. 


Substitution Solution 
a=0 (2(0) = 1,,0;0) = (= 1, 0; 0) Same 
b=-1 (—1,3(-1 + 1),3(-1 + 1) = (-1,0,0) Spe 
de> (2(1) ara kL 1) = (i it, 1) Same 
b=1 (ie (ee 1); 5(0"-=0)) = (laa) sues 
C2 (2(2) a t 2, i (Gh 2 2) Same 
b=3 (3, $3 + 1), 5 + 1)) = (32292) solution 
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Nonsquare Systems 


So far, each system of linear equations you have looked at has been square, which 
means that the number of equations is equal to the number of variables. In a 
nonsquare system, the number of equations differs from the number of variables. 
A system of linear equations cannot have a unique solution unless there are at 
least as many equations as there are variables in the system. 


Example 6 B® A System with Fewer Equations Than Variables 


Solve the system of linear equations. 


n— 2y iz S82 Equation 1 
20 Vi eek Equation 2 
Solution 


Begin by rewriting the system in row-echelon form. 





Adding —2 times the first 
equation to the second equation 
produces a new second equation. 








lise C= 
SV 32 


II 
| 
ree) 









Multiplying the second equation | 
by 3 produces anew second 
equation. me 


ee 2 
VIF 


Solving for y in terms of z, you get 


yS2e sd 
and back-substitution into Equation 1| yields 
x—2%Az—-—1)+z=2 Substitute for y in Equation 1. 
Se te Or SZ Distributive Property 
Je Se Solve for x. 


Finally, by letting z = a, where a is a real number, you have the solution 
x=4, yaa — Il. and Z=a4. 

So, every ordered triple of the form 
(a, a — 1, a), a is areal number 


is a solution of the system. Because there were originally three variables and only 
two equations, the system cannot have a unique solution. 





In Example 6, try choosing some values of a to obtain different solutions of 
the system, such as (1,0, 1), (2, 1,2), and (3, 2,3). Then check each of the 
solutions in the original system. 


FIGURE 7.12 





Se 





Section 7.3. ® Multivariable Linear Systems 583 
Applications 


Example 7 ®& Vertical Motion (©) 


The height at time ¢ of an object that is moving in a (vertical) line with constant 
acceleration a is given by the position equation 
§ = fat? + vot + 5. 


The height s is measured in feet, t is measured in seconds, v, is the initial velocity 
(at t = 0), and Sp is the initial height. Find the values of a, vo, and s, if s = 52 at 
t=1,s = 52 att = 2, and s = 20 at t = 3. (See Figure 7.12.) 


Solution 


By substituting ¢ and s into the position equation you can obtain three linear 
equations in a, Vo, and So. 





When ¢ = 1: Sa(1)? + vo(1) + sy = 52 am a + 2v) + 2sy = 104 
When t = 2: a(2)? + (2) + 5,=52 Hi 20+2,,+ s = 52 
When t = 3: 4a(3)? + v(3) + 5) = 20 = 9a + 6vy + 2s, = 40 
Solving this system yields a = —32, vy = 48, and s) = 20. This solution results 
in a position equation of s = —16t? + 48r + 20 and implies that the object was 


thrown upward at a velocity of 48 feet per second from a height of 20 feet. 


Example 8 & Partial Fractions 


3x +4 
Write the partial fraction decomposition for ey Ra 

a se 
Solution 


Because x? — 2¥ —4 = (x = 2)? + 2x + 2), you can write 


3x + 4 _ A @ Bixee 
3_%xy-4 yx-2 x27+2x+2 





3x + 4 = A(x? + 2x + 2) + (Bx + C)& — 2) 
3x + 4 = (A + B)x? + (2A — 2B + C)x + (2A — 20). 


By equating coefficients of like powers on both sides of the expanded equation, 
you obtain the following system in A, B, and C. 


A+ B =0 
DAP OBE G3 
2A —2C =4 
You can solve this system to find that A = 1,B = —1, and C = —1. So, the 


partial fraction decomposition is 


3x + 4 1 =x =U eee oat | 


ss + = - 
x2 —2e—-4 2-2 x24+2x4+2 29 =2 22 +2x4+2 
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FIGURE 7.13 
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Example 9 ® Data Analysis: Curve-Fitting 


Find a quadratic equation, y = ax? + bx + c, whose graph passes through the 
points (— 1, 3), (1, 1), and (2, 6). 
Solution 


Because the graph of y = ax? + bx + c passes through the points (— 1, 3), (1, 1), 
and (2, 6), you can write the following. 


When x = —1,y = 3: a(—1)2 + b(-1) +c = 3 
When x= 1,9 = 1: a(l1)?+ bdbi)+c=1 
Whenx = 2,y =6: a(Z2)?+ b2)+c=6 


This produces the following system of linear equations. 


Oa dA Chee Equation 1 
“ae Ve) aoe = 1h Equation 2 
4a+2b+c=6 Equation 3 

The solution of this system is a = 2,b = —1,andc = 0. So, the equation of the 


parabola is y = 2x? — x, as shown in Figure 7.13. 





Example 10 ® Investment Analysis @ 


An inheritance of $12,000 was invested among three funds: a money-market fund 
that paid 5% annually, municipal bonds that paid 6% annually, and mutual funds 
that paid 12% annually. The amount invested in mutual funds was $4000 more 
than the amount invested in municipal bonds. The total interest earned during the 
first year was $1120. How much was invested in each type of fund? 


Solution 


Let x, y, and z represent the amounts invested in the money-market fund, 
municipal bonds, and mutual funds, respectively. From the given information, 
you can write the following equations. 


x+y+z= 12,000 Equation 1 

z= y+ 4000 Equation 2 

0.05x + 0.06y + 0.12z = 1120 Equation 3 
Rewriting this system in standard form without decimals produces the following. | 
56 cen Dorie 8 = POO, Equation 1 : 

=F 2" B4:000 Equation 2 

5x + 6y + 12z = 112,000 Equation 3 


Using Gaussian elimination to solve this system yields x = 2000, y = 3000, and — 
z = 7000. So, $2000 was invested in the money-market fund, $3000 was invest- | 
ed in municipal bonds, and $7000 was invested in mutual funds. 


7.3 Exercises 
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In Exercises 1-4, determine which ordered triples are 


solutions of the system of equations. 


me iox yt z= 1 
Dx — 37 = "14 
aye 2z = 8 
fa), (2,0, —3) 
fe). (0; —1, 3) 
emipoc t+ 4y— z= 17 
reer y 27! =) 
ye By + 7z= —21 
P(3,.— 1, 2) 
(ye(4,.1,.—3) 
3. aye y — z=) 40 
—8x-6y+z=-} 
ay = 5 


mm 4y — y— 8% = —-6 
Wiehe % yD 
4x — Ty = 6 
foya(= 2/2: 2) 
(©) (3,-3.3) 


In Exercises 5- 10, use back-substitution to solve the system 


of linear equations. 


mex — y + 5z = 24 
y+ 2z = 6 
z= 4 

mej 2x\+ y — 3z = 10 
y = 2 

eae Se Pind 

me 14x — 2y+ z=8 
2z=4 

yor z= 4 


(b) (—2, 0, 8) 
(d) (~1,0, 4) 


(nea 2) 
(d) (1, -2, 2) 


(b) (—¥3, —10, 10) 
@ (544) 


6. [4x — 3y — 2z7 = 
6y — 5z = 

i), 

SL (9% = 8 
er OY, = 
y+ 2z= 
—~ 8 = 
SVae DZ 
z=-4 


x- 


10. [5x 


lI 
= 
—) 


In Exercises 11 and 12, perform the row operation and 
write the equivalent system. 


11. Add Equation 1 to Equation 2. 


= Dar 36 = 5) 
ON = Sr. 
es =3z=0 


Equation 1| 
Equation 2 
Equation 3 


What did this operation accomplish? 


12. Add —2 times Equation 1 to Equation 3. 


ia Ny ae oi = 5) 
Bh sy =e A 
D5; 17a) 


Equation | 
Equation 2 
Equation 3 


What did this operation accomplish? 


In Exercises 13-38, solve the system of linear equations and 
check any solution algebraically. 


13. 


15. 


17. 


- 19, 


21. 


23. 


24. 


25: 


xt+yt+z=6 14. [x+ y+ z=3 

5 mela Mn gure) x= 2y f4z=—5 

Shs a 3y + 4z7=5 

x a) 16. |2x+4y+ z= 1 

fs =4 noe 2, 
3y —. 47 = 4 Le Va = = 1 
6y + 47 = —12 18: |2e4 4y— z= 7 

faa = 9 escee 

Dx, ve 10 xt 4y+ 2 = 0 

Ditty Vt SS 20 Oe = yee 

ce p= 4yi— 27 

30 Wa BS SD x—- lly + 4z=3 

3h Oye OL DoT es yet eee — I 

fasten pte 8z = 3 

be = war 32 = 6x + 8y + 18z=5 

Mee IZ —4 

ee yr z= B 

3x, 9yi— 136z'= 4333 

2 vim Oreee 4. 

| eee ye pall) 

year 2) = Iles = ts 

3x — 3y + 67 =6 

[re z=5 

Si Oy moe ail 
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+ 4g= 13°27. | x =Vyer so —Z 


ee ea 

28. = Sys oils 
i — 13y + 12z = 80 

29. i x -3y+z=—2 
4x + Oy =] 

SLUG Ws Shere) epee Oey) 
im, 


31. + 3w = 4 
Ve (oa Wi 
—2w=1 

hy or =5 


2. Moy ea Wie 
DX iin DY — w= 0 
== 3x4 ay eee Ww 
+2y—zZ+ w=—O 


. 

EE. 
ee 

: 

| 





xy alOz = 10 
DG NTE Dee IS) 
34, 





ERO ie 
5g Bye es 
2% || Pre se Shy = 0 
Ax + 3y — z=0 


Sx + Sy 32 = 0 


36. [4x + 3y + 17z = 0 
5x + 4y + 22z=0 
4x + 2y + 1927 =0 


pa keener 38. 0X — ey" — 2 =6 
23x + 4y —-z=0 —2x + 6y + 4z=2 


In Exercises 39-42, find the equation of the parabola 
y =ax? + bx +c 


that passes through the given points. To verify your result, 
use a graphing utility to plot the points and graph the 
parabola. 


9. (0, 0), (2, —2), (4, 0) 


( 40. (0, 3), (1, 4), (2, 3) 
Ate (C2 0)16,—1), 4,0) 


42.401, 3), (2.2) a(6. ae) 


In Exercises 43-46, find the equation of the circle 
XA Ar Dxat by + F =-0 


that passes through the given points. To verify your result, 
use a graphing utility to plot the points and graph the circle. 


43. (0, 0), (2, 2), (4, 0) 
45. (—3, —1), (2, 4), (—6, 8) 46. (0, 0), (0, 


44. (0, 0), (0, 6), (3, 3) 
—2), (3, 0) 


Vertical Motion \n Exercises 47-50, an object moving 
vertically is at the given heights at specified times. Find the 
position equation s = jat? + vot + S, for the object. 


47. Att = 1 second, s = 128 feet 


At t = 2 seconds, s = 80 feet 
At t = 3 seconds, s = 0 feet 


48. Att = 1 second, s = 48 feet 
At t = 2 seconds, s = 64 feet 
At t = 3 seconds, s = 48 feet 

49. Att = 1 second, s = 452 feet 
At t = 2 seconds, s = 372 feet 
At t = 3 seconds, s = 260 feet 


50. At t = 1 second, s = 132 feet 
Att = 2 seconds, s = 100 feet 
At t = 3 seconds, s = 36 feet 


51. Football Two teams playing in a football game 
scored a total of 72 points. The points came from a 
total of 20 different scoring plays, which were a 
combination of touchdowns, extra-point kicks, | 
and field goals, worth 6 points, | point, and 3 points, 
respectively. The same number of extra points 
were scored as field goals were kicked. How many 
touchdowns, extra-point kicks, and field goals were 
scored? | 


52. Basketball The Aeros scored a total of 104 points 
in a basketball game. The scoring resulted from a 
combination of 3-point baskets, 2-point baskets, and 
1-point free-throws. There were twice as many 
2-point baskets as free-throws scored and twice as” 
many free-throws as 3-point baskets. What combina- | 


tion of scoring accounted for the Aeros’ 104 points? 


53. Finance A small corporation borrowed $775,000, 
to expand its product line. Some of the money was, 
borrowed at 8%, some at 9%, and some at 10%. How 
much was borrowed at each rate if the annual interest 
owed was $67,500 and the amount borrowed at 8% 
was four times the amount borrowed at 10%? 


f 


54. Finance A small corporation borrowed $800,000) 
to expand its product line. Some of the money was) 
borrowed at 8%, some at 9%, and some at 10%. How 
much was borrowed at each rate if the annual interest 
owed was $67,000 and the amount borrowed at 8% 
was five times the amount borrowed at 10%? 





finance \n Exercises 55 and 56, consider an investor with 
| portfolio totaling $500,000 that is invested in certificates 
f deposit, municipal bonds, blue-chip stocks, and growth 
’r speculative stocks. How much is invested in each type of 
nvestment? 


5. The certificates of deposit pay 10% annually, and the 
municipal bonds pay 8% annually. Over a 5-year 
period, the investor expects the blue-chip stocks to 
return 12% annually and the growth stocks to return 
13% annually. The investor wants a combined annual 
return of 10% and also wants to have only one-fourth 
of the portfolio invested in stocks. 


6. The certificates of deposit pay 9% annually, and the 
municipal bonds pay 5% annually. Over a 5-year 
period, the investor expects the blue-chip stocks to 
return 12% annually and the growth stocks to return 
14% annually. The investor wants a combined annual 
return of 10% and also wants to have only one-fourth 
of the portfolio invested in stocks. 


7. Agriculture A mixture of 12 liters of chemical A, 
16 liters of chemical B, and 26 liters of chemical C 
is required to kill a certain destructive crop insect. 
Commercial spray X contains 1, 2, and 2 parts, 
respectively, of these chemicals. Commercial spray 
Y contains only chemical C. Commercial spray Z 
contains only chemicals A and B in equal amounts. 
How much of each type of commercial spray is 
needed to get the desired mixture? 


8. Chemistry A chemist needs 10 liters of a 25% acid 
solution. The solution is to be mixed from three 
solutions whose concentrations are 10%, 20%, and 
50%. How many liters of each solution should the 
chemist use to satisfy the following? 


(a) Use as little as possible of the 50% solution. 
(b) Use as much as possible of the 50% solution. 
(c) Use 2 liters of the 50% solution. 


9. Truck Scheduling A small company that manufac- 
tures products A and B has an order for 15 units of 
product A and 16 units of product B. The company 
has trucks of three different sizes that can haul the 
products, as shown in the table. 





; | Large | Medium | Small 
ct A | 6 4 0 
tB | 3 4 3 




















How many trucks of each size are needed to deliver 
the order? Give two possible solutions. 
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60. Electrical Network Applying Kirchhoff’s Laws to 
the electrical network in the figure, the currents 
I,, 1,, and J, are the solution of the system 
LS = 0 
6) pees E =7 
21, + 41, = 


Find the currents. 


7 volts 








61. Pulley System A system of pulleys is loaded with 
128-pound and 32-pound weights (see figure). The 
tensions ¢, and f, in the ropes and the acceleration a 
of the 32-pound weight are found by solving the 
system of equations 


noe, = 0 
ty — 2a = 128 
Bi =) 


where ft, and ft, are measured in pounds and a is 
measured in feet per second squared. Solve this 
system. 





62. Pulley System If the 32-pound weight in the pulley 
system in Exercise 61 is replaced by a 64-pound 
weight, the new pulley system will be modeled by 
the following system of equations. 


Liem at) = 0 
ty = 2a = 128 
t+2a= 64 


Solve this system and use your answer for the 
acceleration to describe what (if anything) is 
happening in the pulley system. 
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Partial Fraction Decomposition \n Exercises 63-66, 69. ( 4c + 9b+ 29a= 20 
write the partial fraction decomposition for the rational Ge 4208 oog e 
Pear 29c + 99b + 353a = 254 
1 A B C 
63. = oF 
SEES aaa eee a a! 
64 2 s + Z 
"x2 +x-2 x-1 xt2 
65 ioe) es ne B G 
xc — 2x4 SP exe ew eS 
[2 A B C 
66. =—4 








nie — 2) Se ae 2a) x a8 

70. | 4c + 6b + 14a = 25 

Fitting a Parabola_\n Exercises 67-70, find the least 6c + 146 + 36a = 21 

squares regression parabola y = ax? + bx + c for the 14g. 36h 98a: = 333 

points (x,,Y;), (Xoo), + «1 (X%qrY,) by solving the following 

system of linear equations for a, b, and c. Then use the least 

squares regression capabilities of a graphing utility to 

confirm the result. (For an explanation of how the coeffi- 

cients of a, 6, and c in the system are obtained, see 
Appendix B.) 


67. | 4c 40a = 19) 
40b == 
40c + 544a = 160 





71. Data Analysis In testing a new braking system on 











of axes. 








(a) Find a quadratic equation that models the data. 
(b) Graph the parabola and the data on the same sel 


(c) Use the model to estimate the stopping distance 
if the speed is 70 miles per hour. | 


72. Data Analysis A wildlife management team 
studied the reproduction rates of deer in three tracts 
of a wildlife preserve. Each tract contained 5 acres, 
In each tract the number of females and the perceni 
of females that had offspring the following year were 
recorded. The results are given in the table. 





(@) | 100 | 120 


140 








2 75 | 68 


55 





an automobile, the speed in miles per hour and the 
stopping distance in feet were recorded in the table. 


; 
| 


(a) Find a quadratic equation that models the data. 
(b) Use a graphing utility to graph the parabola and 
the data in the same viewing window. 


(c) Use the model to estimate the percent of females 
that had offspring if x = 170. 


Advanced Applications _\n Exercises 73-76, find x, y, and 

A satisfying the system. These systems arise in certain 
optimization problems in calculus, and A is called a 
Lagrange multiplier. 


73. y+A=0 
x+A=0 
x+y-10=0 
74. 2x +A=0 
2y+A=0 
x+y-4=0 
mee | 2x — 2xA = 0 
—2y+A=0 
i 
76. | 2+ 2y+ 2A=0 
: we Lt A = 0 
2x +y — 100 =0 
Synthesis 


True or False? \n Exercises 77 and 78, determine 
whether the statement is true or false. Justify your answer. 
| “+ By — 6z = — 16 
77. The system 2y— z= -—1 isin row-echelon 
| Zz = 3 
form. 
78. If a system of three linear equations is inconsistent, 
| then its graph has no points common to all three 
equations. 
79. Think About It Are the following two systems of 
equations equivalent? Give reasons for your answer. 


Moy <= 6 ey. <= 6 
woe y + 2z= 1 —Ty + 4z= 1 
Bray — Zi 2 yi 42 = — 16 


80. Think About It One of the following systems is 
| inconsistent and the other has one solution. How can 
you identify each by observation? 
3x -— Sy=3 Sti y= 3 
—12x + 20y = 8 9x — 20y = 6 
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81. Think About It When using Gaussian elimination 
to solve a system of linear equations, how can you 
recognize that the system has no solution? Give an 
example that illustrates your answer. 


Exploration \n Exercises 82-85, find a system of linear 
equations that has the ordered triple as a solution. (The 
answer is not unique.) 


82. (4, —1, 2) 83. (—5, —2, 1) 
84, (3, -3, 4) 85. (—3, 4, -7) 
Review 


In Exercises 86-89, solve the percent problem. 


86. What is 73% of 85? 

87. 225 is what percent of 150? 
88. 0.5% of what number is 400? 
89. 48% of what number is 132? 


In Exercises 90-93, (a) determine the real zeros of f and (b) 
sketch the graph of f. 


9017) =x Fx? S12 

Of. f(x) = —Sxt + 322 

92. f(t) = 203 + 5x* ila 6 
935 f(x) —6n° = 29x72 — Crees 


In Exercises 94-97, use a graphing utility to construct a 
table of values. Then sketch the graph of the equation by 
hand. 


94..y = 4°54 — 5 

95. y= (3) -4 
06. y= 19° +3 
97, y = 3.5-**2 + 6 


In Exercises 98 and 99, solve the system by elimination. 


9820 oy — 120 

cae 
Osx — Sy — 3 
cae 


Frank Siteman/PhotoEdit 
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> What y you haul ean 


- How to sketch the graphs of 
inequalities in two variables 


- How to solve systems of 
inequalities 

* How to use systems of 
inequalities in two variables to 
model and solve real-life 
problems 


> Why you should learn it 


You can use systems of inequali- 
ties in two variables to model 
and solve real-life problems. 

For instance, Exercise 72 on page 
599 shows how to use a system 
of inequalities to analyze the 
compositions of dietary 
supplements. 





7.4 Systems of es 


The Graph of an Inequality 


The statements 3x — 2y < 6 and 2x? + 3y* => 6 are inequalities in two 
variables. An ordered pair (a, b) is a solution of an inequality in x and y if the 
inequality is true when a and b are substituted for x and y, respectively. The graph 
of an inequality is the collection of all solutions of the inequality. To sketch the 
graph of an inequality, begin by sketching the graph of the corresponding 
equation. The graph of the equation will normally separate the plane into two or 
more regions. In each such region, one of the following must be true. 


1. All points in the region are solutions of the inequality. 
2. No point in the region is a solution of the inequality. 


So, you can determine whether the points in an entire region satisfy the inequality 
by simply testing one point in the region. 


Sketching the Graph of an Inequality in Two Variables 


1. Replace the inequality sign by an equal sign, and sketch the graph of 
the resulting equation. (Use a dashed line for < or > and a solid line for 
< or 2.) 


2. Test one point in each of the regions formed by the graph in Step 1. If the — 
point satisfies the inequality, shade the entire region to denote that avery 
point in the region satisfies the inequality. 


Example 1 ® Sketching the Graph of an Inequality 


To sketch the graph of y > x? — 1, begin by graphing the corresponding equation 
y = x? — 1, which is a parabola, as shown in Figure 7.14. By testing a point 
above the parabola (0, 0) and a point below the parabola (0, —2), you can see that 
the points that satisfy the inequality are those lying above (or on) the parabola. 




















Test point 7 : 
above parabola est pout 
below parabola 
* £0, -2) 


FIGURE 7.14 





Technology 

A A graphing utility can be 
used to graph an inequality or a 
system of inequalities. Consult 
the user's guide for your graph- 
ing utility for keystrokes. The 
graph of the inequality from 
Example 3 is shown below. 








FIGURE 7.17 
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The inequality given in Example | is a nonlinear inequality in two variables. 
Most of the following examples involve linear inequalities such as ax + by < c. 


The graph of a linear inequality is a half-plane lying on one side of the line 
ax + by = ie. 


Example 2 ® Sketching the Graph of a Linear Inequality 


Sketch the graph of each linear inequality. 


Ce Bees aa 2) Day S33 
Solution 
a. The graph of the corresponding equation x = —2 is a vertical line. The points 


that satisfy the inequality x > —2 are those lying to the right of this line, as 
shown in Figure 7.15. 


b. The graph of the corresponding equation y = 3 is a horizontal line. The points 
that satisfy the inequality y < 3 are those lying below (or on) this line, as 
shown in Figure 7.16. 


x>-2 y 








—=2 sal 





FIGURE 7.15 FIGURE 7.16 


Example 3 ® Sketching the Graph of a Linear Inequality 


Sketch the graph of x — y < 2. 


Solution 

The graph of the corresponding equation x — y = 2 is a line, as shown in Figure 
7.17. Because the origin (0, 0) satisfies the inequality, the graph consists of the 
half-plane lying above the line. (Try checking a point below the line. Regardless 
of which point you choose, you will see that it does not satisfy the inequality.) 


To graph a linear inequality, it can help to write the inequality in slope-intercept 
form. For instance, by writing x — y < 2 in the form 


Gye gs) 


you can see that the solution points lie above the line x — y = 2 (ory = x — 2), 
as shown in Figure 7.17. 
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STUDY TIP 


Using different colored pencils 
to shade the solution of each) 
inequality in a system will make 
identifying the solution of the 

_ system of inequalities easier. 


2) A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Systems of Inequalities 


Many practical problems in business, science, and engineering involve systems of 
linear inequalities. A solution of a system of inequalities in x and y is a point 
(x, y) that satisfies each inequality in the system. 

To sketch the graph of a system of inequalities in two variables, first sketch 
the graph of each individual inequality (on the same coordinate system) and then 
find the region that is common to every graph in the system. For systems of linear 
inequalities, it is helpful to find the vertices of the solution region. 




















Example 44> Solving a System of Inequalities : : 


Sketch the graph (and label the vertices) of the solution set of the system. 


R= <2 Inequality 1 

i> Inequality 2 

yn3 Inequality 3 
Solution 


The graphs of these inequalities are shown in Figures 7.15 to 7.17. The triangular 
region common to all three graphs can be found by superimposing the graphs on 
the same coordinate system, as shown in Figure 7.18. To find the vertices of the 
region, solve the three systems of corresponding equations obtained by taking pairs 
of equations representing the boundaries of the individual regions. 


Vertex A: (—2, —4) 

ely) 2 Boundary of Inequality 1 
| x=-2 Boundary of Inequality 2 
Vertex B: (5, 3) 

x-y=2 Boundary of Inequality 1 
| y=3 Boundary of Inequality 3 
Vertex C: (—2, 3) 

2 = —y) Boundary of Inequality 2 
F = 3 Boundary of Inequality 3 










CaC23); 
\ 





2a 





4 
Solution set 





=3 





A= (-2, -4) 








-4 





pi 


As: am | 
FIGURE 7.18 





FIGURE 7.20 
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For the triangular region shown in Figure 7.18, each point of intersection of 
a pair of boundary lines corresponds to a vertex. With more complicated regions, 
two border lines can sometimes intersect at a point that is not a vertex of the 
region, as shown in Figure 7.19. To keep track of which points of intersection are 
actually vertices of the region, you should sketch the region and refer to your 
sketch as you find each point of intersection. 





FIGURE 7.19 


Example 5 ®& Solving a System of Inequalities 


Sketch the region containing all points that satisfy the system. 


a ayes Inequality 1 
55 ay SS II Inequality 2 
Solution 


As shown in Figure 7.20, the points that satisfy the inequality 
Vets yeah Inequality 1 

are the points lying above (or on) the parabola given by 
eer ale Parabola 

The points satisfying the inequality 
=e ae WS II Inequality 2 

are the points lying below (or on) the line given by 
y=xt1. Line 


To find the points of intersection of the parabola and the line, solve the system of 
corresponding equations. 


x -—y= 

ie ap jy Sl 
Using the method of substitution, you can find the solutions to be (—1, 0) and 
(2, 3), as shown in Figure 7.20. 
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FIGURE 7.22 


j 

When solving a system of inequalities, you should be aware that the system 

might have no solution or it might be represented by an unbounded region in the 
plane. These two possibilities are shown in Examples 6 and 7. 


Example 6 ® A System with No Solution 





Sketch the solution set of the system. 


Be ae WS 3) Inequality 1 
XV yaa Inequality 2 
Solution 


From the way the system is written, it is clear that the system has no solution, 
because the quantity (x + y) cannot be both less than —1 and greater than 3. 
Graphically, the inequality x + y > 3 is represented by the half-plane lying 
above the line x + y = 3, and the inequality x + y < —1 is represented by the 
half-plane lying below the line x + y = —1, as shown in Figure 7.21. These two 
half-planes have no points in common. So the system of inequalities has no 
solution. 





FIGURE 7.21 


Example 7 ® An Unbounded Solution Set 





Sketch the solution set of the system. 


Rear yy eS) Inequality 1 
x 2y S33 Inequality 2 
Solution 


The graph of the inequality x + y < 3 is the half-plane that lies below the line | 
x + y = 3, as shown in Figure 7.22. The graph of the inequality x + 2y > 3 is. 
the half-plane that lies above the line x + 2y = 3. The intersection of these two | 
half-planes is an infinite wedge that has a vertex at (3, 0). 


pnnnenenereeeeneneneeenensenemenmenemneneenemneeeeeemeneeneeneneeeneneee eR 


__ | Consumer surplus 









Demand curve 
Zz 


Equilibrium 
point 





: 
re Supply 
| Producer curve 


surplus 





Number of units 


FIGURE 7.23 





p | p= 150—0.00001x 













150 —pratirn\ ores _... Consumer 
—§ 





—_ 
N 
Nn 


S 
o 


~ 
Nn 








Nn 
oO 


Price per unit (in dollars) 
o 


| p= 60 +0,00002x fee 


1,000,000 3,000,000 
Number of units 


FIGURE 7.24 
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Applications 


Example 9 in Section 7.2 discussed the point of equilibrium for a system of 
demand and supply functions. The next example discusses two related concepts 
that economists call consumer surplus and producer surplus. As shown in 
Figure 7.23, the consumer surplus is defined as the area of the region that lies 
below the demand curve, above the horizontal line passing through the equilibri- 
um point, and to the right of the p-axis. Similarly, the producer surplus is defined 
as the area of the region that lies above the supply curve, below the horizontal line 
passing through the equilibrium point, and to the right of the p-axis. The 
consumer surplus is a measure of the amount that consumers would have been 
willing to pay above what they actually paid, whereas the producer surplus is a 
measure of the amount that producers would have been willing to receive below 


what they actually received. 


The demand and supply functions for a certain type of calculator are given by 


p = 150 — 0.00001x 
p= 60 + 0.00002x 


Example 8 ® Consumer Surplus and Producer Surplus 


Demand equation 

Supply equation 

where p is the price in dollars and x represents the number of units. Find the 
consumer surplus and producer surplus for these two equations. 

Solution 

Begin by finding the point of equilibrium (when supply and demand are equal) 
by solving the equation 


60 + 0.00002x = 150 — 0.00001x. 


In Example 9 in Section 7.2, you saw that the solution is x = 3,000,000, which 
corresponds to an equilibrium price of p = $120. So, the consumer surplus and 
producer surplus are the areas of the following triangular regions. 


Consumer Surplus Producer Surplus 


p < 150 — 0.00001x p = 60 + 0.00002x 
p > 120 p = 120 
x20 ee) 


In Figure 7.24, you can see that the consumer and producer surpluses are defined 
as the areas of the shaded triangles. 


Consumer 1 


surplus = plies DUE) 

= 5(30)(3,000,000) = $45,000,000 
Producer 1 : 
surplus = Abas arel gat) 


1 
= 5(60)(3,000,000) = $90,000,000 
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Example 9 ® Nutrition a. @ 


The minimum daily requirements from the liquid portion of a diet are 300 
calories, 36 units of vitamin A, and 90 units of vitamin C. A cup of dietary drink 
X provides 60 calories, 12 units of vitamin A, and 10 units of vitamin C. A cup 
of dietary drink Y provides 60 calories, 6 units of vitamin A, and 30 units of 
vitamin C. Set up a system of linear inequalities that describes how many cups of 
each drink should be consumed each day to meet the minimum daily require- 
ments for calories and vitamins. 





Solution 
Begin by letting x and y represent the following. 


x = number of cups of dietary drink X 
y = number of cups of dietary drink Y 


To meet the minimum daily requirements, the following inequalities must be 


satisfied. 
60x + 60y = 300 Calories 
Paes (Oy) 2 315 Vitamin A 
10x + 30y => 90 Vitamin C 
= 
ye 


The last two inequalities are included because x and y cannot be negative. The 
graph of this system of inequalities is shown in Figure 7.25. (More is said about 
this application in Example 6 in Section 7.5.) 





FIGURE 7.25 


ns 


| Weiting avout matHematics 












Creating a System of Inequalities Plot the points (0, 0), (4, 0), (3, 2), and (0, 2) ina 
coordinate plane. Draw the quadrilateral that has these four points as its vertices. 
Write a system of linear inequalities that has the quadrilateral as its solution. 
Explain how you found the system of inequalities. 








7.4 Exercises 
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In Exercises 1-16, sketch the graph of the inequality. 








eee = 2 Id, 5 SA 

Sey. —1 4.y <3 

Bey t=) X 6. y > 2x-4 

mee 2y— x 2 4 Hine ae eyes dls) 
9. (x + 1)? + (y-— 2)? <9 

mo y7 — x <0 

i. y < —— 1. y > 
m3. y < Inx 14, v2.6 — inky +>) 
meny =< 37 4 I6yes 20°? 7 


In Exercises 17-24, use a graphing utility to graph the 
inequality. Shade the region representing the solution. 


a. y 2 ix — | 18. y< 6 — 35x 

19. y < —3.8x + 1.1 20. y => —20.74 + 2.66x 
21. x2 + 5y — 10 < 0 22. 2x2 -y-3>0 
23. 3y — 3x7 -6 20 24. —tx? -3y < -j 


In Exercises 25-28, write an inequality for the shaded 
region shown in the figure. 


25. y 26. 


28. 





In Exercises 29-32, determine which ordered pairs are 
solutions of the system of linear inequalities. 
29, |x 2 —4 (a) (0, 0) (by (= 13) 


vee 3 (c) (-4,0) (d) (-3, 11) 
Ves = 8x = 3 


30. | —2x + 5y = 3 
y<4 
=e a Phy << 7 
(a) (0, 2) 

(€) (=8, =2) 
ot; SX) Ve 
phe is 
lye ap 437 = 
(a) (0, 10) 

Key(2 9) 
Bp Pee se ae 
Out ay) 
ae) 
@ (7) 

(c) (6, 0) 


IV IA WV 
S 


(d) (=3;2) 


(b) (0, —1) 
(d) (—1, 6) 


(by) (551) 


In Exercises 33-46, sketch the graph and label the vertices 
of the solution of the system of inequalities. 


33; ear rs Il 
=~ar yy S | 
y2Z@ 
35. ec ys. =O 
| 2 I 
yee 0 
BY RM | Sesh e Pa) Sy 6) 
y= ay > 2 
Dear Wy Se 8) 
SOM 26 + ay > 2 
(ape es 
At ine Say 
toc, 
43. [x27 + y? <9 
ar 
45.0 (3% 424 
bees 


34. (3x + 2y <6 


x > 0 
y.0 
36. Pree.) 
sg << D 
veal 
Shs || oe — hy Ss — 36 
aXe ove 5 
On = Sy 6 
A0:, | 4-2 <6 6 
ape — shy 2 —Y 
42. eevee 0 
59 Sy Se 
44, [x2 + y? < 25 
Ave By < O 
46. [x < 2y — y? 
On—<ercEsy 
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In Exercises 47-52, use a graphing utility to graph the 
inequalities. Shade the region representing the solution of 
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the system. 
47. y< V3x+1 AS. (y= Sx 2a 
eee hae ioe ONG ae 
49. fy <x? —2x+1 50. (y= xt = 2x? +1 
y> —2x CC a 
eS i 
51. eaees 
Oe oxen 
ys4 
a2: Vsves 
y20 
=1S i SY 


In Exercises 53-62, derive a set of inequalities to describe 


the r 


53. 


55. 


SHE 


59. 
60. 
61. 
62. 


egion. 


ny; 





Rectangle: Vertices at (2, 1), (5, 1), (5, 7), (2, 7) 
Parallelogram: Vertices at (0, 0), (4, 0), (1, 4), (5, 4) 
Triangle: Vertices at (0, 0), (5, 0), (2, 3) 

Triangle: Vertices at (— 1, 0), (1, 0), (0, 1) 


Economics \n Exercises 63-66, find the consumer 
surplus and producer surplus for the demand and supply 


equations. 
Demand Supply 
63. p = 50 — 0.5x p = 0.125x 
64. p = 100 — 0.05x p = 25 + Ox 
65. p = 140 — 0.00002x p = 80 + 0.00001x 


66. 
67. 


68. 


69. 


70. 


p = 400 — 0.0002x p = 225 + 0.0005x 


Business A furniture company can sell all the | 
tables and chairs it produces. Each ees requires | 
hour in the assembly center and ik, hours in the 
finishing center. Each a requires 15 hours in the 
assembly center and 15 hours in the finishing center. 
The company’s assembly center is available 12 hours 
per day, and its finishing center is available 15 hours 
per day. Find and graph a system of inequalities 
describing all possible production levels. 


Business A store sells two models of computers. 
Because of the demand, the store stocks at least 
twice as many units of model A as of model B. The 
costs to the store for the two models are $800 and_ 
$1200, respectively. The management does not want 
more than $20,000 in computer inventory at any one 
time, and it wants at least four model A computers 
and two model B computers in inventory at all times. | 
Devise a system of inequalities describing all possi- f 
ble inventory levels, and graph the system. j 


Finance A person plans to invest up to $20,000 in. 
two different interest-bearing accounts. Each 
account is to contain at least $5000. Moreover, the | 
amount in one account should be at least twice the 
amount in the other account. Find a system of 
inequalities to describe the various amounts that can 
be deposited in each account, and graph the system. | 















Entertainment For a concert event, there are $30 
reserved seat tickets and $20 general admission” 
tickets. There are 2000 reserved seats available, and 
fire regulations limit the number of paid ticket_ 
holders to 3000. The promoter must take in at least 
$75,000 in ticket sales. Find a system of inequalities — 
describing the different numbers of tickets that can 


be sold. Graph the system. 


71. Shipping A warehouse supervisor is told to ship at 
least 50 packages of gravel that weigh 55 pounds 
each and at least 40 bags of stone that weigh 70 
pounds each. The maximum weight capacity in the 
truck he is loading is 7500 pounds. Find a system of 
inequalities describing the numbers of bags of stone 
and gravel that he can send. Graph the system. 


72. Nutrition A dietitian is asked to design a special 
dietary supplement using two different foods. Each 
ounce of food X contains 20 units of calcium, 15 
units of iron, and 10 units of vitamin B. Each ounce 
of food Y contains 10 units of calcium, 10 units of 
iron, and 20 units of vitamin B. The minimum daily 
requirements of the diet are 300 units of calcium, 
150 units of iron, and 200 units of vitamin B. Find 
and graph a system of inequalities describing the 
different amounts of food X and food Y that can be 
used. 


73. Physical Fitness Facility An indoor running track 
is to be constructed with a space for body-building 
equipment inside the track (see figure). The track 
must be at least 125 meters long, and the body- 
building space must have an area of at least 500 
square meters. Find a system of inequalities describ- 
ing the requirements of the facility. Graph the 
system. 


eR OUA Ry eas AL Brae Ale 
sis Se aes eA 


Se aie alee eee 








Synthesis 


True or False? \n Exercises 74 and 75, determine 
whether the statement is true or false. Justify your answer. 


74. The area of the figure defined by the system 


> 
6 
5 
0 


Sy NS et ae 
MIA IA IV 


is 99 square units. 
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75. The graph below shows the solution of the system 


Dan) 
Ay 9yes 6. 
ie on 





In Exercises 76-79, match the system of inequalities with 
the graph of its solution. [The graphs are labeled (a), (b), (c), 
and (d).] 


(b) 


—6--+ 








(d) y 








Wile 
ear yes at 


7 ix yee = 16 
inate eS 


80. The graph of the solution of the inequality 
x + 2y < 6 is shown in the figure. Describe how the 
solution set would change for each of the following. 


@) 2k se AV SO ((D) a8 se Dy So 
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81. Graphical Reasoning Two concentric circles have 
radii x and y, where y > x. The area between the 
circles must be at least 10 square units. 

(a) Find a system of inequalities describing the 
constraints on the circles. 


part (a). Graph the line y =x in the same 
viewing window. 

(c) Identify the graph of the line in relation to the 
boundary of the inequality. Explain its meaning 
in the context of the problem. 

82. Think About It After graphing the boundary of an 
inequality in x and y, how do you decide on which 
side of the boundary the solution set of the inequality 
lies? 

83. Writing Explain the difference between the graph 

of the inequality x < 4 on the real number line and 

on the rectangular coordinate system. 


Review 


In Exercises 84-89, find the equation of the line passing 
through the two points. 


84. (—2, 6), (4, —4) 
(Sey O) es: mi 
2), (=3, 5) 
,0), (4,19) 


34,52) — > 6, 0:8) 


eS 
87. (—3 
“a 
Rilo OC) 
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( 
=| 90. Mortgage Loans The table shows the numbers of! 


outstanding mortgage loans M (in millions) in the 
United States for the years 1992 to 1997. (Source: 
Mortgage Bankers Association of America) 




















Year | 1992 | 1993 | 1994 | 1995 
/M | 42.6 | 45.3 | 47.6 | 49.2 








sou [512 | 


Use your graphing utility to find a linear model and 
a quadratic model that represent the data. Let t = 0 
represent 1990. Use your graphing utility to plot the - 
actual data and the models in the same viewing 
window. How closely do the models represent the 
data? 


In Exercises 91-96, evaluate the expression. Round your ; 
result to three decimal places. 


91. (2.7)39 92. 150(4-25) 


93. 1.5737 94. (3.815) 
95. e 11/4 96. e V3 


In Exercises 97 and 98, solve the system of linear equations 
and check any solution algebraically. 


97. x ye 82 = 23 
Des Oy— gS iy 
Sy+ z= 8 

985) [1x = 3y ee 28 
4x +4z=—-16 
Itty a2 = 0 





> What you should learn 


* How to solve linear 
programming problems 


* How to use linear programming 
to model and solve real-life 
problems 


> Why you should learn it 


Linear programming is often use- 
ful in making real-life economic 
decisions. For example, Exercise 

- 35 on page 608 shows how a 
merchant could use linear 
programming to analyze the 

_ profitability of two models of 

~ compact disc players. 





Linear Programming 
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Linear Programming: A Graphical Approach 


Many applications in business and economics involve a process called 
optimization, in which you are asked to find the minimum or maximum of a 
quantity. In this section you will study an optimization strategy called linear 
programming. 

A two-dimensional linear programming problem consists of a linear 
objective function and a system of linear inequalities called constraints. The 
objective function gives the quantity that is to be maximized (or minimized), and 
the constraints determine the set of feasible solutions. For example, suppose you 
are asked to maximize the value of 


Z = ax + by Objective function 


subject to a set of constraints that determines the shaded region in Figure 7.26. 


Nt 









Feasible 
solutions 





> X 





FIGURE 7.26 


Because every point in the shaded region satisfies each constraint, it is not clear 
how you should find the point that yields a maximum value of z. Fortunately, it 
can be shown that if there is an optimal solution, it must occur at one of the 
vertices. This means that you can find the maximum value of z by testing z at each 
of the vertices. 


Optimal Solution of a Linear Programming Problem 


If a linear programming problem has a solution, it must occur at a vertex of 
the set of feasible solutions. If there is more than one solution, at least one of 
them must occur at such a vertex. In either case, the value of the objective 
function is unique. 


Some guidelines for solving a linear programming problem in two variables are 
listed at the top of the next page. 
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A computer animation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 






































FIGURE 7.27 





FIGURE 7.28 


= X 


Solving a Linear Programming Problem 


1. Sketch the region corresponding to the system of constraints. (The points 
inside or on the boundary of the region are feasible solutions.) 


2. Find the vertices of the region. 


3. Test the objective function at each of the vertices and select the values of 
the variables that optimize the objective function. For a bounded region, 
both a minimum and a maximum value will exist. (For an unbounded 
region, if an optimal solution exists, it will occur at a vertex.) 


Example 1 ® Solving a Linear Programming Problem 


Find the maximum value of 


B= 3x ch Dy Objective function 
subject to the following constraints. 
56-2 
yi20 
Constraints 
gar DM Ss al 
eS Sl 
Solution 


The constraints form the region shown in Figure 7.27. At the four vertices of this 
region, the objective function has the following values. 


At (0,0): z= 3(0) + 2(0) =0 

(1,0): 2—=3() = 20) 32 
At, 1): z= 32) 20) =s8 Maximum value of z 
(0,2): z= 3(0) + 2(2) =4 


N 


So, the maximum value of z is 8, and this occurs when x = 2 and y = 1. 
$< EEE 


In Example 1, try testing some of the interior points in the region. You will 
see that the corresponding values of z are less than 8. Here are some examples. | 


At, 1): z= 3) +20) =5 


wap eae) 


To see why the maximum value of the objective function in Example 1 must 

occur at a vertex, consider writing the objective function in slope-intercept form 
aes x 

y= Sagi Sti 5 Family of lines 
where z/2 is the y-intercept of ne objective function. This equation represents a | 
family of lines, each of slope —3, Of these infinitely many lines, you want the one 
that has the largest z-value while still intersecting the region determined by the 
constraints. In other words, of all the lines whose slope is —3, you want the one 
that has the largest y-intercept and intersects the given region, as shown in Figure 
7.28. From the graph you can see that such a line will pass through one (or more) 
of the vertices of the region. | 





Stantora University 





FIGURE 7.29 


; bs 
Historical Note 
George Dantzig (1914-__) was 
the first to propose the simplex 
method, or linear programming, in 
1947. This technique defined the 
steps needed to find the optimal 
solution to a complex multivari- 


able problem. 
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The next example shows that the same basic procedure can be used to solve 
a problem in which the objective function is to be minimized. 


Example 2 ® Minimizing an Objective Function 


Find the minimum value of 
Z=5x + Ty Objective function 


where x = 0 and y = 0, subject to the following constraints. 


2 Oye 6 
se oy S IS ‘ 
Ab 2 ais y < 4 onstraints 
DE ae Sy Ss Ly 

Solution 


The region bounded by the constraints is shown in Figure 7.29. By testing the 
objective function at each vertex, you obtain the following. 


Ae (Os2)2 =z = 5(0) + 72) = 14 Minimum value of z 
At (0,4): z= 5(0) + 7(4) = 28 
ACS). 2—5(1) = 75) = 40 
ACG. 3)5. 2 = 5(6) 78) 51 
ACG0)) 2 = 515). 7110) = 25 
A305 (3) (0) dS 


So, the minimum value of z is 14, and this occurs when x = 0 and y = 2. 


Example 3 ® Maximizing an Objective Function 


Find the maximum value of 
oo Se ae hy Objective function 
where x = 0 and y = 0, subject to the following constraints. 


Dxitesy 6 
3x ey Sold 
=a ys 4 
DIS RUE ASSNE ABST 


IV 


Constraints 


Solution 


This linear programming problem is identical to that given in Example 2 above, 
except that the objective function is maximized instead of minimized. Using the 
values of z at the vertices shown above, you can conclude that the maximum value 
of 


z = 5(6) + 7(3) = 51 


occurs when x = 6 and y = 3. 
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(¥ 


y It is possible for the maximum (or minimum) value in a linear programming 
| 


z= 12 for any problem to occur at two different vertices. For instance, at the vertices of the 


point along region shown in Figure 7.30, the objective function 
this line. 





ie = ng ap PAY Objective function 


has the following values. 
At (0,0): z=2(0) + 2(0)= 0 
At (0,4): z= 2(0) + 2(4)= 8 


x At (2; 4) = 2(2)-.2(14) =12 Maximum value of z 
At (5, 1): 2 =26) 420) = 2 Maximum value of z 
FIGURE 7.30 At(S, 0): 2 =12(5) + 210) = 10 


In this case, you can conclude that the objective function has a maximum value 
not only at the vertices (2, 4) and (5, 1); it also has a maximum value (of 12) at 
any point on the line segment connecting these two vertices. Note that the 
objective function in slope-intercept form 


1 
=-x+= 
aaa cane i 


has the same slope as the line through the vertices (2, 4) and (5, 1). 

Some linear programming problems have no optimal solutions. This can 
occur if the region determined by the constraints is unbounded. Example 4 | 
illustrates such a problem. | 


a 


Example 4 ® An Unbounded Region _ a 


Find the maximum value of 
z= 4x + 2y Objective function 


where x 2 0 and y = 0, subject to the following constraints. 


tear 2) 2 a! 
Sy sey 2 7 Constraints 
Sea i, 
y Solution 1 


The region determined by the constraints is shown in Figure 7.31. For this — 
unbounded region, there is no maximum value of z. To see this, note that the point 
(x, 0) lies in the region for all values of x > 4. Substituting this point into the 
objective function, you get 


z= 4) 4 2(0) = 4x 


By choosing x to be large, you can obtain values of z that are as large as you want. | 
So, there is no maximum value of z. For this problem, there is a minimum value © 








of z. 
At (1,4): z= 4(1) + 2(4) = 12 
At@,.1): 4 2=4(2) 20) a0 Minimum value of z 
ee 2) At (4,0): z= 4(4) + 2(0) = 16 


So, the minimum value of z is 10, and this occurs when x = 2 and y = 1. 








Maximum Profit 











y 
| - 
800, 400: 
AQ0 eee ee A Se ieee ) Bae cat 
| 
8 BOO sore ennene affront 
5 
g 
i 200 
5 100 
(0, 0) 400 800 1200 
Units: product I 
FIGURE 7.32 
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Applications 


Example 5 shows how linear programming can be used to find the maximum 
profit in a business application. 


Example 5 ® Maximum Profit ‘e) 


A manufacturer wants to maximize the profit for two products. Product I yields a 
profit of $1.50 per unit, and product II yields a profit of $2.00 per unit. Market 
tests and available resources have indicated the following constraints. 

1. The combined production level should not exceed 1200 units per month. 


2. The demand for product II is no more than half the demand for 
product I. 


3. The production level of product I should be less than or equal to 600 units plus 
three times the production level of product II. 


Solution 


If you let x be the number of units of product I and y be the number of units of 


product II, the objective function (for the combined profit) is given by 
Prey Sree ly: 


Objective function 


The three constraints translate into the following linear inequalities. 


ey 200 x yy = 1200 
2. ys ix sou Dyn 0 
3. x < 600 + 3y x= sys COW 





Because neither x nor y can be negative, you also have the two additional 
constraints of x > 0 and y > 0. Figure 7.32 shows the region determined by the 
constraints. To find the maximum profit, test the values of P at the vertices of the 
region. 


At (0,0):, P = 1.5(0) 2(0) = 0 

At (800, 400): P = 1. 5(800) 2(400) = 2000 Maximum profit 
At (1050, 150): P = 1.5 Sree 2(150) = 1875 
At (600, 0): P = 1.5(600) + 2(0) = 900 


So, the maximum profit is $2000, and it occurs when the monthly production 
consists of 800 units of product I and 400 units of product II. 





In Example 5, the manufacturer improved the production of product I so that 
it yielded a profit of $2.50 per unit. The maximum profit can then be found using 


the objective function 
Peel. 5K O2y. 


Objective function 


By testing the values of P at the vertices of the region, you find the maximum 
profit is $2925 and that it now occurs when x = 1050 and y = 150. 
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FIGURE 7.33 





Example 6 ® Minimum Cost 





The minimum daily requirements from the liquid portion of a diet are 300 
calories, 36 units of vitamin A, and 90 units of vitamin C. A cup of dietary drink 
X costs $0.12 and provides 60 calories, 12 units of vitamin A, and 10 units of 
vitamin C. A cup of dietary drink Y costs $0.15 and provides 60 calories, 6 units 
of vitamin A, and 30 units of vitamin C. How many cups of each drink should be 
consumed each day to minimize the cost and still meet the daily requirements? 


Solution 


As in Example 9 on page 596, let x be the number of cups of dietary drink X and 
let y be the number of cups of dietary drink Y. | 





For calories: 60x + 60y = 300 | 
For vitamin A: 12x + 6y = 36 | 
For vitamin C: 10x + 30y => 90 Constraints | 
xe | 

yee | 

The cost C is given by C = 0.12x + 0.15y. Objective function | 


The graph of the region corresponding to the constraints is shown in Figure 7.33, 
To determine the minimum cost, test C at each vertex of the region. 


At (0, 6): C = 0.12(0) + 0.15(6) = 0.90 
At (1, 4) gare SE 4 Os 
At 6, 2): = 0.12(3) + 0.15(2) = 0.66 Minimum value of C 
At (9, 0): o = 0.12(9) + 0.15(0) = 1.08 


So, the minimum cost is $0.66 per day, and this occurs when three cups of drink 
X and two cups of drink Y are consumed each day. 











Creating a Linear eur Praha takes Problem Sketch the region determined by the 
following constraints. 





Xe 2Y 8 
Xi Ves 
x20 
y2=0 


Constraints 


Find, if possible, an objective function of the form z = ax + by that has a maxi- 
mum at the indicated vertex of the region. 


a. (0,4) b. (2, 3) 
Gan(5y10) d. (0, 0) 








Explain how you found each objective function. 





7.5 Exercises 
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In Exercises 1-12, find the minimum and maximum values 


if. Objective function: 
i 


ie z= 4x + 3y 

_ Constraints: 

| x20 
y20 





| 23 45 6 
3. Objective function: 
: z= 3x + 8y 


Constraints: 
(See Exercise 1.) 


. Objective function: 


Z= 3x + 2y 

Constraints: 
eee () 
ve 0 


Objective function: 


a—eont (: Sy 


Constraints: 
(See Exercise 5.) 











of the objective function and where they occur, subject to 
‘the indicated constraints. (For each exercise, the graph of 
the region determined by the constraints is provided.) 


2. Objective function: 


z= 2x + 8y 
Constraints: 
en) 





. Objective function: 


z= 7x + 3y 


Constraints: 
(See Exercise 2.) 


. Objective function: 


z= 4x + Sy 
Constraints: 
xg et) 
De eOy ea 
Spa SS ee 
x + 4y < 16 





8. Objective function: 


Z=2x+y 


Constraints: 
(See Exercise 6.) 


9. Objective function: 
z = 10x + Ty 
Constraints: 

OFS 260. 
OSS 
5x + 6y < 420 





11. Objective function: 
Z = 25x + 30y 


Constraints: 
(See Exercise 9.) 


10. Objective function: 


z= 25x + 35y 


Constraints: 





400450, 0) 


12. Objective function: 


z= 15x + 20y 


Constraints: 
(See Exercise 10.) 


In Exercises 13-20, sketch the region determined by the 
constraints. Then find the minimum and maximum values 
of the objective function and where they occur, subject to 


the constraints. 
13. Objective function: 
z= 6x + 10y 


Constraints: 
0 
0 
0 


15. Objective function: 
z= 9x + 24y 


Constraints: 
(See Exercise 13.) 


17. Objective function: 
z= 4x + Sy 
Constraints: 

Ke ld) 
ye C 
tyes 
Bx + Sy 2930 


14. Objective function: 


z= 7x + 8y 
Constraints: 
ye 20 
y20 
xt+5y<4 


IV IV 


16. Objective function: 


B= The ar Dy 
Constraints: 
(See Exercise 14.) 


18. Objective function: 


z= 4x + 5y 
Constraints: 
ie Zz 
yO 
Dye Ly lO 
ae 
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19. Objective function: 





20. Objective function: 
z= 2x + Ty Li DK) 


Constraints: 
(See Exercise 18.) 


Constraints: 
(See Exercise 17.) 


fa In Exercises 21-24, use a graphing utility to sketch the 


region determined by the constraints. Then find the 
minimum and maximum values of the objective function 
and where they occur, subject to the constraints. 


21. 


23. 


Objective function: 22. Objective function: 
z=4x+y A = 3 
Constraints: Constraints: 
m2 39 2 (0 
y= ye 
Mite 2 S40) DOV S100) 
phe = By) ee PZ Dyes WS 2s 
4x + y < 48 
Objective function: 24. Objective function: 
zZ=xt 4y Z=y 
Constraints: Constraints: 
(See Exercise 21.) (See Exercise 22.) 


In Exercises 25-28, find the maximum value of the objective 
function and where it occurs, subject to the constraints 
x 20,y 2 0,3x + y < 15, and 4x + 3y < 30. 


25. 
27. 


z=2xt+y 26. z= 5x + y 


z=xt+y 28. z= 3x+ y 


In Exercises 29-32, find the maximum value of the objective 
function, and where it occurs, subject to the constraints 
x20,y 20,x + 4y < 20,x + y < 18, and 2x + 2y < 21. 


29 ez 
31. 


33. Maximum Profit 


= 50S) 30. z = 2x + 4y 
Ee SY 32. z=4x+y 


A manufacturer produces two 
models of bicycles. The times (in hours) required for 
assembling, painting, and packaging each model are 
listed in the table. 














Process__| Model A | Model | 
Assembling | 2 2.5 
Painting 4 I 
Packaging i 0.75 
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34. 


35. 


36. 


The total times available for assembling, painting, 
and packaging are 4000 hours, 4800 hours, and 1500 
hours, respectively. The profits per unit are $45 for 
model A and $50 for model B. How many of each 
type should be produced to maximize profit? What is 
the maximum profit? 


Maximum Profit A manufacturer produces two 
models of bicycles. The times (in hours) required for 
assembling, painting, and packaging each model are 
listed in the table. 








| Model A | Model B | 


; Process ye 
Ageeeiny 2 








Painting | 2 | 1 | 
Packaging | 0.75 | 1s | 











The total times available for assembling, painting, — 
and packaging are 4000 hours, 2500 hours, and 1500. 
hours, respectively. The profits per unit are $50 for 
model A and $52 for model B. How many of each 
type should be produced to maximize profit? What is_ 
the maximum profit? 


Maximum Profit A merchant plans to sell two | 
models of compact disc players at costs of $150 and 
$200. The $150 model yields a profit of $25 per unit 
and the $200 model yields a profit of $40 per unit, 
The merchant estimates that the total monthly 
demand will not exceed 250 units. The merchant. 
does not want to invest more than $40,000 in inven- 
tory for these products. Find the number of units of 
each model that should be stocked in order to maxi-_ 
mize profit. What is the maximum profit? | 


Maximum Profit A fruit grower has 150 acres of 
land available to raise two crops, A and B. It takes” 
1 day to trim an acre of crop A and 2 days to trim an 

acre of crop B, and there are 240 days per year avail- 
able for trimming. It takes 0.3 day to pick an acre of 
crop A and 0.1 day to pick an acre of crop B, and 
there are 30 days available for picking. The profit is, 
$140 per acre for crop A and $235 per acre for crop” 
B. Find the number of acres of each fruit that should 
be planted to maximize profit. What is the maximum , 


profit? | 





37. 


Minimum Cost A farming cooperative mixes two 
brands of cattle feed. Brand X costs $25 per bag and 
contains 2 units of nutritional element A, 2 units of 
element B, and 2 units of element C. Brand Y costs 
$20 per bag and contains 1 unit of nutritional 
element A, 9 units of element B, and 3 units of 
element C. The minimum requirements of nutrients 
A, B, and C are 12 units, 36 units, and 24 units, 
respectively. Find the number of bags of each brand 
that should be mixed to produce a mixture having a 
minimum cost. What is the minimum cost? 


. Minimum Cost Two gasolines, type A and type B, 


have octane ratings of 80 and 92, respectively. Type 
A costs $1.13 per gallon and type B costs $1.28 per 
gallon. Determine the blend of minimum cost with 
an octane rating of at least 90. What is the minimum 
cost? (Hint: Let x be the fraction of each gallon that 
is type A and let y be the fraction that is type B.) 


. Maximum Revenue An accounting firm has 800 


hours of staff time and 96 hours of reviewing time 
available each week. The firm charges $2000 for an 
audit and $300 for a tax return. Each audit requires 
100 hours of staff time and 8 hours of review time. 
Each tax return requires 12.5 hours of staff time and 
2 hours of review time. What numbers of audits and 
tax returns will yield the maximum revenue? What is 
the maximum revenue? 


40. Maximum Revenue The accounting firm in 


| 
| 
| 


| 


Exercise 39 lowers its charge for an audit to $1000. 
What numbers of audits and tax returns will yield the 
maximum revenue? What is the maximum revenue? 


In Exercises 41-46, the linear programming problem has an 


unusual characteristic. Sketch a graph of the solution 
region for the problem and describe the unusual character- 
istic. Find the maximum value of the objective function and 


where it occurs. 


41. 











Objective function: 42. Objective function: 
Yaa 2. OX + Zi Xiah, 
Constraints: Constraints: 
me (0 x2 0 
y2 © yee 
aoe OY Ss 15 =e y= | 
Dimaey < 10 =I0 sp Pay eS ct 
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43. Objective function: 44. Objective function: 
Lg Xt DY Zee Gta 
Constraints: Constraints: 

Xe) 2 
v2 y20 
GSO =H rv SO 
coy Se Suet Vee 3S 

45. Objective function: 46. Objective function: 
z= 3x + 4y Ley: 
Constraints: Constraints: 

pee A) e210 

y20 yi20 

Rar WS | PoP Pah Ss et 

Diy es 4 2S 4: 
Synthesis 


True or False? \n Exercises 47 and 48, determine 
whether the statement is true or false. Justify your answer. 


47. If an objective function has a maximum value at the 
vertices (4,7) and (8,3), you can conclude that it 
also has a maximum value at the points (4.5, 6.5) and 
Gesu): 


48. When solving a linear programming problem, if the 
objective function has a maximum value at more 
than one vertex, you can assume that there are an 
infinite number of points that will produce the 
maximum value. 


In Exercises 49 and 50, determine values of t such that the 
objective function has a maximum value at the indicated 
vertex. 


49. Objective function: 50. Objective function: 
Z—= 3x ty z= 3x + ty 
Constraints: Constraints: 

ge % 20 

gee) y20 
x sy = 15 x+2y24 
Aiea -y S16 wo ys | 
(a) (0, 5) (a) (2, 1) 
(b) (3, 4) (b) (0, 2) 
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Think About It \n Exercises 51-54, find an objective 
function that has a maximum or minimum value at the 
indicated vertex of the constraint region shown below. 
(There are many correct answers.) 





51. The maximum occurs at vertex A. 
52. The maximum occurs at vertex B. 
53. The maximum occurs at vertex C. 


54. The minimum occurs at vertex C. 
Review 


In Exercises 55-58, simplify the compound fraction. 

















; (+3) 
———— 56. se 
6 4 
(E+?) (x3) 
x G 
4 | ( 1 *) 
-- = ex 
57. 5 Oe 58. jeer Il 2 
ead) Cae eee 
x+3 x-3 2x2 ++ 4x +2 


\ 


In Exercises 59-64, solve the equation algebraically. Round 
the result to three decimal places. 


59. e* + 2e*— 15 =0 

60. e% — 10e* + 24=0 

61.08(62'-res/*Vi = 92 
150, 26" 

Cana 

7 In 3x = 12 

In + 9)? =2 


62. 75 


63. 
64. 


> Chapter Summary 
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What did you learn? 


Section 7.1 
L] How to use the method of substitution to solve systems of equations 
in two variables 


L] How to use a graphical approach to solve systems of equations in two variables 
L] How to use systems of equations to model and solve real-life problems 


Section 7.2 
L] How to use the method of elimination to solve systems of linear equations in 
two variables 


L} How to interpret graphically the numbers of solutions of systems of equations 
in two variables 


L] How to use systems of equations in two variables to model and solve real-life 
problems 


Section 7.3 
L] How to recognize linear systems in row-echelon form and use back-substitution 
to solve the systems 


L] How to use Gaussian elimination to solve systems of linear equations 
CL] How to solve nonsquare systems of linear equations 


L} How to use systems of linear equations in three or more variables to model and 
solve application problems 


Section 7.4 
CL] How to sketch the graphs of inequalities in two variables 


CL] How to solve systems of inequalities 


C1 How to use systems of inequalities in two variables to model and solve real-life 
problems 


Section 7.5 
L] How to solve linear programming problems 


_ (1 How to use linear programming to model and solve real-life problems 


Review Exercises 
1-4 


10 
11-13 


14-21 


22-25 


26-30 


31,32 


33-42 
43,44 
45-47 


48-51 
52-59 
60-63 


64-67 
68-71 
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Review Exercises 





In Exercises 1-4, solve the system by the method of 
substitution. 


fx? ye = 9 2. | xy 69 
eres tee. 39 

3. | y = 2x? 4. (x =y +3 
eae {Saale 


In Exercises 5-8, solve the system graphically. 


Ss Aa pS 6. [y?— 2y +x = 0 
5eoP SP 6 x+y=0 

Th y =—2e* 8. [y = 2(6 — x) 
2e*+y=0 y= 2? 


=: In Exercises 9 and 10, use a graphing utility to solve the sys- 
tem of equations. Find the solution accurate to two decimal 
places. 


9, = 
a 

11. Break-Even Point You set up a business and make 
an initial investment of $50,000. The unit cost of the 


product is $2.15 and the selling price is $6.95. How 
many units must you sell to break even? 


Choice of Two Jobs You are offered two sales jobs. 
One company offers an annual salary of $22,500 
plus a year-end bonus of 1.5% of your total sales. 
The other company offers an annual salary of 
$20,000 plus a year-end bonus of 2% of your total 
sales. What amount of sales will make the second 
offer better? Explain. 


2x? — 4x + 1 


10..\y =nG@ 1) — 3 
x? — 4x +3 


y =4 —5x 


12. 


13. Geometry The perimeter of a rectangle is 480 


meters and its length is 150% of its width. Find the 
dimensions of the rectangle. 


In Exercises 14-21, solve the system by elimination. 
14. iE y=) 2 15. a + 30y= 24 
6x + 8y = 39 20x — SOy = —14 

16. Be TeOoy — 0.14 17. a + 42y = -17 
0.4x + 0.5y = 0.20 30x -— 18y= 19 
3h = 


18. Tx + 12y = 63 
3x + 2(y + 5) = 


0 19 
10 2x. +:3(y7 4-2) = 21 
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8.5 


20. ies == 35 21. [1.5% +423y—= 
5x — 8y = 14 6x + 10y = 24 | 
| 
In Exercises 22-25, use a graphing utility to graph the lines 


in the system. Use the graph to determine if the system is 
consistent or inconsistent. If the system is consistent, | 
determine the number of solutions. 


on emcees 23, | ae 


6x+ y= 4 Sy =x 
24 6x — 14.4y = 1.8 
1.2x — 2.88y = 0.36 


a 8x y= 3 
=Syit Sea 2 


26. Acid Mixture Two hundred liters of a 75% acid 
solution is obtained by mixing a 90% solution with a 
50% solution. How many liters of each must be used 


to obtain the desired mixture? 


Compact Disc Sales Suppose you are the manager 


of a music store. At the end of one week you are 
going over receipts for the previous week’s sales. Six. 
hundred and fifty compact discs were sold. One type. 
of compact disc sold for $9.95 and another sold for 
$14.95. The total compact disc receipts were. 
$7717.50. The cash register that was supposed to 
record the number of each type of compact disc sold 
malfunctioned. Can you recover the information? If 
so, how many of each type of compact disc were 
sold? 


Flying Speeds Two planes leave Pittsburgh and 
Philadelphia at the same time, each going to the 
other city. One plane flies 25 miles per hour faster 
than the other. Find the air speed of each plane if the 
cities are 275 miles apart and the planes pass one 
another after 40 minutes of flying time. 





27. 


28. 


Economics \n Exercises 29 and 30, find the point of 


equilibrium. 

Demand Function 
29. p = 37 — 0.0002x 
30. p = 120 — 0.0001x 


Supply Function 
p = 22 + 0.00001x | 
p = 45 + 0.0002x 


y=), In Exercises 31 and 32, use back-substitution to solve 
the system. 


31. (x -4y+ 3z= 3 £32. |x — jy 82 =e 
Sy z= Sh y¥- 92 = ae 
Z=t5 z= 2 


In Exercises 33-36, use Gaussian elimination to solve the 
system of equations. 

33. x+2y+6z= 4 

| Roe Zi i — 4 


| 4x+ 22= 16 

Pome sy —z— 13 35. Ry 7 (6 
| DG — 5z = 23 2x — 3y =—7 
4x-— y-2z=14 eerie are = IN| 
| 36. Dig C= e9 

| 


oa 2y + 1lz = —16 
pa yt z= = 11 
In Exercises 37 and 38, find the equation of the parabola 


_y = ax? + bx + c that passes through the points. Use a 
_ graphing utility to verify your result. 





In Exercises 39 and 40, find the equation of the circle 
x? + y?+Dx+£Fy+F=0 that passes through the 
_ points. Use a graphing utility to verify your result. 


| 39, 








| equations to find the least squares regression line 
| y = ax + b for the points in the figure. (For an 
| explanation of how the coefficients of a and b in the 
system are obtained, see Appendix B.) 


5b + 10a = 17.8 
10b + 30a = 45.7 
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| 41. Fitting a Line to Data Solve the system of 
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42. Data Analysis Let x and y represent the median 
ages at first marriage for women and men, 
respectively. In a sample of 6 years, these median 
ages are given by the following ordered pairs. 
(Source: U.S. Center for Health Statistics) 


(23.0, 24.8), (233; 2521), (23.6; 25:3), 
377,255), (23.9; 25:9); (24.0, 25.9) 


(a) Find the least squares regression line 
y = ax + b for the data by solving the following 
system of linear equations. 

6b+ 141.54 152:5 
141.5b + 3337.75a = 3597.27 





z= (b) Use a graphing utility to plot the data and 
graph the regression line in the same viewing 
window. 


(c) Use the graph to determine whether the line is a 
good model for the data. Explain. 


(d) What information is given by the slope of the 
regression line? Explain. 


In Exercises 43 and 44, solve the nonsquare system of 
equations. 


43. (5x — 12y+7z=16 44. ete ewe 
B56 =) Ivar tig © 3x + 8y — 31lz = 54 


45. Agriculture A mixture of 6 gallons of chemical A, 
8 gallons of chemical B, and 13 gallons of chemical 
C is required to kill a certain destructive crop insect. 
Commercial spray X contains 1, 2, and 2 parts, 
respectively, of these chemicals. Commercial spray 
Y contains only chemical C. Commercial spray Z 
contains chemicals A, B, and C in equal amounts. 
How much of each type of commercial spray is 
needed to get the desired mixture? 


46. Finance An inheritance of $40,000 was divided 
among three investments yielding $3500 in interest 
per year. The interest rates for the three investments 
were 7%, 9%, and 11%. Find the amount placed in 
each investment if the second and third were $3000 
and $5000 less than the first, respectively. 
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47. Fitting a Parabola to Data Solve the system of 
equations to find the least squares regression parabola 
y = ax? + bx + c for the points in the figure. (For 
an explanation of how the coefficients of a, b, and ¢ 
in the system are obtained, see Appendix B.) 


5c +--+ 10a= 9.1 


10b =O) 
10c + 34a = 19.8 








yee In Exercises 48-51, sketch the graph of the 
inequality. 

48. y <5 — 4x 49. 3y —x 27 

SO oye AN ce asl Shey, a2 Inxs .6 


In Exercises 52-59, sketch a graph and label the vertices of 
the solution set of the system of inequalities. 


52.) erty 160 53. |2x + 3y < 24 
Bi iin VISeiSO 2 Vasu la 
spe eee) 
ay? 277 0 yy eKO 
54. |3x + 2y = 24 559 20k vere O 
Sear Dy 2 22 xia Sy re hs 
Dese = 15 OSX G25 
ysis Otsyis229 
pee 573) Ny SG =O etn 
ee el yr ert6 
Sia Oo yee 59. ey Et 
Dis 8 (= 3)? ay? 9 
y2 





=| In Exercises 60 and 61, determine a system of inequalities 
that models the description. Use a graphing utility to graph 
and shade the solution of the system. 


60. Fruit Distribution A Pennsylvania fruit grower 
has 1500 bushels of apples that are to be divided 
between markets in Harrisburg and Philadelphia. 
These two markets need at least 400 bushels and 600 
bushels, respectively. 


61. Inventory Costs A warehouse operator has 24,000 : 
square feet of floor space in which to store two i 
products. Each unit of product I requires 20 square 
feet of floor space and costs $12 per day to store. 
Each unit of product II requires 30 square feet of 
floor space and costs $8 per day to store. The total 
storage cost per day cannot exceed $12,400. 


In Exercises 62 and 63, find the consumer surplus and 
producer surplus for the demand and supply equations. 
Sketch the graph of the equations and shade the regions 
representing the consumer surplus and producer surplus. 


Demand Supply 
62. p = 160 — 0.0001x p = 70 + 0.0002x 
63. p = 130 — 0.0002x p = 30 + 0.0003x 


In Exercises 64-67, find the required optimum value 
of the objective function and where it occurs, subject to the 
indicated constraints. 


64. Maximize: 65. Minimize: 
z= 3x + Ay = 10x + Ty 
Constraints: Constraints: 

x 0) xe Te 
y 20 ye @ 
Dak DYES 50 2X + Ve 
Ansa yes 128 x + yee 





25 50. 75 100 


D4 682 LO 
66. Minimize: 67. Maximize: 
z= 1.75x + 2.25y z = 50x + 70y 
Constraints: Constraints: 
en) Xe 0 
ye 0 Vz 0 
Ohh hy) Paes x + 2yss 1300 
Shidtwaye= 45 5x + ZyssSa3500 


68. Maximum Revenue A student is working part time 
as a hairdresser to pay college expenses. The student 
may work no more than 24 hours per week. Haircuts 
cost $25 and require an average of 20 minutes, and 
permanents cost $70 and require an average of 1 
hour and 10 minutes. What combination of haircuts 
and/or permanents will yield a maximum revenue? 
What is the maximum revenue? 


69. Maximum Profit A manufacturer produces 
products A and B yielding profits of $18 and $24, 
respectively. Each product must go through three 
processes with the required times per unit shown in 
the table. 





'| Hours Available 
| per Day | oa 





24 





9 





8 

















Find the daily production level for each unit to 
maximize the profit. What is the maximum profit? 


70. Minimum Cost A pet supply company mixes two 
brands of dry dog food. Brand X costs $15 per bag 
and contains 8 units of nutritional element A, | unit 
of nutritional element B, and 2 units of nutritional 
element C. Brand Y costs $30 per bag and contains 
2 units of nutritional element A, | unit of nutritional 
element B, and 7 units of nutritional element C. Each 
bag of mixed dog food must contain at least 16 units, 
5 units, and 20 units of nutritional elements A, B, and 
C, respectively. Find the numbers of bags of brands 
X and Y that should be mixed to produce a mixture 
meeting the minimum nutritional requirements and 
having a minimum cost. What is the minimum cost? 


71. Minimum Cost Two gasolines, type A and type B, 
have octane ratings of 80 and 92, respectively. Type 
A costs $1.25 per gallon and type B costs $1.55 per 
gallon. Determine the blend of minimum cost with 
an octane rating of at least 88. What is the minimum 
cost? (Hint: Let x be the fraction of each gallon that 
is type A and let y be the fraction that is type B.) 


Synthesis 


True or False? \n Exercises 72 and 73, determine 
whether the statement is true or false. Justify your answer. 
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72. The system 


WS dD 
ye 2 
y2 fy - g 
y > —4x + 26 


represents the region covered by an isosceles 
trapezoid. 


73. It is possible for an objective function of a linear 
programming problem to have exactly 10 maximum 
value points. 


Exploration \n Exercises 74-77, find a system of linear 
equations having the ordered pair as a solution. (There is 
more than one correct answer.) 


74. (—6,8) TSS Sete) 


77. (-1,3) 


Exploration \n Exercises 78-81, find a system of linear 
equations having the ordered triple as a solution. (There is 
more than one correct answer.) 


78. (4, -1, 3) 79. (—3, 5, 6) 
80. (5, 3, 2) 81. (3, —2, 8) 


82. Exploration Find k, and k, such that the system of 
equations has an infinite number of solutions. 


3x — 5y =8 
2x + ky = ky 


83. When solving a system of equations by substitution, 
how do you recognize that the system has no 
solution? 


84. When solving a system of equations by elimination, 
how do you recognize that the system has no 
solution? 


85. A system of two equations in two unknowns is 
solved and has a finite number of solutions. 
Determine the maximum number of solutions of the 
system satisfying each of the following. 

(a) Both equations are linear. 
(b) One equation is linear and the other is quadratic. 
(c) Both equations are quadratic. 


86. How can you tell graphically that a system of linear 
equations in two variables has no solution? Give an 
example. 
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@iklicimacy(same Fitting Models to Data | 


y 










Newspapers Published 





“| Evening 





| newspapers |... 








| newspapers 


a (65 Sh LOR M214: 
Year (0 < 1990) 





Morning 





41.3 





41.5 





42.4 





43.1 





43.4 





44.3 





44.8 














45.4 













Morning | | 


Many of the models in this book were created with a statistical method called 
least squares regression analysis. This procedure can be performed easily with a 
computer or graphing calculator. 





Example ® ‘Fitting a Line to Data «2 


The numbers of morning and evening newspapers published in the United States 
from 1990 through 1997 are shown in the table. Use the data to project the 
numbers of morning and evening newspapers that will be published in 2003. In 
the table, t = 0 represents 1990. (Source: Editor and Publisher Company) 





Year, | 0 | 2 13 |4 |3 | ae 
Morning 559 | 571 | 596 | 623 | 635 | 656 | 686 | 705 
Evening | 1084 | 1042 | 996 | 954 | 935 | 891 | 846 | 816 





























Solution 
Begin by finding a computer or graphing calculator that will perform linear 
regression analysis. After entering the data and running the program, you should 
obtain the following models. 

y= 554.3 + 21.3t Morning newspapers 

y = 1078.4 — 38.0t Evening newspapers 
With these models, you can project the numbers of newspapers in 2003. If the 
trend continues to follow the pattern from 1990 through 1997, the numbers of 
newspapers in 2003 should be about 

y 554.3 21.313) 7831 Morning newspapers 

y = 1078.4 — 38.0(13) = 584. Evening newspapers 


The graphs of the data and the models are shown at the left. 





Chapter Project Investigations 


1. Use the models from the example to predict the year when the number | 
of morning papers published will be equal to the number of eve 
papers published. 

2. The total numbers (in millions) of all morning newspapers sold each day 
in the United States from 1990 to 1997 are shown in the table at the left. — 
Find a linear model that represents this data. Use your model to project 
the number of morning papers that will be sold each day in 2003. 

3. From 1990 through 1997, both the number of morning newspapers 
published and the total number of papers sold increased. Did the ve 
circulation per morning paper (number sold + number published) | 
increase or decrease? Explain. 





i 








Chapter Test < 


fe The Interactive CD-ROM and /nternet 


versions of this text provide answers to 


the Chapter Tests and Cumulative Tests. 


They also offer Chapter Pre-Tests 
(which test key skills and concepts 
covered in previous chapters) and 


_- Chapter Post-Tests, both of which have 


randomly generated exercises with 
diagnostic capabilities. 








> Chapter Test 617 





Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 


In Exercises 1-3, solve the system by the method of substitution. 


oe y=- ale a: oe 


4x + 5y= 8 y= (x= 1) x-y=4 

In Exercises 4-6, solve the system graphically. 

pie ae 5. (y=9 — x? 6. y-Inx= 12 
2x + 3y = 12 y= e433 Ts = OBE Fe MN 


In Exercises 7 and 8, solve the linear system by elimination. 


Te (2x oy Ul7 8. | Sey sz =e il 
a5 = Ay = 15 2x = ire 3 
Sy as 


9. Find a system of linear equations that has the solution (3, = 5). 


10. Find the equation of the parabola y = ax? + bx + c passing through the 
points (0, 6), (—2, 2), and (3, 3). 
5 


11. Find a system of linear equations that has the solution (-4, 6, —3). 


In Exercises 12-14, sketch the graph and label the vertices of the solution of the 
system of inequalities. 


12. (2x+y<4 13. fy < -2+x4+4 142 (ety ts, 16 
Lk yay) y > 4x Ps peak 
xe 20 Vee 


15. Find the maximum value of the objective function z = 20x + 12y and 
where it occurs, subject to the constraints x = 0, y 2 0,x + 4y < 32, and 
a6 yr s6: 

16. A merchant plans to sell two models of compact disc players at costs of $275 
and $400. The $275 model yields a profit of $55 and the $400 model yields 
a profit of $75. The merchant estimates that the total monthly demand will 
not exceed 300 units. The merchant does not want to invest more than 
$100,000 in inventory for these products. Find the number of units of each 
model that should be stocked in order to maximize profit. What is the 
maximum profit? 


17. A manufacturer produces two types of television stands. The amounts of time 
for assembling, staining, and packaging the two models are shown in the 
table at the left. The total amounts of time available for assembling, staining, 
and packaging are 4000, 8950, and 2650 hours, respectively. The profits per 
unit are $30 (model I) and $40 (model II). How many of each model should 
be produced to maximize the profit? What is the maximum profit? 
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In 1998, retail sales of jewelry and precious metals reached 
$22.3 billion. (Source: U.S. Bureau of the Census) 
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> What you should learn 


* How to write a matrix and 
identify its order 


How to perform elementary 
row operations on matrices 


How to use matrices and 
Gaussian elimination to solve 
systems of linear equations 


How to use matrices and 
Gauss-Jordan elimination to 
solve systems of linear 
equations 


» Why you should learn it 


You can use matrices to solve 
systems of linear equations in 
two or more variables. For 
instance, Exercise 88 on page 633 
shows how a matrix can be used 
to help find a model for the 
parabolic path of a baseball. 
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Matrices 


In this section you will study a streamlined technique for solving systems of 
linear equations. This technique involves the use of a rectangular array of real 
numbers called a matrix. The plural of matrix is matrices. 


Definition of Matrix \ 
If m and n are positive integers, an m x n matrix (read “m by n”) is a 
rectangular array 


Gy, Ay 443 Ain 
G2, An 93 Ayn 
a3) A395 a33 «+ + Gz, m TOWS 
Ani ano An3 Ginn 


n columns 


in which each entry, a;,, of the matrix is a number. An m x n matrix nes m 


rows (horizontal lines) and n columns (vertical lines). 


The entry in the ith row and jth column is denoted by the double subscript 
notation a. A matrix having m rows and n columns is said to be of order m x n. 
If m =n, the matrix is square of order n. For a square matrix, the entries 
11, Ay, 433,. . . are the main diagonal entries. 


Example 1 ® Order of Matrices 


Determine the order of each matrix. 


a. [2] bis 23" 60 3] 
5 0 
c i 4 d. 2 =D 
ae =F 5 4 
Solution 


a. This matrix has one row and one column. The order of the matrix is | x 1. 
b. This matrix has one row and four columns. The order of the matrix is 1 x 4. 
c. This matrix has two rows and two columns. The order of the matrix is 2 x 2. 


d. This matrix has three rows and two columns. The order of the matrix is 3 x 2. 





A matrix that has only one row is called a row matrix, and a matrix that has 
only one column is called a column matrix. 


STUDY TIP 


| 
| 


. The vertical dots in an 







coefficients of the linear system 
from the constant terms. 


_ augmented matrix separate the _ 


Section 8.1. B® Matrices and Systems of Equations 621 

A matrix derived from a system of linear equations (each written in standard 
form with the constant term on the right) is the augmented matrix of the system. 
Moreover, the matrix derived from the coefficients of the system (but not 
including the constant terms) is the coefficient matrix of the system. 


System iT Aya 3Z=1 75 
ar Oy — = = 3) 
DX —4z=> 6 
Augmented ff 4 3 : 5 
Matrix See haul S14 Aner 
Da ar eee eG 
Coefficient 1 -4 3 
Matrix =| QF met 
2 OF 4 


Note the use of 0 for the missing y-variable in the third equation, and also 
note the fourth column of constant terms in the augmented matrix. 

When forming either the coefficient matrix or the augmented matrix of a 
system, you should begin by vertically aligning the variables in the equations and 
using zeros for the missing variables. 


Example 2 ® Writing an Augmented Matrix 


Write the augmented matrix for the system of linear equations. 


Gy Wa 9) 
=y 42 lw = = 2. 
x= Sz >= 6bw= 0 
2x+4y-—3z= 4 
What is the order of the augmented matrix? 


Solution 
Begin by rewriting the linear system and aligning the variables. 


43 - w= 9 

Sy 24az oy =e 
x Oe OWwi= lO 
DE ea WE sai = 4 


Next, use the coefficients as the matrix entries. Include zeros for the missing 
coefficients. 


Ri bp woseatt Odessa e-> MoeO 
R108 S16 Pea 0 
R,}1 0 -5 -6 : 0 
Rie A =o Ea 


The augmented matrix has 4 rows and 5 columns, so it is a 4-by-5 matrix. The 
notation R,, is used to designate each row in the matrix. For example, Row | 1s 
represented by R,. 
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The Interactive CD-ROM and /nternet 
versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 


id 


aS 
Technology 
Pa Most graphing utilities 
can perform elementary row 
operations on matrices. Consult 
the user's guide for your graph- 
ing utility for keystrokes. 

After performing a row 
operation, the new row- 
equivalent matrix that is 
displayed on your graphing 
utility is stored in the answer 
variable. You should use the 
answer variable and not the 
original matrix for subsequent 
row operations. 














Elementary Row Operations 


In Section 7.3, you studied three operations that can be used on a system of linear 
equations to produce an equivalent system. 

1. Interchange two equations. 

2. Multiply an equation by a nonzero constant. 

3. Add a multiple of an equation to another equation. 


In matrix terminology these three operations correspond to elementary row 
operations. An elementary row operation on an augmented matrix of a given sys- 
tem of linear equations produces a new augmented matrix corresponding to a new 
(but equivalent) system of linear equations. Two matrices are row-equivalent if 
one can be obtained from the other by a sequence of elementary row operations. 


Elementary Row Operations 
1. Interchange two rows. 
2. Multiply a row by a nonzero constant. 


3. Add a multiple of a row to another row. 


Although elementary row operations are simple to perform, they involve a lot 
of arithmetic. Because it is easy to make a mistake, you should get in the habit of 
noting the elementary row operations performed in each step so that you can go 
back and check your work. 


Example 3 ® Elementary Row Operations 


a. Interchange the first and second rows. 


Original Matrix New Row-Equivalent Matrix 
0 1 3 4 G 7 fal Z 0 3 
ge 2 0 3 KR, 20 1 3 4 
28 a i 2. aS 4 1 
b. Multiply the first row by , 
Original Matrix New Row-Equivalent Matrix 
2-4 6 -2 SR, >[1 -2 3) 1 
1 ae 8 0 1 3° a 0 
D8, eee 1 2 Sit B2 1 2 
c. Add —2 times the first row to the third row. 
Original Matrix New Row-Equivalent Matrix 
1 ee. 3 1 2 =& 3 
0 3, eA ae 0 3 =e 
2 1 a —2R, + Rk; 710 —3 dies 


Note that the elementary row operation is written beside the row that is changed. 





The Interactive CD-ROM and Internet 
versions of this text offer a built-in 
graphing calculator, which can be used 
in the Examples, Explorations, 
Technology notes, and Exercises. 
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In Example 3 in Section 7.3, you used Gaussian elimination with back- 
substitution to solve a system of linear equations. The next example demonstrates 
the matrix version of Gaussian elimination. The two methods are essentially the 


same. The basic difference is that with matrices you do not need to keep writing 
the variables. 


Example 4 ® Comparing Linear Systems and Matrix Operations 


Linear System Associated Augmented Matrix 
Lely oe = 9 i) SQ 3 : 9 
Sreky = —4 =1 3 0 - —4 
2x > sy + Sz = 17 Dh ==) 5) sa Mla 
Add the first equation to the Add the first row to the 
second equation. second row. 
oy + 32 = 9 pe 3 : 9 
y+3z= 5 R, + R,->|0 1 3 : D) 
2h Oy OZ =] pe) EX) 5 oy, 
Add —2 times the first equation Add —2 times the first row to 
to the third equation. the third row. 
x 2y + 32= 9 [= 2 : 9 
yo 3Z= 5 0 1 3 : 3) 
ay = Si a | On eal a 
Add the second equation to the Add the second row to the 
third equation. third row. 
x = 2y + 32 = 9 jie 3 : 9 
y+ 3z=5 0 1 3 : i] 
2z=4 R, + R,;-> 0 0 2 : 4 
Multiply the third equation by Multiply the third row by 
x—2y+3z=9 io 2 oO 
yo 0 1 3 : 5 
229) si 0 0 


At this point, you can use back-substitution to find x and y. 


pyee eet ON aves Substitute 2 for z. 
y= 1 Solve for y. 
o> 2(=)EBQ)e"9 Substitute — 1 for y and 2 for z. 
x= 1 Solve for x. 
The solution is x = 1, y = —1, and z = 2. 





Remember that you can check a solution by substituting the values of x, y, 
and z into each equation in the original system. 
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The last matrix in Example 4 is said to be in row-echelon form. The term 
echelon refers to the stair-step pattern formed by the nonzero elements of the 
matrix. To be in this form, a matrix must have the following properties. 


Row-Echelon Form and Reduced Row-Echelon Form 
A matrix in row-echelon form has the following properties. 
1. All rows consisting entirely of zeros occur at the bottom of the matrix. 


2. For each row that does not consist entirely of zeros, the first nonzero 
entry is 1 (called a leading 1). 


3. For two successive (nonzero) rows, the leading | in the higher row is 
farther to the left than the leading 1 in the lower row. 


A matrix in row-echelon form is in reduced row-echelon form if every 
column that has a leading 1 has zeros in every position above and below its 
leading 1. 


Example 5 ® Row-Echelon Form 


The following matrices are in row-echelon form. 


| 21 4 0 | 0 5 
a. | 0 1 0 3 b. | 0 0 | 3 

0 0 1 =2 0 0 0 0 

5 ol 3 | 0 Oe = il 

0 0 | 3 =p 0 1 0 2) 
Cc. d. 

0 0 0 i 4 0 0 l 3 


=) 
S 
i=) 
S) 


0 0 0 0 | 
The matrices in (b) and (d) also happen to be in reduced row-echelon form. The 
following matrices are not in row-echelon form. 

1 pee =) 4 
e. | 0 2 =i First nonzero row entry in Row 2 is not 1. 


0 0 | =3 


1 2am 2 
f. | 0 0 0 0 
0 1 24 


Row consisting entirely of zeros is not 
at the bottom of the matrix. 





Every matrix is row-equivalent to a matrix in row-echelon form. For 
instance, in Example 5, you can change the matrix in part (e) to row-echelon form 
by multiplying its second row by e 

1 20 = 3 4 

1 1 1 

ra ies ee tre 
0 0 (ee 

What elementary row operation could you perform on the matrix in part (f) 

so that it would be in row-echelon form? 
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Gaussian Elimination with 
Back-Substitution 


Gaussian elimination with back-substitution works well for solving systems of 
linear equations by hand or with a computer. For this algorithm, the order in 
which the elementary row operations are performed is important. We suggest 
operating from left to right by columns, using elementary row operations to 
obtain zeros in all entries directly below the leading 1’s. 


) A computer animation of this example 


Bein the Interactive CD-ROM.and Example 6 ® Gaussian Elimination with Back-Substitution 
Internet versions of this text. 
Mar ZS Des =3) 
+ 2y - = ee 
Solve the system e * : : 
ZAR TAY et Ze SW sn 
= Ay S72 = we= = 19 
Solution 
@ Rok POPE woe. 
Phebe bak REGS lM cic, 
2 u 1 —3 sed 1 in upper left corner. 
ear a al 2 SS) 
aie 0, 8 
i = Perform operations on R; 
° ; ; 2 3 > and R, so first column has 
—2R, + R,->|0 0 See: =—6 zeros below its leading 1. 
Ki > ee =O =O =] S| 
I 2 ot 0 2 Perform operations on R, 
0 ] =a == so second column has 
0 0 2. 33 =6 zeros below its leading 1. 
6R,+R,>10 0 0-13 —39 
Il All 0 2 : : 
: = = Perform operations on R; 
0 | ; 2 3 so third column has a 
3R; >} 0 0 il = = leading 1. 
0 0 OF S13 O09 
l DEN 0 2, 
0 1 1 =? [a 3 Perform operations on R, 
; so fourth column has a 
0 0 eal ae 2 leading 1. 
SO de Oty 2 3 


The matrix is now in row-echelon form, and the corresponding system is 


Fear DP Zz = 
yee = y= = 3 

B= 2S 2 

w= 3. 


Using back-substitution, the solution is x = —1l,y = 2, z = 1, andw = 3. 
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Gaussian Elimination with Back-Substitution 
1. Write the augmented matrix of the system of linear equations. 


2. Use elementary row operations to rewrite the augmented matrix in 
row-echelon form. 


3. Write the system of linear equations corresponding to the matrix in 
row-echelon form, and use back-substitution to find the solution. 


When solving a system of linear equations, remember that it is possible 
for the system to have no solution. If, in the elimination process, you obtain a 
row with zeros except for the last entry, it is unnecessary to continue the 
elimination process. You can simply conclude that the system has no solution, or 
is inconsistent. 


Example 7 ® A System with No Solution 


Solve the system. 


Ge Vet 214 
x + z=6 
2x 5 Sy SZ a4 
Bh 4, Dy Zia 


Solution 
eet 2 4 
he POe es 6 
ats 5 4 Write augmented matrix. 
3 Dog | 1 
JI Wocceetlh 2 4 
Rik. hae ee OD 
: Perform row operations. 
= OR er i, ne el 1 ae 
—3R,+R,910 5 -7 : -II 
edhe |. ee 4 
if Pe ie a ge eee 
R, + R, | 0 0 0 aie) Perform row operations. 
0.) BS =) eat 


Note that the third row of this matrix consists of zeros except for the last entry. 
This means that the original system of linear equations is inconsistent. You can 
see why this is true by converting back to a system of linear equations. 


Sein Sear vei 4 
Vie 2 
0= -2 

Sy IZ = 11 


Because the third equation is not possible, the system has no solution. 


= 
& bed 


Technology 


a For a demonstration of 
ra graphical approach to 
Gauss-Jordan elimination on a 
2 x 3 matrix, see the graphing 
calculator program available for 
several models of graphing 
calculators at our website 
college.hmco.com. 








=| 
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Gauss-Jordan Elimination 


With Gaussian elimination, elementary row operations are applied to a matrix to 
obtain a (row-equivalent) row-echelon form of the matrix. A second method of 
elimination, called Gauss-Jordan elimination, after Carl Friedrich Gauss and 
Wilhelm Jordan (1842-1899), continues the reduction process until a reduced 
row-echelon form is obtained. This procedure is demonstrated in Example 8. 


Example 8 ® Gauss-Jordan Elimination 


ee te 
Use Gauss-Jordan elimination to solve the system 4 —x + 3y —4, 
2 Vie 17 


II 


ll 


Solution 


In Example 4, Gaussian elimination was used to obtain the row-echelon form of 
the linear system above. 


(=o, 9 
0 1 BAL 5 
o-0 1 » 


Now, apply elementary row operations until you obtain zeros above each of the 
leading 1’s, as follows. 


Zot > iol 0 9 19 Perform operations on R, 
0 iT 3 : 5 so second column has 
0 0 | : ») zeros above its leading 1. 
—9R, + KR, > 11 0 0 : i Perform operations on R, 
—3R, +R, >| 0 1 0 | and R, so third column has 
0 0 1 2 zeros above its leading 1. 


The matrix is now in reduced row-echelon form. Now, converting back to a 
system of linear equations, you have 


x = | 
Vee sel. 
Gey) 


Now you can simply read the solution. 





The elimination procedures described in this section sometimes result in 
fractional coefficients. For instance, for the system 


2x — 5y + 5z= 17 
3k — Dy Bret 
= ie se Sy =—6 


the procedure would have required multiplication of the first row by a You can 
sometimes avoid fractions by judiciously choosing the order in which you apply 
elementary row operations. 
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STUDY TIP 


In Example 9, x and y are solved 
for in terms of the third variable 
z. To write a solution to the 
system that does not use any of 
the three variables of the system, 
let a represent any real number 
and let z = a. Then solve for x 
and y. The solution can then be 
written in terms of a, which is 
not one of the variables of the 
system. 


Example 9 ® A System with an Infinite Number of Solutions ~~ 


Solve the system. 


aos 


Oi ray, = 1 
Solution 
? Ai ad ont at ‘| 
Sra:  Orueh a yaath 
ah ah j aera Mates | 
Sota: ania ieee | 
! Rg lie | 
Oki ae One ey 3. ay ed 
! Dae de wih | 
=O. sl - 3 I 
—2R, + R, ae (Ur Ree) he “| 
GO) cig —3yh es) ol 
The corresponding system of equations is 
Oc ee 
y-3z=-1 
Solving for x and y in terms of z, you have 
1 = 92 ar P 
and 
Vy —i3 eal 


To write a solution to the system that does not use any of the three variables of 
the system, let a represent any real number and let 


Z= a4. 

Now substitute a for z in the equations for x and y. 
oe YA a fs haya 
y=32—1=36-1 

So, the solution set has the form 
(—5a + 2, 3a — 1, a) 


where a is any real number. Try substituting values for a to obtain a few solutions. 
Then check each solution in the original equation. 


It is worth noting that the row-echelon form of a matrix is not unique. That 
is, two different sequences of elementary row operations may yield different 
row-echelon forms. This is demonstrated in Example 10. 


— 
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Example 10 ® Comparing Row-Echelon Forms 


Compare the following row-echelon form with the one found in Example 4. Is it 
the same? Does it yield the same solution? 


Haye 3z = +9 


05 a> BN =-4 
20 eye 57 = 17 
bh 2 73 9 
-1 3 0 —4 
2 5S 17 
ele = [0 BM eG —4 
Ri 2 =o 3 9 
Day S ae 5 17 
-R,-f 1 -3 0 4 
[=o 3 9 
2-5 § 17 
1-3 O 4 
—R, tik 0° ft 3 5 
IR, +R;>. 0 1 5 9 
[a3 0) 4 
0 ie 3 5 
SReatR. 1) Ome, Oh 22 4 
i =3! 4 
ti ee 5 
SLE): <0 aT 2 


Solution 


This row-echelon form is different from that obtained in Example 4. The corre- 
sponding system of linear equations for this row-echelon matrix is 


se By =4 
WV ae og a) 
mee 
Using back-substitution on this system, you obtain the solution x = 1, y = —1, 


and z = 2, which is the same solution that was obtained in Example 4. 





You have seen that the row-echelon form of a given matrix is not unique; 
however, the reduced row-echelon form of a given matrix is unique. Try applying 
Gauss-Jordan elimination to the row-echelon matrix in Example 10 to see that 
you obtain the same reduced row-echeion form as in Example 8. 
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8.1 Exercises 





In Exercises 1-6, determine the order of the matrix. 


(iF) ol 2553) eae ea 
2 3 7 5) ) 

3} || BS 4. 0 0 3 3 
3 1 1 6 7 
33 45 =") 6 4 

: es A 6. | 0-5 1 


In Exercises 7-12, write the augmented matrix for the 
system of linear equations. 


To 4%. By = =5 8. ("7x + 4y = 22 
ae 12 ae 
9. | x a 10) = 22 = 
f 3y + 4z=0 
Dien ey = 6 
10. | —x — 8y + 5z= 8 
[= = fia == = Sys 
Bk ye cee) 
i. |) 7x — Sy eas 
Re — 8z= 10 


12a Det yi ae) 
= 25 4 lz =. 


In Exercises 13-18, write the system of linear equations 
represented by the augmented matrix. (Use variables x, y, z, 
and w.) 


lO eee Tecti5h mai ieual) 
Re b $88 sf 1 vs i 35> ey a4 
Te id ala a ta 
PSs LO te Se es a 
GPRS ce ee ED: 
4.15» lon es 
16.c lle HOKU Damier 
Be eS gl) eee 00 
Oe? co Laee3 + ac) gears 0 
ELIF gh)! 5 2 10 
Tsar 7ept%g § —4 
oa 2 —10 
Gee 1 ==5 —25 
=e Ome - 3 7 
ae aes 23 
0 1-11 —21 


In Exercises 19-22, determine whether the matrix is in 
row-echelon form. If it is, determine if it is also in reduced 
row-echelon form. 


1 0 0 0 1 5) 0 0 
19. |0 1 1 5) 20. | 0 0 1 8 
0 0 0 0 0 0 0 0 
2 0 mt 0 1 0 2 1 
ZA. 0" = 1 3 6 22. |0 Loess 10) 
0 0 1 5) 0 0 1 0 


In Exercises 23-26, fill in the blank(s) using elementary row 
operations to form a row-equivalent matrix. 


l + 3 6) 6 8 
23. 24. 
B 10 | 5 —=3 | 


om -1 


5 Oe Sit 2 es 
25.1 3. 8-10 3] 26: |1 = 
Zire ba! AY 2 | Gameeeenco 
1 eco sl 1 baa 
OW es 1 =e 
ours 2 GeO 
ee 1 we 3 
0 1 -% & 0M -7 4 
On se3 ok & 


In Exercises 27-30, identify the elementary row operation(s) 
being performed to obtain the new row-equivalent matrix. 


Original Matrix 


27. ie 5 
30 Vel Ss 


New Row-Equivalent Matrix 


E | 
3 =e 


Original Matrix New Row-Equivalent Matrix 
28. | Sled uy [. =I a 
=A 3 v 5 Os 
Original Matrix New Row-Equivalent Matrix 
29. Otel = 5. 5 —1. 2. 
all Sun 6 0 -L “=o3mee 
Aah =25 Lies 0 7. =2iiec 
Original Matrix New Row-Equivalent Matrix 
30. iF =2 332] )f=1° =20e 
laa) [VP O =o eins 
5 ae = eG O —6S eee 
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31. Perform the sequence of row operations on the == In Exercises 37-42, use the matrix capabilities of a graphing 


matrix. What did the operations accomplish? 


1 2 3 
eee. 4 
6) ares 


(a) Add —2 times R, to R. 
(b) Add —3 times R, to Rj. 
(c) Add —1 times R, to R;. 
(d) Multiply R, by —3. 

(e) Add —2 times R, to Rj. 


32. Perform the sequence of row operations on the 
matrix. What did the operations accomplish? 


7 1 
0 2 
oe) 4 
4 1 


(a) Add R; to R,. 

(b) Interchange R, and R,. 

(c) Add 3 times R, to Rj. 

(d) Add —7 times R, to R,. 

(e) Multiply R, by 5. 

(f) Add the appropriate multiples of R, to R,, R3, 
and R,. 


In Exercises 33-36, write the matrix in row-echelon form. 
Remember that the row-echelon form for a matrix is not 
unique. 


1 1 0 5 
Seal 2, — i PA Al KY 
3 6 i] 14 
1 2. Sl 3 
34. 3 ee ee La. 
aoe) 3 8 
io = 1 1 
35 Ds 4. 1 8 
= 0 8 18 0 
3 Ome 7 
o6.i=3 10 23 
4 -10 2 2A 


utility to write the matrix in reduced row-echelon form. 


3 a guia oh be) 
37. |i = 0) 4 38,55 sae 
2 4 -2 eG 10 
ie PLAS 5 
ee es 
SP Na me Sip ee 
4 8 11-14 
-2 3 -1 -2 
sn 2 Bees 


ae 
OS el 4? 4 


5 1 Z 4 
va is Sy) | 


In Exercises 43-46, write the system of linear equations 
represented by the augmented matrix. Then use back- 
substitution to solve. (Use variables x, y, and z.) 


{. Se [eS eee ea) 
iS R ee: a a F ‘ee 3 
{gale er 
ASS OMe 1 D 
Qe 70) 1a" | ares 
| allman. see) -| 
AGG Finy 71 9 
Oo Oe al —3 


In Exercises 47-50, an augmented matrix that represents a 
system of linear equations (in variables x, y, and z) has been 
reduced using Gauss-Jordan elimination. Write the solution 
represented by the augmented matrix. 


1 a208 yee [ i0ae oe e6 
at k I oa ue F i: | 
I O00 ces 
AOU TREO —10 
(Peed (ian | 4 
ban Oo XO 5 
aK 1 60 —3 
Oo, “0° wa 0 
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In Exercises 51-70, solve the system of equations if 72 2x+10y+2z= 6 
possible. Use Gaussian elimination with back-substitution : Jay 
TR Meee xr Sy + 22 = 20 
or Gauss-Jordan elimination. 
5 he) a ara NG 
See ger aoa ce Boer 
Pee ae? ae Wi ae 73. \ 2x Sy = Zt yo 
pe sana ae y= 4 a7, (Oh tS 
Ag oy = 113 2X AY Se x Sy +27 4-6 =) 3 
Se ee 2 ie SN 5x + 2y ==2 =" yey Ae 
Lee 759 ESS) a: ie OY aad 74. | x+2y+2z+ 4w = -1i 
Sloe hh oy al 58. i= By = 115 3x + 6y + 5z + 12w = 30 
2x — 4y = 3 =x 6yl= —A0 Dis pe) eerie Air se Yat) 
59. { x —3z=-2 60. (2x- y+3z=24 Ox ee yiaryaa Wa 
Si Wk oe 2y = =7 = 14 75. | x+ y+tz+ w=0 
Ply + g= 4 Te S*Oy, = 6 2x + 3y+z—-2w=0 
61. (-x+ y—-z=-14 62.[2%x+2y-z= 2 ag 8 a a) 
2k = Wy oe el Oya aS IG. Nw 2yer Zw — 0 
3x Dye =~ 19 ay = 14 ie ay, + w=0 
63. Le es Se ees yrozt2w=9 
4y+2z= 0 
—x+t y- z= -5 In Exercises 77-80, determine whether the two systems of 
4 linear equations yield the same solutions. If so, find the 
Ct) 3k ay ees solutions. 
=F yt. 2 a0 
= yo 4 = 77. (a) [x 2y + 2 =—6' (©) (eee 
65.[x+y—-5e=3 66. (2x + 3¢=3 bem srg yea 
5 Se = || Abe = oy) ap Ike = = Gana s Sete 
2x-y- z=0 8x — Sy + 152 =9 TBs (aie Syste eral 
67. { x+2y+ z+2w='8 Vie ay 5. 
3x + Ty + 6z + Ow = 26 Ree he 
fen aM oni (b) ial mde 
3x + Sy — 5z — 28w = 30 ae : 
Zz => 
6) Sx) y= 22 70. | x + 2y=0 79. (a) ay ene. aa 
3x + 4y = 4 x y= 16 fee is! he 2 ie 5A 
4x —8y = 32 3x —2y =8 oT ae 
rt Xs) 
In Exercises 71-76, use the matrix capabilities of a graphing (bya = Gy oe z= 15. 
utility to reduce the augmented matrix corresponding to y + 5z = 42 
the system of equations, and solve the system. z= 8 
TACT Satay + 127 =046 80. (a) [x +3y- z= 19 


cay 47 = 12 


| 
ABS 


Meio oZ — (b) 


N 
II 
| 

IS 


Xf an oar ee 8) 

x + Sy + 5z = 1 to write two 
2x + 6y + 3z=8 
different matrices in row-echelon form that yield the 
same solutions. 


81. Use the system 


$2. Electrical Network ‘The currents in an electrical 
network are given by the solution of the system 
(eet, = 00 
al, + 41, = 18 
IL+3h,= 6 
where /,, /,, and J, are measured in amperes. Solve 
the system of equations. 
83. Partial Fractions Write the partial fraction decom- 
position for the rational expression 
4x2 A B Cc 
a die + é 
Peto) x —-1l x+1 +1) 





84. Finance A small corporation borrowed $1,500,000 
to expand its product line. Some of the money was 
borrowed at 7%, some at 8%, and some at 10%. How 
much was borrowed at each rate if the annual interest 
was $130,500 and the amount borrowed at 10% was 
4 times the amount borrowed at 7%? 


85. Finance A small corporation borrowed $500,000 

' to expand its product line. Some of the money was 
borrowed at 9%, some at 10%, and some at 12%. 
How much was borrowed at each rate if the annual 
interest was $52,000 and the amount borrowed at 
10% was Zs times the amount borrowed at 9%? 


In Exercises 86 and 87, find the specified equation that 


passes through the points. Use a graphing utility to verify _ 


your results. 


86. Parabola: 
hex + bx +c 


87. Parabola: 
y = ax? + bx +c 
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88. Mathematical Modeling A videotape of the path 
of a ball thrown by a baseball player was analyzed 
with a grid covering the TV screen (see figure). The 
tape was paused three times, and the position of the 
ball was measured each time. The coordinates were 
approximately (0,5.0), (15, 9.6), and (30, 12.4). 
(The x-coordinate measures the horizontal distance 
from the player in feet, and the y-coordinate is the 
height of the ball in feet.) 

(a) Find the equation of the parabola y = ax? + 
bx + c that passes through the three points. 

= (b) Use a graphing utility to graph the parabola. 

Approximate the maximum height of the ball 

and the point at which the ball struck the ground. 


(c) Find analytically the maximum height of the ball 
and the point at which it struck the ground. 











89. Data Analysis The bar graph gives the value y, in 
millions of dollars, for new orders of civil jet 
transport aircraft built by U.S. companies for the 
years 1995 through 1997. (Source: Aerospace 
Industries Association of America) 


(a) Find the equation of the parabola that passes 
through the points. Let t = 5 represent 1995. 





'(b) Use a graphing utility to graph the parabola. 


(c) Use the equation in part (a) to estimate y in the 
year 2000. Is the estimate reasonable? Explain. 


Value 
(in millions of dollars) 





Year (5 < 1995) 
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Network Analysis In Exercises 90 and 91, answer the 
questions about the specified network. (In a network it is 
assumed that the total flow into each junction is equal to 
the total flow out of each junction.) 


90. Water flowing through a network of pipes (in 
thousands of cubic meters per hour) is shown in the 
figure. 


(a) Solve this system for the water flow represented 
Dy Xa Shs Dee ae 

(b) Find the network flow pattern when x, = x7 = 0. 

(c) Find the network flow pattern when x; = 1000 
and x, = 0. 


600 500 





600 500 





91. The flow of traffic (in vehicles per hour) through a 
network of streets is shown in the figure. 


(a) Solve this system for the traffic flow represented 





by, Abi tea, er 
(b) Find the traffic flow when x, = 200 and 
Bee 
(c) Find the traffic flow when x, = 150 and x; = 0. 
150 
350 





Synthesis 


True or False? \n Exercises 92-94, determine whether 
the statement is true or false. Justify your answer. 


5 Q -2 WAV. : 
92. pe als jis a4 x 2 matrix, 


0 


93. The matrix is in reduced row- 


eS Ss 
SS SS 


a 


1 
echelon form. 


94. Gaussian elimination reduces a matrix until a 
reduced row-echelon form is obtained. 


95. Think About It The augmented matrix represents: 
a system of linear equations (in variables x, y, and z) 
that has been reduced using Gauss-Jordan elimina- 
tion. Write a system of equations with nonzero 
coefficients that is represented by the reduced 
matrix. (The answer is not unique.) 


1 0 3 eis) 
0 1 7 eters 1 
Oe S00 0 


96. Think About It 


(a) Describe the row-echelon form of an augment- 
ed matrix that corresponds to a system of linear 
equations that is inconsistent. 


(b) Describe the row-echelon form of an augment- 
ed matrix that corresponds to a system of linear 
equations that has an infinite number of 
solutions. 


97. Describe the three elementary row operations that 
can be performed on an augmented matrix. 


98. What is the relationship between the three elemen- 
tary row operations performed on an augmented 
matrix and the operations that lead to equivalent 
systems of equations? 


99. Writing In your own words, describe the differ- 
ence between a matrix in row-echelon form and a 
matrix in reduced row-echelon form. 


Review 


In Exercises 100 and 101, sketch the graph of the function. 
Identify any asymptotes. 


V 4x 


100. f(x) = 101: f@) =e 


=| 
In Exercises 102-105, sketch the graph of the function. Do 
not use a graphing utility. 


102. f(x) = 277! 
104. h(x) = In(x — 1) 


103. e() =3 4 
105. f@) = 3a 


Jim brown/ tne Stock Market 





> What you should learn 


* How to decide whether two 
matrices are equal 


* How to add and subtract 
matrices and multiply matrices 
by real numbers 


* How to multiply two matrices 


* How to use matrix operations 
to model and solve real-life 
problems 


> Why you should learn it 


Matrix operations can be used to 
model and solve real-life 
problems. For instance, Exercise 
75 on page 648 shows how to 

_use matrix multiplication to help 
analyze the labor and wage 
requirements for a boat 

_ manufacturer. 





8.2 Barwa ra am elas 
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Equality of Matrices 


In Section 8.1, you used matrices to solve systems of linear equations. Matrices, 
however, can do much more than this. There is a rich mathematical theory of 
matrices, and its applications are numerous. This section and the next two 
introduce some fundamentals of matrix theory. It is standard mathematical 
convention to represent matrices in any of the following three ways. 


1. A matrix can be denoted by an uppercase letter such as A, B, or C. 


2. A matrix can be denoted by a representative element enclosed in brackets, 
such as [a,;], [b,,], or [c,}. 


3. A matrix can be denoted by a rectangular array of numbers such as 


G4, 42 43 Q\y, 
Ay, 47 An Ax, 
Ar= [a;;] =| 43; G3. 33 M3, 
Ani An? an3 Soa ann 


Two matrices A = [a,,] and B = [b;,| are equal if they have the same order 
(m x n) anda, = b, forl < i < mand 1 < j < n. Inother words, two matrices 
are equal if their corresponding entries are equal. 


Example 1 P Equality of Matrices 


Solve for a,,, @), 4>,, and a,, in the following matrix equation. 


ie a e Z i4 
Ay, Ag 1-3 0 
Solution 


Because two matrices are equal only if their corresponding entries are equal, you 
can conclude that 


Ge ed ea le a = 3, and. d=. 0; 


Be sure you see that for two matrices to be equal, they must have the same 
order and their corresponding entries must be equal. For instance, 


fi 4 * E bis 


but 





The Granger Collection 
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Historical Note 

Arthur Cayley (1821-1895), a 
British mathematician, invented 
matrices around 1858. Cayley was 
a Cambridge University graduate 
and a lawyer by profession. His 
ground-breaking work on matri- 
ces was begun as he studied the 
theory of transformations. Cayley 
also was instrumental in the 
development of determinants. 
Cayley and two American mathe- 
maticians, Benjamin Peirce 
(1809-1880) and his son Charles 
S. Peirce (1839-1914), are credited 


with developing “matrix algebra.” 


Matrix Addition and Scalar Multiplication ° 


In this section, three basic matrix operations will be covered. The first two are 
matrix addition and scalar multiplication. With matrix addition, you can add two 
matrices (of the same order) by adding their corresponding entries. 


Definition of Matrix Addition 


If A = [a,] and B = [b,,] are matrices of order m x n, their sum is the — 
m X n matrix given by 


AB = ae ba. 


The sum of two matrices of different orders is undefined. 


Example 2 ® Addition of Matrices 
ie | iL | bee ‘| 
a. oF = 
O. pall —-1 2 O-1 1+2 


ae antl 


1 =i 0 
Calera 3)=]0 
=p) De 0 
d. The sum of 
y) 1 0 
A=]/4 Or =i and 
3 =e 2 
0 1 
B=|-1 3 
D) 4 


is undefined because A and B have different orders. 


In operations with matrices, numbers are usually referred to as scalars. In 
this text, scalars will always be real numbers. You can multiply a matrix A by a 
scalar c by multiplying each entry in A by c. 


Definition of Scalar Multiplication q 


If A = [a,,] is an m x n matrix and c is a scalar, the scalar multiple of A by 
c is the m X n matrix given by 


cA = (ca, |. 






STUDY TIP 


_ The order of operations for 
_ matrix expressions is similar 
_ to that for real numbers. In 
particular, you perform scalar 
- multiplication before matrix 
_ addition and subtraction, as 
_ shown in Example 3(c). 
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The symbol —A represents the negation of A, or the scalar product (— 1)A. 
Moreover, if A and B are of the same order, then A — B represents the sum of A and 
(— 1)B. That is, 


A-B=A+(-DB. Subtraction of matrices 


Example 3 ® Scalar Multiplication and Matrix Subtraction 


For the following matrices, find (a) 3A, (b) —B, and (c) 3A — B. 


D, D, 4 , 0 0 
UNS | ze) 0° —1)| “and “B= to =4 3 
2 1 2 = 3 2 
Solution 
D, 2 4 
Ey BY =} = 3 Ol Scalar multiplication 
2 ] 2 
3(2) 3(2) —-3(4) 
=13(-3) 3(0) 3(-1) Multiply each entry by 3. 
3(2) . 3th) 3(2) 
6 6) 12 
=|-9 OQ. =2 Simplify. 
6 3 6 
D 0 0 
b —B=(-1)} 1 -4 3 Definition of negation 
= 3 2 
=) 0 0 
a el | 4)  =3 Multiply each entry by — 1. 
I Bie a 
6 © I 2 0 0 
c. 3A -~B=|-9 | OF 3) | = ee tt 3 Matrix subtraction 
6 3 6 =a 3 2; 
4 G IB 
=|—-10 46 Subtract corresponding entries. 
7 0 4 





It is often convenient to rewrite the scalar multiple cA by factoring c on of 
every entry in the matrix. For instance, in the following example, the scalar 5 has 
been factored out of the matrix. 


HaPiblhee os 
= Ah leOlumet) 


= =] 
AS 1 
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STUDY TIP 


In Example 5, you could add the 
two matrices first and then 
multiply the matrix by 3. The 
result would be the same. 


The properties of matrix addition and scalar multiplication are similar to 
those of addition and multiplication of real numbers. 


Properties of Matrix Addition and Scalar Multiplication 


Let A, B, and C be m x n matrices and let c and d be scalars. 


1A+B=B+A Commutative Property of Matrix Addition 
2A+(B+C)=G4+B)+4C Associative Property of Matrix Addition 

3. (cd)A = c(dA) Associative Property of Scalar Multiplication 
4,.1A=A Scalar Identity 

5. c(A + B) =cA+cB Distributive Property 

6. (c+ d)A = cA + dA Distributive Property 


Note that the Associative Property of Matrix Addition allows you to write 
expressions such as A + B + C without ambiguity because the same sum occurs 
no matter how the matrices are grouped. In other words, you obtain the same sum 
whether you group A + B + Cas (A + B) + CorasA + (B + C). This same 
reasoning applies to sums of four or more matrices. 


Example 4 ® Addition of More than Two Matrices 


By adding corresponding entries, you obtain the following sum of four matrices. 


1] [-1 0 2 2 
21+]-1]+]1]+]-3]=]-1 
—3 2} [4] [-2 1 


Example 5 ® Using the Distributive Property 


Ae eG aD-a% ala a 





*| Technology 


ree age Most graphing utilities can add and subtract matrices and multiply 
matrices by scalars. Try using a graphing utility to find the sum of the matrices 


a=| a | and B=|—) <| 
= 0 D'S) 
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One important property of addition of real numbers is that the number 0 is 
the additive identity. That is, c + 0 = c for any real number c. For matrices, a 
similar property holds. That is, if A is an m x n matrix and O is the m x n zero 
matrix consisting entirely of zeros, then A + O = A. 

In other words, O is the additive identity for the set of all m x n matrices. 
For example, the following matrices are the additive identities for the set of all 
2 x 3 and 2 x 2 matrices. 


i 0 0 
o=|5 0 4 an o=|5 ‘| 


Zero 2 x 3 matrix Zero 2 x 2 matrix 


The algebra of real numbers and the algebra of matrices have many similarities. 
For example, compare the following solutions. 


Real Numbers m X n Matrices 
(Solve for x.) (Solve for X.) 
x+a=b X+A=B 
ecb @ 4a(—-G) = bia (a) X +A + (—A) = B + (—A) 
x + 0 —b—a X+O=B-A 
x=b-a X=B—-A 


The algebra of real numbers and the algebra of matrices also have important 
differences, which will be discussed later. 


Example 6 ® Solving a Matrix Equation 


Solve for X in the equation 3X + A = B, where 


pa vali | 
A=|) | ae B=| > i} 


Solution 
Begin by solving the equation for X to obtain 


Xe — 2 Bae A 
A) 
: | 


Now, using the matrices A and B, you have 


= —) 
x= {| : 1 = |) Substitute the matrices. 
3 2 1 0 3) 


— | we | Subtract matrix B from matrix A. 
aL 2 =? 
ne ; @) . 
= 2 2 |: Multiply the matrix by 3. 
ee 
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0) A computer animation of this example 
~ appears in the Interactive CD-ROM and 
Internet versions of this text. 


oe 
Technology 
es Some graphing utilities 
are able to add, subtract, and 
multiply matrices. If you have 
such a graphing utility, enter the 
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Matrix Multiplication 


The third basic matrix operation is matrix multiplication. At first glance the 
definition may seem unusual. You will see later, however, that this definition of 
the product of two matrices has many practical applications. 


Definition of Matrix Multiplication 
If A = [a,] is an m xn matrix and B = [b, | is an n x p matrix, the product 
AB is an m X p matrix 


AB = [c,| 
Ea aalntta) 


The definition of matrix multiplication indicates a row-by-column multipli- 
cation, where the entry in the ith row and jth column of the product AB is obtained 
by multiplying the entries in the ith row of A by the corresponding entries in the 
jth column of B and then adding the results. Example 7 illustrates this process. 


Example 7 B Finding the Product of Two Matrices 





Find the product AB where 


= 3 
ms 2 
A=] 4 -2]| and p= | At 
S) 0 


Solution 


First, note that the product AB is defined because the number of columns of A is 
equal to the number of rows of B. Moreover, the product AB has order 3 x 2, and 
is of the form 


=| 3 Cc C 
re ae z a a ae 
a 1 21 22)\\\< 
5 0 C3, 9 C39 


To find the entries of the product, multiply each row of A by each column of B, 
as follows. Use a graphing utility to check this result. 


matrices 
ll 3 
a=() % AB Naa 
ee jf allo d 
=2 (DG 3) eer C= 4 (—1)2) 2 BND 
gh =) vl (aaa (222) (=), o (4)(2).ch (= 2) (1) 
and find their product AB. You (S)(—3) + (O)(-4) (S)(2) + ()(1) 
should get: ZG) 1 
ee! i” aaa 
-25 16 5] —15 10 





, Exploration 


‘Use a graphing utility to 
‘multiply the matrices 


f ]- 
a 


| E Do you obtain the same result 
_ for the product AB as for the 
product BA? What does this tell 


_ you about matrix multiplication 
and commutativity? 
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Be sure you understand that for the product of two matrices to be defined, the 
number of columns of the first matrix must equal the number of rows of the 
second matrix. That is, the middle two indices must be the same. The outside two 
indices give the order of the product, as shown below. 

A x B = AB 


mxn nx p m X p 


ie oe Equal al al 
Order of AB 


Example 8 ® Patterns in Matrix Multiplication 


(thas ©2a| ea eee Mak me 2 ea 
eet meet A eee Ea a ee ee 
SR he Se 
DSE3 BSE 3} IESE SB 


is 
aca 
| 

wo WwW 
an & 
eee! 
zee 
oe 
= © 
(Ie 
ll 
= 1, 
| 

N WwW 
nA & 
eel 


D sO) DSZ9) DD 
Pr alge | Sie lem 
its) Ried. Sault HOM 
BD ee SD DD 
6 D; 0 | 10 
Gk |S. = 2 D,|\ = |) =5 
1 4 Onl —9 
Bose 8) 3) sel 3x 1 
2) 
e. {1 —2 -—3]/—1| =[1) 
1 
is sek ala 
2 Do =A) = 
f,|—1)/{1 =—2 —3]=j|-1 D 3 
1 iD 5 
3) xe Il i 323 3) S63} 


g. The product AB for the following matrices is not defined. 


—2 1 Hp 3 1 4 
AS\) ites | and B=) 0- 1 =) 32 
1 4 ie 0 1 

37K 2 3x4 





In parts (e) and (f) of Example 8, note that the two products are different. 
Matrix multiplication is not, in general, commutative. That is, for most matrices, 
AB # BA. 
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The general pattern for matrix multiplication is as follows. To obtain the 


entry in the ith row and the jth column of the product AB, use the ith row of 
A and the jth column of B. 


4, A243 Ay, 
44, 4x7 Ag An by 
43; 437 433 ds, | | Pai 
oe : || Bs 
Qa, Gs a; Gin 
Dn 
An 1 An? an3 Ann 


Oly are 
b la. b 
12 lj lp 
b b b C5) C49 
a2 2j 2p 
b b;. b,,| = 
32 3j 3p 
: B 2 Ci = 2 
b De b : 
n2 ny np 
Cm Cmn2 





Properties of Matrix Multiplication 


Let A, B, and C be matrices and let c be a scalar. 


ie 
78 
3 
4. 


A(BC) = (AB)C Associative Property of Multiplication 
A(B + C) = AB + AC Distributive Property 

(A + B)C = AC + BC Distributive Property 

c(AB) = (cA)B = A(cB) 


Definition of Identity Matrix 


The n x n matrix that consists of 1’s on its main diagonal and 0’s elsewhere 
is called the identity matrix of order n and is denoted by 


if 0 Ossixceeets 210) 
0 1 Oars cet 0 

Dera G) 0 1 Petia uilie Identity matrix 
0 0 Oe ener 


Note that an identity matrix must be square. When the order is understood to 
be n, you can denote [,, simply by J. 


If A is an n X n matrix, the identity matrix has the property that AJ, = A and 


I,A 


and 


= A. For example, 
32 Syl il 0 0 3 = 2) 5 
1 0 4110 1 0} = 1 0 4 
=| DB = 30 0 1 al PR 3) 
1 0 0 Bye a 5 a = 2 5 
0 i 0 1 0 4/= 1 0 4 
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Applications 


Matrix multiplication can be used to represent a system of linear equations. Note 
how the system 


Ay 4X1 + AynX, + Ay3x3 = d, 
Ay X + AyyX + Ay3X3 = dy 
A31X1 + Axx, + dy3x, = b; 


can be written as the matrix equation AX = B, where A is the coefficient matrix 
of the system, and X and B are column matrices. 


Gy, Ayn 3 xy b, 
49, Ann x3 Xy| = |b, 
43; x7 33 Xs b; 

A x X = B 


A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Example 9 & Solving a System of Linear Equations 


Consider the following system of linear equations. 
Ky 2hetale, Keg 4 
X,+2x,= 4 
ON Ny ky =D 


a. Write this system as a matrix equation, AX = B. 


b. Use Gauss-Jordan elimination on the augmented matrix [A : B] to solve for 
the matrix X. 





Solution 
a. In matrix form, AX = B, the system can be written as follows. 
L ed thx, —4 
0 1 2\|x, |= | 4 
2 Be 2X5 2, 
b. The augmented matrix is formed by adjoining matrix B to matrix A. 
a a bie eS 4 
[A : B] =|0 1 Digs ee 4 
2 cy) ae 2 
Using Gauss-Jordan elimination, you can rewrite this equation as 
1 0 Oveveat csi 
[7 : X]=]|0 1 Oe i, Dale 
0 0 1 : 1 
So, the solution of the system of linear equations is x; = —1, x, = 2, and 
x3 = 1, and the solution of the matrix equation is 
x; alll 
DR Ges || pi 
X, 1 


Check this solution in the original system of equations. 
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Example 10 ® Softball Team Expenses 





Two softball teams submit equipment lists to their sponsors. 


Women’s Team Men’s Team 
Bats 12 15 
Balls 45 38 
Gloves 15 iW 


Each bat costs $48, each ball costs $4, and each glove costs $42. Use matrices to 
find the total cost of equipment for each team. | 


Solution 


The equipment lists and the costs per item can be written in matrix form as 


2 5 
E=)45 38 
Vo ae 


and 
C= 48 Avan AD Ps 


The total cost of equipment for each team is given by the product 


ioe is 
CE=[48 4 42]/45 38 
ian 6) 


= [48(12) + 4(45) + 42(15) 48(15) + 4(38) + 42(17)] 
= [1386 1586]. 


So, the total cost of equipment for the women’s team is $1386 and the total cost 
of equipment for the men’s team is $1586. 


+ Weiting avout matuemarics: 










Problem Posing Write a matrix multiplication application problem that uses the 
matrix 


ra] 42 a4 
172a SOEs OIF 


Exchange problems with another student in your class. Form the matrices that 
represent the problem, and solve the problem. Interpret your solution in the 

context of the problem. Check with the creator of the problem to see if you are 
correct. Discuss other ways to represent and/or approach the problem. 










8.2 Exercises 
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SSS SSS SS SS SSS CS SSS ESS 


In Exercises 1-4, find x and y. 
1 E 2 =| a 
Be 7 y Tt G22 
) [ee lala 13 
le aye 8 12-8 
16 4 5 4 LOMre 2x Sel 4 
Seo) 13) 15 Olson > R3y 
0 Ole? -2y-- 5, 0 


er 2 8 76) 2a 6 Sa 
4. ee 2x| = 1 1 $22) SZ 


TD gilaiame 4 1] 


In Exercises 5-12, if possible, find (a) A + B, (b) A — 8B, 
(c) 3A, and (d) 3A — 2B. 


(10. A = 


b 
T 
ab 
pss 
lon 
i>) 
a) 


‘In Exercises 13-1 8, evaluate the expression. 


5. 0 7. eto. 8 
13. | 3 a |e. ile 14 4 


155(( Sue, Abella 5 gl 


16. (5, =2. 4 


TE lg wl) ead 


Ay -5 -1 pS 
18%. 2 1) eee 3s @ 4 Seo) ] 
apa £ Q 713 6 -1 


“= In Exercises 19-22, use the matrix capabilities of a graphing 


utility to evaluate each expression. Round your results to 
three decimal places, if necessary. 


3, 2 | s | 
Oley —4 a) 


14-11 eS AN) 
oe rr |b a Hf if) Al 


2211 6820 —1.630 —3.090 
21. —|=1.004' 4.914)—145.256 +8.335 
0.055 —3.889 —9.768 4.251 
6 20 14 15 on —19 
29 tON fe 0 Ie ee el a GEO 
2g) ES 7h Pe 24 —10 


In Exercises 23-26, solve for X when 


—-2 -1 0 3 
A= 1 0 and B= 2 0}. 
24 = 44 


23. X = 3A — 2B 24. 2X = 2A —-B 
25. 2X + 3A=B 26. 2A + 4B = —2X 


In Exercises 27-32, find (a) AB, (b) BA, and, if possible, (c) A?. 
(Note: A? = AA.) 


Pike ye ed 
Ae sh Bak | 


a Eat iii 
hee A B=|' a! 

abet ie es 
te a=|i Al B=|) 4 

1 lee 3 
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i) 

55 

> 
II 


7 an 0:J=1ka0 
3. AGl—3> 4hiw= | Oe 
ine S. Seay 
pild= Ole 3 #2 Litt @26 
aA |e 13 al bel I 
0 -1 0 a 
B5itAe=s /49 eoTOikegDinBisitsSi Se 
Soy Sho % Ie wing 
-1 3 
se a=] , | o-[) 2] 
(ny 
ft LOTHe0 3r dpa), bd0) 
STL A=10- 414 Ol eB = 10g! oe 
0 0 -2 (em AO tae 
5 | WSL O 5 OO 
38. A= hO. = 8))201, BSH = Bay to 
OL. 0 Patz Hic “0 ; 
O FOI s 6-ll1 4 
30.A=(0 2 003) B= 8° Siow 
ie oe 7 O g0gne0 


40. =a Be lomo? oie isc! 


In Exercises 41-46, use the matrix capabilities of a graphing 
utility to find AB. 


5 6aL=3 
41. A=|-2 5 1; B= 
35 5 


10 
1M 2 4 12 10 
Al VA= N14 10 — 12) AB aloe 2 
6 2 9 15. 16 
Sut ctlzee 6 
=o) o =6 8 
as a=] os | o- [3 1s 4 
3) geil it >) 


se 45510 


a Tonnes phe % ‘ 
OES | CS Mee 
ibe be ee 
015K 
_ | 9” 10 =38 {648 
sa Fe —50 250 a 
Fp = [52-85 25 BEAs 
AQ. =35 608 82 
aes 
wa] 4 a| p=[ 3 a a 
ae ap 


In Exercises 47-50, use the matrix capabilities of a graphing 
utility to evaluate each expression. 


7/9 lr alle al 


0 3 
48 aft > ol 2 
A 4 
Ant BO =) 22 
9. |' ; | 0 --1|+)=3ae 
Sy pa 09 48 
3 
=f 
50. 5 (5 —6]+[7 -1]+[-8  9]) 
a) 


In Exercises 51-58, (a) write each system of linear equations 
as a matrix equation, AX = B, and (b) use Gauss-Jordan 
elimination on the augmented matrix [A : B] to solve for 
the matrix X. 


S10 Sx a eH 4 52. {"s + 3x 
i 2X, + 5 = x, + 4x, = 10 
- 20g See = 4a SA; ce + 9x5 = — 13 
Gy gt > =. 36 x; [See 
55. —2x,+3x,= 9 
i: Si kg = 6 
POX, Sige ey 
56. a Os a 
tee = 6 
Se Ry FG Sard 


7 


58. 


Think About It 


OT me OA a — — 20 
PO eee 8 
Soe Ok = —- 16 
ae a aK = (17 
Davictin) VOX, Stl 
—6x, + 5x,= 40 


In Exercises 59-68, let matrices A, B, C, 


and D be of orders 2 x 3, 2 x 3,3 x 2, and 2 x 2, respec- 
tively. Determine whether the matrices are of proper order 
to perform the operation(s). If so, give the order of the 


answer. 
=..A + 2C 60.6 = 3G 

61. AB 62. BC 

ma. BC — D 64. CB — D 

65. (CA)D 66. (BC)D 

67. D(A — 3B) 68. (BC — D)A 

69. Manufacturing A certain corporation has three 


70. 


factories, each of which manufactures two products. 
The number of units of product 7 produced at factory 
j in one day is represented by a, in the matrix 
= ne S0r ae.) 

S59 L00- 70 
if production is increased by 20%. (Hint: Because 
an increase of 20% corresponds to 100% + 20%, 
multiply the given matrix by 1.2.) 


| Find the production levels 


Manufacturing A certain corporation has four 
factories, each of which manufactures two products. 
The number of units of product i produced at factory 
j in one day is represented by a, in the matrix 
ie ee S02 3/07 «30 

40 20 60. 60 
levels if production is increased by 10%. 


| Find the production 


Agriculture A fruit grower raises two crops, which 
are shipped to three outlets. The number of units of 
product i that are shipped to outlet 7 is represented by 
a;, in the matrix 


pe (125 100 ia} 
HOON 175 1251); 


The profit per unit is represented by the matrix 
B = [$3.50 $6.00]. 


Find the product BA, and state what each entry of the 
product represents. 


72. 


DS: 


74. 
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Revenue A manufacturer produces three models of 
a product, which are shipped to two warehouses. The 
number of units of model i that are shipped to 
warehouse j is represented by a,, in the matrix 


5,000 4,000 
A =| 6,000 10,000 |. 
8,000 5,000 


The price per unit is represented by the matrix 
B = [$20.50 $26.50 $29.50]. 


Compute BA and interpret the result. 


Business A company sells five models of comput- 
ers through three retail outlets. The inventories are 
represented by S. 


Model 


E 
2 
3 Outlet 
1 


Sey Us) jy [eel 
WN 


D 
3 
4 
3 


Nwwnw Ww 


A 
3 
S=1]0 
4 
The wholesale and retail prices are represented by T. 


Price 
Fas 
Wholesale Retail 

$840 $1100 
$1200 $1350 
$1450 $1650 
$2650 $3000 
$3050 $3200 


Model 


DS) @ngia 


Compute ST and interpret the result. 


Voting Preferences The matrix 


From 
[FS 
R D I 
Ox OTe Osa: 
02.07) O35 D To 
OD 02 Ossj) 


[P= 


is called a stochastic matrix. Each entry p, (i # j) 
represents the proportion of the voting population 
that changes from party i to party j, and p;, represents 
the proportion that remains loyal to the party from 
one election to the next. Compute and interpret P?. 
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75. Labor/Wage Requirements A company that manu- 
factures boats has the following labor-hour and wage 
requirements. 


Labor per boat 
Department 
a 


Cutting Assembly Packaging 
LOhr OShr  0.2hr}Smali 
S=/16hr 1.0hr O.2hr} Medium Boat size 
2. hr 2.0hbr 0.4 hr| Large 
Wages per hour 
Plant 
Ta FD 
A B 
$12 $10} Cutting 
T=| $9 $8] Assembly Department 


$8 $7] Packaging 


Compute ST and interpret the result. 


76. Voting Preference Use a graphing utility to find 
P?, P*, P°,-P®, P’, and P® for the matrix given in 
Exercise 74. Can you detect a pattern as P is raised 
to higher powers? 


Synthesis 


True or False? \n Exercises 77-79, determine whether 
the statement is true or false. Justify your answer. 


77. Two matrices can be added only if they have the 


same order. 
78. ie: =the Heb Ls | 
=O =i = DD = 
==) 4 1 1 = 4 
WS |\=3 0 E ile = 3) 0 
6 1 6 1 


80. Think About It If a, b, and c are real numbers such 
that c # 0 and ac = bc, then a = b. However, if A, 
B, and C are nonzero matrices such that AC = BC, 
then A is not necessarily equal to B. Illustrate this 
using the following matrices. 


sale] nfl a 


81. Think About It If a and b are real numbers such 
that ab = 0, then a = 0 or b = O. However, if A and 
B are matrices such that AB = O, it is not necessarily 
true that A = O or B = O. Illustrate this using the 
following matrices. 


a Pa el 


Exploration \n Exercises 82 and 83, let i = ./—1. 


82. Consider the matrix 


[i 4 


Find A?, A>, and A+. Identify any similarities with 77, 
i>, and i*. 


83. Consider the matrix 


A ane 
“7 i Hl 
Find and identify A?. 

84. Exploration Let A and B be unequal diagonal 
matrices of the same order. (A diagonal matrix is a 
square matrix in which each entry not on the main 
diagonal is zero.) Determine the products AB for 


several pairs of such matrices. Make a conjecture 
about a quick rule for such products. 


Review 


In Exercises 85-90, solve the equation. 


$5. 3x7 + 20x — 32 =0 
$6.82" — 10% — 3.=0 
87.47 + 10 — 34 =O 

88. 3x3 + 22x? — 45x = 0 

89> 3x 125 to 20 0 
905 27 — 5x2 = 120+ 30 =,0 


In Exercises 91-94, solve the system of linear equations 
both graphically and algebraically. 


91. |-x+ 4y= -9 92. 8x = By === ay 
—6x + Tye 


5x — 8y = 39 
94. [6x — 13y = 11 
9x + Sy = 41 


—x¥ + 2y = —5 


93. 
Oy — > 


BESS VOR ESE SRS MHS 
‘ey o) « 
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> What you should learn 


* How to verify that two matrices 
are inverses of each other 


* How to use Gauss-Jordan 
elimination to find the inverses 
of matrices 


* How to use a formula to find 
the inverses of 2 x 2 matrices 


* How to use inverse matrices 
to solve systems of linear 
equations 


> Why you should learn it 


You can use inverse matrices to 
model and solve real-life 
problems. For instance, Exercises 
73 and 74 on page 657 show 
_ how to use an inverse matrix to 
__ help analyze an electrical circuit. 


The Inverse of a Square Mat 
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rix 





The Inverse of a Matrix 


This section further develops the algebra of matrices. To begin, consider the real 
number equation ax = b. To solve this equation for x, multiply each side of the 
equation by a~! (provided that a # 0). 


ax =b 


(a !a)x = ab 


— 

= 
a 
l| 
[s) 
| 

> 


B= a 


The number a™' is called the multiplicative inverse of a because a~'a = 1. The 
definition of the multiplicative inverse of a matrix is similar. 


Definition of the Inverse of a Square Matrix 


Let A be ann x n matrix and let J, be the n x n identity matrix. If there 
exists matrix A! such that 


Ag tie T = AntA 


then A~' is called the inverse of A. The symbol A~! is read “A inverse.” 


Example 1 ® The Inverse of a Matrix 


Show that B is the inverse of A, where 


4 


Solution 
To show that B is the inverse of A, show that AB = J = BA, as follows. 


2-ai| Jule) f= bbe 2 Ala i 
AB=|— i ilk =) iSite i, wal Oeil 
esa lial seas: ee 4 
Ba =| cle il =e a 0, St 


Recall that it is not always true that AB = BA, even if both products are 
defined. However, if A and B are both square matrices and AB = [,, it can be 
shown that BA = J,,. So, in Example 1, you need only to check that AB = I,. 
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Finding Inverse Matrices 


If a matrix A has an inverse, A is called invertible (or nonsingular); otherwise, A 
is called singular. A nonsquare matrix cannot have an inverse. To see this, note 
that if A is of order m x n and B is of order n x m (where m # n), the products 
AB and BA are of different orders and so cannot be equal to each other. Not all 
square matrices have inverses (see the matrix at the bottom of page 652). If, 
however, a matrix does have an inverse, that inverse is unique. Example 2 shows 
how to use a system of equations to find the inverse of a matrix. 


Example 2 ® Finding the Inverse of a Matrix 


Find the inverse of 


ee | 1 | 
alee oul 
Solution 
To find the inverse of A, try to solve the matrix equation AX = / for X. 
A Xx I 
| 1 ;| ae i x iF 1 
Ib =s X21 X22 0 ] 
Kick oe ide | ba be ‘| 
SM = 3X) hg = 8D C0 | 


Equating corresponding entries, you obtain two systems of linear equations. 


yy HA = 1 
Linear system with two variables, x,, and x5). 
X41, — 3x, = 0 
Xp + 4x,, = 0 
Linear system with two variables, x,, and x5. 
X12 — 3x = 1 
From the first system you can determine that x,, = —3and x,, = 1, and from the 
second system you can determine that x,, = —4 and x,, = 1. Therefore, the 
inverse of A is 
X =A! 


i eral 


You can use matrix multiplication to check this result. 


Check 


| Sele aael 1) 


o™% 
Technology 
You can find the inverse 
of a matrix with a graphing 
utility. Enter the matrix in the 
graphing utility, press the 
inverse key ,and press 





ENTER]. The inverse of the 
matrix will be displayed on the 
screen. 
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In Example 2, note that the two systems of linear equations have the same 
coefficient matrix A. Rather than solve the two systems represented by 


pains chert 
AEA 5 3) 


and 


| 1 4 : | 
mo eS : 1 
separately, you can solve them simultaneously by adjoining the identity matrix to 


the coefficient matrix to obtain 
A I 
1 4 : f i 
mil eps 0 1] 
This “doubly augmented” matrix can be represented as [A : J]. By applying 


Gauss-Jordan elimination to this matrix, you can solve both systems with a single 
elimination process. 


ee 1 | 
—-] -3 : egal 
1 OmeAtpues 1 | 

Reel 0 1 | 
neue) I Ow? 3 ¥) 
0 1 1 1 


So, from the “doubly augmented” matrix [A : /], you obtained the matrix 
fe At 
A I I An 
Ln eee da " —_ : (a mee a 
sly. V3 : 0 1 ae 0 1 : 1 1 


This procedure (or algorithm) works for an arbitrary square matrix that has an 
inverse. 


Finding an Inverse Matrix 
Let A be a square matrix of order n. 


1. Write the n x 2n matrix that consists of the given matrix A on the left and 
the n x n identity matrix J on the right to obtain [A : /]. 


2. If possible, row reduce A to J using elementary row operations on the 
entire matrix [A : J]. The result will be the matrix [J : A~']. If this is 
not possible, A is not invertible. 


3. Check your work by multiplying to see that AA~! = J = A7!A. 
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e) A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Example 3 ® Finding the Inverse of a Matrix 


Find the inverse of 


Fav 1 0 
A= |1 Oe 
6p 24-2 


Solution 


Begin by adjoining the identity matrix to A to form the matrix 


1 -1 (ee: 1 Osi KO 
[A f= "1 0 -1 0 1 0 
6 -2 -3 : O20 1 


Use elementary row operations to obtain the form [J : A~'], as follows. 


ree uy” MEP TOD 
BRERA OM pyre 1 1 FO 
-6R,+R,>10 4 -3 =6 «00 2 
R,+R, 2/1 0 -1 eae eo 
Out st =|, behest ar 
—4R,+R,>10 0 1 2, —asiqn 
R= Reo SO. bo —2 -3 1 
RA Rees | Oe ele ORO -3 -3..4 
eee! —2 -40)1 


Therefore, the matrix A is invertible and its inverse is 


-2 -3 1 
AGL 33) ih, 
-2 -4 1 


Try confirming this result by multiplying A and A~! to obtain J. 


Check 


1 0 
AA“! =]1 Ove tri 37 aoe 1} = ]0 1 Oj =1 
0 1 


The process shown in Example 3 applies to any n x n matrix A. If A has an 
inverse, this process will find it. On the other hand, if A does not have an inverse 
(if A is singular), the process will tell you so. That is, matrix A will not reduce to 
the identity matrix. For instance, the following matrix has no inverse. 


1 2 0 
A= Si a= hk 2 
= J aa 


Explain how the elimination process shows that this matrix is singular. 


Exploration 


“Usea graphing utility with 
- matrix capabilities to find the 
inverse of the matrix 


don 6) 


_ What message appears on the 
_ screen? Why does the graphing 
utility display this message? 
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The Inverse of a 2 x 2 Matrix 


Using Gauss-Jordan elimination to find the inverse of a matrix works well (even 
as a computer technique) for matrices of order 3 x 3 or greater. For 2 x 2 
matrices, however, many people prefer to use a formula for the inverse rather than 
Gauss-Jordan elimination. This simple formula, which works only for 2 x 2 
matrices, is explained as follows. If A is a2 x 2 matrix given by 


ae i 4 
eta) 
then A is invertible if and only if ad — bc # 0. Moreover, if ad — bc # 0, the 
inverse is given by 


ene eal d is 

i= (Nees) fad 
Try verifying this inverse by multiplication. The denominator ad — bc is called 
the determinant of the 2 x 2 matrix A. You will study determinants in the next 
section. 


Formula for inverse of matrix A 


Example 4 ® Finding the Inverse of a 2 x 2 Matrix 


If possible, find the inverse of the matrix. 


| 3 2 
= -2 2 


Solution 
a. For the matrix A, apply the formula for the inverse of a 2 x 2 matrix to obtain 
ad — be = (3)(2) = (-1)(-2) 
= 4, 


Because this quantity is not zero, the inverse is formed by interchanging the 
entries on the main diagonal, changing the signs of the other two entries, and 
multiplying by the scalar 7 as follows. 


er asl 
Sy =u 
- = 4) | 


| Multiply by the scalar 4. 


Substitute for a, b, c, d, and the determinant. 


1 
2 
a 
2 


ll 
= 


b. For the matrix B, you have 
ad — be = (3)(2) — (-1)(-6) 
=0 


which means that B is not invertible. 


nnn EEE ann DUE EEER ENDER UER RRR! 
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» 
Technology 
5 To solve a system of 
equations with a graphing 
utility, enter the matrices A and B 
in the matrix editor. Then, using 
the inverse key, solve for X. 





A B (ENTER 


The screen will display the 
solution, matrix X. 





Systems of Linear Equations 


You know that a system of linear equations can have exactly one solution. 
infinitely many solutions, or no solution. If the coefficient matrix A of a square 
system (a system that has the same number of equations as variables) is invertible, 
the system has a unique solution, which is defined as follows. 


A System of Equations with a Unique Solution 


If A is an invertible matrix, the system of linear equations represented by 
AX = B has a unique solution given by 


X =A !B. 


Example 5 ® Solving a System Using an Inverse @ 





You are going to invest $10,000 in AAA-rated bonds, AA-rated bonds, and 
B-rated bonds and want an annual return of $730. The average yields are 6% on 
AAA bonds, 7.5% on AA bonds, and 9.5% on B bonds. You will invest twice as 
much in AAA bonds as in B bonds. Your investment can be represented as 


x+ y+ z = 10,000 


0.06x + 0.075y + 0.095z 730 
x = 2Z = 0 


where x, y, and z represent the amounts invested in AAA, AA, and B bonds, 
respectively. Use an inverse matrix to solve the system. 


Solution 


Begin by writing the system in the matrix form AX = B. 


1 1 1 x 10,000 
0.06 0.075 0.095||y] = 730 
1 0 =2 Zz 0 


Then, use Gauss-Jordan elimination to find A7!. 


ES 200) = 2 
Aq1= |e2kS 300 oye) 
hoe 00" 1:5 


Finally, multiply B by A~! on the left to obtain the solution. 
X =A 'B 


ie a4 10,000 4000 
=) =21 5  200r 3. 730 | = | 4000 
Lo = LOO at 0 2000 


The solution to the system is x = 4000, y = 4000, and z = 2000. So, you will 
invest $4000 in AAA bonds, $4000 in AA bonds, and $2000 in B bonds. 
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8.3 Exercises 


Sn i en I en | 
| 
CONGRESS CO) 
| | [ae eo eee 
——— —I1M9 
lI II 
— mQ 
s 
= 


In Exercises 1-10, show that B is the inverse of A. 


In Exercises 11-26, find the inverse of the matrix (if it exists). 
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In Exercises 39-44, use the formula on page 653 to find the 


inverse of the matrix. 
5) = 2 

», [5-3] 
A 

41. | ; | 


«| 


In Exercises 45-48, use an inverse 
system of linear equations. (Use the inverse matrix found in 


Exercise 13.) 
45. | x-—2y= 5 
, — 3y = 10 
x—-2y=4 


>| = 
PEG Bp =i) 


Exercise 21.) 


49. | x+ yt z= 
3x + Sy + 4z = 


3x + 6y + 5z = 


In Exercises 51 and 52, use an inverse matrix to solve the 
system of linear equations. (Use the inverse matrix found in 


Exercise 38.) 


0.6 

34, | 0.7 

1 

0 + 

4 2 

0 36. 0 

4 3 
0 
ea | 
0 
1 
2 
eae) 
ae) 
it 


des 

> 

° 
|e 
Win Ble 
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OF e083 


0.2 


OM 09 


4 
4 

1 
=5 


46. | x-—2y=0 
2X a2 Sy 43 


x-2y= 


0 SOM ie ay a= 
5 Sie Se ON) ae 
D Det OyEt az 


51. Meee Xn 2%, 0 
Sie ay AXsu OSX tae 
okt pei 205" Sel 


—x, + 4x, + 4x, + 


| ed 
Se 
aS 
I| 
i>) 


14 
6 
=o 
10 


matrix to solve the 


48. = | 
25.3) — 


In Exercises 49 and 50, use an inverse matrix to solve the 
system of linear equations. (Use the inverse matrix found in 


II 





all 








52. | %1~ 2%, 3 
So ee 
2h, SOA aie 


S44 tate Ade 


— i at 
3X, 2 
Sy = O 


II 


ee: 


In Exercises 53-62, use an inverse matrix to solve (if 
possible) the system of linear equations. 


53. is + 4y = -2 


BD) sen e Ware 
55. | —0.4x + 0.8y = 1.6 
2x- 4y=5 


57. lees 6y = 16 





6x + 14y = 11 
Ps Li +iy= —2 

Bas oi ple 
GLa Any Gta = = 

2x + 2y + 3z= 10 


5x = 2y 7462 — 1 


54, | 18x + 12y = 13 
Be + YAyi= 23 
56. |0.2x —0.6y = 2.4 
| —x + 14y = —-8.8 
58. la + yen 


2x + 10y = 6 
60. lise y = -20 
37 oem 
62. (4x = 2y + 3z = —2 
2x + 2y+5z= 16 
8x — SV Ya 


=: In Exercises 63-68, use the matrix capabilities of a graphing 


utility to solve (if possible) the system of linear equations. 


OS Oa OY ciel ee, 


2 Veo 


Ga Sy 22 a2, 
Deg = DS) ar Sie ae hy 
x = SiKy 


Ci ly 82 — 4 

64. Sy ly 2 
[oa Vi1sZ = 
TE SSP 

65. ).25;-F 3y' +. Sz = 44 

pas 97= 7 

5x + Sy 17z = 13 

66. | —8x + 7y — 10z = 

[9 3Z = 

(Sse = Shp ak = 

67. T= By + 2w 

SEAS | 4y Wy 

4x Zz Saw 

‘2 y = KW) 

Be + w 


ll 

| 
wo 
IX 


Finance In Exercises 69-72, consider a person who 
invests in AAA-rated bonds, A-rated bonds, and B-rated 
bonds. The average yields are 6.5% on AAA bonds, 7% on 
A bonds, and 9% on B bonds. The person invests twice as 
much in B bonds as in A bonds. Let x, y, and z represent the 
amounts invested in AAA, A, and B bonds, respectively. 


x+ Ma Z = (total investment) 
0.065x + 0.07y + 0.09z = (annual return) 


2y - z=0 


Use the inverse of the coefficient matrix of this system to 
find the amount invested in each type of bond. 


69. Total investment = $10,000 
Annual return = $705 

70. Total investment = $10,000 
Annual return = $760 


71. Total investment = $12,000 
Annual return = $835 


72. Total investment = $500,000 
Annual return = $38,000 


Circuit Analysis \n Exercises 73 and 74, consider the 
circuit in the figure. The currents /,,/,, and /;, in amperes, 
are the solution of the system of linear equations 


2i, + 4/, = E, 

I, + 41, = E, 

ir, — J,=0 
where E, and E, are voltages. Use the inverse of the coeffi- 


cient matrix of this system to find the unknown currents for 
the voltages. 








73. E, = 14 volts, E, = 28 volts 
74. E, = 24 volts, E, = 23 volts 
Synthesis 


True or False? \n Exercises 75-77, determine whether 
the statement is true or false. Justify your answer. 
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75. 


76. 


Hols 
78. 


79. 


80. 
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Multiplication of an invertible matrix and its inverse 
is commutative. 


If you multiply two square matrices and obtain the 
identity matrix, you can assume the matrices are 
inverses of one another. 


All nonsquare matrices do not have inverses. 


If A isa2 x 2 matrix 


a b 
A= 
5 il 
then A is invertible if and only if ad — bc # 0. If 
ad — bc # 0, verify that the inverse is 


1 Oh V0) 
Ay) = ———_ : 
aoe) 4 


Writing Write a brief paragraph explaining the 
advantage of using inverse matrices to solve the 
systems of linear equations in Exercises 45-52. 


Exploration Consider matrices of the form 


ay; 0 0 Os eeg 0 
0 a» 0 O Feta. aU 
A=; 0 0 ay; 0 0 
Bits 00 08 Uae 


(a) Write a 2 x 2 matrix and a 3 x 3 matrix in the 
form of A. Find the inverse of each. 


(b) Use the result of part (a) to make a conjecture 
about the inverses of matrices in the form of A. 


Review 


In Exercises 81-84, solve the equation. 


81. 
83. 


82. 2000e~*> = 400 
$4. Inx + In@ — 1) =0 


327i 3315 
lope 2 4.5 


In Exercises 85-88, perform the matrix operation. 


85. 


—4 6 


f-6 2 0 
—3} 2 -8 86. ae ay HH 
ic, 12 


bess] 


2 -3 12 V7 
. 3 ‘lee ee 5| 
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sma 6The Determinant of a Square Matrix 


> What you should learn 
¢ How to find the determinants 
of 2 x 2 matrices 
How to find minors and 
cofactors of square matrices 
* How to find the determinants 
of square matrices 


> Why you should learn it 


Determinants are often used in 
other branches of mathematics. 
For instance, Exercises 79-84 on 
page 665 show some types of 
determinants that are useful 
when changes in variables are 
made in calculus. 





The Determinant of a 2 x 2 Matrix 


Every square matrix can be associated with a real number called its determinant. 
Determinants have many uses, and several will be discussed in this and the next 
section. Historically, the use of determinants arose from special number patterns 
that occur when systems of linear equations are solved. For instance, the system 


ax + bry = ¢; 
ax + Diy = Cy 
has a solution \ 


ie and = 
a,b, — ab, a,b, — ab, 


— AC — AC, 


provided that a,b, — a,b, # 0. Note that the denominators of the two fractions 
are the same. This denominator is called the determinant of the coefficient matrix 
of the system. 


Coefficient Matrix Determinant 
a b 
A= es | det(A) = a,b, — a,b, 


The determinant of the matrix A can also be denoted by vertical bars on both sides 
of the matrix, as indicated in the following definition. 


Definition of the Determinant of a2 x 2 Matrix 
The determinant of the matrix 


a b 
am | 1 | 
a, by 


is given by 


ay Dj 
a 


det(A) = |A| = b 
2: bee 








= a,b, — anb,. 





In this book, det(A) and |A| are used interchangeably to represent the 
determinant of A. Although vertical bars are also used to denote the absolute 
value of a real number, the context will show which use is intended. . 

A convenient method for remembering the formula for the determinant of a 
2 x 2 matrix is shown in the diagram. 


# 


det(A) = 





= ayby — ayb, 


Note that the determinant is the difference of the products of the two diagonals of 
the matrix. 


Exploration 


Use a graphing utility to find the 
determinant of the following 
matrix. 


1 2 
A i 0 
a 2 


What message appears on the 
screen? Why does the graphing 
utility display this message? 
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Example 1 ® The Determinant of a 2 x 2 Matrix 


Find the determinant of each matrix. 


a. A=[i = 
1 2 





leas 
gai [2 
c C= ° | 
De A 
Solution 
ees Ve i ZT 
= 2(2) = 1(=3) 
=44+3= 
b. det(B) = ; , 
= 2(2) — 4(1) 
=4—-4= 
3 
c. det(C) = 4 , 
= 0(4) — 2(5) 
=0=-3 


Notice in Example | that the determinant of a matrix can be positive, zero, 
or negative. 

The determinant of a matrix of order | x | is defined simply as the entry of 
the matrix. For instance, if A = [—2], then det(A) = —2. 








let 
Technology 
a Most graphing utilities can evaluate the determinant of a matrix. For 
instance, you can evaluate the determinant of 


2 73 
‘aly ial 
1 2 
by entering the matrix as [A] and then choosing the determinant feature. 


The result should be 7, as in Example 1(a). Try evaluating determinants of other 
matrices. 













660 Chapter 8 ® Matrices and Determinants 


Sign Pattern for Cofactors 


3 x 3 matrix 
35 = ote = 
= At = a5 
+ = air ms 
— as = ar 


4 x 4 matrix 


+ - + = + 
EE AO sel oP kr 
+ -— H -— + 
BP ae Rakin re, tite 


n Xn matrix 


Minors and Cofactors 


To define the determinant of a square matrix of order 3 x 3 or higher, it is 
convenient to introduce the concepts of minors and cofactors. 


Minors and Cofactors of a Square Matrix 


If A is a square matrix, the minor M,, of the entry a;; is the determinant of the 
matrix obtained by deleting the ith row and jth column of A. The cofactor C;; 
of the entry a;; is 


In the sign pattern for cofactors at the left, notice that odd positions (where 
i + j is odd) have negative signs and even positions (where i + j is even) have 
positive signs. 


Example 2 ® Finding the Minors and Cofactors of a Matrix 


Find all the minors and cofactors of 


0 2 1 
A =i13.->h ale 
4 0 1 


Solution 
To find the minor M,,, delete the first row and first column of A and evaluate the 
determinant of the resulting matrix. 


70 3 
SE all 2 
eal A. m,=| 0 i| = =14) = 0@) = =1 
0 1 
Similarly, to find M,,, delete the first row and second column. 
jai a 
a 3 2 
3 ‘Al 2), Mp=|, (| = 30). =4Q) = = 
4 1 


Continuing this pattern, you obtain the minors. 


M,,=-1 Mi) r=) M,,= 4 
My, = 2 UL ae M,, = —8 


Now, to find the cofactors, combine the checkerboard pattern of signs for a3 x ¢ 
matrix (at left above) with these minors. 


Cie et Cry =- 9 C,= 4 
Cy, = —2 Cy 4 C23 = 
Cr 3 Cy = 3 C33 = 0 
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The Determinant of a Square Matrix 


The definition given below is called inductive because it uses determinants of 
matrices of order n — 1 to define determinants of matrices of order n. 


Determinant of a Square Matrix 


If A is a square matrix (of order 2 x 2 or greater), the determinant of A is the 
sum of the entries in any row (or column) of A multiplied by their respective 
cofactors. For instance, expanding along the first row yields 


|A| = a,,C,, + AyyCyy + °° * + Ay,C,,- 
Applying this definition to find a determinant is called expanding by 


cofactors. 


Try checking that for a 2 x 2 matrix 


bead 

Avs 

a, by 

this definition of the determinant yields |A| = a,b, — a,b,, as previously 
defined. 


Example 3 ® The Determinant of a Matrix of Order 3 x 3 


Find the determinant of 


0 2 {| 
A= |B) =I Di, 
4 0 1 
Solution 


Note that this is the same matrix that was in Example 2. There you found the 
cofactors of the entries in the first row to be 


Ont ia OC ea os eeand 6 Ci. c4, 


Therefore, by the definition of a determinant, you have 


All =a Caw nies a15Ci5 First-row expansion 
= 0(—1) + 2(5) + 1(4) 
= 14. 





In Example 3 the determinant was found by expanding by the cofactors in the 
first row. You could have used any row or column. For instance, you could have 
expanded along the second row to obtain 


|A| = Ay,Cq, + AyCyy + A73Cy3 Second-row expansion 
BC 2) 4) +218) 
= 14. 
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When expanding by cofactors, you do not need to find cofactors of zero 
entries, because zero times its cofactor is zero. 


HG =A (OG 


So, the row (or column) containing the most zeros is usually the best choice for 
expansion by cofactors. This is demonstrated in the next example. 


Example 4 ® The Determinant of a Matrix of Order 4x4 


Find the determinant of 


pS 3 0 
=| 1 0 p) 
A= ; 
0 2) 0 3 
3 4 0 y 
Solution 


After inspecting this matrix, you can see that three of the entries in the third 
column are zeros. So, you can eliminate some of the work in the expansion by 
using the third column. 


|A| = 3(Ci.)er 0(C)3) + O(C33) + O(Cy3) 


Because C3, C33, and C,3 have zero coefficients, you need only find the cofactor 
C\3. To do this, delete the first row and third column of A and evaluate the 
determinant of the resulting matrix. 


| 1 2 
Cale ee tat) 2 3 Delete Ist row and 3rd column. 
3 4 2 
= i 2 
=| 0 2 3 Simplify. 
3 4 z 


Expanding by cofactors in the second row yields 


= 2 


Cy, = 0(-1)3 
13 0( 1) 2 


+ 2(—1)4 











| + 3(—1) 





1 =] i 
4 3 “| 

= Ort 21) = 8) a 7) 

= 5. 
So, you obtain 

|A] = 3C,, 
36) 
= 15. 


Try using a graphing utility to confirm the result of Example 4. 


In Exercises 1-16, find the determinant of the matrix. 


1. [5] 


[5 | 
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In Exercises 17-22, use the matrix capabilities of a graphing 
utility to find the determinant of the matrix. 


O37 0.2 0.2 OO 0.3 
17. ee 02 0.2 13. = 03 02. 02 
4 04 03 05 04 0.4 
oo 0.7 © OF 101 —A43 
eee Ol 03 1.3 20.51.54 162 OF} 
meen, 4.2 6.1 OSi'0.6, 02 
1 4 -2 2 5 1 
21. 3 6)°=6 22. |0 2 ees 
=P 1 a 0 i 


In Exercises 23-30, find all (a) minors and (b) cofactors of 


the matrix. 
3 4 1l 0 
3. [2 4] [oy 
3 1 =a 5) 
sf 3 | [8 5] 
4 0 2 i Sill 0 
ie || 3 D 1 28. |3 2 3 
i | 1 A =} 4 
3 =2 8 =2) 9 4 
29. 3 2 =36 30. i =6 0 
= il 3 6 6 Le - =6 


Section 8.4 B® The Determinant of a Square Matrix 
The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 
odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link to 
Guided Examples for additional help. 
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In Exercises 31-36, find the determinant of the matrix by 
the method of expansion by cofactors. Expand using the 
indicated row or column. 


=3 D, 1 —=3 4 D 
31. 4 5 6 S28 6 3 1 
my = 3} 1 =a = 
(a) Row 1 (a) Row 2 
(b) Column 2 (b) Column 3 
5 One 3 OMS 5 
ae 10) 1 4 34. | 30 Ona” 
1 6 3 OPO 1 
(a) Row 2 (a) Row 3 
(b) Column 2 (b) Column 1 
6  =8 5 
4. 3} QO =e 
ales 1 0 ih 4 
8 6 0 2) 
(a) Row 2 
(b) Column 2 
10 8 3) = 7 
4 0 5 =6 
Ae 0 3 2 7 
i Qo =3 2 
(a) Row 3 


(b) Column 1 


In Exercises 37-52, find the determinant of the matrix. 
Expand by cofactors on the row or column that appears to 
make the computations easiest. 


Pie | 0 a2 » 3 
37. |4 2 1 38. a | 0 
4 Z 0 1 4 
6 Bo Ry, 1 1 Za 
392710 0 0 40. 3 1 0 
4 —-6 3 re 0 3 
=i 2S) 1 0 0 
41. 0 3 + Aas 1 0 
0 0 3 5) 1 5 
qa ep a a 
43. 3 Z 0 44. | 1 4 + 
== 4 3 1 0 2, 
2 4 6 =3 0 
45. | 0 3 1 46. Ve elt 0 
0 0, 35 1 2 
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cs In Exercises 53-60, use the matrix capabilities of a graphing 


In Exercises 69-74, evaluate the determinant(s) to verify the 


utility to evaluate the determinant. 








54. 











—14 


56. 


4 
12 








12 





="(y — x)\(2 2) ae 


at+b 


= b*(3a + b) 


a 
at+b 


In Exercises 75-78, solve for x. 


60. 
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yin Exercises 79-84, evaluate the determinant in which the 
entries are functions. Determinants of this type occur when 
changes in variables are made in calculus. 



































a Sec 

* im ie bs sad, el i eal 
Be i eet 
Synthesis 


True or False? In Exercises 85 and 86, determine 
whether the statement is true or false. Justify your answer. 


85. 


86. 


87. 


If a square matrix has an entire row of zeros, the 
determinant will always be zero. 

If two columns of a square matrix are the same, then 
the determinant of the matrix will be zero. 


Exploration Find square matrices A and B to 
demonstrate that 


|A + B| # |A| + BI. 


. Exploration Consider square matrices in which 


the entries are consecutive integers. An example of 
such a matrix is 


4 5 6 
a 8 ol. 
mor ii 212 


(a) Use a graphing utility to evaluate the determi- 
nants of four matrices of this type. Make a 
conjecture based on the results. 


(b) Verify your conjecture. 


. Writing Write a brief paragraph explaining the dif- 


ference between a square matrix and its determinant. 


. Lhink About It If A is a matrix of order 3 x 3 such 


that |A| = 5, is it possible to find |2A|? Explain. 
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Review 


In Exercises 91 and 92, sketch the graph of the system of 


inequalities. 

Ole eave tyes ae 8 92 Nia 4 
i 8: y< 1 
Ph NL ee) ie Pays — 10 


In Exercises 93-96, find the inverse of the matrix (if it 


exists). 
—4 1 = = 
93. g a 94, 3 | 
=] 2) 9 =6 7 0 
95, Wo =th = 96. 1 3 =—2 
3 5 2 =?) 0 1 





Layne Kennedy/Corbis 


666 





> What you should learn 


How to use Cramer’s Rule to 
solve systems of linear 
equations 

How to use determinants to 
find the areas of triangles 
How to use a determinant to 
find an equation of a line 
passing through two points 
How to use matrices to code 
and decode messages 


> Why you should learn it 


You can use determinants and 
matrices to model and solve 
real-life problems. For instance, 
Exercise 27 om page 675 shows 
how matrices can be used to 
estimate the area of a region of 
land. 


meme Applications of Matrices and Determinants 
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Cramer's Rule 


So far, you have studied three methods for solving a system of linear equations: 
substitution, elimination with equations, and elimination with matrices. In this 
section, you will study one more method, Cramer’s Rule, named after Gabriel 
Cramer (1704-1752). This rule uses determinants to write the solution of a 
system of linear equations. To see how Cramer’s Rule works, take another look 
at the solution described at the beginning of Section 8.4. There, it was pointed out 
that the system 


ax+by=c, 
ax + by = c, 


has a solution 


ee Cb — Cyd 
a,b, — ayb, 

and 
y= 95 OS) 
a,b, — anb, 


provided that a,b, — a,b, # 0. Each numerator and denominator in this solution 
can be expressed as a determinant, as follows. 


























c, By 
= C,b5 ae Cyd, Co by 
i a,b, — ayb, . a, Db, 

a, by 

ay Cy 
Dlg = Oey ylOas 
5 a,b, — ayb, ? a, by, 

a, by 








* 


Relative to the original system, the denominator for x and y is simply the deter- 
minant of the coefficient matrix of the system. This determinant is denoted by D. 
The numerators for x and y are denoted by D, and D,, respectively. They are 
formed by using the column of constants as replacements for the coefficients of 
x and y, as follows. 


Coefficient 
Matrix D D: D; 
be b, a by Cc, by ay 
a, by a, b, cs) Db, Oy AG 
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Example 1 ® Using Cramer's Rule for a 2 x 2 System 


Use Cramer’s Rule to solve the system of linear equations. 


4x — 2y = 10 
3 = Syl 
Solution 


To begin, find the determinant of the coefficient matrix. 
AN A 


= -—2 — 
a 0-(-6)=-14 





| 
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Because this determinant is not zero, you can apply Cramer’s Rule to find the 


solution, as follows. 














10 ke eH 

oe Pe a Ca) 2 Dy MS ats 

(Be aes EO ey 
BGO) _ 44 — 30 

=— 14 —14 

WS plet 

—14 —14 

Therefore, the solution is x = 2 and y = —1. Check this in the original system. 





Cramer’s Rule generalizes easily to systems of n equations in n variables. 
The value of each variable is given as the quotient of two determinants. The 
denominator is the determinant of the coefficient matrix, and the numerator is the 
determinant of the matrix formed by replacing the column corresponding to the 
variable (being solved for) with the column representing the constants. For 


instance, the solution for x, in the system 
AyjXy + AynXy + A,3x3 = D, 
Ay)X1 + Ay Xy + Ay3X, = dy 


xX) + AzyX + Ay3X3 = D, 





is given by 

a, a, 2D, 

A, Gy dy 

|A,| 43; 39 b; 

x, = = : 

: |A| Gy, Ag 43 

4, Ann An3 

43; 437 33 
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STUDY TIp Cramer’s Rule es 
If a system of n linear equations in n variables has a coefficient matrix A 
When using Cramer’s Rule, with a nonzero determinant |Al, the solution of the system is 
remember that the method does | A | | A | | A | 
not apply if the determinant of Ngo — i = eae , t= 
|A| |A| Do Al 


the coefficient matrix is zero. 
where the ith column of A; is the column of constants in the system of 
equations. If the determinant of the coefficient matrix is zero, the system has 
either no solution or infinitely many solutions. 


>) A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Example 2 ® Using Cramer's Rule for a3 x 3 System 


Use Cramer’s Rule to solve the system of linear equations. 


a+ 2yir oz 1 

DX + z— 

3x — 4y + 4z = 2 
Solution 


The coefficient matrix 


=o a8 
pig ane | 
aH 


can be expanded along the second row, as follows. 











Dr M3 =i: ES cal 2 
D = 2-1) a OC— 1)" te 
col 7 alton) afracny) 7 
Spl ipsa ie aa 0) 
= 10 


Because this determinant is not zero, you can apply Cramer’s Rule to find the 
solution, as follows. 








ci "ches 
Gis) Odes 
De page eee 
peed oie 10 aia s 
Sie Cadulagins 
Dah 
APD alge 3 ako aa tion 3 
” tigre 10 aio pf 2 
ae es 
Oh ho ako 
Da Sees ot Cie ey, 8 
er ee 10 aio 


The solution is (2, —3, —8). Check this in the original system. 
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Area of a Triangle 


Another application of matrices and determinants is finding the area of a triangle 
whose vertices are given as points in a coordinate plane. 


Area of a Triangle 
The area of a triangle with vertices (x,, y,), (x, y>), and (x3, y3) is 


1 xj Vi 1 
Area = = bee A 1 
aes oe 1 


where the symbol + indicates that the appropriate sign should be chosen to 
yield a positive area. 


Example 3 ® Finding the Area of a Triangle 


Find the area of a triangle whose vertices are (1, 0), (2, 2), and (4, 3), as shown in 
Figure 8.1. 
Solution 


Let (x,, y,) = (1, 0), (x, yz) = (2, 2), and (x3, y;) = (4, 3). Then, to find the area 
of the triangle, evaluate the determinant. 











FIGURE 8.1 = 1(-1)? 





1 0 1 
Area = — ; 2 2 | Choose (—) so that the area is positive. 
4 3 1 
= -=(-3 
3-3) 
i 
7° 





Try using determinants to find the area of a triangle with vertices (3, — 1), 
(7, —1), and (7, 5). Confirm your answer by plotting the points in a coordinate 
plane and using the formula 


Area = 5 (base) height). 
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y e e 
Lines in a Plane 
(4, 3) 
3+ What if the three points in Example 3 had been on the same line? What would 
(2,2) have happened had the area formula been applied to three such points? The 
2+ : answer is that the determinant would have been zero. Consider, for instance, the 
three collinear points (0, 1), (2, 2), and (4, 3), as shown in Figure 8.2. The area of 
1 the “triangle” that has these three points as vertices is 
(0, 1) 
1 Mat 1 Pee A 2 Bid 
—pt—+- +--+ alae age 1} = -|0(-1)? plea )> + (Gane 
1 2 3 4 2 io ae | ( Y\4 ' eo | 
4 3 1 
FIGURE 8.2 1 
= 5[0(-1) + 12) + 1(-2)] 
= 0. 
The result is generalized as follows. 
Test for Collinear Points 
Three points (x,, y,), (x>, y>), and (x3, y3) are collinear (lie on the same line) 
if and only if 
Kirk Pye heed 
yA 
x3 ¥3 1 
Example 4 ® Testing for Collinear Points 
y Determine whether the points (—2, —2), (1, 1), and (7,5) lie on the same line. 
7 (See Figure 8.3.) 
C Solution 
: J) Letting (x,, y,) = (—2, —2), (x ys) = (1, 1), and (x5, y,) = (7, 5), you have 
4 
3 x, ova. ee. =e 1 
2 Be ee Nala iI 1 1 
1 e (1, 1) Xs va 1 7 5 1 
ae x ra! (anes 1 ] 
oad fe 2 ASS 607, = —9)(—1)2 Je (= OV 7/)2 (se 
at | er, if+coce) || 
C , 2 
= -2(-4) + (-2)(6) + 1(-2) 
FIGURE 8.3 2 = 


Because the value of this determinant is not zero, you can conclude that the three 
points do not lie on the same line. 
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The test for collinear points can be adapted to another use. That is, if you are 
given two points on a rectangular coordinate system, you can find an equation of 
the line passing through the two points, as follows. 


Two-Point Form of the Equation of a Line 
An equation of the line passing through the distinct points (x,, y,) and 
(x, y>) is given by 
x y 1 
Due yh 1) = 0. 


Xy Vp) 1 


Example 5 ® Finding an Equation of a Line 
Find an equation of the line passing through the two points (2, 4) and (— 1, 3), as 
shown in Figure 8.4. 


Solution 


Applying the determinant formula for the equation of a line produces 


I y 1 
2 4 1) = 0. 
= II 3 1 


To evaluate this determinant, you can expand by cofactors along the first row to 
obtain the following. 


4 
3 





inate 2 4 
= ls oc =e wo 
x(1)(1) + y(—1)(3) + (1)(1)(10) = 0 
csv 10 ="0 


x(— 1)? 








+ 1(—1)* 





1 
i +308 [=o 


IGURE 8.4 


Therefore, an equation of the line is 


Yeo yet 10.0. 


Note that this method of finding the equation of a line works for all lines, 
including horizontal and vertical lines. For instance, the equation of the vertical 
line through (2, 0) and (2, 2) is 


Ev y 1 

2 0 1) =0 

Zz 2 1 
4-2x=0 
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Cryptography 


A cryptogram is a message written according to a secret code. (The Greek word 
kryptos means “hidden.’”) Matrix multiplication can be used to encode and decode 
messages. To begin, you need to assign a number to each letter in the alphabet 
(with 0 assigned to a blank space), as follows. 


O=_ 9=I 18=R 
1=A 10=J 19=S 
2=B l1l=K 20 = T 
ore I2Z=L 21=U 
4=D 13 =M 22=V 
2=E 14=N 23 = W 
6=F 1I5=0O 24 =X 
7=G 16=P 25. =Y 


8=H 17=Q 26=Z 


Then the message is converted to numbers and partitioned into uncoded row 
matrices, each having n entries, as demonstrated in Example 6. 


Example 6 ® Forming Uncoded Row Matrices 





Write the uncoded row matrices of order 1 x 3 for the message 
MEET ME MONDAY. 


Solution 


Partitioning the message (including blank spaces, but ignoring punctuation) into 
groups of three produces the following uncoded row matrices. 


[13 585] [20 0 13] [5 0 13] [15 14 4] Some 
MoE E T M 5 M ON D oA 


Note that a blank space is used to fill out the last uncoded row matrix. 





To encode a message, choose ann x n invertible matrix such as 


ae 2 2 
A=j|-1 1 3 


and multiply the uncoded row matrices by A (on the right) to obtain coded row 
matrices. Here is an example. 


Uncoded Matrix Encoding Matrix A Coded Matrix 


jmeb oe 2 
(13st SS el tres [13 oe 
petit 


This technique is further illustrated in Example 7. 


Section 8.5 B® Applications of Matrices and Determinants 673 


Example 7 ® Encoding a Message 


Use the following matrix to encode the message MEET ME MONDAY. 


NWEe-2 2, 
Ao i 3 
lip=1 t=4 


Solution 


The coded row matrices are obtained by multiplying each of the uncoded row 
matrices found in Example 6 by the matrix A, as follows. 


Uncoded Matrix Encoding Matrix A Coded Matrix 


ha» “bg 
Sir iS Abus || Reddit Se 965. 21] 
i ei 4 
iteea) 1 
(om 00% [| Sis aaa 
eo 
1f2=260),9 
[SIO MB) =i 1 B= [ise 3 45) 
ih Selves 2 
1S = 2 
[5140 34]) 2) Te 3) Sis 220° * 56) 
i. 14 
(DSS 2A8 hiro 
(R250) 10) 1 MENS 3 [oa gh 77] 
j =r e=4 


So, the sequence of coded row matrices is 
[13 —26 21][33 —53 —12][18 —23 —42][5 —20 56][—24 23 77]. 
Finally, removing the matrix notation produces the following cryptogram. 


(See Oes 1 35-557 12 1Se—23 —4)- 5 — 20 56 4 a 





For those who do not know the matrix A, decoding the cryptogram found in 
Example 7 is difficult. But for an authorized receiver who knows the matrix A, 
decoding is simple. The receiver need only multiply the coded row matrices by 
A~! (on the right) to retrieve the uncoded row matrices. Here is an example. 


ot 96" 21 AS 5) 5] 
YY YY’ 
Coded Uncoded 
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Example 8 ® Decoding a Message 


Use the inverse of the matrix 


Lee Z 
Ahi 1 3 
lie=4 3 4 


to decode the cryptogram 
13 26-21 033 4534512: 18. —23 —42 5 —20 56 =24e eee 


Solution 


Partition the message into groups of three to form the coded row matrices. Then, 
multiply each coded row matrix by A“! (on the right). 


Coded Matrix Decoding Matrix A~' Decoded Matrix 


a =i Se 
(13=26) “21. 6 5 |= [13 See 
On irs 


SS) ai) =e 
(336 353h- | la Gus 
On = eit 


Ont tale I 
Sih Sie Se 
[5°=20: 56]}-1 -—6 -—5|=[15 14, 4] 
Ope 14-1 
Za TN SS 
(224: 123.77 shee 6 ee Sh= [1 25 0] 


ivicntO% a8 
ise=03b—22l= 6 “|= 0 13] 


So, the message is as follows. 


[13-5 5]. (20; © 13] [5 0 13) [15 14 4] ene 
Mi Ele 27 M BE M ON D Aa 


Weitivng aBouT MATHEM Aric s 












Cryptography Use your school's library or some other reference source to research 
information about another type of cryptography. Write a short paragraph 
describing how mathematics is used to code and decode messages. 
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8.5 Exercises 
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———————— 


In Exercises 1-8, use Cramer’s Rule to solve (if possible) the 
system of equations. 


fo /3x + 4y = —2 2.) Ax = Ty = 47 
a 4 pair mtaannt 
Sar 0.4% + O.8y = 1.6 
| 0.2% -F 0:39 = 2:2 
4 2.4x—-13y= 14.63 
Z. tO Sy — 11.51 
Be4r—- y+ z=-5 6 (4x -—2y+3z=-2 
fae) 2y + <3z = 10 2m ti lyer Sz =, 16 
Sie 2y +16z= 1 Say = 22 =) ad 
Ne Mercy t+ 3z= —3 § | Sx—4y+ z=-14 
mera MY =. 6 cane Vie oa a) 
wa oy 27 = —11 3 vinieeVigeeiveaan | al 


i In Exercises 9-12, use a graphing utility and Cramer's Rule 
to solve (if possible) the system of equations. 


Pete oy + Sz—1. 10. Rec eo 
Sar oy + 97 = 2 2 Ly — 22 = —8 
5x + 9y + 17z = 4 S28 si ony ae Ce 

mereae t+ yt 2z=6 12. (2x+3y+ S5z= 4 


ty 57 —() 
kat 2y-— <= 6 


3x Sy + Or = 7 
a Oy 1i7z 
In Exercises 13-22, use a determinant and the given 
vertices of a triangle to find the area of the triangle. 


BS. 1) 14. 





16. 





Ea 


HEH 


18. 





19. 
20. 
21. 
22. 


(= 254) (Ce3) ees) 
(07=2)s@-1s 4)5G, 5) 
(=3,5)42. 6) (G5) 
(=2;-4) (1) 5)(3.—2) 


In Exercises 23 and 24, find a value of x such that the 
triangle with the given vertices has an area of 4. 


23, (= 3; D052) (27x) 
24. (=4, 2); (55 oy) e 1 x) 


In Exercises 25 and 26, find a value of x such that the 
triangle with the given vertices has an area of 6. 


25.\(—2,= 3) 20,1) 8(— 8x) 
26. (1,0), (6, =3), (—3, x) 


27. Area ofa Region A large region of forest has been 


infested with gypsy moths. The region is roughly 
triangular, as shown in the figure. From the north- 
ernmost vertex A of the region, the distances to the 
other vertices are 25 miles south and 10 miles east 
(for vertex B), and 20 miles south and 28 miles east 
(for vertex C). Use a graphing utility to approximate 
the number of square miles in this region. 
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4 28. Area of a Region You own a triangular tract of 


land, as shown in the figure. To estimate the number 
of square feet in the tract, you start at one vertex, 
walk 65 feet east and 50 feet north to the second 
vertex, and then walk 85 feet west and 30 feet north 
to the third vertex. Use a graphing utility to deter- 
mine how many square feet there are in the tract of 
land. 





In Exercises 29-34, use a determinant to determine 
whether the points are collinear. 


29.3) 1) (08-3). (12-5) 
30. (—3, —5), (6, 1), (10, 2) 
31. (2, -4), (—4, 4), (6, -3) 
32. (0, 1), (4, -2), (—2, 3) 
33...(0,.2)2 (1,.2-4)c( =e 1.6) 
34)’ 253)nG58,5)i idee) 


In Exercises 35 and 36, find x such that the points are 
collinear. 


35.1(2) 5) 2) 
ST eed i) ita lee) So 


‘In Exercises 37-42, use a determinant to find an equation of 
the line through the points. 


37. (0,0), (5, 3) 
39. (—4, 3), (2, 1) 
41. (—3, 3), (3.1) 


38. (0, 0), (—2, 2) 
40. (10, 7), (—2, —7) 
42. (2,4), (6, 12) 


In Exercises 43 and 44, find the uncoded 1 x 3 row matrices - 
for the message. Then encode the message using the 
matrix. 


Message Matrix 
1 = 0 
43. TROUBLE IN RIVER CITY 1 Ot 
= 2 3 
2 1 
44. PLEASE SEND MONEY oy eS 
3 p 1 


In Exercises 45-48, write a cryptogram for the given 
message using the matrix A. 


deutriira 2 
AS 18 76 ol. 
-1 -4 -7 


45. CALL AT NOON 

46. ICEBERG DEAD AHEAD 
47. HAPPY BIRTHDAY 

48. OPERATION OVERLOAD 


In Exercises 49-52, use A~' to decode the cryptogram. 


ea ieee 
waq[1 2] 


11.21, 64 112! 25 50,29 S33 smee 
LSE he) 


=) p 
s.an[5 2] 


—136 58 =—173 72 -120 SIs 
—178 73 —70 28° —242 101) ieee 
—90N 36" — 115 49 — 19982 


1 1 0 
51. A= 1 Oe = 1 
=6 2 8 


9 =-1 —9 38 -—19 -19 23) ee | 
—80 25 41 —64 21 31 9) =35eee 


a. 4 Z 
52. A =0 2 1 
AS 3 


112 —140 83 19. —25. 13°92) omen 
95 —118 71 20 21 38 35 —23uesouee 
—48 32 
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In Exercises 53 and 54, decode the cryptogram by using the 
inverse of the matrix A. 


(ae) 
m=| 3 7 9 
-1 -4 -7 


mez) 17 —15 —12 —56 =—104 1 =—25 —65 
62 143 181 


meee? «59 61 112 106 —17 —73 —131 
mie 24° 29765 144 172 


55. The following cryptogram was encoded with a2 x 2 
matrix. 


eee 10 = 13 =43 5 10.5 25-5 
fe! 6 20.40 —18 —-18 1 16 


The last word of the message is RON. What is the 
message? 


56. The following cryptogram was encoded with a2 x 2 
matrix. 


Peewee i 2 7 — 15-15 32 14 
memes 35 19 —19 —19 37 16 


The last word of the message is SUE. What is the 
message? 


Synthesis 


True or False? \n Exercises 57 and 58, determine 
whether the statement is true or false. Justify your answer. 


57. You cannot use Cramer’s Rule when solving a 
system of linear equations if the determinant of the 
coefficient matrix is zero. 


58. In a system of linear equations, if the determinant of 
the coefficient matrix is zero, the system has no 
solution. 


59. Writing At this point in the book, you have learned 
several methods for solving a system of linear 
equations. Briefly describe which method(s) you 
find easiest to use and which method(s) you find 
most difficult to use. 





Review 


In Exercises 60-63, use any method to solve the system of 
equations. 


60. eeieens: 61. 3x + 8y= 11 
ear P= —WE 7a ae Why = = 1 
62. [7 3y 5c = 14 


4x + 2y— z= —1 

Sx — 3y + 2z = -]] 
63. Shee eee ee ell 

=25 4 3y bh = 5 


4x + 10y — 5z = —37 


In Exercises 64 and 65, sketch the constraint region. Then 
find the minimum and maximum values of the objective 
function and where they occur, subject to the constraints. 


64. Objective function: 65. Objective function: 


z= 6x + 4y z= 6x + Ty 
Constraints: Constraints: 
200 e0 
y=0 y2=0 
a OWE Se 0) 4x + 3y => 24 
6x + ys 40 ae =P Shy IS 


In Exercises 66-69, find the determinant of the matrix. 


66. ieee | 67. | ae mel 


hae) =A 3 
=6 =! 5) 1 A =3 
~ 68. | —3 0 4 ODS E7) saat, Z 
2 An iad 6 0 -) 
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Chapter Summary 





What did you learn? 





Section 8.1 Review Exercises 
[_] How to write a matrix and identify its order 1-8 
[] How to perform elementary row operations on matrices 9,10 
[] How to use matrices and Gaussian elimination to solve systems of 11-26 


linear equations 


L] How to use matrices and Gauss-Jordan elimination to solve systems of 27-32 
linear equations 


Section 8.2 





(] How to decide whether two matrices are equal 33-36 
L] How to add and subtract matrices and multiply matrices by real 37-50 
numbers 

[] How to multiply two matrices 51-66 
[] How to use matrix operations to model and solve real-life problems 67 
Section 8.3 

L] How to verify that two matrices are inverses of each other 68-71 
L) How to use Gauss-Jordan elimination to find the inverses of matrices 72-79 
L} How to use a formula to find the inverses of 2 x 2 matrices 80-83 
L] How to use inverse matrices to solve systems of linear equations 84-95 
Section 8.4 

L} How to find the determinants of 2 x 2 matrices 96-99 
CL] How to find minors and cofactors of square matrices 100-103 
L] How to find the determinants of square matrices 104-107 


Section 8.5 











L} How to use Cramer’s Rule to solve systems of linear equations 108-115 

L] How to use determinants to find the areas of triangles 116-119 

L] How to use a determinant to find an equation of a line passing through 120-123 
two points 


CL] How to use matrices to code and decode messages 124-127 





Review Exercises 


B® Review Exercises 
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SSeS SSIS SEU SSS 


In Exercises 1-4, determine the order of the matrix. 


—4 

eh, 0 
5 

8. [3] 


4. [6m a Signy gilieng) 


In Exercises 5 and 6, form the augmented matrix for the 
system of linear equations. 


Pefox — 10y = 15 6. 
5x + 4y = 22 


ne = Thar Ue = 112 
ox Sy + 22 = 20 
Sk + 3y — 3z'= 26 


In Exercises 7 and 8, write the system of linear equations 
represented by the augmented matrix. (Use variables x, y, z, 
and w.) 


5 1 Jae ee, 
7. |4 2 OF ee 10 
") 4 p) 3 
is> 16 7 Sat 2 
Bop) 21 8 Seta 12 
Zo 1) 4 5) il 


In Exercises 9 and 10, write the matrix in reduced 
row-echelon form. 


9, 1 Pi 10. 
> ) > 0 1 il 
0 1 1 1 


In Exercises 11-14, the row-echelon form of an augmented 
matrix that corresponds to a system of linear equations is 
given. Use the matrix to determine whether the system is 
consistent or inconsistent, and if consistent, determine the 
number of solutions. 


1 Zz 3) 9 
11. | 0 ih 2 2 
0 0 0 0 
1 2 3 9 
12. |0 haze 2 
0 0 0 8 
1 2 3 ) 
13. | 0 is =2 ds 
0 0 1 ame) 


14. 


] 2 a7 10 6 
0 T= ee 2 0 
0 0 LP lees 0 
0 0 0 1 1 


0 
5 
aa 
0 


In Exercises 15-24, use Gaussian elimination with 
back-substitution to solve the system of equations. 


15 


17 


18 


19 


20 


21 


23 


| 
| 
| 
| 
| 
| 


Say = 2D 
Xtc ys 


Dag SV eats 
Dig = By Be 
Ay 2y + 32 = 


nN 


Dye ae By ap Bye = 


Gye se Gy ae Iz 


Det 9y= zZ= 


DX iat — 
Dy) = 
24 = y + 6z = 


16. | 


0.3x — 0.ly = —0.13 
02a O3y = "= 0.25 
0.2x — O.ly = 
045 — Sy 


0.07 
0.01 


22. 


2k = Sy = 2 
Sh hy a4 


Gai Zvi 6a 
Meese Sy sp ilsye = 4 
65 War B= SE 


26-5 


BhF Sr 
x 


View 


Pe Bye 
Sy = Qe 


- 


w= 9 
= 2 = 
ar Sy = 


24 


Kee Dy at w= 
=ByPar 3k¢ = 

4x+ 4y+ Zz 

Dx Ez > 


Partial Fractions  \n Exercises 25 and 26, write the partial 
fraction decomposition for the rational expression. 








x+9 A B C 
“(+ D@+2)? «+1 442. (x +2) 
ian St nee AER, « C 


(x — 4)(x- 3)? x-4 x-3 °° &—- 3) 
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In Exercises 27-30, use Gauss-Jordan elimination to solve 

the system of equations. 

28. [4x + 4y + 4z=5 
4x 2yi—_ SZ 
5x + 3y + 82 =6 


De | =e oy eel 
De ae MW ap ie = 
5x 4y + 22=" 2 
By I (OF Me on ee | 
Se Sy 47 — = '15 
Ser Pa — ING 
30.9 3c cds eae 20 
OY Hea ipemte =s e 
=x + y +:4z 


lI 
= 


II 
| 
oo 


co In Exercises 31 and 32, use the matrix capabilities of a 


graphing utility to reduce the augmented matrix corre- 
sponding to the system of equations, and solve the system. 


31. 3% =" 957 — 2 = 44 
x+6y+4z- w= 1 
Se cit) asWia a 15 

4y—- z—-8w= 58 

32. 4x + 12y+2z2= 20 

Ko Oy +47 —— 12 
ar OY a 2= 8 
ax Oy = te 10) 


8.2 | In Exercises 33-36, find x and y. 
ail a we We a 

y 9 =i) 9 

1 

x 


0 cul 


Ge 
—_ 
rte a artO ate a teen beers al 
| | 
iS 
eS NN 
lI 
| 
- CO 
Se as 


5x-1 4 —44 

35.4), *O* UP S6 eee ey) or ee) ~3 2 
—-2 y+5 6x —2 16 6 

-9 4 2 -5 -9 4 x-10 -5 

NANCY ise se Meee g Wes he ec ee ea et 
60. = lela tx l 0 


In Exercises 37-40, determine if the matrix operation 
A + 3B can be performed. If not, state why. 


Cae 2 adr ae 10 
31 ale age | Silas 


S) + An ele 
38. A =| -7 2), B= |20 40 
11 2 sisi) 


ate c: 


42%D 
39. A=|-7 2) B= | | 
momen 20 40 
= 
40.A=[6 -5 7] B=| 4 
8 


In Exercises 41-44, perform the matrix operations. If it is not 
possible, explain why. 


7 3 105=20 
aL tisl Hin 


6 0 
ee re M- 8 -4 
-2 10 
tae a Coon 
3. -215 -4]+8]1 2 
6 0 iia ot 
8 -1 8 -2 0 -4 
44.-|-2 4 12/-5) 3 -1 1 
0-6 0 6 12 -8 


=z In Exercises 45 and 46, use a graphing utility to perform the 


matrix operations. 


4s. 34 ks | +63 me a 


1 Sie atl! y i | 6 
Z 0 4. =2 
46.357) S24 a6 
8 2 oe 3 


In Exercises 47-50, solve for X when 


=A) 0 1 2 
A= 1 -5 and B=]|-2 1]. 
=e 2 Aan 


47. X = 3A — 2B 48. 6X = 4A + 3B 
49, 3X + 2A=B 50. 2A — 5B = 3M 


In Exercises 51-54, determine if the matrix operation AB 
can be performed. If not, state why. 


y =2 =—3) 210 
si. 4 =|? ‘| B= 55 4 


5 4 12 
52. A= |= 7 , B= {20 40 
11 15 230 


33. AF= oT 
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—1 67. Manufacturing A manufacturing company 
54.A=[6 —5 Clean = 4 produces three models of a product that are shipped 
8 to two warehouses. The number of units of model i 
that are shipped to warehouse j is represented by aj; 
In Exercises 55-62, perform the matrix operations. If it is not in the matrix 
possible, explain why. 8200 7400 
1 ) A =1|6500 9800]. 
Bs. 15 —4 k 5a ‘ 5400 4800 
6 0 The price per unit is represented by the matrix 
ke 5 | Ki =2 | B = [$10.25 $14.50 $17.75]. 
56. 
aye 4 O}14 0 0 Ea (a) Use a graphing utility to compute BA and 
i 2 é 6 4 interpret the result. 
57. I a) i et!) ss (b) Suppose the numbers of units of each model 
8 0 shipped to the warehouses are increased by 25% 
1 B DA = 2 D for the following shipment. Use your graphing 
58. |0 ANN) | utility to find a new matrix A, representing the 
0 0 AN) 0 2 number of units being shipped to the warehous- 
A es. Then calculate BA,,. 
59 | | [6 —2] 
6 . 
is ; 8.3 | In Exercises 68-71, show that B is the inverse of A. 
mi 2 6] 0 -3 “.a=|"4 = pal? A 
2 0 7 2 7 4 


ef is dts 4) es-[i he-[at 


Mono sifL 0 ee at) = ae 
62. -3|) 4 i “i E 3 TAS A = || A 0 1 B= 3 3 =I 
6 2 3 D 4 -1 
In Exercises 63 and 64, use a graphing utility to perform the ees 0 —% 1 ; 
matrix operations. i 
71. A= |-1 OF Ss Bas 1 3 
efor J a 8 -4 2 1 
Mein -7|\|° > © eR a 
| iD 3 a) es 
In Exercises 72-75, use Gauss-Jordan elimination to find 
A —2 2 ie I I the inverse of the matrix (if it exists). 
. B-2 : aa 67 YS -3 =5 
: 35 2 >. ‘ 
Balen or 3/13 3 
65. Write the system of linear equations represented by 2) Vee 1 
the matrix equation 74. 3 7 9 aes wo") 23 


ee EI-[-2 ee Bie 


| i : é == In Exercises 76-79, use a graphing utility to find the inverse 
66. Write the matrix equation AX = B for the system of of the matrix (if it exists). 


linear equations. 





a6 2) 
Zar sy + z= 10 76. iF Ba TI. ; | 
Pe oy — 32 = 22 2 0 3 \ 4 6 
are Ay + 3z =) 2 jee 1 797 | 2. —3 at 


Don) i —1 13 aie 
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In Exercises 80-83, let 
a b 

A= : 
he : 


Find the inverse of the above matrix 


1 d —-b 
-1 = 
i =|? | 





(if it exists). 
=7/ 2 10 4 
80. & | 81. - 4 
1 3 5 
a AD =F 5 
82. [ F | 3. | ; | 
eZ —6 ma ee a Se 
10 5 3 


In Exercises 84-91, use an inverse matrix to solve (if 
possible) the system of linear equations. 


84. |-x+4y= 8 85. Sey ee AS 
Da \ ata) ao Kent 2a DA 
86. 45> 2y == 10 


3x + 10y = 8 87. 
lapel | 
S8.(\ 3c 2y 2 az ae 

L: op Pe || 

OEP ea rie" alll 
$9. j—x + 4y— 27 = 12 

fo 

=X ate OW = 47 — lO 


90.4255 veo 
= Aye 
VE cen 2 0 

91. 3h Wier 9Z y= 14 
See Vit OZ — 8 


—8x+4y- z= 44 


= In Exercises 92-95, use a graphing utility to solve (if 


possible) the system of linear equations using the inverse 
of the coefficient matrix. 


92S hex 2y = Sl 93. x+3y= 23 
ee + 4y=-—-—5 hes + 2y = -18 
945 ova Sy — 42 =o) 
Vere 
AK yi 47. I 
95. re BW Da 8 


= 2 ey le 32 = 10 
y= Ve ees 3 


: 
Eg In Exercises 96-99, find the determinant of the 
matrix. 


8 5) et ih 
off J] on [2 
0) 0) [aoe 
4 ee i] ae E = a 
In Exercises 100-103, find all (a) minors and (b) cofactors of 
the matrix. 
DQ =| 3 6 
100. E 1 101. 3 a 
3 dy =| 8 B 4 
LO | 5) 0 103. 6 Sy 
1 8 6 Sait 1 2 


In Exercises 104-107, find the determinant of the matrix. 
Expand by cofactors on the row or column that appears to 
make the computations easiest. 


i 4 7 -1 
104.|-6 0 2] 105..| (2) =35eeea 

a ae 5" ia 

aeuoir—4 6 -5 \6, “0. "¢ 

OLR gg 2 0 |, he a 
M16 7g 2 | 1 |_ 4 

0, 3B y4 v1 ies 


In Exercises 108-111, use Cramer’s Rule to solve (if 
possible) the system of equations. 


108 Sa Sy a=e 10H 
Ip ete 

109. |3x + 8y = —-7 
pai oe 

1102 [—2e + 3y¥— de= = i 
Ae Sy Pp ee 8} 
=x — 4y-+6z.= 15 

ES) ox Zyl) 
pes Lae 
25 STZ SSeS 


In Exercises 112-115, use Cramer’s Rule to solve. 


112. Mixture Problem A florist wants to arrange a 
dozen flowers consisting of two varieties: carnations 
and roses. Carnations cost $1.50 each and roses cost 
$3.50 each. How many of each should the florist use 
so that the arrangement will cost $30.00? 

113. Mixture Problem One hundred liters of a 60% 
acid solution is obtained by mixing a 75% solution 
with a 50% solution. How many liters of each must 
be used to obtain the desired mixture? 

114. Fitting a Parabola to Three Points Find an 

equation of the parabola y = ax? + bx + c that 
passes through the points (— 1, 2), (0, 3), and (1, 6). 

115. Break-Even Point A small business invests 
$25,000 in equipment to produce a product. Each 
unit of the product costs $3.75 to produce and is 
sold for $5.25. How many items must be sold 
before the business breaks even? 


In Exercises 116-119, use a determinant to find the area of 
the triangle with the given vertices. 


116. (1,0), (5,0), (5,8) 117. (4,0), (4,0), (0,6) 
118. (2, 1), (2, —3),(1) 119. G1), (4,-2), 4,2) 


In Exercises 120-123, use a determinant to find an equation 
of the line through the points. 


120. (—4, 0), (4, 4) 
122, (—3, 3), (3, 1) 


121. (2,5), (6, —1) 
123. (—0;8, 0.2), (0:7; 3.2) 
In Exercises 124 and 125, find the uncoded 1 x 3 row 


matrices for the message. Then encode the message using 
the matrix. 


Message Matrix 
2 =e 0 
124. LOOK OUT BELOW 3 OAs 
=6. 2. 3 
: Z 1 0 
125. RETURN TO BASE Ole OL) 
g) 2 1 


n Exercises 126 and 127, decode the cryptogram by using 
he inverse of the matrix 


a 4 3 
wei 10 -7 6(i. 
eo 6 5 


fom) 11 —2 370 —265 225 -—57 48 —33 
oe) 20 245 —171 147 
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127. 145 —105 92 264 —188 160 23 -—16 15 
129" 84 713-9 Sat 5) A59eA 118." 100 
MEN ESAS ANSE SION VSO IOS ik nae 
+03 


Synthesis 


True or False? \n Exercises 128 and 129, determine 
whether the statement is true or false. Justify your answer. 


128. It is possible to find the determinant of a 4 x 5 





matrix. 
a) aj a3 
129. Ay, Ay 53 = 
G3, + €; Ay, + Co 33 + C3 
Gig) Gn a3 Oita Fie Bee 
Gy, Ag7_ Ag3] F 1Aq, Aq, 3 
G34, 437, 33 Ci. Cpe 


130. Under what conditions does a matrix have an 
inverse? 

131. What is meant by the cofactor of an entry of a 
matrix? How are cofactors used to find the determi- 
nant of the matrix? 


132. Three people were asked to solve a system of 
equations using an augmented matrix. Each person 
reduced the matrix to row-echelon form. The 
reduced matrices were 


E 2 : Al 
0 1 2 1 
Y OD: ‘ 
0 1 1 


E 2 : | 
0 0 : O} 


Can all three be right? Explain. 


133. Think About It Describe the row-echelon form of 
an augmented matrix that corresponds to a system 
of linear equations that has a unique solution. 

pee, 5 


| 








134. Solve the equation 
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Ege (ame §$Solving Systems of Equations 


Matrices have always been a powerful mathematical tool—especially for dealing 
with problems that involve a lot of data. With technology available to perform the 
calculations, matrices have also become a practical mathematical tool. 





Example ® Solving a Metallurgy Problem @ 
Alloy Alloy Alloy Three iron alloys contain different percents of carbon, chromium, and iron. Alloy 
x Ve Zi X is a type of wrought iron, alloy Y is a type of stainless steel, and alloy Z is 2 
Carbon 1% 1% 4%| type of cast iron. How much of each of the three alloys can you make with 15 tons 
Chromium 0% 15% 3% | of carbon, 39 tons of chromium, and 546 tons of iron? 
Iron 99% 84% 93%] Solution 


Let x, y, and z represent the amounts of the three iron alloys. You can model the 
situation with the linear system 


0.01x + 0.01ly + 0.04z = 15 Carbon 
0.15y + 0.03z = 39. Chromium 
0.99x + 0.84y + 0.93z = 546 Iron 
The matrix equation AX = B that represents this system is 
0.01 0.01 0.04 || x 15 
0 Ost5* 0,03 iy =) 3911. 
0.99 0.84 0.93 ||z 546 


With a graphing utility or computer, you can solve the equation as follows. 


= 23d — 5.4 1.267 15 100 
X=A'B=| -66 6.733 0.067 |} 39] = | 200 
33 BO 33 i ee 0.333 146 300 


So, you can make 100 tons of alloy X, 200 tons of alloy Y, and 300 tons of 
alloy Z. 





Chapter Project Investigation 
Three different gold alloys contain the percents of gold, copper, and silver _ 
shown in the matrix. You have 20,144 grams of gold, 766 grams of copper, — 4 
and 1990 grams of silver. How much of each alloy can you make? 





Percent by Weight 

Alloy X Alloy Y Alloy Z 
Gold |94% 92% 80% 
Copper} 4% 2% 4% 
Silver | 2% 6% 16% 


Chapter Test 


& Chapter Test 685 





) The Interactive CD-ROM and Internet 
versions of this text provide answers to 
the Chapter Tests and Cumulative Tests. 
They also offer Chapter Pre-Tests (which 
test key skills and concepts covered in 
previous chapters) and Chapter Post- 

_Tests, both of which have randomly 
generated exercises with diagnostic 
capabilities. 





FIGURE FOR 4 





1 0 
A=j{1 agus L 
Cai. -3 


MATRIX FOR 14 


Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 


In Exercises 1 and 2, write the matrix in reduced row-echelon form. 


alee yee 
1g) Geos s 2 | narrate te 
Ses) 3 


3 Ieee) 4 


3. Write the augmented matrix corresponding to the system of equations, and 
4x + 3y—2z= 14 
solve the system )—x — y+ 2z= —5, 
SA ay — Az 8 


4. Find the equation of the parabola y = ax? + bx + c that passes through the 
points in the figure. 


5. Find (a) A — B, (b) 3A, (c) 3A — 2B, and (d) AB (if possible). 


Soe ae 


In Exercises 6 and 7, find the inverse of the matrix (if it exists). 


=f) NG 
6. es | (Os A 
Ae ates 


8. Use the result of Exercise 6 to solve the system. 


—6x + 4y = 10 
10x — S5y = 20 


In Exercises 9 and 10, evaluate the determinant of the matrix. 
5 13 
9, 2 ‘| 0; (ea eee 
SaG =9 8 


In Exercises 11 and 12, use Cramer’s Rule to solve (if possible) the system of equations. 


11. Ix+ 6y= 9 12; 6n = yz = 
4x—4y+ z==—18 
13. Use a determinant to find the area of the triangle in the figure. 


14. Find the uncoded | x 3 row matrices for the message KNOCK ON WOOD. 
Then encode the message using the matrix A at the left. 


15. One hundred liters of a 50% solution is obtained by mixing a 60% solution 
with a 20% solution. How many liters of each must be used to obtain the 
desired mixture? 


Sequences and Series 

Arithmetic Sequences and Partial Sums 
Geometric Sequences and Series 
Mathematical Induction 

The Binomial Theorem 

Counting Principles 

Probability 


VV9-VV44 





Siegfried Layda/Tony Stone Images 
In 1997, 831.8 million trips were taken in the United States 
for pleasure or vacation. The average distance traveled 
per trip was 901 miles. (Source: Travel Industry Association of 
America) 





> How to S Study 


The Big Picture 

















In this chapter you will learn the As you encounter each new vocabulary term in this chapter, 
following skills and concepts. add the term and its definition to your notebook glossary. 

» How to use sequence, factorial, Infinite sequence (p. 688) Second differences (p. 725) 
-and summation notation to write Terms of a sequence | (p. 688) Binomial coefficients (. 728) 

the terms and sum of a sequence Finite sequence ( 588 Binomial Theorem (jp 7 28) 

> How to recognize, write, and Gin | ee ee (p. 73 peer 
manipulate arithmetic sequences ee. p. 690) ; Fun onents ounting rinciple 
and geometric sequences ummation or sigma notation (p. 737) 

| ee (p.692) Permutation (p. 738) 

» How to use mathematical induc- Infinite series (9.693 Distinguishable permutations 
tion to prove a statement involving Finite series (p. (p. 740) 
a positive integer n nth partial sum ( 3) Combination (p. 741) 

» How to use the Binomial Theorem Arithmetic sequence ( Experiment (p. 746) 

and Pascal's Triangle to calculate Common difference (. 69 Outcomes (p. 746) 

binomial coefficients and binomial Geometric sequence (p. 70 Sample space (p. 746) 
expansions Common ratio (p. 708) Event (p. 746) 

| : series (p. 712) Probability (jp. 747) 

» How to solve counting problems ots Geommetic ie - is ¥ (p se taper 

; : Geometric series (1. 712) Mutually exclusive (jp. 750) 

using the Fundamental Counting nears ao ae ae ia 3 
(seed é Mathematical induction (1. 718) Independent events (1p. 752) 
Principle, permutations, and : : SUR 

: First differences (p. 725) Complement of an event (p. 753) 


combinations 


> How to find the probabilities of 
events and their complements 








Study Tools Additional Resources STUDY Tip 
* Learning objectives at the * Study and Solutions Guide 

beginning of each section * Interactive Precalculus Try working with a partner on 
a Chapter Summary (p. 759) * Videotapes for Chapter 9 assignments. You may find that 
. Review Exercises (pp. 760-763) * Precalculus Website teaching others is an excellent 
* Chapter Test (p. 765) * Student Success Organizer way to learn. 


‘Cumulative Test for Chapters 7-9 
(pp. 766-767) 
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9.1 


Chapter9 Sequences, Series, and Probability 





> What you should learn 


How to use sequence notation 
to write the terms of a 
sequence 


How to use factorial notation 
How to use summation 
notation to write sums 

How to find the sum of an 
infinite series 

How to use sequences and 
series to model and solve 
real-life problems 


> Why you should learn it 


Sequences and series can be 
used to model real-life problems. 
For instance, Exercise 109 on 
page 697 uses a sequence to 
model the net income of 
Wal-Mart from 1990 through 
1998. 


John Mailer, Jr./The Image Works 





Sequences and Series 





Sequences 


In mathematics, the word sequence is used in much the same way as in ordinary 
English. Saying that a collection is listed in sequence means that it is ordered so 
that it has a first member, a second member, a third member, and so on. 

Mathematically, you can think of a sequence as a function whose domain is 
the set of positive integers. 


f(1) = a), f(2) FT by f(3) = a3, f(4) = a4). - .»f(n) = any 


Rather than using function notation, however, sequences are usually written 
using subscript notation, as indicated in the following definition. 


Definition of a Sequence Pee 


An infinite sequence is a function whose domain is the set of positive i 
integers. The function values 


BOGEN 


Diy Cas Ge es 


are the terms of the sequence. If the domain of the function consists of the © 
first n positive integers only, the sequence is a finite sequem 





On occasion it is convenient to begin subscripting a sequence with 0 instead 
of 1 so that the terms of the sequence become . 


Oe, Oy lp, Cahn otene 


Example 1 ® Finding Terms of a Sequence 













a. The first four terms of the sequence given by a, = 3n — 2 are 


a,= 3(1) = 2a— ol Ist term 

ya 3(2) —-2=4 2nd term 
a, = 3(3) — 4] 3rd term 
aS 3(4) —2= 10. 4th term 


b. The first four terms of the sequence given by a, = 3 + (—1)” are A 





€, = 3 (eH 1) =3 = 1 = 2 Ist term 
= 3 (1) 3 a4 2nd term 
G03 he e3 — a 3rd term 
p= 3 (S137, 4th term 


- Write out the first five terms of 
the sequence whose nth term is 


. (— tet 


ay 


Are they the same as the first 
five terms of the sequence in 
Example 2? If not, how do they 
differ? 


The Interactive CD-ROM and /nternet 
versions of this text offer a built-in 
graphing calculator, which can be used 
in the Examples, Explorations, 
Technology notes, and Exercises. 


Technology 


To graph a sequence 
using a graphing utility, set the 
mode to seq and dot and enter 
the sequence. The graph of the 
sequence in Example 3(a) is 
shown below. 











11 





You can use the trace key to 
identify its terms. 
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Example 2 ® Finding Terms of a Sequence 


The first five terms of the sequence given by 


me) 
ee eee 
SS Dhl 


are as follows. 




















(ub = Rats =-—| 1 
1 2(1) = 1 2 s7 l st term 
(1 1 1 ihe 
aA = — =— 
PaO Aaa erate 
SR alah, ose 
33 2(3) Sen 1 6 = 1 5 td term 
(-14 1 | oe 
SS 20a 1 81 6G sane 
—] ) =i 
a= ( = oe Sth term 





Simply listing the first few terms is not sufficient to define a unique 
sequence—the nth term must be given. To see this, consider the following 
sequences, both of which have the same first three terms. 





bet elondupes wath 

Dei 8 WlGhdhd in iio lec 

dep byl, 6 

24°38 15° (a + 1)? — av + 6)’ 


Example 3 ®& Finding the nth Term of a Sequence 


Write an expression for the apparent nth term (a,,) of each sequence. 


Bond ey omc: bs2,.5>,10; 17, 
Solution 
a. DE LOD or aera 
Terms: V0 3ST ae ee 
Apparent pattern: Each term is 1 less than twice n, which implies that 
@, anal: 
b. (ie Ne emma ag 1 
DEVS 2" Sa NOON eee 


n 


Apparent pattern: Each term is 1 more than the square of n, which implies that 


@,, Sali? eked 
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STUDY TIP 


Any variable can be used as a 
subscript. The most commonly 
used variable subscripts in 
sequence and series notation are 
i, j, k, and n. 


Some sequences are defined recursively. To define a sequence recursively, 
you need to be given one or more of the first few terms. All other terms of the 
sequence are then defined using previous terms. A well-known example is the 
Fibonacci sequence shown in Example 4. 


Example 4 ® The Fibonacci Sequence: A Recursive Sequence — . 
The Fibonacci sequence is defined recursively, as follows. 
a =1, a, =1, a = a,_, + a_,, where k 2 2 


Write the first six terms of this sequence. 


Solution 
Oy = 1 Oth term is given. 
ay 1 Ist term is given. 
Dyan Hage, tag ap 1 2 Use recursive formula. 
Ope) Oxy = ay ta 1+2=3 Use recursive formula. 
Gagrt Gees G2 te Ogee 5 Use recursive formula. 
Oa a og 3+5=8 Use recursive formula. 





Factorial Notation 


Some very important sequences in mathematics involve terms that are defined 
with special types of products called factorials. 


Definition of Factorial 
If n is a positive integer, n factorial is defined by 


nh 1 23 4 ai) on. 


As a special case, zero factorial is defined as 0! = 1. 


Here are some values of n! for the first several nonnegative integers. Notice 
that 0! is 1 by definition. 


Ol=1 
I!=1 
2=1°-2=2 


Bi = l)2 3 16 
Al =i» 2) 3° 4 = 24 
51=1-2-3-4-5= 120 


The value of n does not have to be very large before the value of n! becomes huge. 
For instance, 10! = 3,628,800. 





FIGURE 9.1 
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Factorials follow the same conventions for order of operations as do expo- 
nents. For instance, 


2n! = 2(n!) 
=21-2+3+14-++ 2) 
whereas (2n)! =1°2°:3:4:->: + 2n. 


Example 5 ® Finding Terms of a Sequence Involving Factorials 


List the first five terms of the sequence given by 
Qn 
= Bi 


ay, 


Begin with n = 0. Then plot the points on a set of coordinate axes. 








Solution 
cabin 1 Oth 
a SS —_S = i 
0 0! 1 th term 
Dee 
@=—=—-=2 Ist term 
1! 1 
= cs - = =2 2nd 
ay 7 — 5) = nd term 
22S 4 7 
AS SS SS 2 t 
3 31 6 3 rd term 
We MG 2 
OW a are = 4th term 
AM UAL 8} 


Figure 9.1 shows the first five terms of the sequence. 


a 


When working with fractions involving factorials, you will often find that the 
fractions can be reduced. 


Example 6 ® Evaluating Factorial Expressions 


Evaluate each factorial expression. 





8! Dee 6! Al 
tera bore 5! S 
Solution 

Oo Gait) 7-8 
Ape == = 28 





BIPAT. (pay Sloe) ae ees 
Nite | -[-2-3-qG-5- 
pee: oS, 
Ai eee sa 5 
lve delete ener UP Cabot 
Se obo ee 


ne aaaansaaLESEEEENTTEnTSEnE 
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= iS 
Technology 
ise 4 Most graphing utilities 
are able to sum the first n terms 
of a sequence. Check your user's 
guide for a“sum sequence” 
feature or a“series” feature. 











>) The Interactive CD-ROM and Internet 

versions of this text show every example 
with its solution; clicking on the Try It! 
button brings up similar problems. 
Guided Examples and Integrated 
Examples show step-by-step solutions 
to additional examples. Integrated 
Examples are related to several concepts 
in the section. 





Summation Notation (( 


There is a convenient notation for the sum of the terms of a finite sequence. It is 
called summation notation or sigma notation because it involves the use of the 
uppercase Greek letter sigma, written as 2. 


Definition of Summation Notation 
The sum of the first n terms of a sequence is represented by 


n 
Dae ak Gg Garhoag kT 
poe 


n 


where j is called the index of summation, n is the upper limit of 
summation, and | is the lower limit of summation. 


Example 7 ® Summation Notation for Sums 


Find each sum. 


a. S 3y1 b. 


6 
pal c= 


(1 + k?) c S 


3 i=0 ! 


Solution 
a. >» 3: = 3(1) + 3(2) + 3(3) + 3(4) + 3(5) 


= 32+ 3 tec 5) 
= 3(15) 
= 46 


b. SU +e) = (1437404440 459404+8) 


10) + A742 26,4237 


Seni 1 1 1 1 1 1 1 1 1 

CAO geri et ee 

da Ne OM Oe eo era e S| so 6lon Rance! 

1 1 1 1 1 
+ + + ~ 

24 120 720 5040 40,320 








fo 
=1+1+=+5+ 

Vheprel 
=~ 2.71828 


For this summation, note that the sum is very close to the irrational number 
e ~ 2.718281828. It can be shown that as more terms of the sequence whose nth 
term is 1/n! are added, the sum becomes closer and closer to e. 





In Example 7, note that the lower limit of a summation does not have to be 
1. Also note that the index of summation does not have to be the letter i. For 
instance, in part (b), the letter k is the index of summation. 


STUDY TIP 


Variations in the upper and 
lower limits of summation can 


_ produce quite different-looking 
summation notations for the 


{ 


ee a Ce ee en Re ge ae 


same sum. For example, the 


following two sums have the 
same terms. 


$13(2 = 3(2! + 2? + 23) 


i=1 


2) = 32) 22 + 2°) 


i=0 
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Properties of Sums 


n n 
1. Sica,= cia, cis any constant. 
i=1 i=1 


Dy ac bi) at ay 
i=1 i=1 i=1 
ie Ya 
i=1 i=1 


U 


n 
b; 
=a 


U 


A proof of Property | is given in Appendix A. 


Series 


Many applications involve the sum of the terms of a finite or infinite sequence. 
Such a sum is called a series. 


Definition of a Series 


Consider the infinite sequence a,, a, @3,...,4;,....- 


L 


1. The sum of all terms of the infinite sequence is called an infinite series 
and is denoted by 


SO 
dyer Gy + a, to a, ee) a, 
i=1 


2. The sum of the first n terms of the sequence is called a finite series or the 
nth partial sum of the sequence and is denoted by 


n 


GeGacm ts he = Sia, 


n L 


Example 8 ® ‘Finding the Sum of a Series 


For the series mS =, find (a) the third partial sum and (b) the sum. 
i=1 





Solution 
a. The third partial sum is 
ewe 2 3 3 
= ac ar =.0.3 + 0.03 + 0.003, = 0.333: 
» 10 tOl> a107, 10° 


b. The sum of the series is 


a 8 3 3 3 3 3 
= +7 4+ 5 +—54+--: 
p> 107 S10} . Hz, 10> 10% “103 


= 0.3 + 0.03 + 0.003 + 0.0003 + 0.00003 +: - - 








1 
=) 0.33333... = 3" 
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Application | 


Sequences have many applications in business and science. One is illustrated in 
Example 9. 


Example 9 ® Population of the United States _ 





For the years 1960 to 1997, the resident population of the United States can be 
approximated by the model 


a, = ~/33,282 + 801.3n + 6.12n2 n=0,1,...,37 





where a, is the population in millions and n represents the calendar year, with 
n = 0 corresponding to 1960. Find the last five terms of this finite sequence, 
which represent the U.S. population for the years 1993 to 1997. (Source: U.S. 
Bureau of the Census) 

Solution 


The last five terms of this finite sequence are as follows. 











33 = V33,282 + 801.3(33) + 6.12(33)? ~ 257.7 1993 population 
d34= 33,282 + 801.334) + 6.1284)? ~ 260.0 1994 population 
a3, = 33,282 + 801.3(35) + 6.1285)? ~ 262.3 1995 population 
x6 = \/33,282 + 801.3(36) + 6.12(36)2 ~ 264.7 1996 population 
a, = \/33,282 + 801.337) + 6.1287)? ~ 267.0 1997 population 


The bar graph in Figure 9.2 graphically represents the population given by this 
sequence for the entire 38-year period from 1960 to 1997. 


Resident Population of the United States 


an 


U.S. population (in millions) 





148 Bee ee ee ee ee a eA I | aR) Be Wy H a 

140 THEE HH aE EE HH eee 4 BBR a en 4 it 

0 2* 45°68 10712. 147 167418)" 20" 22" 24-26" 28 SON s2 aes amee 
Year (0 © 1960) 


FIGURE 9,2 





ee Pee ne a i a 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions to all 
® odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link to 
9 1 Exe rcises Guided Examples for additional help. 





In Exercises 1-24, write the first five terms of the sequence. 
(Assume that n begins with 1.) 














ie, on + 1 28 = 3 
5. a= 2” 4.a,= (3)" 
5. a, = (-2)" 6. a, = (-4)" 
ae DP 
7.a,=7 ge 
n or 2 
6n 3n*-n+4 
9 = Se 10. a4, = —————_ 
pone 3n2 1 eet a 
lee iy 
11. a, = Bee Uy" 12a = Tee 1)" 
n 
1 Qn 
ieee) — — te oe 
a, 3” a, 3” 
| 1 10 
iS. Gomi 32 16. Ce Dl 
3" ! 
eof — 18. a, =— 
n! n 
BE mach 
19. a, = 2 20. a, = (-1) or 
tc" 2 G18 
23-4,=—nin—1)(n- 2) 24. a, = n(n? - 6) 


In Exercises 25-30, find the indicated term of the sequence. 


esa (—1)"(3n — 2) 





O35 — 
26. a, = (-1)""'[n(n — 1)] 

a6 — 

Qn n! 

27. On 28. an = 5, 

26.5 Coa 

4n 4n> —n + 3 

22.08 30. a, = 

Oe 2n? — 3 On nin — 1)\(n + 2) 

Le a a3 — 


In Exercises 31-36, use a graphing utility to graph the first 


10 terms of the sequence. 


31. a) 32 Beno 
4 n 
Bana, = 16(—0.5)""! 34. a, = 8(0.75)"~! 








36. a, = 


In Exercises 37-40, match the sequence with the graph of 
its first 10 terms. [The graphs are labeled (a), (b), (c), and 
(d).] 





(a) Ay (b) . & 
ty ee 
10 -+- 10 
@ 
8 ® 8 gooeee® 
6 e 6 on 
aie e 4--¢@ 
+H Pe 
Be en Oe Rel 246: 82 10 


(d) Ay 





2 4 6 8 10 











8 8 
37. a, = 38 tyes 
eS oa nt I 
qn 
39. a, = 4(0.5)"-! 40. a, = — 
Nn. 


In Exercises 41-54, write an expression for the most 
apparent nth term of the sequence. (Assume that n begins 
with 1.) 





Alei, 4,7,10,13;. 2 9 “425337 smioee 
43:0, 3, 8, 15,24. 2) 0442 = aoeeeton. a 
-23 -45 -6 
45, —,~,—,-,—, 
BW4t 516 Wi 
1-11-1 PL NS 
ey 
oa | es 
AS asi AON ae, 
1, Tey salaries rae 51. 1,-1,1,-1,1, 
22 3 94 95 


Reo — 


53,1++,1+35,1+31+35,1+3%... 
§4.1+4,1+314+414+281+4,... 





696 


In Exercises 55-58, write the first five terms of the sequence 
defined recursively. 


D5. 4) = 128; Ge Oe 4 
36. a, = 15; “ang saat 3 
3.) = 3, G25 — 2G, — 1) 
SS diruse eon: 


In Exercises 59-62, write the first five terms of the sequence 
defined recursively. Use the pattern to write the nth term 
of the sequence as a function of n. (Assume that n begins 
with 1.) 


S92G) 105 Ga = apt 2 
60d = 25, Gag G5 
61g, = 81) a ea, 
62. a,= 14, a,., = (-2)a, 


In Exercises 63-70, simplify the ratio of factorials. 


4! 5! 10! 25! 
633 64. — 65 = — 
6! 8! 8! 23! 
ety + 9)! 
o7, et! 6g, +2)! 
n! n! 
2n — 1)! apes ah 
Pye cea ee 
(2n + 1)! (3n)! 


In Exercises 71-82, find the sum. 


an 


Ties OF 1) 


or 


i 


M+ 
oS 
~l 
= 
Me i 
Nn 


73 


> 
ll 
aay 

> 
ll 


75: 


v= 
SS 
x 
A 

Me 
Ss 
SS 


Il 
i) 

ll 
=) 








Mie 
% 
+ 
~ 
eS 
Me 


Ti 5; 


[Ge rite 0) 


> 
ll 
i) 
n. 
Il 
Ww 
nN 


79. y HIPS) 80 


Mao 
Ms 


>= 


ll 


ll 
_ 


Ms 
i 
iy 

n 


82. 


Mei 


81. 


ll 
= 
Ss 

ll 
o 


In Exercises 83-86, use a calculator to find the sum. 








6 10 3 
83. 9 (24 — 3) 2 
> p> j wt 
4 (- ie Cane 
85. 86. 
2, k+1 2, 
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In Exercises 87-96, use sigma notation to write the sum. 


87. 


88. 


89. 
90. 
91. 
92. 


93. 


94. 


95. 
96. 


i 











u + u + u +... 2s 
Sl) 2) 33) 3(9) 
5 2) 5 5 
- - feet 
jae eae ene eS) Lee 
[2(s) + 3] + [2@) + 3) +- - - + [2() +3] 
li - Gy] +] - Gy) +: Seale 








3-9 +27—81 +243 —79 

L—diak fe oa 

Lathe ells ld dy ‘od 1 
+. == 

1 te tia Giek tae 20? 

1 1 1 1 

eee a ee eee 

12d es 10 - 12 

1 2) u 15 1 

Pg gate 37 seg 

1 2 6 24 120 720 

ili Se Va eye 


In Exercises 97-100, find the indicated partial sum of the 
series. 


97. 


99. 


$ 50) 

Fourth partial sum 
S4(-4)" 100. 
n=1 


Third partial sum 


98. ¥ 2(2)' 

al 
Fifth partial sum 
Sa(, 


Fourth partial sum 


In Exercises 101-104, find the sum of the infinite series. 


101. S 


103. 


105. 


é 
CO B 
> 7is) 
k=1 i=] 

Compound Interest A deposit of $5000 is made 
in an account that earns 8% interest compounded 
quarterly. The balance in the account after n 
quarters is 


A, = 5000( 1 + oy n= 12 


(a) Compute the first eight terms of this sequence. - 


(b) Find the balance in this account after 10 years 
by computing the 40th term of the sequence. 


106. 


: 107. 


| 108. 


109. 


Compound Interest A deposit of $100 is made 
each month in an account that earns 12% interest 
compounded monthly. The balance in the account 
after n months is 


LON LOL) G01) — 1]. 7 = 1) 223. 


(a) Compute the first six terms of this sequence. 


(b) Find the balance in this account after 5 years by 
computing the 60th term of the sequence. 


(c) Find the balance in this account after 20 years 
by computing the 240th term of the sequence. 


Per-Patient Hospital Care The average cost to 
community hospitals per patient per day from 1989 
to 1996 can be approximated by the model 


aeOI0 + 66.40 —2.37n?,, n= —1,0,1,...,6 


where a,, is the per-patient cost (in dollars) and n is 
the year, with n = 0 corresponding to 1990. Find the 
terms of this finite sequence. Use a graphing utility to 
construct a bar graph that represents the sequence. 
(Source: American Hospital Association) 


Federal Debt From 1989 to 1996, the federal debt 
of the United States rose from just under $3 trillion 
to over $5 trillion. The federal debt during the years 
from 1989 to 1996 is approximated by the model 


eee 10.9 42.87, n= —1,0,1,....,.6 


where a,, is the debt in trillions of dollars and n is 
the year, with n = O corresponding to 1990. Find 
the terms of this finite sequence. Use a graphing 
utility to construct a bar graph that represents the 
sequence. (Source: Treasury Department, U.S. 
Bureau of the Census) 

Corporate Income The net incomes a, (in 
millions of dollars) of Wal-Mart for the years 1990 
through 1998 are shown in the figure. These 
incomes can be approximated by the model 


a, = 1215 + 608.2n — 114.83n? + 11.00n3, 
i, =O: 


where n = 0 represents 1990. Use this model to 
approximate the total net income from 1990 
through 1998. Compare this sum with the result of 
adding the incomes shown in the figure. (Source: 
Wal-Mart) 


Net income 
(in millions of dollars) 
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3 4 5 6 of 
Year (0 < 1990) 


FIGURE FOR 109 


110. 


Dividends per share 


Corporate Dividends The dividends a, (in 
dollars) declared per share of common stock of 
Procter & Gamble Company for the years 1990 
through 1998 are shown in the figure. These 
dividends can be approximated by the model 


a, = 4.27 + 0.294n — 2-934 inn, 
He = IDS Sao 5 IS 


where n = 10 represents 1990. Use this model to 
approximate the total dividends per share of 
common stock from 1990 through 1998. Compare 
this sum with the result of adding the dividends 
shown in the figure. (Source: Procter & Gamble 


Company) 
an 
I\ 
LD 
1.1 }- 
1:0 
~ 0.9 
2 508 
20.76 
S 0.6 | 
sy 0:4 8 
0.3 
02 8 
O1 








10). Ui 2 13 Se Oe ans 
Year (10 < 1990) 
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Fibonacci Sequence \n Exercises 111 and 112, use the 
Fibonacci sequence. (See Example 4.) 


111. Write the first 12 terms of the Fibonacci sequence 
a,, and the first 10 terms of the sequence given by 


ay+ 
b= 4 peal, 


112. Using the definition for b, in Exercise 111, show 
that b,, can be defined recursively by 


oy 
' bibs, =| 
Arithmetic Mean \n Exercises 113-116, use the follow- 


ing definition of the arithmetic mean x of a set of n 
measurements x,, X>, X3,.- +X). 


113. Find the arithmetic mean of the six checking 
account balances $327.15, $785.69, $433.04, 
$265.38, $604.12, and $590.30. Use the statistical 
capabilities of a graphing utility to verify your 
result. 


114. Find the arithmetic mean of the following prices 
per gallon for regular unleaded gasoline at five 
gasoline stations in a city: $1.279, $1.259, $1.289, 
$1.329, and $1.349. Use the statistical capabilities 


of a graphing utility to verify your result. 


115. Prove that S' (x, — x) = 0. 


i=1 


n Ri oe 2-45 
116. Prove that >) (x, — x)? = ix; ; Saale 


i=] r= v1 


True or False? \n Exercises 117 and 118, determine 
whether the statement is true or false. Justify your answer. 


1 U7é, S (2 =F 21) = r+ 25 
i=1 = = 


118. D> So Qi-2 


T=3 
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Review 


In Exercises 119-122, find (a) A — B, (b) 4B — 3A, (c) AB 
and (d) BA. 


122. A 


123. A = 


124. A = 


125. A 


II 


126. A = 


= 94 ~J BO 


=2 4 
6 Bi 
0 ialz 
8 al 

1 
B=0 
0 

0 

B=") ais 

al 
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Yeas Arithmetic Sequences and Partial Sums 





> What you should leam i . 
* How to recognize and write Arithmetic Sequences 
arithmetic sequences 


* How to find an nth partial sum 
of an arithmetic sequence 


* How to use arithmetic Haid : < 
Bo tence: i model sndsolve Definition of an Arithmetic Sequence 


real-life problems A sequence is arithmetic if the differences between consecutive terms are the 
; same. So, the sequence 
> Why you should learn it : 


A sequence whose consecutive terms have a common difference is called an 
arithmetic sequence. 


: UES Boni, ees bagi te eons 
Arithmetic sequences have LE eae hae » Gy 
practical real-life applications. is arithmetic if there is a number d such that 
_ For instance, Exercise 79 on page 
706 uses an arithmetic sequence eben hy Oy gi ae, 


to find the number of bricks 
_ needed to lay a brick patio. 


and so on. The number d is the common difference of the arithmetic 
sequence. 


Example 1 ® Examples of Arithmetic Sequences 


a. The sequence whose nth term is 4n + 3 is arithmetic. For this sequence, the 
common difference between consecutive terms is 4. 


We Wl, WSs Wyse as tieae Bes a 
ee] 


if 4 


b. The sequence whose nth term is 7 — 5n is arithmetic. For this sequence, the 
common difference between consecutive terms is —5S. 


Dy = By, Hs, H=MN3)5.6 5 og = She 5 


-3-2=-5- 





r_ I : . : : 
c. The sequence whose nth term is z(n + 3) is arithmetic. For this sequence, the 
aa 
common difference between consecutive terms is 3. 





Pee gaat 
) ile ay: 4’ - ? 4 ip 
Sa) 
ee 
The sequence 1, 4, 9, 16,. . . , whose nth term is n? is not arithmetic. The 





difference between the first two terms is 
Oy. = Gy 5 Ane ies 3 
but the difference between the second and third terms is 


a, -— a, =9-4=5. 
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FIGURE 9.3 
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In Example 1, notice that each of the arithmetic sequences has an nth termi 
that is of the form dn + c, where the common difference of the sequence is d. An 
arithmetic sequence may be thought of as a linear function whose domain is the 
set of natural numbers. 


The nth Term of an Arithmetic Sequence 


The nth term of an arithmetic sequence has the form 
a, =dn+c 


where d is the common difference between consecutive terms of the 
sequence and c = a, — d. A graphical representation of this definition is 
shown in Figure 9.3. 


Example 2 > Finding the nth Term of an Arithmetic Sequence 
Find a formula for the nth term of the arithmetic sequence whose common 
difference is 3 and whose first term is 2. 


Solution 


Because the sequence is arithmetic, you know that the formula for the nth term is 
of the form a, = dn + c. Moreover, because the common difference is d = 3, 
the formula must have the form 


7G, =o © 6, Substitute 3 for d. 
Because a, = 2, it follows that 
Ce aya 
— eS Substitute 2 for a, and 3 for d. 
=, 
So, the formula for the nth term is 
a, = 3n— I. 
The sequence therefore has the following form. 


Zig Oi dali LAN ase 





Another way to find a formula for the nth term of the sequence in Example 
2 is to begin by writing the terms of the sequence. 


ay a, az a4 as Ag a, 
2 24+3 54+3 Sano hk Ss 14-3 har 3 
2 5 8 11 14 17) 20 


From these terms, you can reason that the nth term is of the form 


6,= dh. Fe 3n = 
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Example 3 ® Writing the Terms of an Arithmetic Sequence 
The fourth term of an arithmetic sequence is 20, and the 13th term is 65. Write 
the first several terms of this sequence. 
Solution 
The fourth and 13th terms of the sequence are related by 
Oy, = GQ, 09a. 


Using a, = 20 and a,; = 65, you can conclude that d = 5, which implies that the 
sequence is as follows. 


Ape Hay WG, Gg” VOs “Ag 1 WARING dg td i,nrt Git e 
pe Omerton 207" Oy em a0eees. -40) 452" *50' 4 55. so 





If you know the nth term of an arithmetic sequence and you know the 
common difference of the sequence, you can find the (n + 1)th term by using the 
recursive formula 


G41 — G, 1d. Recursive formula 


With this formula, you can find any term of an arithmetic sequence, provided that 
you know the preceding term. For instance, if you know the first term, you can 
find the second term. Then, knowing the second term, you can find the third term, 
and so on. 

If you substitute a, — d for c in the formula a, = dn + c, the nth term of an 
arithmetic sequence has the alternative recursive formula 


@, = Oi ar (n = 1d. Alternative recursive formula 


Use this formula to solve Example 4. You should get the same answer. 


Example 4 ® Using a Recursive Formula 


Find the ninth term of the arithmetic sequence that begins with 2 and 9. 


Solution 


For this sequence, the common difference is d = 9 — 2 = 7. There are two ways 
to find the ninth term. One way is simply to write out the first nine terms (by 
repeatedly adding 7). 


2, 9, 16,23, 30, 37, 44, 51, 58 


Another way to find the ninth term is first to find a formula for the nth term. 
Because the first term is 2, it follows that 


ca, -d=2—7 = 5. 
Therefore, a formula for the nth term is 
ai= in = 5, 
which implies that the ninth term is 


a, = 10) 5 oe 
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STUDY TIP 


Be sure you see that this formula 
works only for arithmetic 
sequences. 





Corbis-Bettmann 


Historical Note 

A teacher of Carl Friedrich Gauss 
(1777-1855) asked him to add all 
the integers from 1 to 100.When 
Gauss returned with the correct 
answer after only a few moments, 
the teacher could only look at him 
in astounded silence. This is what 
Gauss did: 


1+ 2+ 3+--++100 


(Wise 22 se Skee gos se. | 





1015: TOMER OT +: > 101 


100 x 101 


= 5050 
2 
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The Sum of a Finite Arithmetic Sequence’ 


There is a simple formula for the sum of a finite arithmetic sequence. A proof is 
given in Appendix A. 


The Sum of a Finite Arithmetic Sequence 
The sum of a finite arithmetic sequence with n terms is 


n 
S, = 5 1 + a5), 


Example 5 ® Finding the Sum of a Finite Arithmetic Sequence 


Find the‘sums li 39s, Sch 7 DF dt 134 15 2 ee 


Solution 


To begin, notice that the sequence is arithmetic (with a common difference of 2). 
Moreover, the sequence has 10 terms. So, the sum of the sequence is 


S= bo oo 7 + Oe 11 13 1S Se ee 


n 


= <=(a, + a,) 
10 : 
= 3 + 19) Substitute 10 for n, 1 for a,, 19 for a,,. 
= 5(20) = 100. 
Example 6 ® Finding the Sum of a Finite Arithmetic Sequence — 


Find the sum of the integers (a) from | to 100 and (b) from | to N. 


Solution 


The integers from | to 100 form an arithmetic sequence that has 100 terms. So, 
you can use the formula for the sum of an arithmetic sequence, as follows. 


ao Sem de to 2S ee Ot OO 100 
n 
= 5 1 i) 
100 
= eat + 100) Substitute 100 for n, 1 for a,, 100 for a,. 


ll 


50(101) = 5050 
b. S,=1+2+3+4+---4+N 


n 


n 
= a1 ices) 


=5( + N) 


Substitute NV for n, 1 for a,, N for a,,. 











FIGURE 9.4 
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The sum of the first n terms of an infinite sequence is the nth partial sum. 


Example 7 ® Finding a Partial Sum of an Arithmetic Sequence 


Find the 150th partial sum of the arithmetic sequence 
D105 27, 38,49. 2 hs 


Solution 


For this arithmetic sequence, a, = 5 and d = 16 — 5 = 11. So, 
€= 3G) — 2 =) =i ="—6 


and the nth term is a, = 11n — 6. Therefore, a,5) = 11(150) — 6 = 1644, and 
the sum of the first 150 terms is 


n 
Ss re 5h <r an) 


150 
= 5G + 1644) 


75(1649) 
= 123,675. 





Applications 


Example 8 ® Seating Capacity @ 


An auditorium has 20 rows of seats. There are 20 seats in the first row, 21 seats 
in the second row, 22 seats in the third row, and so on (see Figure 9.4). How many 
seats are there in all 20 rows? 

Solution 


The numbers of seats in the 20 rows form an arithmetic sequence in which the 
common difference is d = 1. Because 


C=, G— 2) — 1.= 19 


you can determine that the formula for the nth term of the sequence is 
a, =n + 19. Therefore, the 20th term in the sequence is a,, = 20 + 19 = 39, 
and the total number of seats is 


S = 20-1 20 +o - - + 39 


n 
= 5h + Gy) 


20 
= G5d(20EE1S9) 


= 10(59) 
= 590. 
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Sales (in dollars) 
s 
S 
Ss 


FIGURE 9.5 
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Small Business 





5G, = 190078 +2500). © 
C) 





n 
EPG SO 7h ts Sh 1) 


Year 


Example 9 ® Total Sales ae @ 


A small business sells $10,000 worth of products during its first year. The owner 
of the business has set a goal of increasing annual sales by $7500 each year for 9 
years. Assuming that this goal is met, find the total sales during the first 10 years 
this business is in operation. 


Solution 


The annual sales form an arithmetic sequence in which a, = 10,000 and 
d = 7500. So, 


C24, > a 


10,000 — 7500 
= 2500 
and the nth term of the sequence is 
a, = II00n 2500. See Figure 9.5. 
This implies that the 10th term of the sequence is 
Qi) = 77,500. 


The sum of the first 10 terms of the sequence is 


n 
Si = 5h a Ayo) 


10 
= y (10,000 + 77,500) 


= 5(87,500) 
= 437,500. 
So, the total sales for the first 10 years are $437,500. 


Writing avout MATHEMATICS 








Numerical Relationships Decide whether it is possible to fill in the blanks in each 
of the sequences such that the resulting sequence is arithmetic. If so, find a 
recursive formula for the sequence. 







a. 
b. 
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9.2 Exercises 
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i 


In Exercises 1-10, determine whether the sequence is 
arithmetic. If it is, find the common difference. 


BPO, 85.0, 4,02, conn 7 dapat: Wet ES KOREN Ee nen 
ts 4.985.165 sc 4. 80, 40, 20, 10,5,... 


o 9 Se 5483 
ass Aeeu- Gide reese. 
ee lis 
3) By" SNe} Bio CR 


S513, 651.1.6.5; 16.9, view. 
loon in, ini4 eins. 
eee st 42 52 


eC nrrntn w 


In Exercises 11-18, write the first five terms of the 
sequence. Determine whether the sequence is arithmetic, 
and if it is, find the common difference. 


11. a, =5 + 3n 12. a, = 100 — 3n 
13. a, = 3 — 4(n — 2) 14a, =1+(n—-1)4 
a5. a, = (—1)" 16. a, = 2”! 
aes 
17. a, = ae 18. a, = (2")n 
n 


In Exercises 19-24, write the first five terms of the 
arithmetic sequence. Find the common difference and 
write the nth term of the sequence as a function of n. 


mod, — 15, a,..,=a,+4 
rags 0, 4,,,—a,+5 

21. a, = 200, %.,=4 —10 
a. a,—72, as,=a,— 6 

23. ay = % Ope = % 78 

w. a, = 0.375, ayy, = a, + 0.25 


In Exercises 25-32, write the first five terms of the 


arithmetic sequence. 


Meas 5,d = 6 26. a, =5,d = —3 
Bega -2.6,d=—-04 28. a, = 16.5,d = 0.25 
a= 2) a,, = 46 30. “a, ="16; aest4G 
31. a, = 26, a, = 42 32G,— 19.4... = =e 


In Exercises 33-44, find a formula for a, for the arithmetic 
sequence. 


33. a, = 
aS. a, 


l,d=3 
100, d = —8 


15,d = 4 
Od = -§ 


34. a, = 
36. a, 


49. a, = 


37. a; = x,d = 2x 38. a, = —y,d = Sy 

3924.5 Sin ey | 240, 10,'5.0, 5 10 ee 
41. a, =5,a, = 15 42. a, = —4,a; = 16 

43. a, = 94, a, = 85 44. a; = 190, a,) = 115 


In Exercises 45-48, match the sequence with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) ay (b) Qn 





(c) (d) 





45. 4=— a 8 
47. a, : 


46. a, = 3n — 5 
48. a, = 25 — 3n 


lI 
No 
at 

BI 
5 


In Exercises 49-52, use a graphing utility to graph the first 
10 terms of the sequence. 


Lae an 
0.2n + 3 


= 55 2n 
—O8Srneiwes 


50. a= 
S257) 


51. a, = 


In Exercises 53-60, find the indicated nth partial sum of the 
arithmetic sequence. 


53.29.20, 32,44,. Maemo 
Rae gtd) 20, hh Ros 

55 24.0,3,7,3.2,.2.7,. ele 
560:540,9)-1:3, LiJon oie eel 
5740) 37, 34, 31;. |. eo 
58. 75, 70, 65,60,..., n=25 
59. a, = 100, a; = 220, n= 25 
60: a, = 15, ayo = 307, m= 100 
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In Exercises 61-68, find the partial sum. 








50 100 
61. »; n 62. Se 2n 
n=1 n=1 
100 100 
63 » 6n 64. ») 7n 
n=10 n=51 
30 10 100 50 
Sy igen 66.2 YS Dn 
n=11 n=1 n=51 n=1 
400 250 
67. 5) (2n — 1) 68. 5) (1000 — n) 
n=1 n=1 
= In Exercises 69-74, use a calculator to find the partial sum 
20 50 
69. > @n 425) 70. 5‘ (1000 — Sn) 
n=1 n=0 
100 7 + 4 100 8 — 3n 
7A is 
n=1 2 n=0 16 
60 200 
73. S\(250 — §i) 74. S\(4.5 + 0.025j) 


i= j=l 


Job Offer \n Exercises 75 and 76, consider a job offer with 
the given starting salary and the given annual raise. 


(a) 


(b 


= 


75. 
76. 


77. 


78. 


a9, 


Determine the salary during the sixth year of 
employment. 


Determine the total compensation from the company 
through six full years of employment. 


Starting Salary Annual Raise 
$32,500 $1500 
$36,800 $1750 


Seating Capacity Determine the seating capacity 
of an auditorium with 30 rows of seats if there are 20 
seats in the first row, 24 seats in the second row, 28 
seats in the third row, and so on. 


Seating Capacity Determine the seating capacity 
of an auditorium with 36 rows of seats if there are 15 
seats in the first row, 18 seats in the second row, 21 
seats in the third row, and so on. 


Brick Pattern A brick patio has the approximate 
shape of a trapezoid (see figure). The patio has 18 
rows of bricks. The first row has 14 bricks and the 
18th row has 31 bricks. How many bricks are in the 
patio? 
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FIGURE FOR 79 


80. Brick Pattern A triangular brick wall is made by 
cutting some bricks in half to use in the first column 
of every other row. The wall has 28 rows. The top 
row is one-half brick wide and the bottom row is 14 
bricks wide. How many bricks are used in the 
finished wall? 





81. Falling Object An object with negligible air 
resistance is dropped from a plane. During the first 
second of fall, the object falls 4.9 meters; during the 
second second, it falls 14.7 meters; during the third 
second, it falls 24.5 meters; during the fourth second, 
it falls 34.3 meters. If this arithmetic pattern 
continues, how many meters will the object fall in 10 
seconds? 


82. Falling Object An object with negligible air 
resistance is dropped from a height of 1500 meters. 
During the first second of fall, the object falls 4.9 
meters; during the second second, it falls 14.7 
meters; during the third second, it falls 24.5 meters; 
during the fourth second, it falls 34.3 meters. If this 
arithmetic pattern continues, how many meters will 
the object fall in 17 seconds? - 


Synthesis 
True or False? \n Exercises 83 and 84, determine 


whether the statement is true or false. Justify your answer. 


83. Given an arithmetic sequence for which only the first 
and second terms are known, it is possible to find the 
nth term. 
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. If the only known information about a finite 


arithmetic sequence is its first term and its last term, 
then it is possible to find the sum of the sequence. 


. Writing Describe the geometric pattern of the 


graph of an arithmetic sequence. Explain. 


. Writing Explain how to use the first two terms of 


an arithmetic sequence to find the nth term. 


. Find the sum of the first 100 odd integers. 
. Find the sum of the integers from — 10 to 50. 


. Pattern Recognition 


90. 


91. 


92 


(a) Compute the following sums of positive odd 
integers. 


1+3= 

1+3+5= 
1+3+5+7= 

il sp 3 ar Svar ar OS 
1434+5+7+9+11= 


(b) Use the sums in part (a) to make a conjecture 
about the sums of positive odd integers. Check 
your conjecture for the sum 


Peo ot TOF 1 1s 


(c) Verify your conjecture analytically. 

Think About It The following operations are 
performed on each term of an arithmetic sequence. 
Determine if the resulting sequence is arithmetic, 
and if so, state the common difference. 

(a) A constant C is added to each term. 

(b) Each term is multiplied by a nonzero constant C. 
(c) Each term is squared. 

Think About It The sum of the first 20 terms of an 
arithmetic sequence with a common difference of 3 
is 650. Find the first term. 

Think About It The sum of the first n terms of an 
arithmetic sequence with first term a, and common 
difference d is S,,. Determine the sum if each term is 
increased by 5. Explain. 


Review 


In Exercises 93-96, use Gaussian elimination to solve the 
system of equations. 
93. 8x + 2y — 3z = 0 
Axia Lyi OZ — 0) 
Oa) 
OL || Beas sp sie = 0 


=3¢ = pape 2 = 
Ae) Ovi ea) 

UR || Ske sr 2z = 0 
= Bare = 0 
We te" 


th; || Ske = Sy se We = 0 
—x + 6y + 4z ="0 
6x + 3y + 4z = 


So 


In Exercises 97-100, use matrices to solve the system of 
equations. 


thal —6y=2 


y=1 
98. ee 
ae y=4 
OO Sn Ely ar 2 =A 
56 SP TAY ar ae = 2 
oy Ty: — 52 = 8 
100. |3x+ y = 0 
z=0 
fe see, 
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Geometric Sequences and Series 





> What you should learn 


Geometric Sequences 


In Section 9.2, you learned that a sequence whose consecutive terms have a 
+ How to find the nth partialsum common difference is an arithmetic sequence. In this section, you will study 


* How to recognize and write 
geometric sequences 









of a geometric sequence another important type of sequence called a geometric sequence. Consecutive | 
* How to find the sum of an terms of a geometric sequence have a common ratio. 
infinite geometric series 
* How to use geometric 2 Ree 
sequences to model and solve Definition of a Geometric Sequence : i 
real-life problems A sequence is geometric if the ratios of consecutive terms are the | 
> Why you should learn it a a a a 
vy ~2=;7, =f, ee ee r#0 


Geometric sequences can be 
used to model and solve real-life 
problems. For instance, Exercises 
95 and 96 on page 716 uses 

a geometric sequence in retire- 


The number r is the common ratio of the sequence. ae 


ment planning. Example 1 ® Examples of Geometric Sequences 
Li a. The sequence whose nth term is 2” is geometric. For this sequence, the 
. common ratio of consecutive terms is 2. 





Day Selon: .o 82, fie 
Se 


=2 


nif. 


b. The sequence whose nth term is 4(3”) is geometric. For this sequence, the 
common ratio of consecutive terms is 3. 


12,3618, 324, 464)s 8 


Ferguson/PhotoEdit 


: ING : : 
c. The sequence whose nth term is (—3) is geometric. For this sequence, the 
common ratio of consecutive terms is —3. 


sda. Lea 
BLO ane le , Bie 

SS 

DYES il 

=/5a y 
Se ee 

The sequence 1, 4, 9, 16,. . ., whose nth term is n? is not geometric. The 

ratio of the second term to the first term is 

sk oma 

awl 


but the ratio of the third term to the second term is 
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In Example 1, notice that each of the geometric sequences has an nth term 
that is of the form ar”, where the common ratio of the sequence is r. A geomet- 
ric sequence may be thought of as an exponential function whose domain is the 
set of natural numbers. 


The nth Term of a Geometric Sequence 


The nth term of a geometric sequence has the form 


= n= 1 
(oe oS a 


where r is the common ratio of consecutive terms of the sequence. So, every 
geometric sequence can be written in the following form. 


Phy OBS © Wee ne © Cy) Sag a Glee gees 
anki pe yee | 
QI gh ph ee Oli ne Gy a we. 


If you know the nth term of a geometric sequence, you can find the (n + 1)th 
term by multiplying by r. That is, a, ,, = ra,,. 


Example 2 & Finding the Terms of a Geometric Sequence 
Write the first five terms of the geometric sequence whose first term is a, = 3 and 
whose common ratio is r = 2. Then plot the points on a set of coordinate axes. 


Solution 
Starting with 3, repeatedly multiply by 2 to obtain the following. 





a, =3 Ist term 
a, = 3(2') =6 2nd term 
a, = 3(2’) = 12 3rd term 
a, = 3(2°) = 24 4th term 
as = 3(2*) = 48 Sth term 
FIGURE 9.6 Figure 9.6 shows the first five terms of the geometric sequence. 


Example 3 ®& Finding a Term of a Geometric Sequence 


Find the 15th term of the geometric sequence whose first term is 20 and whose 
common ratio is 1.05. 


Solution 


II 


ay5 a,r” < Formula for geometric sequence 


20(1 105)15 2 Substitute for a,, r, and n. 


= 39.599 Use a calculator. 
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STUDY TIP 


Remember that r is the common 
ratio of consecutive terms of a 
sequence. So in Example 5 


Gig = Gr 


SHOR OM eI OM BD Uf 


Example 4 > Finding a Term of a Geometric Sequence _ : - : 7 | 


Find the 12th term of the geometric sequence 
5,15, 4 bane « 
Solution 
The common ratio of this sequence is 
15 


= 3. 
nna 


Because the first term is a, = 5, you can determine the 12th term (n = 12) to be” 


Ayn = ar Formula for geometric sequence 


= SC)"a 4 Substitute for a,, 7, and n. 
= 547) Use a calculator. 
= 885,735. Simplify. 





If you know any two terms of a geometric sequence, you can use that infor- 
mation to find a formula for the nth term of the sequence. 


Example 5 ® Finding a Term of a Geometric Sequence 


The fourth term of a geometric sequence is 125, and the 10th term is 125 /64. Find 
the 14th term. (Assume that the terms of the sequence are positive.) 

Solution 

The 10th term is related to the fourth term by the equation 


ayo = are Multiply 4th term by r!0~‘. 


Because d,,. = 125/64 and a, = 125, you can solve for r as follows. 


125 f ie 
“he = 125r Substitute ~< for a,) and 125 for ay. 
! 6 
64 = iF Divide each side by 125. 
1 
3 i Take the sixth root of each side. 


You can obtain the 14th term by multiplying the 10th term by r*. 
Ay, = Ayr" 
a 
64 \2 
125 


= 1024 Simplify. 


Multiply the 10th term by r'4~!°. 


: 2 
Substitute a for dj) and 5 for r. 


i  ——————— 
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The Sum of a Finite Geometric Sequence 


The formula for the sum of a finite geometric sequence is as follows. A proof is 
given in Appendix A. 


The Sum of a Finite Geometric Sequence 
The sum of the geometric sequence 


Gt Ot OF, Gin eae 


with common ratio r # | is given by 
ice gab 
Sieh 
‘ a( tie s 


Example 6 ® Finding the Sum of a Finite Geometric Sequence 


12 
Find the sum 5’ 4(0.3)". 


n=1 
Solution 
By writing out a few terms, you have 
12 
‘S) 4(0.3)" = 4(0.3)! + 4(0.3)? + 4(0.3)3 + - - - + 4(0.3)?2. 
n=1 


Now, because a, = 4(0.3), r = 0.3, and n = 12, you can apply the formula for 
the sum of a finite geometric sequence to obtain 


12 1 — rr” 
¥ 40.3)" a( : 
n=1 eas 


ea 





= 4(03)| 


ul 


1.714. 


When using the formula for the sum of a geometric sequence, be careful to 
check that the index begins at i = 1. If the index begins at i = 0, you must adjust 
the formula for the nth partial sum. For instance, if the index in Example 6 had 
begun with n = 0, the sum would have been 


> 4(0.3)" = 4(0.3)° + y 4(0.3)” 


n=0 n=1 


12 
=4+ 5) 4(0.3)" 


n=1 
~4+ 1.714 
= 5.714. 
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Exploration 


Use a graphing utility to graph 


mee 
, le ie 
for r = 5, = and = What 
happens as x > 00? 





Use a graphing utility to graph 


nee, 
7 Ler 
for r = 1.5, 2, and 3. What 
happens as x > 00? 
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Geometric Series 


The summation of the terms of an infinite geometric sequence is called an infinite 
geometric series or simply a geometric series. 

The formula for the sum of a finite geometric sequence can, depending on the 
value of r, be extended to produce a formula for the sum of an infinite geometric 
series. Specifically, if the common ratio r has the property that |r| < 1, it can be 
shown that r” becomes arbitrarily close to zero as n increases without bound. 
Consequently, 


(=) (—") 
== |) = as — > ©. 
“1 {| 77 mehr di 


This result is summarized as follows. 





The Sum of an Infinite Geometric Series 


If |r| < 1, the infinite geometric series 





PM PACH arn coe mre hana els 
has the sum 
* a 
)) A computer animation of this concept Cis ! 
Lay F 


appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Example 7 ® Finding the Sum of an Infinite Geometric Series 


Find the following sums. 


a. Sy 4(0.6)” ~! 


n=1 
bo 320387 0108 0008 


Solution 


a. SS 4(0.6)" —! 


n=1 


4 + 4(0.6) + 4(0.6)? + 4(0.6)? + - -- + 4(0.6)" "1+ --- 








at ay 
Tee SH eG) l-r 
= 10 
b. 3 +.0.3 +.0:03:-+:0.003 + » “+ = 3 4 3(0.1) + 3(0.1)? + 3) eee 
3 Pe 
SO) l-r 
10 
=a 


73.33 


nner EEE EUEE EEE SENSES RRS REESE IESEREERIURERIEREREEINID 
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Application 


Example 8 ® Compound Interest «2 


A deposit of $50 is made on the first day of each month in a savings account that 
pays 6% compounded monthly. What is the balance of this annuity at the end of 
2 years? 


Solution 


The first deposit will gain interest for 24 months, and its balance will be 


Ax = 50(1 + “) 


= 50(1.005)*. 


The second deposit will gain interest for 23 months, and its balance will be 


= 50(1.005)”°. 


The last deposit will gain interest for only 1 month, and its balance will be 
4, = so{1 + 28) 
12 
= 50(1.005). 


The total balance in the annuity will be the sum of the balances of the 24 deposits. 
Using the formula for the sum of a finite geometric sequence, with 
A, = 50(1.005) and r = 1.005, you have 


i ee oa 
1 —" 1,005 


Substitute for A, and r. 


3 50(1.005)| 


= $1277.96. 


| Weiting spout matHEMATICs | 


















An Experiment You will need a piece of string or yarn, a pair of scissors, and a tape 
measure. Measure out any length of string at least 5 feet long. Double over the 
string and cut it in half. Take one of the resulting halves, double it over, and cut it in 
half. Continue this process until you are no longer able to cut a length of string in 
half. How many cuts were you able to make? Construct a sequence of the resulting 
string lengths after each cut, starting with the original length of the string. Find a 
formula for the nth term of this sequence. How many cuts could you theoretically 
make? Discuss why you were not able to make that many cuts. 
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9.3 Exercises 


In Exercises 1-10, determine whether the sequence is 
geometric. If it is, find the common ratio. 


1 5i5s 45 lo at er Dg BAL AB 1 Oe ee 
385 1212300 2 AV BETAS, 9, 400 
§. 1,—-$.5 —p- 6: 57 T gO ar ae 
Tae ta oiley mene 8. 9,-6,4,-%... 
9. 1,455,500. 10/2, Bee 


In Exercises 11-20, write the first five terms of the 
geometric sequence. 


il. a, = 2,7 = 12. a, =6,7r=2 
13. ait pe, 14g ee, 
bias = — 16. a,=6,7=—7 
Sa, = lone 18) d= 3 = 
19. a, = 2,7 =7 20. a, = 5,r = 2x 


In Exercises 21-26, write the first five terms of the geomet- 
ric sequence. Determine the common ratio and write the 
nth term of the sequence as a function of n. 


21.4, =04,, Gay. = say 
JIC = Bl ae 
23.0, = ds Giay = 2G; 
24. a= 5, 4.45 = — 20; 
25. a; = 6, +1 = =a; 


26.00, = 480 ae =e 


In Exercises 27-38, find the nth term of the geometric 
sequence. 


Pak EI ai 
28. a, 


Day 6, ies aha 


=5,7=57=8 
12 





30. a, = 64,r = —j,n = 10 

31. a, = 100, r = en =/9 

32. gale =~) Ar 8 

33. a, = 500, r = 1.02,n = 40 
34. a, = 1000, r = 1.005, n = 60 
B50. Nolan an =O 

36. 2 i, 
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In Exercises 39-42, match the sequence with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) an (b) 





(c) An (d) 








-12+ @ 
1a: 
39. a, = 18(2)" 40. a, = 18(—3)"' 
41. a, = 18(3)" 42. a, = 18(—3)"— 
In Exercises 43-46, use a graphing utility to graph the first 
10 terms of the sequence. 
43a 12-015) 
44. a, = 12(-0.4)""! 
45. a, = 2(1.3)""! 
46. a, = 2(-1.4)"! 


In Exercises 47-56, find the sum of the finite geometric 
series. 


9 
“Garg ies 
n=1 


3 (21 


n=1 


yo) 


i=1 


S32(4)' 


i=1 


48. 


49. 


50. 


2. 
& $ 300(1.06)" 


4. s 500(1.04)" 


1 Exercises 57-62, use summation notation to express the 
um. 


7.5+15+45+---+ 3645 
8.7+ 14+ 28+--- + 896 
‘Nepal I 
Peete — ro 
ae 2048 

3 3 
ey 2 = 
1.01+04+16+---+ 1024 
2. 32+ 244+ 18 +--+ + 10.125 


1 Exercises 63-76, find the sum of the infinite geometric 
ries. 


Sad 
Ms 
aan 
NIK 
ee a 
= 
NHN 
& 
Ms 
Nh 
aS 
WI 
er 
mo 


= 
ll 

iS 
ll 

oO 


a 
oN 


SA 
Ms 
— 
hs 
~~ 
= 
Ms 
Be 
ale 
SS 


3 
Il 
jo) 
= 
ll 
o 


7. 43)" 68. > lin)’ 
n=0 n—O 

. Soy 70. $.4(0.2)" 
n=0 n=0 

LS -3(0.9)" 72. S$ —10(0.2) 
n=0 n=0 

Reo 5+ et 

ae 

Bg 3 ti-3t+.:-- 

j Mee 5G... 
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In Exercises 77-80, find the rational number representation 
of the repeating decimal. 


71. 036 


79. 0.318 


78. 0.297 
80. 1.38 


Graphical Reasoning \n Exercises 81 and 82, use a 
graphing utility to graph the function. Identify the 
horizontal asymptote of the graph and determine its 
relationship to the sum. 


sides} 3a) 





(0.5) 
le a | ee (2) 
82. S | |b DNs 
fle) F =o 2306 
83. Compound Interest A principal of $1000 is 


invested at 6% interest. Find the amount after 10 
years if the interest is compounded (a) annually, (b) 
semiannually, (c) quarterly, (d) monthly, and (e) 
daily. 
84. Compound Interest A principal of $2500 is 
invested at 8% interest. Find the amount after 20 
years if the interest is compounded (a) annually, (b) 
semiannually, (c) quarterly, (d) monthly, and (e) 
daily. 
85. Depreciation A company buys a machine for 
$135,000 and it depreciates at a rate of 30% per year. 
(In other words, at the end of each year the depreci- 
ated value is 70% of what it was at the beginning of 
the year.) Find the depreciated value of the machine 
after 5 full years. 
Population Growth A city of 250,000 people is 
growing at a rate of 1.3% per year. Estimate the 
population of the city 30 years from now. 
Annuities A deposit of $100 is made at the 
beginning of each month in an account that pays 6%, 
compounded monthly. The balance A in the account 
at the end of 5 years is 


0.06 \! 
A = 100 1 rr qe 0 8 


86. 


Find A. 

Annuities A deposit of $50 is made at the begin- 
ning of each month in an account that pays 8%, 
compounded monthly. The balance A in the account 
at the end of 5 years is 


a 501 one Poe 
- 12 


88. 


- 50( + a 
is 


Find A. 
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89. 


90. 


Annuities A deposit of P dollars is made at the 
beginning of each month in an account earning an 
annual interest rate r, compounded monthly. The 
balance A after ¢ years is 


r TaNG 
As= Phicte =) or Pl ==) hea 
hi seals ata) 


Show that the balance is 


cles? -2) 


Annuities A deposit of P dollars is made at the 
beginning of each month in an account earning an 
annual interest rate r, compounded continuously. 


The balance A after ¢ years is 
A= Pe’/'2 Sis Pe2/12 dle 6 “Gite Pe}20/12. 


Show that the balance is 





Pe! (ert ES 1) 
er/i2 =, | : 
Annuities \n Exercises 91-94, consider making monthly 


deposits of P dollars in a savings account earning an annual 
interest rate r. Use the results of Exercises 89 and 90 to find 
the balance A after t years if the interest is compounded (a) 
monthly and (b) continuously. 


91. 
92. 
93. 
94. 


95. 


P = $50, r = 7%, t = 20 years 

P = $75, r = 9%, t = 25 years 

P = $100, r = 10%, t = 40 years 

P = $20, r = 6%, t = 50 years 

Annuities Consider an initial deposit of P dollars 
in an account earning an annual interest rate r, 
compounded monthly. At the end of each month a 
withdrawal of W dollars will occur and the account 


will be depleted in ¢t years. The amount of the initial 
deposit required is 


ri \ we r \~2 
p=wi+—) + w+ 2) te ee 
12 12 


Show that the initial deposit is 


gelled 
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96. 


97. 


’ 


98. 


99. 


100. 


Annuities Determine the amount required in a 
retirement account for an individual who retires at 
age 65 and wants an income of $2000 from the 
account each month for 20 years. Use the result of 
Exercise 95 and assume that the account earns 9% 
compounded monthly. 


Geometry The sides of a square are 16 inches in 
length. A new square is formed by connecting the 
midpoints of the sides of the original square, and 
two of the resulting triangles are shaded (see 
figure). If this process is repeated five more times, 
determine the total area of the shaded region. 





Corporate Revenue The annual revenues a, (in 
billions of dollars) for Coca-Cola Enterprises for 
1990 through 1996 can be approximated by the 
model 


a, = 3.978", n= 0,1,. 996 


where n = 0 represents 1990. Use this model and 
the formula for the sum of a finite geometric 
sequence to approximate the total revenue earned 
during this 7-year period. (Source: Coca-Cola 
Enterprises, Inc.) 


Think About It Suppose you work for a company 
that pays $0.01 the first day, $0.02 the second day, 
$0.04 the third day, and so on. If the daily wage 
keeps doubling, what would your total income be 
for working (a) 29 days, (b) 30 days, and (c) 31 
days? 

Salary A company has a job opening with a 
salary of $30,000 for the first year. Suppose that 
during the next 39 years, there is a 5% raise each 
year. Find the total compensation over the 40-year 
period. 


101. Distance A ball is dropped from a height of 16 
feet. Each time it drops h feet, it rebounds 0.81h 
feet. 


(a) Find the total distance traveled by the ball. 
(b) The ball takes the following times for each fall. 


Sqr eu LOe2 + 16, s, = Oift=1 

Sy = —16t? + 16(0.81), Ss, = Oift = 0.9 
s, = —16t? + 16(0.81)2, -s, = Oift = (0.9)? 
ea — 16r? + 16(0.81)?, s, = Oif + =.(0:9)? 


5, = —161? + 16(0.81)""!, s, = Oifr = (0.9)"—1 


Beginning with s,, the ball takes the same 
amount of time to bounce up as it does to fall, 
and so the total time elapsed before it comes to 
rest is 


1=1+25 C9). 


n=l 


Find this total. 
Synthesis 


True or False? \n Exercises 102 and 103, determine 
whether the statement is true or false. Justify your answer. 


102. A sequence is geometric if the ratios of consecutive 
differences of consecutive terms are the same. 


103. You can find the nth term of a geometric sequence 
by multiplying its common ratio by the first term of 
the sequence raised to the (n — 1)th power. 


104. Writing Write a brief paragraph explaining why 
the terms of a geometric sequence decrease in 
magnitude when —1 < r < 1. 

105. Writing Write a brief paragraph explaining how 
to use the first two terms of a geometric sequence to 
find the nth term. 
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Review 

In Exercises 106-109, evaluate the function for 
f(x) = 3x + 1 and g(x) = x2 — 1. 

106. g(x + 1) 107. f(x + 1) 

108. f(g(x + 1)) 109. g(f(x + 1)) 

In Exercises 110-113, completely factor the expression over 
the rational numbers. 


110. 9x3 — 64x 
112. 6x? — 13x — 5 


Oe as 463 
113.6160, = dx e 


In Exercises 114-119, perform the indicated operation and 
simplify. 
I A) 
Ler sry ie 3 
Ree) 2a te) 


114. 























Ee 6x(x — 2) 

Ayes 

wn tsa 

118. 5+ + > 

age oo a eee 
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9.4 Bveviuevaceleeiieltraatey 





> What you should learn 
* How to use mathematical 
induction to prove a statement 


* How to find the sums of 
powers of integers 


How to recognize patterns 

and write the nth term of a 
sequence 

* How to find finite differences of 
a sequence 


> Why you should learn it 


Mathematical induction can be 
used to prove statements 
involving a positive integer n. For 
instance, in Exercises 41-49 on 
pages 726 and 727, you are 
asked to use mathematical 
induction to prove properties of 
real numbers. 





Introduction 


In this section you will study a form of mathematical proof called mathematica 
induction. It is important that you see clearly the logical need for it, so let’s taki 
a closer look at the problem discussed in Example 5 on page 702. | 


le te 

Se ea 2? 

Sy Lt 3 5 = 3? 
S,=14+34+5+7= 

Ss = PBS +P Ot 152 


Judging from the pattern formed by these first five sums, it appears that the sun 
of the first n odd integers is 


Sear Sl ee ec (2 ll) ae 


Although this particular formula is valid, it is important for you to see tha 
recognizing a pattern and then simply jumping to the conclusion that the pattert 
must be true for all values of n is not a logically valid method of proof. There are 
many examples in which a pattern appears to be developing for small values of 7 
and then at some point the pattern fails. One of the most famous cases of this wa‘ 
the conjecture by the French mathematician Pierre de Fermat (1601-1665), whc 
speculated that all numbers of the form 


Pa Oe Oe 


are prime. For n = 0, 1, 2, 3, and 4, the conjecture is true. 


Se 
j= 8 
Sel 
Fees 250 
OST 


The size of the next Fermat number (F, = 4,294,967,297) is so great that it was 
difficult for Fermat to determine whether it was prime or not. However, another 
well-known mathematician, Leonhard Euler (1707-1783), later found the 
factorization | 


F = 4,294,967,297 
= 641(6,700,417) 


which proved that F is not prime and therefore Fermat’s conjecture was false. — 
Just because a rule, pattern, or formula seems to work for several values of 

n, you cannot simply decide that it is valid for all values of n without going 

through a legitimate proof. Mathematical induction is one method of proof. 










_ srupy Tip 


It is important to recognize that 
both parts of the Principle of 
_ Mathematical Induction are 


necessary. 
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The Principle of Mathematical Induction 


Let P,, be a statement involving the positive integer n. If 
1. P, is true, and 
2. the truth of P, implies the truth of P, , , for every positive k, 


then P,, must be true for all positive integers n. 


To apply the Principle of Mathematical Induction, you need to be able to 
determine the statement P, , , for a given statement P,. 


Example 1 ® A Preliminary Example 


Find P,., , for the following. 

k(k + 1)? 

aaa 

b. P,:S,=1+5+9+---+[4(k — 1) — 3] + (4k — 3) 
Cas ea kal 


a. P,: S, = 








Solution 
(Kea yk Pate ob) 
a0 Epa pee mn Replace k by k + 1. 
(eaair(k + 2) —. 
== 4 5 Simplify. 


b. Poy: Spe, =14+54+94+---+ {4[(K+ 1) — 1] — 3} 4+ [4(K + 1) -3] 
14+5+9+---+(4k-—3)+ (4k+ 1). 

Xk + 1) 

ge By 


IV 





» Qk+1 
Crepe 
Bk+1 


IV 





A well-known illustration used to explain why the Principle of Mathematical 
Induction works is the unending line of dominoes shown in Figure 9.7. 





FIGURE 9.7 


If the line actually contains infinitely many dominoes, it is clear that you 
could not knock the entire line down by knocking down only one domino at a 
time. However, suppose it were true that each domino would knock down the next 
one as it fell. Then you could knock them all down simply by pushing the first 
one and starting a chain reaction. Mathematical induction works in the same way. 
If the truth of P, implies the truth of P,,, and if P, is true, the chain reaction 
proceeds as follows: P, implies P,, P, implies P,, P, implies P,, and so on. 


720 Chapter9 PB Sequences, Series, and Probability 


When using mathematical induction to prove a summation formula (such as , 
the one in Example 2), it is helpful to think of S,, , as 


Spar Og te Opa 


where a, ,, is the (k + 1)th term of the original sum. 


Example 2 ® Using Mathematical Induction 





Use mathematical induction to prove the following formula. 
Sel te 3 ese eee one |) 
Solution 


Mathematical induction consists of two distinct parts. First, you must show that 
the formula is true when n = 1. 


1. When n = 1, the formula is valid, because 
S,=1=P. 


The second part of mathematical induction has two steps. The first step is to 
assume that the formula is valid for some integer k. The second step is to use this 
assumption to prove that the formula is valid for the next integer, k + 1. 


2. Assuming that the formula 
B= ee ee a ek) 
= 2 
is true, you must show that the formula S,,, = (k + 1)? is true. 
Sav=i+3.+547.+- ++ Ck — 1) + 20 oa 
[1+ 3+ 547 +---+ (2k —1)] + Qk + 2 


= S, + (2k + 1) Group terms to form S,. 
=k? + 2k + 1 Replace S, by k2. 
= (k+ 1) 


Combining the results of parts (1) and (2), you can conclude by mathematical 
induction that the formula is valid for all positive integer values of n. 


a 


It occasionally happens that a statement involving natural numbers is not true 
for the first k — 1 positive integers but is true for all values of n 2 k. In these 
instances, you use a slight variation of the Principle of Mathematical Induction in 
which you verify P, rather than P,. This variation is called the extended principle 
of mathematical induction. To see the validity of this, note from Figure 9.7 that 
all but the first k — 1 dominoes can be knocked down by knocking over the Ath 
domino. This suggests that you can prove a statement P,, to be true for n 2 k by 
showing that P, is true and that P, implies P,,,. In Exercises 41-49 of this 
section you are asked to apply this extension of mathematical induction. 
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Example 3 > Using Mathematical Induction __ 


Use mathematical induction to prove the formula 





S,= 17+2?+37+44...+4 72 
mute (270) 
6 : 
Solution 


1. When n = 1, the formula is valid, because 





2. Assuming that 
Spe Wee BA eo kk? 
& k(k + 1)(2k + 1) 
6 


you must show that 


eae (K + 1)(K + 2)(2k + 3) 


6 





To do this, write the following. 


Spang =, 1 Oeey 








Sb ae a eke) taken) 
= MEA OED e+ 0 
_ kk + 1)(2k + 1) + 6(k + 1)? 

6 
2 (k + 1)[K(2k + 1) + 6(k + 1)] 

6 
me a) (ChAT + 6) 
< 6 
_ & + YK + 2)(2k + 3) 

6 


Combining the results of parts (1) and (2), you can conclude by mathematical 
induction that the formula is valid for all n = 1. 


When proving a formula using mathematical induction, the only statement that 
you need to verify is P,. As a check, however, it is good to try verifying other 
statements. For instance, in Example 3, try verifying P, and P,. 
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Sums of Powers of Integers 


The formula in Example 3 is one of a collection of useful summation formulas. 
This and other formulas dealing with the sums of various powers of the first n 
positive integers are as follows. 


Sums of Powers of Integers 











1. [4243444 --¢n= tH 

2: Ce 

a PHB +P4 HH. . $ y= TBE 

go peucoe we he ge es = et Dnt Ca 
30 

5. ee 


Example 4 ® Finding a Sum of Powers of Integers 
Find the following sums. 


il 4 
CU Se tes I ata Reus lewg A b. S) (6n — 4n?) 


n=1 n=1 
Solution 


a. Using the formula for the sum of the cubes of the first n positive integers, you 
obtain 
gf 
ie elgg Ss ea So 7 


n=1 


P(7 + 1)? 
= ( ) Ses 
4 4 





b. SS See San? 


1 n=1 n=1 


4 4 
f= 6Sin = 4 Sen? 





n ce My ee + ut + uy . 
= 6(10) — 4(30) | 
= 60 — 120 . 
= -60 
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Example 5 ® Proving an Inequality by Mathematical Induction 


Prove that n < 2” for all positive integers n. 


Solution 


1. For n = 1 or 2, the statement is true, because 
Land)» 229) 
2. Assuming that 
kK ee 
you need to show that k + 1 < 2**!. Forn = k, you have 
iiss Os) eed (a) By assumption 
Because 2k =k +k >k + 1 forall k > 1, it follows that 
2 te Jes k + I 
or 
| eam cena a 


Therefore, n < 2” for all integers n > 1. 





To check a result that you have proved by mathematical induction, it helps to 
list the statement for several values of n. For instance, in Example 5, you could list 


Wie 2 2< 27 = 4 3 << 23=8, 
4< 24*= 16, 5 PP S82) 6 < 2° = 64. 


From this list, your intuition confirms that the statement n < 2” is reasonable. 


Pattern Recognition 


Although choosing a formula on the basis of a few observations does not 
guarantee the validity of the formula, pattern recognition is important. Once you 
have a pattern or formula that you think works, you can try using mathematical 
induction to prove your formula. 


Finding a Formula for the nth Term of a Sequence 
To find a formula for the nth term of a sequence, consider these guidelines. 


1. Calculate the first several terms of the sequence. It is often a good idea to 
write the terms in both simplified and factored forms. 


2. Try to find a recognizable pattern for the terms and write a formula for 
the nth term of the sequence. This is your hypothesis or conjecture. You 
might try computing one or two more terms in the sequence to test your 
hypothesis. 


3. Use mathematical induction to prove your hypothesis. 
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Example 6 > Finding a Formula for a Finite Sum 


Find a formula for the finite sum and prove its validity. 




















1 1 1 1 
—— + —— + — + —— +--+ + ————_ 
Waukee ano.” 4) 7-445 n(n + 1) 
Solution 
Begin by writing out the first few sums. 
es Wee ees 
eat ler OP as Nees | 
era! meg ee 
ul oe ey VEEN 
1 1 1 ee 3 
5S; = ae a =— == 
2 Wee ste Be: Am ys AT PS ete) 
1 1 1 1 48 4 4 
S,= li “+ + Se 
bi2e DBs oS 4G 4 3d 60. -<5 9 Ae 


From this sequence, it appears that the formula for the kth sum is 


anal alae Le , 
LS RC nso ae ine ene ARS kKk+1) kt+1 





To prove the validity of this hypothesis, use mathematical induction, as follows. 
Note that you have already verified the formula for n = 1, so you can begin by 
assuming that the formula is valid for n = k and trying to show that it is valid for 


n=k-+ 1. 





1 1 1 1 1 1 
Spa, = 4p + + 43. +4 ———— | eee 
Eel i De Ia A AS eo (k + 1)(k + 2) 


k 1 
i + 
k+l (kb + 1)(k + 2) 
k(k +2) +1 
(k + 1)(k + 2) 
kee 
(k + 1)(k + 2) 
(k + 1)? 
(k + 1)(k + 2) 
enh 
k+2 
So, the hypothesis is valid. 











. ae 


_ STUDY TIP- 
re 
Fora linear model, the first 

_ differences should be the same 


a Oa 






_ model, the second differences 


ae fa), j 
ia the same nonzero number. | 


nonzero number. For a quadratic 
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Finite Differences 


The first differences of a sequence are found by subtracting consecutive terms. 
The second differences are found by subtracting consecutive first differences. 
The first and second differences of the aeeinenes 3), SD, &, (2, 2B, . 5 5 BES AB 
follows. 


n: 1 2, 3 4 By 6 


| | a. aw oN Wao IES Vane ye 
First differences: 2 3 4 5 6 
Sw NG wa ica 


Second differences: 


For this sequence, the second differences are all the same. When this happens, the 
sequence has a perfect quadratic model. If the first differences are all the same, 
the sequence has a linear model. That is, it is arithmetic. 


Example 7 & Finding a Quadratic Model 


Find the quadratic model for the sequence 
Duo Orel oath 158295 oe ee 


Solution 
You know from the second differences shown above that the model is quadratic 
and has the form 


a, =an?+bn+c. 


By substituting 1, 2, and 3 for n, you can obtain a system of three linear equations 
in three variables. 


a, = a(l)? + bl) +c =3 
a, = a2)? + (2) +c =5 
a, = a(3)? + b3) +c =8 


You now have a system of three equations in a, b, and c. 


Substitute 1 for n. 
Substitute 2 for n. 


Substitute 3 for n. 


at bee G—5 Equation 1 
4a+2b+c=5 Equation 2 
9a +3b+c=8 Equation 3 


Ss the techniques discussed in Chapter 7, you can find the solution to be 
a=>5,b= is and c = 2. So, the quadratic model is 


1 1 
a mer aaa 


n 


Try checking the values of a,, a5, and a3. 
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9.4 Exercises 


In Exercises 1-4, find P,, , for the given P,. 


5 
1. P, = —~ 
kK k(k + 1) 

k2(k + 1)? 

3. pp alan dE 5 


1 


oe arr aaa 


k 
4. Py = 32k + 1) 


In Exercises 5-18, use mathematical induction to prove the 
formula for every positive integer n. 


Bt Dieser ais OHS 4 =e 
(Sar ole aie tal ell ae IB) a oo“ se 


Ue Bae Toe Pe seY aie & & 


8 14+4+7+10+-- 


914+24+ 274+ 23+ 


10. 201 + 3 + 3? + 33 + 


Wedd 2A) 4 ct fae 
12, Bea 


13. 13+ 23+39+ 434+ 


(oe Hedleed) 


- + 2n = n(n + 1) 


(4n — 1) = n(2n + 1) 








+ (5n — 3) = 5 (6n - 1) 
n 
»+ Bn -—2)= 5 (Sn 1) 
$orlag-] 
ah a> 1) = 3n— | 
n(n + 1) 
ee a ee 
‘ 2 
eet n(n + 1)(2n + 1) 
6 
e+? 
4 


1 
(1+2)=n41 
n 


is n2(n + 1)2(2n2 + 2n — 1) 





15. eS is 


2 n(n + 1)(2n + 1)(3n? + 3n — 1) 





16. ee = 


30 
n(n + 1)(n + 2) 





1%: S ili eh) 


n 1 


n 





18. 2d Gi-DNQi+1) m+ 


In Exercises 19-28, find the sum using the formulas for the 


sums of powers of integers. 


30 

20. Sin 
vi 

22. Sy n> 


n=1 


5 8 
23. as 24. Dy 
me 1 gS. 
PA SS eed) 26. (a) 


n=1 


3 
Il 
a 


ce — 87?) i ai) 


10 
28. (3 
yz 


nN 
N 
Ma 


In Exercises 29-34, find a formula for the sum of the first n 
terms of the sequence. 
29 1S ORES eR. 


30; 25, 22719) LON.) « 
31. 1.2. 21 2 


> 10° 1002 1000°- + - 
Sor Sl 

SO RBG) Sa Bey Maa ere ic 

Lea ales 1 
33. 73 55° 94" 40" op) Set 

A 12’ 24 40’ 2n(n + 1) 

1 1 1 1 1 
34 








"9 3"3° 44+ 5'5 +6 ~ '( Gre eee 


In Exercises 35-40, prove the inequality for the indicated 
integer values of n. 

35. Ble 2 pee A 
36. (3)">n, 1 


STs n2Z2 


1 1 

Egor ye Ti 
x\2t1 x\" 

38. (*) < (*), n= 1 and 0\<23-y 


39. (1+ a)">na, n= 
40. 2n? > (n + 1), 


I andeass0) 


i 2 8 


In Exercises 41-49, use mathematical induction to prove 
the given property for all positive integers n. 


G\ Ge 
42. |=) == 
(¢) b" 


41. (ab)" = ab" 
: 

AS Nia Ona, 10, oe ee Oe 
(x;%5%3° > °x,) 1 =x, Xa ‘2, Sr 





44.-Tf x, > 0, % > 0,... 4, So0ninee 


In(x,%,x3: ° -x,) = In x, + Inx; ie 


Bic sede 


. Generalized Distributive Law: 


Ogee ot a) = AY Xp Ft xy, 


. (a + bi)” and (a — bi)” are complex conjugates for 


alline> I: 


. A factor of (n? + 3n? + 2n) is 3. 
per tactor of (22° * + 37"~ 1) js 5. 
. A factor of (9” — 8n — 1) is 64 for all n > 2. 


n Exercises 50-53, write the first five terms of the 


equence. 
10. ag = 1 Say 10 
0. == a2 a Ade 
as dy = SSO aa) 
a Ga 2 
eee, — a, -> Oe te LO pee 


n Exercises 54-63, write the first five terms of the sequence. 
Then calculate the first and second differences of the 
quence. Does the sequence have a linear model, a 
yuadratic model, or neither? 


4. 


56. 


ae=0 55. a, =2 

a, ~ Gy-| 3 a, — Nn ay 
(i oe) i. a 

a, = a, —| n a, — a 
Ge 0 S900, 

a, = a, +n a, = (ara 
G2 61. a, =0 

a, = a, se 2 a, i ay cs 2n 
One | 63. dy = 0 

a, as, ay —| al ne a, wm ei l 


n Exercises 64-67, find a quadratic model for the sequence 
vith the indicated terms. 


Megs, a, = 3,4, = 15 

ean) /, a, — 6, a, = 10 
emo —3, d,— 1, a4, = 9 
Wad, — 3, ad, = 0, as = 36 
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Synthesis 


True or False? 


In Exercises 68-71, determine whether 


the statement is true or false. Justify your answer. 


68. 


69. 


70. 


71. 


72. 


13s 


If the statement P, is true but the true statement P, 
does not imply that the statement P, is true, then P,, 
is not necessarily true for all positive integers n. 

If the statement P, is true and P, implies P, , ,, then 
P, is also true. 

If the second differences of a sequence are all zero, 
then the sequence is arithmetic. 


A sequence with n terms has n-— 1 second 


differences. 


Writing In your own words, explain what is meant 
by a proof by mathematical induction. 


Think About It What conclusion can be drawn 
from the information about the sequence of state- 
ments P,? 


(a) P is true and P, implies P, , ,. 
(Db) Pi eP>, Paucar ate alletrue: 


(c) P,, P,, and P, are all true, but the truth of P, does 
not imply that P,, , is true. 


(d) P, is true and P,, implies P,,, 5. 


Review 


In Exercises 74-77, solve the system of equations. 


ME 


cc ye) 

eee 

56. 3 =-1 
Ci Oy le — 
Say tt 22 = Bo 
et sya D7 = ie 
iu ieee 
See v ace = LD 


In Exercises 78-81, find the product. 


78. 
80. 


Ore) 1)? 
(5 — 4x)? 


to 2x, — y)* 
81. (2x — 4y)? 





Jonathan Daniel/Allsport 
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9.5 Bie ioral 


> What you should learn 


¢ How to use the Binomial 
Theorem to calculate binomial 
coefficients 


* How to use Pascal's Triangle to 
calculate binomial coefficients 


* How to use binomial 
coefficients to write binomial 
expansions 


> Why you should learn it 


You can use binomial coefficients 
to model and solve real-life 
problems. For instance, in 
Exercise 69 on page 734, you are 
asked to use binomial coeffi- 
cients to find the probability that 
a baseball player will get three 
hits during the next 10 times at 
bat. 








Binomial Coefficients 


Recall that a binomial is a polynomial that has two terms. In this section, you will 
study a formula that gives a quick method of raising a binomial to a power. Te 
begin, let’s look at the expansion of (x + y)” for several values of n. 


(ey) = 1 

(et ylerty 

Gh yr? + 2 
(Cory)? =n? ety 3xy ey? 
Coo 
@ ty) =e + 5x4y + 10x7y? + 10x2y? + Sxy* oy 


Ka any Oxy" = Avy ys 


There are several observations you can make about these expansions. 


1. In each expansion, there are n + | terms. 


2. In each expansion, x and y have symmetrical roles. The powers of x decrease 
by 1| in successive terms, whereas the powers of y increase by 1. 


7) 


- The sum of the powers of each term is n. For instance, in the expansion of 
(x + y)>, the sum of the powers of each term is 5. 


44 0S5 S525 
—— pa 
(w+ yy) = x5 +.5x4y! + 10x?y? + 10x2y? + Sx'y* es 


os 


. The coefficients increase and then decrease in a symmetric pattern. 


The coefficients of a binomial expansion are called binomial coefficients. To 
find them, you can use the Binomial Theorem. A proof of this theorem is given 
in Appendix A. 


The Binomial Theorem 
In the expansion of (x + y)” 


i ’ ae 
(x a, y)" =x7 + ng dy dy 6 +.G, LEG Gel pages ae nays ey 


the coefficient of x”~" y” is ot a 


C n! 


ae (n — r)Irl 





The symbol & is often used in place of ,,C. to denote binomial coefficients. 
n j ra 





echnology 


aS Most graphing calculators 


are programmed to evaluate 
nC,- Consult your user’s manual 


and then evaluate ,C,. You 
should get an answer of 56. 
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Example 1 ® Finding Binomial Coefficients 


Find the binomial coefficients. 











10 8 
a. 3C, b. (2) c. 7C d. (3) 
Solution 
8! (SET AGie A8Ea7 
° Cr = = = 
eRe a aEheat Ot ey 
10 10! 10:9: OFA °9- 
b. ( le = 10 9 - 8) 7 10 9 2 eR 
3) Pl o Si JA 9 3 B10 2) 5 I 
DA 8 3t 
= ——- =] d = Sh 
eg STENTS (a) O! + sf 





When r # O andr # n, as in parts (a) and (b) above, there is a simple pattern 
for evaluating binomial coefficients. 


2 factors 3 factors 
——> (a 
C SO 7 4 (*) 10°9-8 
= Ss an = ae 

Uniy 1 3 32 eal 
Cae Se 

2 factors 3 factors 


Example 2 ® Finding Binomial Coefficients 


Find the binomial coefficients. 








7 iW 
ee wisne\hineete a (2) 
Solution 
VUNG S 
(G = 35 
SOONG 107 = | 
b. ({) = oo a5 
4 A-K-2-1 
2 
SSO aera o- 
] - it 12 
(12). Seat) este sea 
11 IOP IL 1! - itt 1 


It is not a coincidence that the results in parts (a) and (b) of Example 2 are the 
same and that the results in parts (c) and (d) are the same. In general, it is true that 


AG, oe C, 


if tae aa 


This shows the symmetric property of binomial coefficients that was identified 
earlier. 
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Exploration 


Complete the following table 
and describe the result. 


























One 
7/4 
12 | 4 
Gun 
LOE ie? 














What characteristic of Pascal’s 
Triangle is illustrated by this 
table? 


Pascal’s Triangle ' 


There is a convenient way to remember the pattern for binomial coefficients. By 
arranging the coefficients in a triangular pattern, you obtain Pascal’s Triangle. 
This triangle is named after the famous French mathematician Blaise Pascal 
(1623-1662). 7 


I 1 | 
1 2 1 | 

1 3 3 1 7 

1 4 6 4 1 

1 5 fF" P10 5 I 4+6=10 

1 6 Lie AWA aS 6 1 | 

i 4) Dae O55 21 7 1 15+6=21 
1 


The first and last numbers in each row of Pascal’s Triangle are 1. Every other 
number in each row is formed by adding the two numbers immediately above the 

number. Pascal noticed that numbers in this triangle are precisely the same_ 
numbers that are the coefficients of binomial expansions, as follows. . 


n= 1 
yada e ty 
(x + y)* = 1x? + Ixy + ly? 
(x + y)? = 1x? + 3x2y + 3xy? + ly? 
(x + y)* = 1x4 + 4x7y + 6x7y? + 4xy? + ly* 
(x + y)> = 1° + 5x4y + 10x*y? + 10x?y? + 5xy* + ly? 
(x + y)® = 1x® + 6xy + 15x4y? + 20x7y? + 15x7y* + 6xy + Ly® 


(x + y)? S Ax! + Tx®y 4:21 xy? £):35x¢y? + 35x7y4 + 21x7y eee 





The top row in Pascal’s Triangle is called the zero row because it corresponds 
to the binomial expansion 


@ +y)° =k 


Similarly, the next row is called the first row because it corresponds to the 
binomial expansion (x + y)! = 1(x) + 1(y). In general, the nth row in Pascal’s 
Triangle gives the coefficients of (x + y)”. 


Example 3 ® Using Pascal's Triangle 4 


Use the seventh row of Pascal’s Triangle to find the binomial coefficients. 
go> gC gOr, gC3> gCa, gs, gCo> scr, sCg 


Solution 








cereeeen| 


Historical Note 

Precious Mirror “Pascal’s” 
Triangle and forms of the Binomial 
Theorem were known in Eastern 
cultures prior to the Western 
“discovery” of the theorem. A 
Chinese text entitled Precious 
Mirror contains a triangle of 
binomial expansions through the 
eighth power. 


A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 
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Binomial Expansions 


As mentioned at the beginning of this section, when you write out the coefficients 
for a binomial that is raised to a power, you are expanding a binomial. The 
formulas for binomial coefficients give you an easy way to expand binomials, as 
demonstrated in the next four examples. 


Example 4 ® Expanding a Binomial 


Write the expansion for the expression 
(x + 1). 

Solution 

The binomial coefficients from the third row of Pascal’s Triangle are 
Panes be 

Therefore, the expansion is as follows. 
(eee at aos 8) x21) + (3) (12) (1) (12) 

See ee! 





To expand binomials representing differences rather than sums, you alternate 
signs. Here are two examples. 


=) Pitas 8x2 sae 
(x — 1)* = x4 — 493 + 6x2 —4x 4+ 1 


Example 5 ®& Expanding a Binomial 


Write the expansion for each expression. 
a. (2x + 3)4 b: (x — 3)4 
Solution 
a. The binomial coefficients from the fourth row of Pascal’s Triangle are 
1, 4, 6, 4, 1. 
Therefore, the expansion is as follows. 
(2x + 3)* = (1)(2x)* + (4)(2x)(3) + (6)(2x)2(3?) # (4) 2x)B°) + (1)(34) 
= 16x" 96> 21'6x2 + 216x + 81 
b. The binomial coefficients from the fourth row of Pascal’s Triangle are 
1, 4, 6, 4, 1. 
Therefore, the expansion is as follows. 
(2 —"3)* = (Da) (4)(2x)°(3)+ (2x76) — 4) (2x) (3°) + G4) 
NGxae 96x? + 21672 — 216re est 


II 
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Example 6 ® Expanding a Binomial 


Write the expansion for (x — 2y)*. 


Solution 


Use the fourth row of Pascal’s Triangle, as follows. 
(x — 2y)* = (1)x4 — (4)x3(2y) + (6)x?(2y)? — (4)x(2y)? + (1)(2y)* 
=i — Sxey PF DAxeys — soxy + loys 


Example 7 ® Expanding a Binomial 


Write the expansion for (x? + 4)°. 


Solution 


Use the third row of Pascal’s Triangle, as follows. 
(x? + 4)3 = (1)(x?)> + (3)(x?)?(4) + (3)x2(4?) + (I)(49) 
= x© + 12x* + 48x? + 64 


Example 8 ® Finding a Term in a Binomial Expansion 


Find the sixth term of (a + 25). 


Solution 


For the first term of the binomial expansion, you would use n = 8 and r = 0 to 
get gCya®~ °(2b)°. For the second term of the binomial expansion, you would use 
n = 8 and r = | to get .C,a®~!(2b)!. So, for the sixth term of this binomial 
expansion, use n = 8 andr = 5 to get 


gC;a®-5(2b)> = 56 + a? - (2b)5 
56(25)a3b5 
= 1792a3°. 





Weiting ABOUT MATHEMATICS 









Error Analysis You are a math instructor and receive the following solutions from 
one of your students on a quiz. Find the error(s) in each solution. Discuss ways that 
your student could avoid the error(s) in the future. 


a. Find the second term in the expansion of (2x — 3y)°. 
5(2x)4(3y)2 = 720x4y? X 
b. Find the fourth term in the expansion of (3x + 7y)’. 


eCalx) (7y)* = 9003.75x2y* X 
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In Exercises 1-10, find the binomial coefficients. 


ie. DEE Cn 
3. 120 4. 20 20 
5. 20C 15 6. Cs 
10 10 
1b 
(2) 6 (¢) 


‘eo 


10. 


iar | 
" \ 98 
| In Exercises 11-14, evaluate using Pascal’s Triangle. 
8 8 
11. 12. 
() () 
a3. 4C, 14. (C; 


In Exercises 15-34, use the Binomial Theorem to expand 
_and simplify the expression. 


25. (x, + 1)* 16. (x + 1)® 
17. (a + 6)4 18. (a + 5) 
19. (yy, —.4)° 202(y = 2) 
mA: (x. + yp 22. (c +d)? 
23. (r + 3s)° 24. (x + 2y)* 
25. (3a — b) 26. (2x = yi)? 
Pa icbe-2x)° 28x (Saisy)r 
R292 (2+ 5)4 30. (x? + y*)? 
1 2 l i 
31. (= oe y) 32. (~ 4 2y) 
x 5 


33. 
34. 


Qe 3)* +. 5(x — 3)? 

3(x + 1)5 — 4+ 1)5 

In Exercises 35-38, expand the binomial using Pascal's 
Triangle to determine the coefficients. 

35. (2t — s)° 36. 3 = 2z)' 

B7.\x + 2y)? 38: @y +,3)° 


In Exercises 39-46, find the coefficient a of the term in the 
expansion of the binomial. 


Binomial Term 
39. (x + 3)!2 ax 
a0. (47+ 3)? ax® 
41. (x — 2y)!° ax®y? 


Binomial Term 
Ae (4c — 7)? ax ¥" 
ASs (oxy), ax4y? 
ASN (OK ay) ax®y? 
AS Ay) ax®y® 
AG att) Got 


In Exercises 47-50, use the Binomial Theorem to expand 
and simplify the expression. 


47. (/x +3) 


49, (a e ye) 


48. (22 - 1) 
50. (u3/5 + 2) 


‘= In Exercises 51-54, expand the binomial in the difference 














quotient and simplify. 
f(x + h) — f(x) 


Difference quotient 


h 
51. f(x) =x 52h) 
53, (a) = 4x 54. f(x) =* 


In Exercises 55-60, use the Binomial Theorem to expand 
the complex number. Simplify your result. 


55. (1 + i)4 56. Qi 7) 
57. (2 — 3i)® 5g. (5 + /-9)’ 


59. (-5 + iy 60. (5 — /3i)° 


Approximation \n Exercises 61-64, use the Binomial 
Theorem to approximate the given quantity accurate to 
three decimal places. For example, in Exercise 61, use the 
expansion 


(1.02)8 = (1 + 0.02)8 =1+ 8(0.02) + 28(0.02)? + - 


61. (1.02)8 62. (2.005)!° 
63. (2.99)!? 64. (1.98)? 
Graphical Reasoning \n Exercises 65 and 66, use a 


graphing utility to graph f and g in the same viewing 
window. What is the relationship between the two graphs? 
Use the Binomial Theorem to write the polynomial function 
g in standard form. 


65. f(x) = x3 — 4x, g(x) = f(x + 4) 
66min) = —xi rae ieee) = f(x = 3) 
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| 67. Graphical Reasoning Use a graphing utility to 
graph the functions in the given order and in the 
same viewing window. Compare the graphs. Which 
two functions have identical graphs, and why? 


(aya) = (ex): 

(b) g(x) = 1 — 3x 

(C) ho) =e ox 

@) pis) =P — 3 re 


Probability \n Exercises 68-71, consider n independent 
trials of an experiment in which each trial has two possible 
outcomes: “success” or “failure.” The probability of a 
success on each trial is p, and the probability of a failure is 
q=1-—p. In this context, the term ,C, pq" * in the 
expansion of (p + q)" gives the probability of k successes 
in the rn trials of the experiment. 


68. A fair coin is tossed seven times. To find the proba- 
bility of obtaining four heads, evaluate the term 


1 4 1 3 
G = = 

: 3) ( 5 

in the expansion of (5 + 1) 
69. The probability of a baseball player getting a hit 

during any given time at bat is - To find the proba- 

bility that the player gets three hits during the next 10 

times at bat, evaluate the term 


weld) (@) 
a 


in the expansion of G ae 


70. The probability of a sales representative making a 
sale with any one customer is = The sales represen- 
tative makes eight contacts a day. To find the 
probability of making four sales, evaluate the term 


L\AA2N4 
5) (5) 
in the expansion of ( + 2)8 
71. To find the probability that the sales representative in 


Exercise 70 makes four sales if the probability of a 
sale with any one customer is s evaluate the term 


elie 


: 8 
in the expansion of (4 si i) ; 


72. Life Insurance The average amount of life insur-~ 
ance per household f(r) (in thousands of dollars) 
from 1980 through 1996 can be approximated by 


f(t) = 0.03482? + 5.1083t + 41.0250, O<7s 16 


where t = 0 represents 1980 (see figure). You want — 
to adjust this model so that t = 0 corresponds to 
1990 rather than 1980. To do this, you shift the graph 
of f 10 units to the left and obtain 


elt) =f (Ee 0), 
(Source: American Council of Life Insurance) 


(a) Write g(t) in standard form. 


= (b) Use a graphing utility to graph f and g in the 
same viewing window. 





Average amount of life 
insurance per household 
(in thousands of dollars) 





Year (0 < 1980) 


73. Health Maintenance Organizations The number 
of people f(t) (in millions) enrolled in health mainte- 
nance organizations in the United States from 1976 
through 1997 can be approximated by the model 


f(t) = 0.08341? + 0.07657t + 5.3680, Os ¢s 21 


where t = 0 represents 1976 (see figure). You want 
to adjust this model so that t = 0 corresponds to 
1980 rather than 1976. To do this, you shift the graph ~ 
of f 4 units to the left and obtain 


2) — fC), 

(Source: Group Health Association of America, 
Interstudy) 

(a) Write g(t) in standard form. 


== (b) Use a graphing utility to graph f and g in the 
same viewing window. 


fO 


(in millions) 


HMO enrollment 





5 10 15 20 
Year (0 < 1976) 


FIGURE FOR 73 


Synthesis 


True or False? \n Exercises 74 and 75, determine 
whether the statement is true or false. Justify your answer. 


74. The Binomial Theorem could be used to produce 
each row of Pascal’s Triangle. 

75. A binomial that represents a difference cannot 
always be accurately expanded using the Binomial 
Theorem. 


76. Writing In your own words, explain how to form 
the rows of Pascal’s Triangle. 
77. Form the first nine rows of Pascal’s Triangle. 


78. Think About It How many terms are in the expan- 
sion of (x + y)"? 

79. Think About It How do the expansions of (x + y)” 
and (x — y)” differ? 


In Exercises 80-83, prove the given property for all integers 
randnwhereO <r<n. 


80. BC a 5 n= 
pee C4 Ce ECE 0 
82. Ae = aC, ua ea 


83. The sum of the numbers in the nth row of Pascal’s 
Triangle is 2”. 
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Review 


In Exercises 84-87, describe the relationship between the 
graphs of f and g. 


84. g(x) = f(x) + 8 
S6.c2(x i= Gay) 


85. g(x) = f(x — 3) 
87. g(x) = —f(x) 
In Exercises 88-91, the graph of y = g(x) is shown. Graph f 


and use the graph to write an equation for the graph of g. 


88. f(x) = x? 


89. f(x) = x? 











DOD) 








Dion Ogust/The Image Works 
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> What you should learn 


* How to solve simple counting 
problems 

* How to use the Fundamental 
Counting Principle to solve 
counting problems 


* How to use permutations to 
solve counting problems 


* How to use combinations to 
solve counting problems 


> Why you should learn it 


You can use counting principles 
to solve counting problems that 
occur in real life. For instance, in 
Exercises 53 and 54 on page 744, 
you are asked to use counting 
principles to determine the 
number of possible ways of 
selecting the numbers ona 
lottery ticket. 





Counting Principles 


Simple Counting Problems 


This section and Section 9.7 present a brief introduction to some of the basic 
counting principles and their application to probability. In Section 9.7 you will 
see that much of probability has to do with counting the number of ways an event 
can occur. 


Example 1 ® Selecting Pairs of Numbers at Random @ : 





Eight pieces of paper are numbered from 1 to 8 and placed in a box. One piece of 
paper is drawn from the box, its number is written down, and the piece of paper 
is replaced in the box. Then, a second piece of paper is drawn from the box, and 
its number is written down. Finally, the two numbers are added together. How 
many different ways can a total of 12 be obtained? 
Solution 
To solve this problem, count the different ways that a total of 12 can be obtained 
using two numbers from | to 8. 

First number 4 5) 6 7 8 

Second number 8 4) 6 5 4 


From this list, you can see that a total of 12 can occur in five different ways. 


Example 2 » Selecting Pairs of Numbers at Random @ 





Eight pieces of paper are numbered from 1 to 8 and placed in a box. Two pieces 
of paper are drawn from the box at the same time, and the numbers on the pieces 
of paper are written down and totaled. How many different ways can a total of 12 
be obtained? 


Solution 
To solve this problem, count the different ways that a total of 12 can be obtained 
using two different numbers from | to 8. 

First number + 5 7 8 

Second number 8 | 5) 4 


So, a total of 12 can be obtained in four different ways. 


a 


The difference between the counting problems in Examples 1 and 2 can be 
expressed by saying that the random selection in Example 1 occurs with replace- 
ment, whereas the random selection in Example 2 occurs without replacement, 
which eliminates the possibility of choosing two 6’s. 
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The Fundamental Counting Principle 


Examples | and 2 describe simple counting problems in which you can list each 
possible way that an event can occur. When it is possible, this is always the best 
way to solve a counting problem. However, some events can occur in so many 
different ways that it is not feasible to write out the entire list. In such cases, you 
must rely on formulas and counting principles. The most important of these is the 
Fundamental Counting Principle. 


Fundamental Counting Principle 


Let E, and E, be two events. The first event E, can occur in m, different 
ways. After E, has occurred, E, can occur in m, different ways. The number 
of ways that the two events can occur is m, * Mm. 


The Fundamental Counting Principle can be extended to three or more 
events. For instance, the number of ways that three events E,, E,, and E; can 
occur is Mm, * My ° M3. 


Example 3 ® Using the Fundamental Counting Principle Ke 


How many different pairs of letters from the English alphabet are possible? 


Solution 


There are two events in this situation. The first event is the choice of the first 
letter, and the second event is the choice of the second letter. Because the English 
alphabet contains 26 letters, it follows that the number of two-letter pairs is 
26 - 26 = 676. 


Example 4 ® Using the Fundamental Counting Principle e) 


Telephone numbers in the United States currently have 10 digits. The first three 
are the area code and the next seven are the local telephone number. How many 
different telephone numbers are possible within each area code? (Note that at this 
time, a local telephone number cannot begin with 0 or 1.) 

Solution 


Because the first digit cannot be 0 or 1, there are only eight choices for the first 
digit. For each of the other six digits, there are 10 choices. 


Area Code Local Number 
ae f= > 
— INS —~- JN ~—_ — IONS ~—S UY TY {YY 
8 10 10 10 10 10 10 


So, the number of local telephone numbers that are possible within each area code 
is8- 10-10-10: 10- 10- 10 = 8,000,000. 
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Permutations " 


One important application of the Fundamental Counting Principle is in determin- 
ing the number of ways that n elements can be arranged (in order). An ordering , 
of n elements is called a permutation of the elements. 


Definition of Permutation 


A permutation of n different elements is an ordering of the elements such 
that one element is first, one is second, one is third, and so on. 


Example 5 ® Finding the Number of Permutations of n Elements | 


How many permutations are possible for the letters A, B, C, D, E, and F? 


Solution 

Consider the following reasoning. 
First position: Any of the six letters 
Second position: Any of the remaining five letters 
Third position: Any of the remaining four letters 
Fourth position: Any of the remaining three letters 
Fifth position: Any of the remaining two letters 
Sixth position: The one remaining letter 


So, the numbers of choices for the six positions are as follows. 


Permutations of six letters 


OOO08e 





The total number of permutations of the six letters is 
Gli 61s Siet4hgs celta 
= 720. 





Number of Permutations of n Elements oq 


The number of permutations of n elements is 
mel ne tae je 2 ln: | 


In other words, there are n! different ways that n elements can be ordered. 





Eleven thoroughbred racehorses 
hold the title of Triple Crown 
winner for winning the Kentucky 
Derby, the Preakness, and the 
Belmont Stakes in the same year. 
Forty horses have won two out of 


the three races. 


eo ™% 
Technology 
ae Most graphing calculators 
are programmed to evaluate 
nP,- Consult your user’s manual 
and then evaluate .P.. You 
should get an answer of 6720. 
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Occasionally, you are interested in ordering a subset of a collection of 
elements rather than the entire collection. For example, you might want to choose 
(and order) r elements out of a collection of n elements. Such an ordering is called 
a permutation of n elements taken r at a time. 


ee 


‘a 


Eight horses are running in a race. In how many different ways can these horses 
come in first, second, and third? (Assume that there are no ties.) 


Example 6 ® Counting Horse Race Finishes 


Solution 


Here are the different possibilities. 


Win (first position): Eight choices 
Place (second position): Seven choices 
Show (third position): Six choices 


Using the Fundamental Counting Principle, multiply these three numbers 
together to obtain the following. 


Different orders of horses 


So, there are 8 - 7 - 6 = 336 different orders. 


Permutations of n Elements Taken r at a Time 


The number of permutations of n elements taken r at a time is 


n! 


Oe i toca Ar 


=H =k oe) = (9 = 7 + 1). 


Using this formula, you can rework Example 6 to find that the number of 


permutations of eight horses taken three at a time is 





8! 
mrs 
0 I CHO BA 
il 
= 336 


which is the same answer obtained in the example. 
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Remember that for permutations, order is important. So, if you are looking ~ 
at the possible permutations of the letters A, B, C, and D taken three at a time, the’ 
permutations (A, B, D) and (B, A, D) are counted as different because the order 
of the elements is different. 

Suppose, however, that you are asked to find the possible permutations of the 
letters A, A, B, and C. The total number of permutations of the four 
letters would be ,P, = 4!. However, not all of these arrangements would be 
distinguishable because there are two A’s in the list. To find the number of 
distinguishable permutations, you can use the following formula. 


Distinguishable Permutations 


Suppose a set of n objects has n, of one kind of object, 1, of a second ind: 
n, of a third kind, and so on, with 


ty Pg te Ma te ok aie 
Then the number of distinguishable permutations of the n objects is 


n! 





REE (Ue ee mee ae, 


Example 7 ® Distinguishable Permutations 


In how many distinguishable ways can the letters in BANANA be written? 


Solution 


This word has six letters, of which three are A’s, two are N’s, and one is a B. So, 
the number of distinguishable ways the letters can be written is 


n! 6! 





= 60. 


The 60 different distinguishable permutations are as follows. 


AAABNN 
AANABN 
ABAANN 
ANAABN 
ANBAAN 
BAAANN 
BNAAAN 
NAABAN 
NABNAA 
NBANAA 





AAANBN 
AANANB 
ABANAN 
ANAANB 
ANBANA 
BAANAN 
BNAANA 
NAABNA 
NANAAB 
NBNAAA 


AAANNB 
AANBAN 
ABANNA 
ANABAN 
ANBNAA 
BAANNA 
BNANAA 
NAANAB 
NANABA 
NNAAAB 


AABANN 
AANBNA 
ABNAAN 
ANABNA 
ANNAAB 
BANAAN 
BNNAAA 
NAANBA 
NANBAA 
NNAABA 


AABNAN 
AANNAB 
ABNANA 
ANANAB 
ANNABA 
BANANA 
NAAABN 
NABAAN 
NBAAAN 
NNABAA 


a 
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Combinations 


When you count the number of possible permutations of a set of elements, order 
is important. As a final topic in this section, you will look at a method of selecting 
subsets of a larger set in which order is not important. Such subsets are called 
combinations of n elements taken r at a time. For instance, the combinations 


{A, B, C} and {Brea Cy 


are equivalent because both sets contain the same three elements, and the order in 
which the elements are listed is not important. So, you would count only one of 
the two sets. A common example of how a combination occurs is a card game in 
which the player is free to reorder the cards after they have been dealt. 


Example 8 ® Combinations of n Elements Taken r at a Time 


In how many different ways can three letters be chosen from the letters A, B, C, 
D, and E? (The order of the three letters is not important.) 


Solution 


The following subsets represent the different combinations of three letters that 
can be chosen from the five letters. 


{A, B, C} {A, B, D} 
{A, B, E} {A, C, D} 
as, bey {A, D, E} 
{B, C, D} {B, C, E} 
eBaD EF LC. DSB} 


From this list, you can conclude that there are 10 different ways that three letters 
can be chosen from five letters. 


Combinations of n Elements Taken r at a Time 


The number of combinations of n elements taken r at a time is 


n! 


Sie (n — r)Ir! 


tt ane 


Note that the formula for ,,C, is the same one given for binomial coefficients. 
To see how this formula is used, let’s solve the counting problem in Example 8. 
In that problem, you are asked to find the number of combinations of five ele- 


ments taken three at a time. So, n = 5, r = 3, and the number of combinations is 
2 
5! 5°-A- Ht 
C= ae ee LO 
Pies W213 anes kot 


which is the same answer obtained in the example. 
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Example 9 ® Counting Card Hands : @ 





A standard poker hand consists of five cards dealt from a deck of 52. How many 
different poker hands are possible? (After the cards are dealt, the player may 
reorder them, and therefore order is not important.) 

Solution 

You can find the number of different poker hands by using the formula for the 
number of combinations of 52 elements taken five at a time, as follows. 


a stege! 
ENO TW AG 
_ 52+ 51+ 50+ 49 - 48 - 47! 
5enAb 3e ea Tl 


= 2,598,960 





Example 10 ® The Number of Subsets of a Set 


Find the total number of subsets of a set that has 10 elements. 


Solution 


Begin by considering the number of subsets with 0 elements, the number with 1 
element, the number with 2 elements, and so on. 


Number Subsets Subsets Subsets Subsets — 
of = with0O + with1 + with2 +...-+ with 10 
subsets elements element elements elements 


lI 


fea fal eM La 

+ + fees 

0 1 2 10 

By comparing this expression with the binomial expansion of (1 + 1)!°, you seg 
that they are the same. 


10 10 10 10 
105 1010 911 Seats ee 0710 
(1 + 1) ()! e+ (P)on + (Phos + (Ip) 


&: () te ("”) 3 i Senter 4 
0 1 2 10 
This implies that the total number of subsets of a set of 10 elements is 


(1 + 1)! = 20 
1024. 


SS aa 


The result of Example 10 can be generalized to conclude that the total 
number of subsets of a set of n elements is 2”. 























Random Selection 


9.6 Exercises 


SSS SS SSS SSS SSE SC SSE SSS SSS SS SESS SESE) 


In Exercises 1-8, determine the 


number of ways a computer can randomly generate one or 
more such integers from 1 through 12. 


1. An odd integer 


2. An even integer 


A prime integer 


. An integer that is greater than 9 


. An integer that is divisible by 4 


10. 


11. 


. Course Schedule 


13. 


14 


15 


An integer that is divisible by 3 
Two integers whose sum is 8 


Two distinct integers whose sum is 8 


Entertainment Systems A customer can choose 
one of three amplifiers, one of two compact disc 
players, and one of five speaker models for an 
entertainment system. Determine the number of 
possible system configurations. 


Computer Systems A customer in a computer store 
can choose one of four monitors, one of three 
keyboards, and one of five computers. If all the 
choices are compatible, determine the number of 
possible system configurations. 


Job Applicants A college needs two additional 
faculty members: a chemist and a statistician. In how 
many ways can these positions be filled if there are 
five applicants for the chemistry position and three 
applicants for the statistics position? 


A college student is preparing a 
course schedule for the next semester. The student 
may select one of two mathematics courses, one of 
three science courses, and one of five courses from 
the social sciences and humanities. How many 
schedules are possible? 


True-False Exam In how many ways can a 
six-question true-false exam be answered? (Assume 
that no questions are omitted.) 


True-False Exam In how many ways can a 
12-question true-false exam be answered? (Assume 
that no questions are omitted.) 


Toboggan Ride Three people are lining up for a 
ride on a toboggan, but only two of the three are 
willing to take the first position. With that constraint, 
in how many ways can the three people be seated on 
the toboggan? 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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Aircraft Boarding Eight people are boarding an 
aircraft. Two have tickets for first class and board 
before those in the economy class. In how many 
ways can the eight people board the aircraft? 


License Plate Numbers In a certain state, each 
automobile license plate number consists of three 
letters followed by a four-digit number. How many 
distinct license plate numbers can be formed? 


License Plate Numbers In a certain state, each 
automobile license plate number consists of two 
letters followed by a four-digit number. To avoid 
confusion between “O” and “zero” and between “I” 
and “one,” the letters “O” and “T” are not used. How 
many distinct license plate numbers can be formed? 


Three-Digit Numbers How many three-digit num- 
bers can be formed under the following conditions? 
(a) The leading digit cannot be zero. 


(b) The leading digit cannot be zero and no repeti- 
tion of digits is allowed. 


(c) The leading digit cannot be zero and the number 
must be a multiple of 5. 
(d) The number is at least 400. 


Four-Digit Numbers How many four-digit num- 

bers can be formed under the following conditions? 

(a) The leading digit cannot be zero. 

(b) The leading digit cannot be zero and no repeti- 
tion of digits is allowed. 

(c) The leading digit cannot be zero and the number 
must be less than 5000. 

(d) The leading digit cannot be zero and the number 
must be even. 


Combination Lock A combination lock will open 
when the right choice of three numbers (from | to 
40, inclusive) is selected. How many different lock 
combinations are possible? 


Combination Lock A combination lock will open 
when the right choice of three numbers (from | to 
50, inclusive) is selected. How many different lock 
combinations are possible? 


Concert Seats Four couples have reserved seats in 
a given row for a concert. In how many different 
ways can they be seated if 


(a) there are no seating restrictions? 


(b) the two members of each couple wish to sit 
together? 
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24. Single File In how many orders can four girls and 
four boys walk through a doorway single file if 


(a) there are no restrictions? 
(b) the girls walk through before the boys? 


In Exercises 25-30, evaluate ,,P,. 


25. ,P, 26. <P; 
VPs 28acePs 
29. <P, 30. P, 


In Exercises 31 and 32, solve for n. 


3114 Pe 32 1k ee 


n—- 


nt+204 


In Exercises 33-38, evaluate using a calculator. 


33a. 34. jo0Ps 


In Exercises 39-42, find the number of distinguishable 
permutations of the group of letters. 

39 Ay AyG, BE; E;E,M 

GNIS ley, 183,18), 00, 1th, 1 IL 

41. A, L,G, E, B, R, A 

42. M.S: S, 1. Sas, b Bab 


43. Write all permutations of the letters A, B, C, and D. 


44, Write all the permutations of the letters A, B, C, and 
D if the letters B and C must remain between the 
letters A and D. 


45. Write all the possible selections of two letters that 
can be formed from the letters A, B, C, D, E, and F. 
(The order of the two letters is not important.) 


46. Write all the possible selections of three letters that 
can be formed from the letters A, B, C, D, E, and F. 
(The order of the three letters is not important.) 


47. Posing for a Photograph In how many ways can 
five children line up in a row? 


48. Riding ina Car In how many ways can six people 
sit in a Six-passenger car? 


49. Choosing Officers From a pool of 12 candidates, 
the offices of president, vice-president, secretary, 
and treasurer will be filled. In how many different 
ways can the offices be filled? 
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50. 


St) 


SZ. 


53: 


54. 


Dos 


56. 


a7 


58. 


59. 


60. 


Assembly Line Production There are four process- , 
es involved in assembling a certain product, and 
these processes can be performed in any order. The 
management wants to test each order to determine 
which is the least time-consuming. How many 
different orders will have to be tested? 


Forming an Experimental Group In order to 
conduct a certain experiment, five students are 
randomly selected from a class of 20. How many 
different groups of five students are possible? 


Test Questions You can answer any 10 questions 
from a total of 12 questions on an exam. In how 
many different ways can you select the questions? 


Lottery Choices There are 40 numbers in a partic- 
ular state lottery. In how many ways can a player 
select six of the numbers? 


Lottery Choices There are 50 numbers in a partic- 
ular state lottery. In how many ways can a player 
select six of the numbers? 


Number of Subsets How many subsets of four 
elements can be formed from a set of 100 elements? 


Number of Subsets How many subsets of five 
elements can be formed from a set of 80 elements? 


Geometry Three points that are not on a line deter- 
mine three lines. How many lines are determined by 
seven points, no three of which are on a line? 


Defective Units A shipment of 10 microwave 
ovens contains three defective units. In how many 
ways can a vending company purchase four of these 
units and receive (a) all good units, (b) two good 
units, and (c) at least two good units? 


Job Applicants An employer interviews eight 
people for four openings in the company. Three of 
the eight people are women. If all eight are qualified, 
in how many ways can the employer fill the four 
positions if (a) the selection is random and (b) exact- 
ly two selections are women? 


Poker Hand You are dealt five cards from an 
ordinary deck of 52 playing cards. In how many 
ways can you get a full house? (A full house consists 
of three of one kind and two of another. For example, 
A-A-A-5-5 and K-K-K-10-10 are full houses.) 























61. Forming a Committee Four people are to be 
selected at random from a group of four couples. In 
how many ways can this be done under the following 
conditions? 


(a) There are no restrictions. 
(b) The group must have at least one couple. 


(c) Each couple must be represented in the group. 


| 62. Interpersonal Relationships. The complexity of 


the interpersonal relationships increases dramatical- 
ly as the size of a group increases. Determine the 
number of different two-person relationships in a 
group of people of size (a) 3, (b) 8, (c) 12, and (d) 20. 


| In Exercises 63-66, find the number of diagonals of the 
_ polygon. (A line segment connecting any two nonadjacent 
_ vertices is called a diagonal of the polygon.) 

_ 63. Pentagon 


65. Octagon 


64. Hexagon 
66. Decagon (10 sides) 


! Synthesis 


True or False? \n Exercises 67 and 68, determine 
_ whether the statement is true or false. Justify your answer. 


| 67. The number of letter pairs that can be formed from 
any of the first 13 letters in the alphabet (A—M) is an 
example of a permutation. 


68. The number of permutations of n elements can be 
determined by using the Fundamental Counting 
Principle. 


69. What is the relationship between ,C, and ,,C,,_ ,? 


fey / Let ae 

70. Without calculating the numbers, determine which 

of the following is greater. Explain. 

(a) The combinations of 10 elements taken six at a 
time 

(b) The permutations of 10 elements taken six at a 
time 
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In Exercises 71-74, prove the identity. 


71. aes = ye 
72. pa Cs = nCO 
73. pemes Ct 
P. 
74, C=" 
1 (ae) r! 


x 75. Think About It Can your calculator evaluate 


100 go? If not, explain why. 


76. Writing Explain in words the meaning of , P.. 
Review 


In Exercises 77-80, evaluate the function at the specified 
values of the independent variable. 


TT. f(x) = 3x2 +8 


(a) (3) (b) f(0) (©) 7 (=3) 
78. g(x) = /x —-3 +2 

(a) g(3) (b) (7) (c) g@3) 
79.) (x) = =|% = Siem 

(a) f(—5) (by) Fe 1) (c) f(11) 

a x?-2x+5, x<-4 

80 Ai Ne — 2, x>-4 

(a) f(—4) (b) fE2) (c) f(—20) 


In Exercises 81-84, use the Binomial Theorem to expand 
and simplify the expression. 


$i. @+ 1) 
$3. (G22) 


82. (y — 2)6 
$4. G? — y?)* 
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> What you should learn 


* How to find the probability of 
an event 

* How to find the probabilities of 
mutually exclusive events 

« How to find the probabilities of 

independent events 

How to find the probability of 

the complement of an event 


> Why you should learn it 


You can use probability to solve a 
variety of problems that occur in 
real life. For instance, in Exercise 
33 on page 754, you are asked to 
use probability to help analyze 
the age distribution of employ- 
ees who find work through 
temporary help agencies. 





Telegraph Colour Library/FPG 


Probability 


The Probability of an Event 


Any happening for which the result is uncertain is called an experiment. The 
possible results of the experiment are outcomes, the set of all possible outcomes 
of the experiment is the sample space of the experiment, and any subcollection 
of a sample space is an event. 

For instance, when a six-sided die is tossed, the sample space can be repre- 
sented by the numbers | through 6. For this experiment, each of the outcomes is 
equally likely. 

To describe sample spaces in such a way that each outcome is equally likely, 
you must sometimes distinguish between or among various outcomes in ways 
that appear artificial. Example | illustrates such a situation. 


Example 1 ® Finding the Sample Space @ 


Find the sample space for each of the following. 
a. One coin is tossed. 
b. Two coins are tossed. 


c. Three coins are tossed. 


Solution 
a. Because the coin will land either heads up (denoted by H) or tails up (denoted ~ 
by 7), the sample space is 


S.= (H, T}. 


b. Because either coin can land heads up or tails up, the possible outcomes are as — 

follows. 
HH = heads up on both coins 

HT = heads up on first coin and tails up on second coin 

TH = tails up on first coin and heads up on second coin 


TT = tails up on both coins 
So, the sample space is 
S =48H, HY TH, Tr}. 


Note that this list distinguishes between the two cases HT and TH, even — 
though these two outcomes appear to be similar. 


c. Following the notation of part (b), the sample space is 


={HAH, HHT,ATH, ATT, THA, THY, TTR ee 
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To calculate the probability of an event, count the number of outcomes in the 
event and in the sample space. The number of outcomes in event E is denoted by 
n(E), and the number of outcomes in the sample space S is denoted by n(S). The 
probability that event E will occur is given by n(E)/n(S). 


The Probability of an Event 


If an event E has n(E) equally likely outcomes and its sample space S has 
n(S) equally likely outcomes, the probability of event E is 
n(E) 


PIEY = n(S)” 


Because the number of outcomes in an event must be less than or equal to the 
number of outcomes in the sample space, the probability of an event must be a 
number between 0 and 1. That is, 


On P(E eal 


If P(E) = 0, event E cannot occur, and E is called an impossible event. If 
P(E) = 1, event E must occur, and E is called a certain event. 


Example 2 ® Finding the Probability of an Event @ 


a. Two coins are tossed. What is the probability that both land heads up? 


b. A card is drawn from a standard deck of playing cards. What is the probability 
that it is an ace? 


Solution 
a. Following the procedure in Example 1(b), let 
eel 
and 
Si AAMT DHE. 
The probability of getting two heads is 





b. Because there are 52 cards in a standard deck of playing cards and there are 
four aces (one in each suit), the probability of drawing an ace is 





P(E) = 
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: , ( 
Example 3 ® Finding the Probability of an Event @ 


Two six-sided dice are tossed. What is the probability that the total of the two dice. 


wey is 7? (See Figure 9.8:) 


Solution 


Because there are six possible outcomes on each die, you can use the 
Fundamental Counting Principle to conclude that there are 6 - 6 or 36 different 
outcomes when two dice are tossed. To find the probability of rolling a total of 7, 


Bey A you must first count the number of ways in which this can occur. 








>») A computer simulation of this example 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 






First die 





Second die 





So, a total of 7 can be rolled in six ways, which means that the probability of 
rolling a 7 is 


PE) = 


n(E) 
(S 


n 
6 
36 


You could have written out each sample space in Examples 2 and 3 and 
simply counted the outcomes in the desired events. For larger sample spaces, 
however, you should use the counting principles discussed in Section 9.6. 


Example 4 ® Finding the Probability of an Event Ke 





Twelve-sided dice, as shown in Figure 9.9, can be constructed (in the shape of 
regular dodecahedrons) such that each of the numbers from | to 6 appears twice. 


ee on each die. Prove that these dice can be used in any game requiring ordinary 
ae six-sided dice without changing the probabilities of different outcomes. 
Solution 


For an ordinary six-sided die, each of the numbers 1, 2, 3, 4, 5, and 6 occurs only 
once, so the probability of any particular number coming up is 


ws TE) sont 
Oe 


For one of the 12-sided dice, each number occurs twice, so the probability of any 
particular number coming up is 
WE) eo et 


A (). ATE fe 





FIGURE 9.9 








PiMrecsoiVital Frys 








5 een yan aber 


Although popular in the early 
1800s, lotteries were banned in 
more and more states until, by 
1894, no state allowed lotteries. In 
1964, New Hampshire became the 
first state to reinstitute a state 
lottery. Today, lotteries are 
conducted by almost all states. 
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Example 5 ® The Probability of Winning a Lottery «2 


In a state lottery, a player chooses six different numbers from | to 40. If these six 
numbers match the six numbers drawn by the lottery commission, the player wins 
(or shares) the top prize. What is the probability of winning? 


Solution 


To find the number of elements in the sample space, use the formula for the 
number of combinations of 40 elements taken six at a time. 


_ 40 + 39 = 38 + 37 + 36 + 35 
6:5+4-3-2+-1 
= 3,838,380 





If a person buys only one ticket, the probability of winning is 


_n(é) 
PE) = 7(S) 
“a 1 
~ 3,838,380 
Example 6 ® Random Selection (2 


The numbers of colleges and universities in various regions of the United States 
in 1996 are shown in Figure 9.10. One institution is selected at random. What is 
the probability that the institution is in one of the three southern 
regions? (Source: U.S. National Center for Education Statistics) 


Solution 


From the figure, the total number of colleges and universities is 3696. Because 
there are 607 + 265 + 298 = 1170 colleges and universities in the three 
southern regions, the probability that the institution is in one of these regions is 


n(E) 1170 
P(E) = —~ = — ~ 03317. 
’) n(S) 3696 


i West North 
ute Centra] East North New 
397 Central England 
5 257 














Pacific 
483 


South 
Atlantic 
607 


1 East South Central 


os 
Sy 


West South Centra 


FiGure 9.10 
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Hearts 


Face cards 


FIGURE 9.11 


n(A ar B)=3 


Mutually Exclusive Events ' 


Two events A and B (from the same sample space) are mutually exclusive if A — 
and B have no outcomes in common. In the terminology of sets, the intersection 
of A and B is the empty set, which is expressed as 


PAB) =2. 


For instance, if two dice are tossed, the event A of rolling a total of 6 and the event — 
B of rolling a total of 9 are mutually exclusive. To find the probability that one or 

the other of two mutually exclusive events will occur, you can add their individual — 
probabilities. 


Probability of the Union of Two Events 
If A and B are events in the same sample space, the probability of Aor Be AN 
occurring is given by 


P(A UB) = P(A) + P(B) — PAB). 
If A and B are mutually exclusive, then 
P(A UB) = P(A), + PB). 
Example 7 ® The Probability of a Union of Events i a 


One card is selected from a standard deck of 52 playing cards. What is the ~ 
probability that the card is either a heart or a face card? i 


| 
| 
Solution . 

Because the deck has 13 hearts, the probability of selecting a heart (event A) is 
13 t 

P(A) = —. 

hele i 
Similarly, because the deck has 12 face cards, the probability of selecting a face 
card (event B) is i 
12 i 
P(B) = — ! 


E52" 
Because three of the cards are hearts and face cards (see Figure 9.11), it to 
that 





P(ANB) = = 

52 

Finally, applying the formula for the probability of the union of two events, you 
can conclude that the probability of selecting a heart or a face card is 


P(AUB) = P(A) + P(B) — P(ANB) 
ipl uenlele ae Getoe 


== 45-5 =~ 0423. 
pe pp Ly : 
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Example 8 ® Probability of Mutually Exclusive Events ©) 


The personnel department of a company has compiled data on the numbers of 
employees who have been with the company for various periods of time. The 
results are shown in the table. 
































: Years of service | Number of employees | 
0-4 IS 
5-9 89 
10-14 74 
15-19 63 
20-24 42 
25-29 38 
30-34 Sy 
35-39 21 
Ei 40-44 8 














If an employee is chosen at random, what is the probability that the employee has 
9 or fewer years of service? 


Solution 


To begin, add the number of employees and find that the total is 529. Next, let 
event A represent choosing an employee with 0 to 4 years of service and let event 
B represent choosing an employee with 5 to 9 years of service. Then 


89 
and P(B) = — 


oe 520. 


~ 529 


Because A and B have no outcomes in common, you can conclude that these two 
events are mutually exclusive and that 


P(A UB) = P(A) + P(B) 


157 89 

es + — 
520 ma 509 

_ 246 

~ 529 

~ 0.465. 


So, the probability of choosing an employee who has 9 or fewer years of service 
is about 0.465. 


LS 
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Independent Events (( 


Two events are independent if the occurrence of one has no effect on the occur- 
rence of the other. For instance, rolling a total of 12 with two six-sided dice has 
no effect on the outcome of future rolls of the dice. To find the probability that 
two independent events will occur, multiply the probabilities of each. 


Probability of Independent Events 4 
If A and B are independent events, the probability that both A and B wn j 
occur is | 
5 
] 
4 


P(A and B) = P(A) - P(B). 





Example 9 ® Probability of Independent Events 


A random number generator on a computer selects three integers from 1 to 20. 
What is the probability that all three numbers are less than or equal to 5? 


Solution 
The probability of selecting a number from | to 5 is 
5 
P(A) = — 
(= 75 
Dl 
A: 


So, the probability that all three numbers are less than or equal to 5 is 


mayne) = (()(7)4) 


Example 10 ® Probability of Independent Events 





In 1997, 58% of the population of the United States was 30 years old or older. 
Suppose that in a survey, 10 people were chosen at random from the population. 
What is the probability that all 10 were 30 years old or older? (Source: U.S. 
Bureau of the Census) 


Solution 


Let A represent choosing a person who was 30 years old or older. Because the 
probability of choosing a person who was 30 years old or older was 0.58, you can 
conclude that the probability that all 10 people were 30 years old or older is 


[P(A)]!° = (0.58)!° 
=~ 0.0043. 


ee  ——————— 





Exploration 


You are in a class with 22 other 
people. What is the probability 
that at least two out of the 23 
people will have a birthday on 
the same day of the year? 

The complement of the 
probability that at least two 
people have the same birthday is 


_ the probability that all 23 birth- 
_ days are different. So, first find 


the probability that all 23 people 


_ have different birthdays and 
_then find the complement. 


Now, determine the proba- 
bility that in a room with 50 
people at least two people have 
the same birthday. 
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The Complement of an Event 


The complement of an event A is the collection of all outcomes in the sample 
space that are not in A. The complement of event A is denoted by A’. Because 
P(A or A’) = 1 and because A and A’ are mutually exclusive, it follows that 
P(A) + P(A’) = 1. Therefore, the probability of A’ is 

P(A’) = 1 — P(A). 


For instance, if the probability of winning a certain game is 


Probability of a Complement 
Let A be an event and let A’ be its complement. If the probability of A is 
P(A), the probability of the complement is 


P(A’) = 1 — P(A). 


Example 11 ® Finding the Probability of a Complement (e) 


A manufacturer has determined that a certain machine averages one faulty unit 
for every 1000 it produces. What is the probability that an order of 200 units will 
have one or more faulty units? 

Solution 


To solve this problem as stated, you would need to find the probabilities of having 
exactly one faulty unit, exactly two faulty units, exactly three faulty units, and so 
on. However, using complements, you can simply find the probability that all 
units are perfect and then subtract this value from 1. Because the probability that 
any given unit is perfect is 999/1000, the probability that all 200 units are perfect 
is 


999 200 
PAy= | 
(4) aml 


=~ 0.8186. 
Therefore, the probability that at least one unit is faulty is 
P(A’) = 1 — P(A) 
~ 0.1814. 
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9.7 Exercises 


In Exercises 1-6, determine the sample space for the 
experiment. 
1. A coin and a six-sided die are tossed. 


2. A six-sided die is tossed twice and the sum of the 
points is recorded. 


3. A taste tester has to rank three varieties of yogurt, A, 
B, and C, according to preference. 


4. Two marbles are selected from a sack containing two 
red marbles, two blue marbles, and one black 
marble. The color of each marble is recorded. 


5. Two county supervisors are selected from five super- 
visors, A, B, C, D, and E, to study a recycling plan. 


6. A sales representative makes presentations of a 
product in three homes per day. In each home there 
may be a sale (denote by S) or there may be no sale 
(denote by F). 


Heads or Tails \n Exercises 7-10, find the probability for 
the experiment of tossing a coin three times. Use 
the sample space S = {HHH, HHT, HTH, HTT, THH, THT, 
TTH, TTT}. 

7. The probability of getting exactly one tail 

8. The probability of getting a head on the first toss 

9. The probability of getting at least one head 


10. The probability of getting at least two heads 


Drawing a Card \n Exercises 11-14, find the probability 
for the experiment of selecting one card from a standard 
deck of 52 playing cards. 

11. The card is a face card. 

12. The card is not a face card. 

13. The card is a red face card. 

14. The card is a 6 or less. 


Tossing a Die \n Exercises 15-20, find the probability for 
the experiment of tossing a six-sided die twice. 


15. The sum is 4. 

16. The sum is at least 7. 

17. The sum is less than 11. 

18. The sum is 2, 3, or 12. 

19. The sum is odd and no more than 7. 


20. The sum is odd or prime. 


Chapter9 B® Sequences, Series, and Probability 


Drawing Marbles \n Exercises 21-24, find the probabil- 
ity for the experiment of drawing two marbles (without 
replacement) from a bag containing one green, two yellow, 
and three red marbles. 


21. Both marbles are red. 
22. Both marbles are yellow. 
23. Neither marble is yellow. 


24. The marbles are of different colors. 


In Exercises 25-28, you are given the probability that an _ 
event will happen. Find the probability that the event will. 


not happen. 
25. p = 0.7 26. p = 0.36 
i 5 
‘ile — haw 9} 5 = — 
27.p=7 8. p= 


In Exercises 29-32, you are given the probability that an | 


event will not happen. Find the probability that the event 
will happen. 


29. p = 0.15 30. p = 0.84 
Is 87 
31. p= 5 32. P = 709 


33. Graphical Reasoning 


In 1997 there were approxi-_ 
mately 1.3 million temporary help agency workers in 
the United States. The figure gives the age profile of - 





these workers. 
Statistics) | 


Age of U.S. Workers 





(a) Estimate the number of temporary help agency 
workers in the age category 16-19. { 


(b) What is the probability that a person selected at 
random from the population of temporary 
agency workers is in the 25-34 age group? 


(c) What is the probability that a person selected at 
random from the population of temporary 
agency workers is in the 35-54 age group? 





(Source: U.S. Bureau of Labor 





35. 





34. Graphical Reasoning In 1997 there were approxi- 


mately 111 million workers in the civilian labor 
force in the United States. The figure gives the 
educational attainment of these workers. (Source: 
U.S. Bureau of Labor Statistics) 


Educational Attainment 
of Workers 










College 
graduate 
29% 





Less than 
high school 
11% 


(a) Estimate the number of workers whose highest 
education level was a high school education. 


(b) A person is selected at random from the civilian 
work force. What is the probability that the 
person has | to 3 years of college education? 


(c) A person is selected at random from the civilian 
work force. What is the probability that the 
person has more than a high school education? 


Data Analysis A study of the effectiveness of a flu 
vaccine was conducted with a sample of 500 people. 
Some in the study were given no vaccine, some were 
given one injection, and others were given two injec- 
tions. The results of the study are listed in the table. 





Sie LEER AGO oo TAF 
ws, G 
* 


Potie- Sillvalirge eae a eR, 
SEO cate 











13 22 
QF 478 
290 500 











A person is selected at random from the sample. Find 
the specified probability. 


(a) The person had two injections. 
(b) The person did not get the flu. 


(c) The person got the flu and had one injection. 


36. Data Analysis 


aye 


38. 


39: 


40. 
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One hundred college students were 
interviewed to determine their political party affilia- 
tions and whether they favored a balanced-budget 
amendment to the Constitution. The results of the 
study are listed in the table. 




















eaten | Total 

ee 53 

Republican 45 
ae 100 




















A person is selected at random from the sample. Find 
the probability that the described person is selected. 


(a) A person who doesn’t favor the amendment 
(b) A Republican 
(c) A Democrat who favors the amendment 


Alumni Association A college sends a survey to 
selected members of the class of 2000. Of the 1254 
people who graduated that year, 672 are women, of 
whom 124 went on to graduate school. Of the 582 
male graduates, 198 went on to graduate school. If 
an alumnus member is selected at random, what is 
the probability that the person is (a) female, (b) male, 
and (c) female and did not attend graduate school? 


Post-High School Education In a high school 
graduating class of 72 students, 28 are on the honor 
roll. Of these, 18 are going on to college, and of the 
other 44 students, 12 are going on to college. If a 
student is selected at random from the class, what is 
the probability that the person chosen is (a) going to 
college, (b) not going to college, and (c) on the honor 
roll, but not going to college? 


Winning an Election Taylor, Moore, and Jenkins 
are candidates for public office. It is estimated that 
Moore and Jenkins have about the same probability 
of winning, and Taylor is believed to be twice as 
likely to win as either of the others. Find the proba- 
bility of each candidate winning the election. 


Winning an Election Three people have been 
nominated for president of a class. From a poll, it is 
estimated that the first has a 37% chance of winning 
and the second has a 44% chance of winning. What 
is the probability that the third candidate will win? 
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In Exercises 41-52, the sample spaces are large and you 
should use the counting principles discussed in Section 9.6. 


41. Preparing for a Test A class is given a list of 20 
study problems, from which 10 will be part of an 
upcoming exam. If a given student knows how to 
solve 15 of the problems, find the probability that the 
student will be able to answer (a) all 10 questions on 
the exam, (b) exactly eight questions on the exam, 
and (c) at least nine questions on the exam. 


42. Preparing fora Test A class is given a list of eight 
study problems, from which five will be part of an 
upcoming exam. If a given student knows how to 
solve six of the problems, find the probability that 
the student will be able to answer (a) all five ques- 
tions on the exam, (b) exactly four questions on the 
exam, and (c) at least four questions on the exam. 


43. Letter Mix-Up Four letters and envelopes are 
addressed to four different people. If the letters are 
randomly inserted into the envelopes, what is the 
probability that (a) exactly one will be inserted in the 
correct envelope and (b) at least one will be inserted 
in the correct envelope? 


44. Payroll Mix-Up Five paychecks and envelopes are 
addressed to five different people. If the paychecks 
are randomly inserted into the envelopes, what is the 
probability that (a) exactly one will be inserted in the 
correct envelope and (b) at least one will be inserted 
in the correct envelope? 


45. Game Show On a game show you are given five 
digits to arrange in the proper order to form the price 
of a car. If you are correct, you win the car. What is 
the probability of winning, given the following 
conditions? 


(a) You guess the position of each digit. 


(b) You know the first digit and guess the positions 
of the others. 

46. Game Show On a game show you are given five 
digits in the price of a car. The first digit is 1, and you 
are given the other four digits to arrange in the correct 
order to win the car. What is your probability of 
winning given the following conditions? 

(a) You guess the position of each digit. 


(b) You know the second digit but guess the others. 


47. 


48. 


49. 


50. 


51. 


52. 


335 


Drawing Cards from a Deck Two cards are select-' 
ed at random from an ordinary deck of 52 playing ‘| 


cards. Find the probability that two aces are selected, — 


given the following conditions. 


(a) The cards are drawn in sequence, with the first | 


card being replaced and the deck reshuffled prior 
to the second drawing. 


(b) The two cards are drawn consecutively, without 
replacement. 


Poker Hand Five cards are drawn from an ordinary 
deck of 52 playing cards. What is the probability that 
the hand drawn is a full house? (A full house is a 
hand that consists of two of one kind and three of 
another kind.) 


Defective Units A shipment of 12 microwave 
ovens contains three defective units. A vending 
company has ordered four of these units, and 
because each is identically packaged, the selection 
will be random. What is the probability that (a) all 
four units are good, (b) exactly two units are good, 
and (c) at least two units are good? 


Defective Units A shipment of 20 compact dise 


players contains four defective units. A retail outlet — 


has ordered five of these units. What is the probabil- 
ity that (a) all five units are good, (b) exactly four 
units are good, and (c) at least one unit is defective? 


Random Number Generator Two integers from 
1 through 30 are chosen by a random number gener- 
ator. What is the probability that (a) the numbers are 
both even, (b) one number is even and one is odd, 
(c) both numbers are less than 10, and (d) the same 
number is chosen twice? 


Random Number Generator Two integers from 
1 through 40 are chosen by a random number gener- 


ator. What is the probability that (a) the numbers are — 


both even, (b) one number is even and one is odd, 


(c) both numbers are less than 30, and (d) the same _ 


number is chosen twice? 


Backup System A space vehicle has an indepen- 
dent backup system for one of its communication 
networks. The probability that either system will 
function satisfactorily during a flight is 0.985. What 
is the probability that during a given flight (a) both 
systems function satisfactorily, (b) at least one system 
functions satisfactorily, and (c) both systems fail? 


54. 


56. 


- Making a Sale 


. Flexible Work Hours 


- Will That Be Cash or Charge? 


Backup Vehicle A fire company keeps two rescue 
vehicles. Because of the demand on the vehicles and 
the chance of mechanical failure, the probability that 
a specific vehicle is available when needed is 90%. If 
the availability of one vehicle is independent of the 
availability of the other, find the probability that 
(a) both vehicles are available at a given time, 
(b) neither vehicle is available at a given time, and 
(c) at least one vehicle is available at a given time. 


A sales representative makes a sale 
at approximately one-fourth of all calls. If, on a 
given day, the representative contacts five potential 
clients, what is the probability that a sale will be 
made with (a) each of the five contacts, (b) none of 
the contacts, and (c) at least one contact? 


A Boy or a Girl? Assume that the probability of 
the birth of a child of a particular sex is 50%. In a 
family with four children, what is the probability that 
(a) all the children are boys, (b) all the children are 
the same sex, and (c) there is at least one boy? 


In a survey, people were 
asked if they would prefer to work flexible hours— 
even if it meant slower career advancement—so they 
could spend more time with their families. The 
results of the survey are shown in the figure. Suppose 
that three people from the survey were chosen at 
random. What is the probability that all three people 
would prefer flexible work hours? 


Flexible Work Hours 





Suppose that the 
methods used by shoppers to pay for merchandise 
are as shown in the circle graph. If two shoppers are 
chosen at random, what is the probability that both 
shoppers paid for their purchases only in cash? 


How Shoppers Pay for Merchandise 





Mostly credit Half cash, half credit 
7% ; 
Only credit 
4% 
Only cash 


Mostly cash 


59. 


Your friend’s arrival time 


60. 
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Geometry You and a friend agree to meet at your 
favorite fast-food restaurant between 5:00 and 6:00 
P.M. The one who arrives first will wait 15 minutes 
for the other, and then will leave (see figure). What 
is the probability that the two of you will actually 
meet, assuming that your arrival times are random 
within the hour? 


7, © You meet 
© You meet 
© You don’t meet 







nS 
n 


15 


(in minutes past 5:00 P.M.) 
Ww 
(=) 


15 30 45 60 
Your arrival time 
(in minutes past 5:00 P.M.) 


Estimating w A coin of diameter d is dropped onto 

a paper that contains a grid of squares d units on a 

side (see figure). 

(a) Find the probability that the coin covers a vertex 
of one of the squares on the grid. 


(b) Perform the experiment 100 times and use the 
results to approximate 77. 





Synthesis 


True or False? 


In Exercises 61 and 62, determine 


whether the statement is true or false. Justify your answer. 


61. 


If A and B are independent events with nonzero 
probabilities, then A can occur when B occurs. 
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62. Rolling a number less than 3 on a normal six-sided 
die has a probability of 3 The complement of this 
event is to roll a number greater than 3, and its 
probability is . 

63. Pattern Recognition and Exploration Consider a 
group of n people. 


(a) Explain why the following pattern gives the 
probabilities that the n people have distinct birth- 








days. 
BG5r 364 0 365n 364 
nea 2: : = 
365 365 3652 
_ 3, 365 364 363 _ 365 + 364 - 363 
i Va Ga Maga t eas 3653 


(b) Use the pattern in part (a) to write an expression 
for the probability that n = 4 people have 
distinct birthdays. 


(c) Let P,, be the probability that the n people have 
distinct birthdays. Verify that this probability can 
be obtained recursively by 


BOD nL 
Pr = Land P= esez rah (inet ) Pad 
365 
(d) Explain why Q, = 1 — P,, gives the probability 


that at least two people in a group of n people 
have the same birthday. 


(e) Use the results of parts (c) and (d) to complete 
the table. 





23 | 30 40 | 50 


























(f) How many people must be in a group so that the 
probability of at least two of them having the 
same birthday is greater than 5? Explain. 


64. Think About It A weather forecast indicates that 
the probability of rain is 40%. What does this mean? 


Review 


In Exercises 65-68, find all real solutions of the polynomial 
equation. 


65. 6x7 + 8=0 

66..4x7 +/)6x1—1125,0 
GTA XIAN = 0 
6S. x 0 


In Exercises 69-74, find all real solutions of the rational 
equation. 


Beet 
x 
send 


69. cma) 


70. DK 


71. =4 











72 —4= 


Te 





2 5 = 13 
TO x Qe 





x? — 2x 


In Exercises 75-80, find all real solutions of the exponential 
equation. 


15. 6 = 27 16. €* = 258 
77. e* — 4e*+3=0 78. e* — Je* +12 =0 
19 200 cs — > 80. 800e-* = 250 


In Exercises 81-84, find all real solutions of the logarithmic 
equation. 


81. Inx =8 
83. 4 1n 6x = 16 


$2. 3° —" Aina 0 
$4.5 n2y 4a 


 Wittins ao Se. 
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What did you learn? 


Section 9.1 
L] How to use sequence notation to write the terms of a sequence 


_] How to use factorial notation 
L] How to use summation notation to write sums 
L] How to find the sum of an infinite series 








L] How to use sequences and series to model and solve real-life problems 
Section 9.2 

LJ How to recognize and write arithmetic sequences 

L] How to find an nth partial sum of an arithmetic sequence 

L) How to use arithmetic sequences to model and solve real-life problems 


Section 9.3 
[] How to recognize and write geometric sequences 





LI How to find the nth partial sum of a geometric sequence 





L] How to find the sum of an infinite geometric series 





L) How to use geometric sequences to model and solve real-life problems 
Section 9.4 

L] How to use mathematical induction to prove a statement 

LI] How to find the sums of powers of integers 





|] How to recognize patterns and write the nth term of a sequence 
L] How to find finite differences of a sequence 


Section 9.5 
(| How to use the Binomial Theorem to calculate binomial coefficients 





L] How to use Pascal's Triangle to calculate binomial coefficients 
L] How to use binomial coefficients to write binomial expansions 


Section 9.6 


L] How to solve simple counting problems 


L] How to use the Fundamental Counting Principle to solve counting problems 


L] How to use permutations to solve counting problems 

L] How to use combinations to solve counting problems 
Section 9.7 

L] How to find the probability of an event 

L] How to find the probabilities of mutually exclusive events 
L) How to find the probabilities of independent events 

CL) How to find the probability of the complement of an event 


Review Exercises 
1=4 
5-8 
9-16 
17-20 
21,22 


25-50 
51-36 
37,38 


39-46 
47-56 
Dy O72 
63, 64 


65-68 
69-72 
73-76 
77-80 


81-84 
85-88 
89-94 


95,96 
97,98 
99, 100 
101,102 


103, 104 
105, 106 
107, 108 
109,110 
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Review Exercises 





9.1 | In Exercises 1-4, write the first five terms of the 
sequence. (Assume that n begins with 1.) 





6 5 
Iva =a 2.0, = 
n onl 
72 
3.16, 6 4. a, = n(n — 1) 
n! 


In Exercises 5-8, evaluate the factorial expression. 


SnD! G25) 2! 
SES! 126! 
i 6! i 6! - 8! 


In Exercises 9-14, find the sum. 


Me 
aS 
=~ 


10. 


© 
we 
n 


ll 
= 
~ 

Il 
ie) 


12. 
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dO 
> 
bo 
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+- 
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14. 


a 
ll 
pet 
nm. 
ll 
So 











17, Sai: 


19. 





21. Job Offer The starting salary for a job is $34,000 
with a guaranteed salary increase of $2250 per year. 
Determine (a) the salary during the fifth year and (b) 
the total compensation through 5 full years of 
employment. 


22. Baling Hay In the first two trips baling hay around 
a large field, a farmer obtains 123 bales and 112 
bales, respectively. Because each round gets shorter, 
the farmer estimates that the same pattern will 
continue. Estimate the total number of bales made if . 
there are another six trips around the field. 


In Exercises 23-26, determine whether the sequence 
is arithmetic. If it is, find the common difference. | 


7358. heal 3, 2 ee 24. 0, 1,3, 6p10;nuam 
iT Si Wig Pa ae A 


WELT LAI. GE oo 


In Exercises 27-30, find a formula for a, for the arithmetic 
sequence. 


27. a, = 71,d = 12 28. a, = 25,4 > =e 
29. a, = y,d = 3y 30.4; = S24 =e 
In Exercises 31-34, find the sum. 

10 8 
31. 2», 2i = 3) 32. >) (20 — 3)) 


33. Seed) 34. S( 


35. Find the sum of the first 100 positive multiples of 5. 





xo) 


36. Find the sum of the integers from 20 to 80 (inclu- 
sive). 

37. Running The first time you run a 5-mile distance 
course, it takes you 49 minutes. If you run the same 
course 30 seconds faster each week, how fast can 
you run the 5-mile course after 12 weeks? 


38. Running On the first day of a new training sched- 
ule you run 2 miles. If you increase your distance by 
one-half mile every day, how many total miles will 
you run in 14 days? 


eye) In Exercises 39-42, write the first five terms of the 
geometric sequence. 

mee: dL 
39. a; = ee = 5 
41. a, = 9, a; =4 


40. a, = 2, Fe 
42. a, =2 a, = 12 


) In Exercises 43-46, write an expression for the nth term of 
| the geometric sequence and find the sum of the first 20 


) terms of the sequence. 
| 43. a, = 16,a, = —8 44. a, =6,a,= 1 
45. a, = 100,r = 1.05 46. a, =5,r=0.2 


} 7 

la. S2> 48. $3) 
| i=1 i=1 
9. 3) so. S(t) 
1) i=l i=] 

i] 

) ‘ 

Si. pi 52. 363) 


~ 
il 

— 
ll 


| In Exercises 53-56, use a graphing utility to find the sum. 


0 . 
53. rs 10(3)"' 
| i=1 


15 


54. 5'20(0.2)'7! 


} 25 : 
155. 5) 100(1.06)'~' 56. 


| i=1 i=1 


In Exercises 57-62, find the sum of the infinite series. 
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<= 
| 


i 
i 


59. 


S007! 60. 05)" 
i=1 i=1 
61 246)" 62. S130) 
{| = =] 


63. Depreciation A company buys a machine for 
| $120,000. During the next 5 years it will depreciate 
| at a rate of 30% per year. (That is, at the end of each 
| year the depreciated value will be 70% of what it was 
at the beginning of the year.) 


(a) Find the formula for the nth term of a geometric 
sequence that gives the value of the machine ¢ 
full years after it was purchased. 


(b) Find the depreciated value of the machine at the 
end of 5 full years. 


| 64. Total Compensation <A job pays a salary of 
| $32,000 the first year. During the next 39 years, 
suppose there is a 5.5% raise each year. What would 
be the total amount earned over the 40-year period? 
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9.4 | In Exercises 65-68, use mathematical induction to 
prove the formula for every positive integer n. 





65.1+4+---+(n 2) = 5 Gn 1) 
5) 1 
06. ociecaaon Whe abi Ga Gi) 
n=1 (1 T) 
67. t= 
oad PS 9p 
Wak n 
68. kd) = 2a + (n =A)d 
(a + kd) = 5 [2a + (n= thd] 


ln Exercises 69-72, find the sum using the formulas for the 
sums of powers of integers. 
30 


69. yn 


1 
2, 
ah 6 
Te: > ne 


In Exercises 73-76, find a formula for the sum of the first n 
terms of the sequence. 


ee DD ae ee 


We ile ,2, x, Zz, eiekste 76. |. =[l.. 5 2, —sh, oo 0 


In Exercises 77-80, find the first five terms of the sequence. 
Then calculate the first and second differences of the 
sequence. Does the sequence have a linear model, a 
quadratic model, or neither? 


71. a, = 135 =e 

Oe ae een Mil ia I (I 
79. a, = 16 80. a, = 0 

a,=a 1 , = => @ 


n m= n TW 
9.5 | In Exercises 81-84, use the Binomial Theorem to 
calculate the binomial coefficient. 
81. .G, 82. 19C7 
83. 2C; 84. .,C; 


In Exercises 85-88, use Pascal’s Triangle to calculate the 
binomial coefficient. 


6. (9) nnn san 


762 


o. 
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i 88. (5) 


In Exercises 89-94, use the Binomial Theorem to expand 
the binomial. Simplify your answer. (Remember that 


i= /-1,) 
4 2 6 
89. (3 rt y) 90. (2 = 3x) 
2 x 
91. (a — 3b) 97. (our ayy, 
93.7 (Saaen ye 94. (4 — 5i) 
6 | 95. Dice In how many different ways can a pair of 


96. 


Oi: 


98. 


99. 


100. 


101. 


102. 


T1103. 


104. 


dice be rolled to obtain a total of 10? 


Numbers in a Hat If slips of paper numbered 1 
through 14 are placed in a hat, in how many ways 
could you draw two numbers with replacement that 
total 12? 


Telephone Numbers The same three-digit prefix 
is used for all of the telephone numbers in a small 
town. How many different telephone numbers are 
possible by changing only the last four digits? 


Telephone Numbers A telephone number in 
another town can use any one of five different 
three-digit prefixes. How many different telephone 
numbers are possible in this town? 


Bike Race There are 10 bicyclists entered in a 
race. In how many different orders could these 10 
bicyclists finish? 


Bike Race If 10 bicyclists are entered in a race, in 
how many different ways could the top three places 
be decided? 


Travel Wardrobe You have eight different suits to 
choose from to take on a trip. How many combina- 
tions of three suits could you take? 


Neckties If you have 20 different neckties in your 
wardrobe, how many combinations of three ties 
could you choose? 


Matching Socks A man has five pairs of socks of 
which no two pairs are the same color. If he 
randomly selects two socks from a drawer, what is 
the probability that he gets a matched pair? 


Bookshelf Order A child returns a five-volume 
set of books to a bookshelf. The child is not able to 
read, and so cannot distinguish one volume from 
another. What is the probability that the books are 
shelved in the correct order? 


105. 


106. 


107. 


108. 


109. 


110. 


Students by Class Ata particular high school, the 
numbers of students in each class are broken down 
by the following percents. 


Freshmen 31% 
Sophomores 26% 
Juniors 25% 
Seniors 18% 


If a single student is picked randomly by lottery for 
a cash scholarship, what is the probability that the 
scholarship winner is 


(a) a junior or senior? 

(b) a freshman, sophomore, or junior? 

Data Analysis A sample of college students, 
faculty, and administration were asked whether 
they favored a proposed increase in the annual 


activity fee to enhance student life on campus. The ~ 
results of the study are listed in the table. 








- Students 
237 
163 
400 


























A person is selected at random from the sample. Find 

the specified probability. 

(a) The person is not in favor of the proposal. 

(b) The person is a student. 

(c) The person is a faculty member and is in favor of — 

the proposal. 

Roll of the Dice If a six-sided die is rolled three § 
times, what is the probability of a 6 on each roll? 
Roll of the Dice A six-sided die is rolled six¥ 
times. What is the probability that each side appears 
exactly once? I 
Picking a Card You randomly select a card from © 
a 52-card deck. What is the probability that the card — 
is not a club? i 
Tossing a Coin Find the probability of obtaining © 
at least one tail when a coin is tossed five times. 





Synthesis 


True or False? \n Exercises 111-114, determine whether 
the statement is true or false. Justify your answer. 


111. ato = (2)in 41) 
112. Se eli) = Se + S2i 


I t=1 t=1 


| mel 
—_ 
Ge 
Me 
ice) 
= 
ll 
ies) 
Me 
= 


> 
ll 
= 
> 
Il 
= 


| ml 
= 
pS 

Meo 
AS 

II 

Me 

i) 
QS 
S 


XK 
ll 
Q, 
ll 
ww) 


115. An infinite sequence is a function. What is the 
domain of the function? 


116. How do the two sequences differ? 


117. In your own words, explain what makes a sequence 
(a) arithmetic and (b) geometric. 


118. The graphs of two sequences are shown below. 
Identify each sequence as arithmetic or geometric. 
Explain your reasoning. 


@ . ¢ 


(b) 
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119. Explain what a recursion formula is. 


120. Explain why the terms of a geometric sequence 
decrease when 0 < r < 1. 


In Exercises 121-124, match the sequence or sum of a 
sequence with its graph without doing any calculations. 
Explain your reasoning. [The graphs are labeled (a), (b), (c), 
and (d).] 


(a) 6 





125. How do the expansions of (x + y)” and (x — y)” 
differ? 

126. The probability of an event must be a real number 
in what interval? Is the interval open or closed? 


127. The probability of an event is Z What is the proba- 


bility that the event does not occur? Explain. 


128. A weather forecast indicates that the probability of 
rain is 60%. Explain what this means. 
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Exploring Difference Quotients 


In this project, you will explore difference quotients and see how they can be used 
to find average rates. 


Example ® Finding an Average Speed @ 








You are driving from Atlanta to Miami. The trip is about 700 miles and takes you. 
12 hours. Your average speed is | 
distance _ 700 


re = ee 58 mil 
verage speed ra D 58.3 miles per hour 





The concept of average rate of change can be generalized as follows. Let f be 
a function defined on the interval [a, b]. The average rate of change of f from a 
to bis 
fo) = f@ 
i 


This expression is called a difference quotient. 


Average rate of change = 


Chapter Project Investigations i 









[2, 6]. Select any other interval and show that you obtain the same 
average rate of change. 


(b) Calculate the average rates of change of f(x) = x? on the intervals | 
[1, 3] and [4, 6]. Are they equal? Explain. 
(c) During a I-hour trip, your average speed is 50 miles per hour. Discuss _ 
the relationship between this speed and the speeds shown on your 
speedometer. 


2. The data in the table gives the costs of first-class postage in the United _ 
States for selected years from 1971 to 1999, where t = 71 corresponds _ 
to 1971. (Source: U.S. Postal Service) 






































1 Tie “| yan 75 see 
Postage | $0.08 | $0.10 | $0.13 | $0.15 | $0.20 ’ 
Boe Cco | 
Postage | $0.22 | $0.25 | $0.29 | $0.32 | $0.33 | 





(a) Find the average rate of change of the cost of postage between each 
two adjacent time intervals. 


(b) When was the average rate of change largest? When was it smallest? 


(c) Are there intervals over which the average rate of change was zero? 
What does this mean? 
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: 
The Interactive CD-ROM and Internet 
Versions of this text provide answers to 


They also offer Chapter Pre-Tests 
(which test key skills and concepts 
‘covered in previous chapters) and 
Chapter Post-Tests, both of which have 
randomly generated exercises with 
diagnostic capabilities. 


\ 








‘the Chapter Tests and Cumulative Tests. 


Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 





1. Write the first five terms of the sequence a, = sale : 
BSS Sit OD 
2. Write an expression for the nth term of the sequence. 
Sd OF 
GIONS T3U AW NS eee 
3. Find the fifth partial sum of the series. 


. Find the sum of the infinite series S\4() 


Get L7 Ge 28t 3944 2 


. The fifth term of an arithmetic series is 5.4, and the 12th term is 11.0. Find 


the 30th term. 


. Write the first five terms of the sequence a, = 5(2)"7!. 


50 
. Find the sum of the finite series S$) (2i? + 5). 


t=] 
i 


v1 


. Use mathematical induction to prove the formula. 


5n(n + 1) 


cr EUTT a Ne gue 2 ace 


. Use the Binomial Theorem to expand the expression (x + 2y)*. 
10. 


To dress for a party, you can choose from six different pairs of slacks, 10 
different shirts, and three different pairs of shoes. How many possible outfit 
combinations do you have? 


In Exercises 11 and 12, evaluate the expression. 


11. 
13. 


14. 


15. 


16. 


(a) oP, (b) 0 Ps (0) 66C, 


Eight people are going for a ride in a boat that seats eight people. The owner 
of the boat will drive, and only three of the remaining people are willing to 
ride in the two bow seats. How many seating arrangements are possible? 


12, (ayenc 


You attend a karaoke night and hope to hear your favorite song. The karaoke 
song book has 300 different songs. Assuming that the singers are equally 
likely to pick any song and no song is repeated, what is the probability that 
your favorite song is one of the 20 that you hear? 


You are with seven of your friends at a party. Names of all of the 60 guests 
are placed in a hat and drawn randomly to award eight door prizes. If each 
guest is limited to one prize, what is the probability that you and your friends 
win all eight of the prizes? 


The weather report calls for a 75% chance of rain. According to this report, 
what is the probability that it will not rain? 
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Cumulative Test for Chapters 7-9 


Take this test to review the material from earlier chapters. After you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1-4, solve the system by the specified method. 


1. Substitution ' 2. Elimination 
y= ae ie x + 3y == 
2 y= 2) = =a 2x+4y= 0 
3. Elimination 4. Gauss-Jordan Elimination 
= 2x 4 yee x +3 = 2 
x= yt 22256 —2x + yi aie 
aye ce ek 4x + y= 


In Exercises 5 and 6, sketch the graph of the solution set of the system of inequalities. 
5 De eave 3 i= yee 
| c= oye 2 " [5x + 2y < 10 


7. Sketch a graph of the solution of the constraints and maximize the objective 
function z = 3x + 2y subject to the constraints. 


20 | 


Kot 4yS : 
Dg ai Wes ly | 
ie 0 : 
y=. 10 | 


8. A custom-blend bird seed is to be mixed from seed mixtures costing $0.75 
per pound and $1.25 per pound. How many pounds of each seed mixture are 
used to make 200 pounds of custom-blend bird seed costing $0.95 per 


pound? | 
9. Find the equation of the parabola y = ax? + bx + c passing through the 
ay ay =o points (0, 4), (3, 1), and (6, 4). 
Vey gO i 


In Exercises 10 and 11, use the system of equations at the left. 
3X Sy = 4Z. = oul 


SYSTEM FOR 10-AND.11 10. Write the augmented matrix corresponding to the system of equations. j 


11. Solve the system using the matrix and Gauss-Jordan elimination. 








In Exercises 12-15, use the following matrices. ‘| 
4 0 — 1] 3 

a=(_ il s=| 1 ol 

12. Find A — B. 135 Find B: 

14. FindA — 2B. 15. Find AB, if possible. 





Gym Jogging Walking 
| shoes shoes shoes 


a = Ol4= O38 0:03 
eS fee 0.05 0.10 0.04 

group 

| 25-3410.10 0.19 O11 


| MATRIX FOR 17 
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1 Dee eel 


16. Find the inverse (if it exists): 3 Tt =1NO\L 


17. The percents (by age group) of the total amounts Spent on three types of 


Shoes in 1996 are shown in the matrix. The total amounts (in millions) spent 
by each age group on the three types of shoes were $518.97 (14-17 age 
group), $336.16 (18-24 age group), and $753.37 (25-34 age group). How 
many dollars worth of gym shoes, jogging shoes, and walking shoes were 
sold in 1996? (Source: National Sporting Goods Association) 


In Exercises 18 and 19, use Cramer’s Rule to solve the system of equations. 


20. 
21. 


22. 


23. 
24. 


25. 


26. 


27. 


28. 


ae 55 
8 be % 


5x + 4y + 3z= 
19; 3% oye = 9 
aN OG — eS 


| 
=) 


3x + Sy = 5 


Find the area of the triangle in the figure. 

(=i)? 
Dae 
Write an expression for the nth term of the sequence. 

PN ANS! 0! 

Ate S's Gueciae Seen | 


Write the first five terms of the sequence a, = 





Sum the first 20 terms of the arithmetic sequence 8, 12, 16,20,.. .. 


The sixth term of an arithmetic series is 20.6, and the ninth term is 30.2. Find 
the 20th term. 


Write the first five terms of the sequence a, = 3(2)"7!. 
; SS 5/1) 
Find the sum: 5) 3(4)" 
5=0 
Use mathematical induction to prove the formula 


Seiler Toe (Ane 1) Sn Ones 


Use the Binomial Theorem to expand and simplify (z — 3)*. 


In Exercises 29-32, evaluate the expression. 


29. 


ARS 


34. 


8 
qPs 30525-—) 31: (3) S20: 
A personnel manager has 10 applicants to fill three different positions. In 


how many ways can this be done, assuming that all the applicants are 
qualified for any of the three positions? 


On a game show, the digits 3, 4, and 5 must be arranged in the proper order 
to form the price of an appliance. If the digits are arranged correctly, the 
contestant wins the appliance. What is the probability of winning if the 
contestant knows that the price is at least $400? 


10.1 
10.2 
10.3 
10.4 
10.5 
10.6 
10.7 
10.8 


The space shuttle orbits earth at about 200 miles. By 
comparison, geosynchronous satellites orbit at about 
24,000 miles, and Global Positioning System (GPS) satellites 
orbit at about 11,000 miles. (Source: Howstuffworks.com, Inc.) 
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Introduction to Conics: Parabola 
Ellipses . 
Hyperbolas 

Rotation of Conics 
Parametric Equations 
Polar Coordinates 

Graphs of Polar Equations 
Polar Equations of Conics 
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Topics in Analyti 


The Big Picture 


In this chapter you will learn the 
following skills and concepts. 


> How to find the inclination of a 
line, the angle between two lines, 
and the distance between a point 
and aline 


> How to write the standard form 
of the equation of a parabola, an 
ellipse, and a hyperbola 


> How to eliminate the xy-term in 
the equation of a conic and use the 
discriminant to identify a conic 


> How to rewrite a set of parametric 
equations as a rectangular equation 
and find a set of parametric 
equations for a graph 


» How to write equations in polar 
form and graph polar equations 





Study Tools 


+ Learning objectives at the 
beginning of each section 

* Chapter Summary (p.841) 

* Review Exercises (pp. 842-845) 

* Chapter Test (/p. 847) 





rian 





As you encounter each new vocabulary term in this chapter, 
add the term and its definition to your notebook glossary. 


\ 


Inclination (p. 770) 
Angle between two tS (p. 7 


Conic section or conic ( 7 7, 834) 


Parabola (| 
Directrix Ae 77 
Focus or foci (pp 
Focal chord (p. 
Latus rectum 
Tangent (p. 7! 
Ellipse (pp. 78 
Vertices ( 
Major axis (pp. 
Minor axis ( ip. 78 
Center (pp. 786, ron 

Ee carsichty ( pp. 790, 799, 834) 











Dp 








Hyperbola (p 
Branches (p. 795) 
Transverse axis ( 
Asymptotes (p 
Conjugate axis a 797) 
Invariant under rotation (p. 808) 
Discriminant (jp. 80 
Parameter (9 
Parametric equations (p. 812) 
Plane curve (p. é 
Orientation (pp. 813) 
Polar coordinate system (p. 820) 
Pole or origin (p. 820) 

Polar axis (jp. 820) 

Polar coordinates (p. 820) 








Te 
Vv: 
797) 
2) 


/) 














* Study and Solutions Guide 
* Interactive Precalculus 

* Videotapes for Chapter 10 
* Precalculus Website 

¢ Student Success Organizer 





STUDY TIP 


Once a test has begun, read the 
directions carefully and work at 
a reasonable pace. If you finish 
early, take a few moments to 
clear your thoughts and then go 
over your work. 
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10.1 


> What you should learn 


* How to find the inclination of a 
line 

* How to find the angle between 
two lines 

* How to find the distance 
between a point and a line 


b> Why you should learn it 


The inclination of a line can be 
used to measure heights 
indirectly. For instance, Exercise 
56 on page 776 shows how the 
inclination of a line can be used 
to determine the heights of two 
mountain peaks. 
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Inclination of a Line 


In Section 1.2 you learned that the graph of the linear equation 
*® 


y=mx+b 
is a nonvertical line with slope m and y-intercept at (0, b). There, the slope of a_ 
line was described as the rate of change in y with respect to x. In this section, you” 
will look at the slope of a line in terms of the angle of inclination of the line. 

Every nonhorizontal line must intersect the x-axis. The angle formed by such | 
an intersection determines the inclination of the line, as specified in the 
following definition. > | 





Definition of Inclination hae ‘¢ 


The inclination of a nonhorizontal line is the positive angle 6 (less than 77) 
measured counterclockwise from the x-axis to the line. (See Figure 10.1.) | 














) ) y y 
A A A . 
0=0 
a 
ne: 6 @ 
Pies ao 
> X — a a X . —» X ® : 
Horizontal line Vertical line Acute angle Obtuse angle 
FIGURE 10.1 


The inclination of a line is related to its slope in the following manner. A 
proof is given in Appendix A. / 


Inclination and Slope 
If a nonvertical line has inclination @ and slope m, then e 


m = tan 0. 


If the line has a positive slope, it will intersect the x-axis. Call this point 
(x,, 0). If (x, y>) is a second point on the line, the slope is 


Vie OL AEs 





m = 
By sy ee 


= tan 0. 


Try proving the case in which the line has a negative slope. | 


| %, 








|A computer simulation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 





FIGURE 10.3 
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Find the inclination of the line given by 2x + 3y = 6. 
Solution 
The slope of this line is m = =% So, its inclination is determined from the 
equation 
D, 
tan 6 = 
3 


From Figure 10.2, it follows that 5 < 6 < w. This means that 


> 
lI 


Giusti; tALCtaNl|\ es = 
3 


ul 


a + (—0.588) 
i O88 
2 0) Syl, 


The angle of inclination is about 2.554 radians or about 146.3°. 





The Angle Between Two Lines 


Two distinct lines in a plane are either parallel or intersecting. If they intersect, 
their intersection forms two pairs of opposite angles. One pair is acute and the 
other pair is obtuse. The smaller of these angles is called the angle between the 
two lines. As shown in Figure 10.3, you can use the inclinations of the two lines 
to find the angle between the two lines. Specifically, if two lines have inclinations 
0, and 6,, the angle between the two lines is 


=O ae, 


where 6, < 65. You can use the formula for the tangent of the difference of two 
angles 


tan 6 = tan(@, — @,) 
__ tan 6, — tan 0, 
~ 1 + tan @, tan 6, 





to obtain the formula for the angle between two lines. 


Angle Between Two Lines 


If two nonperpendicular lines have slopes m, and m,, the angle between the 
two lines is 


My ats 





tan 0 = eee 
1+ mm, 


°) A computer simulation of this example 
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appears in the Interactive CD-ROM and 
Internet versions of this text. 


y 





3x+4y-—12=0 


FIGURE 10.4 


as 








FIGURE 10.5 








FIGURE 10.6 











Example 2 ® Finding the Angle Between Two Lines 


Find the angle between the two lines. 





Lined> 24 —y— 4 =0 Line 2: 3x + 4y —- 12 =0 
Solution 
The two lines have slopes of m, = 2 and m, = —3 respectively. So, the tangent 
of the angle between the two lines is 
deo a | (—3/4) — 2 4 11 
PL RI (pe elf = |__| =e 
Lehn mm, 1 + (2)(-—3/4) —2/4 2 





Finally, you can conclude that the angle is 
11 : 
6 = arctan eg 1.391 radians ~ 79.70° 


as shown in Figure 10.4. 





The Distance Between a Point and a Line 


Finding the distance between a line and a point not on the line is an application 
of perpendicular lines. This distance is defined to be the length of the perpendic- 
ular line segment joining the point to the given line, as shown in Figure 10.5. 


Distance Between a Point and a Line 
The distance between the point (x,, y,) and the line Ax + By + C = Ois 
_ |Ax, + By, + Cl 

WAP Be j 


: 


d 





Remember that the values of A, B, and C in this distance formula correspond 
to the general equation of a line, Ax + By + C =0. A proof is given in Appendix A. 


Example 3 > Finding the Distance Between a Point and a Line i 


Find the distance between the point (4, 1) and the line y = 2x + 1. 
Solution 
The general form of the equation is 
2 atey stale). 
So, the distance between the point and the line is 
AC edie 
d= | yoo u = a =~ 3.58. 


The line and the point are shown in Figure 10.6. 
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Example 4 ® An Application of Two Distance Formulas 


Figure 10.7 shows a triangle with vertices A(—3, 0), B(0, 4), and C(5, 2). 
a. Find the altitude from vertex B to side AC. 

b. Find the area of the triangle. 

Solution 


a. To find the altitude, use the formula for the distance between line AC and the 
point (0, 4). The equation of line AC is obtained as follows. 




















=O 1 

Open = 
i Sop oy al 
_ FIGURE 10.7 \ 

Equation: y— 0 = race +3) 

ay et 3 
x-4y+3=0 
i Therefore, the distance between this line and the point (0, 4) is 
) 
( 110) — 4(4) +3] 13 
Altitude = h = = : 
| / 12 + (—4) aA 
: b. Using the formula for the distance between two points, you can find the length 
of the base AC to be 
| b= /(5 + 3)? + 2 — 0) 
= ./68 

| = 2/17. 
|The Interactive CD-ROM and Internet Finally, the area of the triangle in Figure 10.7 is 
i versions of this text show every example 
| with its solution; clicking on the Try It! sates ae: 
| button brings up similar problems. ») 
Guided Examples and Integrated : 
Examples show step-by-step solutions 1 13 
to additional examples. Integrated vs 5 (2v 7) 
Examples are related to several concepts 
/in the section. = 13 square units. 


Inclination and the Angle Between Two Lines Discuss why the inclination of a line 


can be an angle that is larger than 7/2, but the angle between two lines cannot 
be larger than 7/2. Decide whether the following statement is true or false: “The 
inclination of a line is the angle between the line and the x-axis.” Explain. 
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The Interactive CD-ROM and /nternet versions of this text contain step-by-step solutions to alll 


10.1 Exercises 


In Exercises 1-8, find the slope of the line with inclination 6. 








1. 2. 
3. 4. y 
= OTF 
ae: 
7 : Saas 
5. d= 3 radians 6. d= ca radians 


TO = 127 radians 8. 6 = 2.88 radians 


In Exercises 9-14, find, in radians and degrees, the inclina- 
tion 0 of the line with a slope of m. 


Oe i = = il 10. m= —2 
Lena 12. m=2 
13. m =3 iin 


In Exercises 15-18, find, in radians and degrees, the inclina- 
tion 0 of the line passing through the points. 


15. (6, 1), (10, 8) 

16: (126)s(= 43) 
17. 2; 20), 40,0) 
18. (0, 100), (50, 0) 


In Exercises 19-22, find, in radians and degrees, the inclina- 
tion 6 of the line. 


19. 6x — 2y+ 8 =0 
20. 4x + Sy -9 =0 
21. Sx y= 0 

221% = Vie 10 =—'0 





odd-numbered Section and Review Exercises. They also provide Tutorial Exercises that link toy 
Guided Examples for additional help. 


1 
In Exercises 23-32, find, in radians and degrees, the angle a | 
between the lines. 3 


2353x+ y= 3 
x =yiSi2 


24. x + 3y =e 
x = 2yae 





4x + 3y = 24 
y 
4 
3 
. 6 
1 
x 
1.2 3.4 } 
Lie x a DY 28. 5x + 2y = 16 . 
6x + 2y = 5 3x — sy = { 
29. x + 2y = 8 30. 3x =p) as 
K > Ly = 2 3x + Sy = 12 
31. 0.05x — 0.03y = 0.21 
0.07x + 0.02y = 0.16 
322-0.02x — 0.057 = —019 : 


0.03x + 0.04y = 0.52 


Angle Measurement \n Exercises 33-36, find the slope of 
each side of the triangle and use the slopes to find the 
measures of the interior angles. 


= 3 belle 34. 





n Exercises 37-44, find the distance between the point and 
‘he line. 








Point Line 
7. @:0) 4x + 3y =0 
38. (0, 0) x—-y=4 
59, (2, 3) 4x + 3y = 10 
10. (—2, 1) x-y=2 
11. (6, 2) x+1=0 
12. (10, 8) y-4=0 
13. (0, 8) 6x — y =0 
4, (4, 2) % —y = 20 


: rea _ \n Exercises 45-48, (a) find the altitude from vertex 
of the triangle to side AC, and (b) find the area of the 

riangle. 

Is. Pa -4(0.0), B = (1, 4), C = (4,.0) 

16. A = (0,0), B = (4,5), C = (5, —2) 

wave —+,+), B = (2,3), C = (3,0) 

(4, —5), B = GB, 10), C = (6, 12) 

n Exercises 49 and 50, find the distance between the 

darallel lines. 

9.x+y=1 

X+ry=5 


50. 3x —4y= 1 
3x — 4y = 10 





y 





1. Grade of a Road A straight road rises with an 
inclination of 0.10 radian from the horizontal. Find 
the slope of the road and the change in elevation over 
a 2-mile stretch of the road. 
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te PE Peas. 





FIGURE FOR 51 


52. Grade of a Road A straight road rises with an 
inclination of 0.20 radian from the horizontal. Find 
the slope of the road and the change in elevation over 
a l-mile stretch of the road. 


53. Conveyor Design A moving conveyor is built so 
that it rises 1 meter for each 3 meters of horizontal 
travel. 

(a) Find the inclination of the conveyor. 


(b) The conveyor runs between two floors in a 
factory. The distance between the floors is 5 
meters. Find the length of the conveyor. 


54. Pitch ofa Roof A roof has arise of 3 feet for every 
horizontal change of 5 feet (see figure). Find the 
inclination of the roof. 














55. Truss Find the angles @ and B shown in the 
drawing of the roof truss. 
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56. Mountain Climbing Several mountain climbers 
are located in a mountain pass between two peaks 
(see figure). The angles of elevation to the two peaks 
are 0.84 radian and 1.10 radians. A range finder 
shows that the distances to the peaks are 3250 feet 
and 6700 feet, respectively. 


(a) Find the angle between the two lines of sight to 
the peaks. 


(b) Approximate the amount of vertical climb that is 
necessary to reach the summit of each peak. 





Synthesis 


True or False? \n Exercises 57 and 58, determine 
whether the statement is true or false. Justify your answer. 


57. A line that has an inclination greater than 7/2 
radians has a negative slope. 


58. To find the angle between two lines whose angles of 
inclination 6, and 6, are known, substitute 6, and 6, 
for m, and m,, respectively, in the formula for the 
angle between two lines. 


59. Exploration Consider a line with slope m and 

y-intercept (0, 4). 

(a) Write the distance d between the origin and the 
line as a function of m. 

(b) Graph the function in part (a). 

(c) Find the slope that yields the maximum distance 
between the origin and the line. 

(d) Find the asymptote of the graph in part (b) and 
interpret its meaning in the context of the 
problem. 


60. Exploration Consider a line with slope m and 
y-intercept (0, 4). (i 
(a) Write the distance d between the point (3, 1) and | 
the line as a function of m. 
(b) Graph the function in part (a). 
(c) Find the slope that yields the maximum distance 
between the point and the line. 7 
(d) Is it possible for the distance to be 0? If so, what — 
is the slope of the line that yields a distance of 0? — 


(e) Find the asymptote of the graph in part (b) and 
interpret its meaning in the context of the 
problem. 


Review \ 


In Exercises 61-66, find all x-intercepts and y-intercepts of 
the quadratic function. 


61. f(x) = @ — 7)? 

62. f(x) = (& + 9)? 

63. f(x) =(@ —5) -—5 
64. f= GE 11)? + 12 
SS Qa — ie — Tt 
66. f(x) = x2 + 9x — 22 


In Exercises 67-72, write the quadratic function in standard — 
form by completing the square. Identify the vertex off the | 


function. { 4 
67. f(x) = 3x7 + 2x —/16 
68. f(x) = 2x2 — x - 21 : 
69. f(x) = 5x2 + 34x —7 : 
10360) = ae Sx 15 a 


7A, f(x) = 6x8 x 12 a 
T2.fix) = 8x7 4a 
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> What you should learn 


* How to recognize a conic as 
the intersection of a plane and 
a double-napped cone 


* How to write the standard form 
of the equation of a parabola 


* How to use the reflective 
property of parabolas to solve 
real-life problems 


> Why you should learn it 


Parabolas can be used to model 
and solve many types of real-life 
problems. For instance, in 
Exercise 62 on page 783,a 
parabola is used to model the 
cables of a suspension bridge. 





A computer animation of this concept 
appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Conics 


Conic sections were discovered during the classical Greek period, 600 to 300 B.c. 
The early Greeks were concerned largely with the geometric properties of conics. 
In the early 17th century the broad applicability of conics became apparent, and 
they then played a prominent role in the early development of calculus. 

Each conic section (or simply conic) is the intersection of a plane and a 
double-napped cone. Notice in Figure 10.8(a) that in the formation of the four 
basic conics, the intersecting plane does not pass through the vertex of the cone. 
When the plane does pass through the vertex, the resulting figure is a degenerate 
conic, as shown in Figure 10.8(b). 





A 


Circle Ellipse Parabola Hyperbola 


(a) Conic Sections 


f 





Point Line Two Intersecting Lines 
(b) Degenerate Conics 


FIGURE 10.8 


There are several ways to approach a study of conics. You could define 
conics in terms of the intersections of planes and cones, as the Greeks did, or you 
could define them algebraically in terms of the general second-degree equation 


Ax? +. Biy + Cy? + Dx Ey + F = 0. 


However, you will study a third approach, in which each of the conics is 
defined as a locus (collection) of points satisfying a geometric property. For 
example, a circle is defined as the collection of all points (x, y) that are equidis- 
tant from a fixed point (h, k). This leads to the standard equation of a circle 


(x = h)? + (y — &)? = r?. Equation of circle 
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Axis 


Directrix 





FIGURE 10.9 





. ve Axis: 
Wels afi dares (MP. i 
Vertex: Directrix: 
aes Hons Ve kap. - Vertex: (h, k) 
(a) (x — h)?=4p(y—k) — (b) (x — h)? = 4p(y — k) (c) (y — k)? = 4p(x — h) (d) (y — k)? = 4p(x — h) © 
Vertical axis: p > 0 Vertical axis: p < 0 


FIGURE 10.10 











Parabolas ‘ 


The first type of conic is called a parabola, and is defined as follows. 


Definition of Parabola 


(directrix) and a fixed point (focus) not on the line. I 


The midpoint between the focus and the directrix is called the vertex, and the 
line passing through the focus and the vertex is called the axis of the parabola. 
Note in Figure 10.9 that a parabola is symmetric with respect to its axis. Using 
the definition of a parabola, you can derive the following standard form of the 
equation of a parabola whose directrix is parallel to the x-axis or to the y-axis. A 
proof is given in Appendix A. 


Standard Equation of a Parabola i 


The standard form of the equation of a parabola with vertex at (A, k) is as 
follows. 


(x = h)* = 4p(y —.k).. p= 0 Vertical axis, directrix: y = k — p 
(y —k)? = 4p(x — h), p #0 Horizontal axis, directrix: x = h — p 


The focus lies on the axis p units (directed distance) from the vertex. If the 
vertex is at the origin (0, 0), the equation takes one of the following forms. 


x2 = 4py Vertical axis 
y? = 4px Horizontal axis 


See Figure 10.10. 








Axis Directrix: 





Horizontal axis: p > 0 Horizontal axis: p < 0 — 
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Example 1 ® Finding the Standard Equation of a Parabola 





©) @- 2) = 12-1) 








Find the standard form of the equation of the parabola with vertex (2, 1) and 
focus (2, 4). 





Solution 


Because the axis of the parabola is vertical, consider the equation 
(x — h)? = 4p(y — k) 

where h = 2,k = 1, andp = 4-1 =3. So, the standard form is 
(x — 2)? = 12(y = 1). 





You can obtain the more common quadratic form as follows. 












FIGURE 10.11 
a? An A Oy 12 Multiply. 
Xe eave 6-1 Oy) Add 12 to each side. 
STUDY TIP I 
he =Ax + 16) = y Divide each side by 12. 
You may want to review the 
_ technique of completing the The graph of this parabola is shown in Figure 10.11. 
; square found in Section P.5, 
Be eiewill' be used to rewrite Example 2 ® Finding the Focus of a Parabola 
each of the conics in standard 
| Va Find the focus of the parabola 
I 2 
~ 2 - 
y 5% is 
Solution 
To find the focus, convert to standard form by completing the square. 
te + Write original 
= x t al equation. 
y 5) x ,) rite original equatio 
y 
sa ai ai ae dee | Multiply each side by —2. 
y — 2y =x? + Add 1 to each side. 
| Vertex (1,1) Ley 0 2G to each side 
Focus (-1. +) ei |e ll li aa chia at AS Ges | Complete the square. 
De pS 2 al Combine like terms. 
a =2(y — 1) = @ + 1)? Standard form 


Comparing this equation with 
(x — h)? = 4p(y — &), 


you can conclude that h = —1,k = 1, and p = — 5: Because p is negative, the 
parabola opens downward, as shown in Figure 10.12. Therefore, the focus of the 
parabola is 





IGURE 10.12 


1 
(h, k+ Pp) = (- Il. 5). Focus 
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eo ™% sae : ; 
ae —— Example 3 ® Vertex at the Origin a 
,“| Technology P : M 
*.|.¢% Try using a graphing Find the standard equation of the parabola with vertex at the origin and focus | 
utility to confirm the equation (2, 0). 


found in Example 3.To do this, it 
helps to split the equation into 
two parts: The axis of the parabola is horizontal, passing through (0, 0) and (2, 0), as shown | 
in Figure 10.13. 


Solution 


y, = \/8x (upper part) 


and y 


es 








y= - /8x (lower part). > 









Focus 
(2, 0) 


FIGURE 10.13 


Light source 


20 oan foo ee Se ee _ So, the standard form is y? = 4px, where h = k = 0 and p = 2. Therefore, the 


equation is y? = 8x. 










eee “Application 


ee ee » A line segment that passes through the focus of a parabola and has endpoints on 
the parabola is called a focal chord. The specific focal chord perpendicular to the 
axis of the parabola is called the latus rectum. 


Parabolic reflector: Parabolas occur in a wide variety of applications. For instance, a parabolic | 
Light is reflected reflector can be formed by revolving a parabola around its axis. The resulting” 
parle ys surface has the property that all incoming rays parallel to the axis are reflected 
FIGURE 10.14 through the focus of the parabola; this is the principle behind the construction of 
the parabolic mirrors used in reflecting telescopes. Conversely, the light rays 
Axis emanating from the focus of a parabolic reflector used in a flashlight are all 


parallel to one another, as shown in Figure 10.14. 

A line is tangent to a parabola at a point on the parabola if the line intersects, 
but does not cross, the parabola at the point. Tangent lines to parabolas have special _ 
properties related to the use of parabolas in constructing reflective surfaces. ) 
| 
Reflective Property of a Parabola 


The tangent line to a parabola at a point P makes equal angles with the 
following two lines (see Figure 10.15). 


gq, / Tangent 
line 


1. The line passing through P and the focus 
2. The axis of the parabola 





FIGURE 10.15 





FIGURE 10.16 


eos 
| Technology 
- Try using a graphing 
utility to confirm the result of 
Example 4. By graphing 


y=x? and y=2x-1 


in the same viewing window, 
you should be able to see that 
the line touches the parabola at 
the point (1, 1). 


The Interactive CD-ROM and Internet 
versions of this text offer a built-in 
graphing calculator, which can be used 
with the Examples, Explorations, 
Technology notes, and Exercises. 
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Example 4 ® Finding the Tangent Line at a Point on a Parabola 


Find the equation of the tangent line to the parabola given by y = x? at the point 


(i): 
Solution 


For this parabola, p = 7 and the focus is (0, 1) as shown in Figure 10.16. You can 
find the y-intercept (0, b) of the tangent line by equating the lengths of the two 
sides of the isosceles triangle shown in Figure 10.16: 





d= T= OF +1 ~ OOP = > 


Setting d, = d, produces 


1 J 
=) 
4 4 
b= =. 
So, the slope of the tangent line is 
1S 1) 
= ———_ = 2 
eet 0 


and its slope-intercept equation is 






y=2x- 1. 
Py ee 
— Weiting spout MATHEMATICS 
oe Rear CERES EERE Se ne Care ee doa ae 
Bh cor nr een chat ND nee SO GE: Be 





Television Antenna Dishes Cross sections of television antenna dishes are parabolic 
in shape. Write a paragraph explaining why these dishes are parabolic. 
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Chapter 10 2 Topics in Analytic Geometry 
Exercises 


In Exercises 1-4, describe in words how a plane could 
intersect with the double-napped cone shown to form the 
conic section. 


1. Circle 
3. Parabola 


2. Ellipse 
4. Hyperbola 


In Exercises 5-10, match the equation with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f ).] 


(b) y 














(d) _ 








(e) 








5, y> = —4x 6. x? = 2y 
7. x* = —8y 8. -y7=— Lex 
9. (y — 1)? = 4@ — 3) 


10A(erie3)2 = 2G — 0) 








In Exercises 11-24, find the vertex, focus, and directrix of , 
the parabola and sketch its graph. 


11) = 0 12. y= 2 
13. y* = —6x 14. y? = 3x 
15. x? + 6y =0 16. x + y? =0 
17. (x — 1)? + 8(y + 2) =0 


(+ 5)i4+ (y — 1)? =0 


19. (x + 3)? = Aly) 

20. (x + 4) =4(y - D 

21. y = (x2 — 2x + 5) 

22. x = iy? + 2y + 33) 
235)" byes + 25 ="0 
24. y? — 4y — 4x =0 


In Exercises 25-28, find the vertex, focus, and directrix of 

the parabola. Use a graphing utility to graph the parabola. 

25. x2 + 4x + 6y -2=0 

26. x? — 2x + 8y+9=0 

lay te yO 

28..y7 — 4x ~ 4 =0 | 


In Exercises 29 and 30, the equations of a parabola and a 
tangent line to the parabola are given. Use a graphing utility 
to graph both equations in the same viewing window. 
Determine the coordinates of the point of tangency. 


Tangent Line 
ky ae 
chy = 320 


Parabola 
29. ye — 8x. = 0 
30. x7 + 12y=0 


In Exercises 31-42, find the standard form of the equation 
of the parabola with its vertex at the origin. 


32. 


31. y 





34. Focus: (2, 0) 
35. Focus: (—2, 0) 
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36. Focus: (0, —2) == 59. Revenue The revenue R generated by the sale of x 


37. Directrix: y = —1 

38. Directrix: y = 3 

39. Directrix: x = 2 

=3 

41. Horizontal axis and passes through the point (4, 6) 


ll 


40. Directrix: x 


42. Vertical axis and passes through the point (— 3, —3) 





FC 


In Exercises 43-52, find the standard form of the equation 
of the parabola. 


43. 





47. Vertex: (5, 2); Focus: (3, 2) 

48. Vertex: (— 1, 2); Focus: (—1, 0) 
49. Vertex: (0, 4); Directrix: y = 2 
50. Vertex: (—2, 1); Directrix: x = 1 
51. Focus: (2, 2); Directrix: x = —2 
52. Focus: (0, 0); Directrix: y = 8 


In Exercises 53 and 54, change the equation so that its 
graph matches the description. 


53. (y — 3)? = 6(x + 1); upper half of parabola 
54. (y + 1)? = 2(x — 4); lower half of parabola 


In Exercises 55-58, find an equation of the tangent line to 
the parabola at the given point, and find the x-intercept of 
the line. 


B52 x- = 2y, (4, 8) 

56. x2 = 2y, (—3, 3) 
ee =>, (-i, -2) 
Sey = —2x7, (2, —8) 


60. 


61. 


62. 


units of a product is 
5 

R265 
4 


Use a graphing utility to graph the function and 
approximate the number of sales that will maximize 
revenue. 


Revenue The revenue R generated by the sale of x 
units of a product is 


R = 378x — ax 


Use a graphing utility to graph the function and 
approximate the number of sales that will maximize 
revenue. 


Satellite Antenna The receiver in a parabolic tele- 
vision dish antenna is 4.5 feet from the vertex and is 
located at the focus (see figure). Find an equation of 
across section of the reflector. (Assume that the dish 
is directed upward and the vertex is at the origin.) 


Receiver e- - - --- 
# iss ft 
—_——_> X 


Suspension Bridge Each cable of a suspension 
bridge is suspended (in the shape of a parabola) 
between two towers that are 120 meters apart and 
whose tops are 20 meters above the roadway. The 
cables touch the roadway midway between the 
towers. 








(a) Create a sketch of the bridge. Draw a rectangular 
coordinate system on the bridge with the center of 
the bridge at the origin. Identify the coordinates of 
the known points. 

(b) Find an equation for the parabolic shape of each 
cable. 

(c) Complete the table by finding the heights y of the 
suspension cables over the roadway at distances of 
x meters from the center of the bridge. 





x 0 | 20 | 40 60 
Ea 

















784 


63. 


64. 


65. 
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Road Design Roads are often designed with 
parabolic surfaces to allow rain to drain off. A 
particular road that is 32 feet wide is 0.4 foot higher 
in the center than it is on the sides (see figure). 


(a) Find an equation of the parabola that models the 
road surface. (Assume that the origin is at the 
center of the road.) 


(b) How far from the center of the road is the road 
surface 0.1 foot lower than in the middle? 





Cross section of road surface 


Highway Design Highway engineers design a 
parabolic curve for an entrance ramp from a straight 
street to an interstate highway (see figure). Find an 
equation of the parabola. 


y 










800 Interstate 


(1000, 800) 













400 800 1200-1600 


(1000, —800) 


Satellite Orbit An earth satellite in a 100-mile-high 
circular orbit around the earth has a velocity of 
approximately 17,500 miles per hour. If this velocity 
is multiplied by \/2, the satellite will have the mini- 
mum velocity necessary to escape the earth’s gravity 
and it will follow a parabolic path with the center of 
the earth as the focus (see figure). 


(a) Find the escape velocity of the satellite. 


(b) Find an equation of its path (assume that the 
radius of the earth is 4000 miles). 





EH 66. 


67. 


True or False? 
whether the statement is true or false. Justify your answer. 


Circular y 






orbit Parabolic 
orbit 
4100 
miles 


(Not drawn to scale) 


FIGURE FOR 65 


Path of a Projectile 
by the equation 


The path of a softball is given 


y= O08 ex + 4, 


The coordinates x and y are measured in feet, with 
x = 0 corresponding to the position from which the 
ball was thrown. 

(a) Use a graphing utility to graph the trajectory of 
the softball. 

(b) Move the cursor along the path to approximate 
the highest point. Approximate the range of the 
trajectory. 

Projectile Motion A bomber is flying at an altitude 

of 30,000 feet and a speed of 540 miles per hour (792 

feet per second). When should a bomb be dropped so 

that it will hit the target if the path of the bomb is 
modeled by 


2 





y = 30,000 — ? 


39,204 





Synthesis 


In Exercises 68 and 69, determine 


68. It is possible for a parabola to intersect its directrix. 


69. If the vertex and focus of a parabola are on a 


horizontal line, then the directrix of the parabola is 
vertical. 


70. Exploration Consider the parabola 
x? = Apy. 





= (a) Use a graphing utility to graph the parabola for 
p = 1, p = 2, p = 3,and p = 4. Describe the 
effect on the graph when p increases. 

(b) Locate the focus for each parabola in part (a). 


(c) For each parabola in part (a), find the length of 
the chord passing through the focus and parallel 
to the directrix. How can the length of this chord 
be determined directly from the standard form of 
the equation of the parabola? 


(d) Explain how the result of part (c) can be used as 
a sketching aid when graphing parabolas. 


71. Area The area of the shaded region in the figure is 


8 
ee 7112 3/2. 
3P 
(a) Find the area if p = 2 and b = 4. 


(b) Give a geometric explanation of why the area 
approaches 0 as p approaches 0. 





72. Exploration Let (x,,y,) be the coordinates of a 
point on the parabola x? = 4py. The equation of the 
line tangent to the parabola at the point is 


x 
Wao) 1 ae 


What is the slope of the tangent line? 


Section 10.2 }& 
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Review 


In Exercises 73-76, use Descartes’s Rule of Signs to 
determine the possible numbers of positive and negative 
zeros of the function. 


739i x) elke OX ee 

74, § (0) = 3x" — 20? 2 Oye 

IES ACS) S02) ee ee om) 

TOA, ie OX Te Ct natal 


In Exercises 77-80, list the possible rational zeros given by 
the Rational Zero Test. 


TT Pe) = xe 2 ee ae 

185i) = Oe ae 

TIA) = Le ako 

$0. f(x) = 3x° = 124 22 

In Exercises 81-84, solve as a review of the skills and 


problem-solving techniques you learned in previous 
sections. 


81. Find a polynomial with integer coefficients that has 
the zeros 3, 2° ifand 


82. Find all the zeros of 
{G) — 20? — 3x7 a 0eew 


if one of the zeros is x = = 
83. Find all the zeros of the function 


e(x) = 6x4 + 75? 29 Se 


if two of the zeros are x = +2. 


=: 84. Use a graphing utility to graph the function 


a) S254 +n? 1a a: 


Use the graph to approximate the zeros of h. 


Harvard College Observatory/SPL/Photo Researchers, Inc. 
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10.3 Baliye 


> What you should learn 


* How to write the standard form 
of the equation of an ellipse 


* How to use properties of 
ellipses to model and solve 
real-life problems 

* How to find the eccentricity of 
an ellipse 


> Why you should learn it 


Ellipses can be used to model 
and solve many types of real-life 
problems. For instance, in 
Exercise 52 on page 793, an 
ellipse is used to model the orbit 
of Halley’s comet. 


Introduction 


The second type of conic is called an ellipse, and is defined as follows. 


Definition of Ellipse 


An ellipse is the set of all points (x, y) the sum of whose distances from two 
distinct fixed points (foci) is constant. (See Figure 10.17.) 


(x, y) 





Major axis 


Focus Focus 





d, + d, is constant. 


FIGURE 10.17 


The line through the foci intersects the ellipse at two points called vertices. 
The chord joining the vertices is the major axis, and its midpoint is the center of 
the ellipse. The chord perpendicular to the major axis at the center is the minor 
axis of the ellipse. 

To derive the standard form of the equation of an ellipse, consider the ellipse 
in Figure 10.18 with the following points: center, (h, k); vertices, (h + a, k); foci, 
(h + c, k). Note that the center is the midpoint of the segment joining the foci. 





FIGURE 10.18 


The sum of the distances from any point on the ellipse to the two foci is constant. 
Using a vertex point, this constant sum is 


(a + c) + (a — c) = 2a Length of major axis 


or simply the length of the major axis. Now, if you let (x, y) be any point on the 
ellipse, the sum of the distances between (x, y) and the two foci must also be 2a. 


computer animation of this concept 
ppears in the /nteractive CD-ROM and 
1ternet versions of this text. 


IGURE 10.20 
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That is, 
Vix -(h- 0)? + 0-4? + Vx —- (ht OP + 6 — 2 = 2a. 
Finally, in Figure 10.18, you can see that b> = a* — c*, which implies that the 

equation of the ellipse is 
b2(x% =h)? + a2(y.— kb)? = ab? 
Bip: gay 
We) ee ee 
a’ b? 











You would obtain a similar equation in the derivation by starting with a 
vertical major axis. Both results are summarized as follows. 


Standard Equation of an Ellipse 
The standard form of the equation of an ellipse, with center (h, k) and major 
and minor axes of lengths 2a and 2b, where 0 < b < a, is 
= 2 ae 2 
o> eee 
a b? 
us 2 — k)2 
in BP Oba 


be 2 = 1. Major axis is vertical. 





1 Major axis is horizontal. 


The foci lie on the major axis, c units from the center, with c? = a? — b’. 
If the center is at the origin (0, 0), the equation takes one of the following 
forms. 


XxX 

seers = 1 Major axis is horizontal. 
Ge ee ips 

sae os WRAY Ble 

Se ees Sl Major axis is vertical. 
legen 


Figure 10.19 shows both the vertical and horizontal orientations for an 
ellipse. 


y y 


t 


aS @-hy  O-k _ 
(x —h) ne Ae oy p +——— = 1 























a b2 








2a 








FIGURE 10.19 


You can visualize the definition of an ellipse by imagining two thumbtacks 
placed at the foci, as shown in Figure 10.20. If the ends of a fixed length of string 
are fastened to the thumbtacks and the string is drawn taut with a pencil, the path 
traced by the pencil will be an ellipse. 
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FIGURE 10.21 
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(5, 1) 


(3 > 2) 





FIGURE 10.22 


Example 1 ® Finding the Standard Equation of an Ellipse _ ’ 
Find the standard form of the equation of the ellipse having foci at (0, 1) and 
(4, 1) and a major axis of length 6, as shown in Figure 10.21. 


Solution 


Because the foci occur at (0, 1) and (4, 1), the center of the ellipse is (2, 1) and 
the distance from the center to one of the foci is c = 2. Because 2a = 6, you 
know that a = 3. Now, from c* = a? — b?, you have 


b= a2 — <2 
eee 
= 5. 
Because the major axis is horizontal, the standard equation is 


@- 2? = 1? | 


He 
7 5 


In Example 1, note the use of the equation c? = a* — b?. Don’t confuse this 
equation with the Pythagorean Theorem—there is a difference in sign. 


Example 2 ® Writing an Equation in Standard Form 





Sketch the graph of the ellipse whose equation is 
x? + 4y? + 6x — 8y +9 = 0. 
Solution 


Begin by writing the given equation in standard form. In the fourth step, note that 
9 and 4 are added to both sides of the equation when completing the squares. 


Xo 4y"> oe On by +9) = 0 Write original equation. 
(x2 uO aa ) ar (4y? = (oy) ae ) =- Group terms. 
(x? = xe ) +f 4(y? == 5) Se ) =-9 Factor 4 out of y-terms. 


(x? AeOx +9) +4 (y? = 2y + 1) = -9 + 9 2 aaR 
(ea)> ray — 1)2 


G23? O-1? 
4 1 


4 Completed square form 
= 1 Standard form 


From the equation, you can see that the center occurs at (h, k) = (—3, I 
Because the denominator of the x-term is a” = 27, you can locate the endpoints 
of the major axis 2 units to the right and left of the center. Similarly, because the 
denominator of the y-term is b* = 17, you can locate the endpoints of the minor 
axis 1 unit up and down from the center. The graph of this ellipse is shown in 
Figure 10.22. 
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Example 3 ® Analyzing an Ellipse 


Find the center, vertices, and foci of the ellipse 
Anse Sx dy — 8 =), 
Solution 
By completing the square, you can write the given equation in standard form. 
Ax? y* =8% + 4y — 8 = 0 
(4x.2-8r+ )+(G2+4y+ )=8 
4(x2 — 2x + ) + (y2 + 4y + ye 


A(x? = 2x + 1) + (y2 + 4y +4) = 8 401) 44 











AC 1)? yet 2) 216 
et yi 
So, the major axis is vertical, where h = 1,k = —2,a = 4, b = 2, and 
Ga 16 = 4 = 12873. 
Therefore, you have the following. 
Center: (1, —2) Vertices: (1, —6) Foci: ‘ile —2- 2/3) 
(1, 2) (1, -2 + 23) 





The graph of the ellipse is shown in Figure 10.23. 


FIGURE 10.23 









oe 

Technology 
ee ol You can use a graphing utility to graph an ellipse by graphing the upper 
and lower portions in the same viewing window. For instance, to graph the 
ellipse in Example 3, first solve for y to get 


(aes 
4 








Vie 2s ae 


and 


gals 
"ak 





Vaaticg Dia AR) (all 





Use a viewing window in which —6 < x < 9and —7 < y < 3. You should 
obtain the graph shown below. 
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FIGURE 10.24 





Application 


Ellipses have many practical and aesthetic uses. For instance, machine gears, 
supporting arches, and acoustic designs often involve elliptical shapes. The orbits 
of satellites and planets are also ellipses. Example 4 investigates the elliptical 
orbit of the moon about the earth. 


Example 4 ® An Application Involving an Etliptical Orbit @ i | 


The moon travels about the earth in an elliptical orbit with the earth at one focus, ~ 
as shown in Figure 10.24. The major and minor axes of the orbit have lengths of 
768,806 kilometers and 767,746 kilometers, respectively. Find the greatest and 
smallest distances (the apogee and perigee) from the earth’s center to the moon’s 
center. 
Solution 
Because 2a = 768,806 and 2b = 767,746, you have a = 384,403 and b= 
383,873, which implies that 
Cas Sy 
= ./384,403? — 383,873 . 
= 20,179. 


Therefore, the greatest distance between the center of the earth and the center of 
the moon is 


a+c =~ 404,582 kilometers 





4 
and the smallest distance is | 


a—c =~ 364,224 kilometers. 





. 
| 


Eccentricity | 


One of the reasons it was difficult for early astronomers to detect that the orbits 
of the planets are ellipses is that the foci of the planetary orbits are relatively close: 
to their centers, and so the orbits are nearly circular. To measure the ovalness of 
an ellipse, you can use the concept of eccentricity. : 


The eccentricity e of an ellipse is given by the ratio 


G 
CG har 
a 


Definition of Eccentricity . 


Note that 0 < e < 1 for every ellipse. 


: 
: 
{ 
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To see how this ratio is used to describe the shape of an ellipse, note that 
because the foci of an ellipse are located along the major axis between the vertices 
and the center, it follows that 


OR—<arca—eras 


For an ellipse that is nearly circular, the foci are close to the center and the ratio 
c/a is small, as shown in Figure 10.25(a). On the other hand, for an elongated 
ellipse, the foci are close to the vertices, and the ratio c/a is close to 1, as shown 
in Figure 10.25(b). 


(a) (b) 
FIGURE 10.25 


The orbit of the moon has an eccentricity of e ~ 0.0525, and the eccentrici- 
ties of the nine planetary orbits are as follows. 


Mercury: e ~ 0.2056 Saturn: e ~ 0.0543 
Venus: e ~ 0.0068 Uranus: e ~ 0.0460 
Earth: e ~ 0.0167 Neptune: e ~ 0.0082 
Mars: e ~ 0.0934 Pluto: e ~ 0.2481 


Jupiter: e ~ 0.0484 





a Writing ABOUT MATHEMATICS 


Ellipses and Circles 





he time it takes Saturn to orbit 
he sun is equal to 29.5 earth (x — hy 


a. Show that the equation of an ellipse can be written as 


(y= 
CATS. a2 : a1 — e2) 








b. For the equation in part (a), leta = 4,h = 1,and k = 2, and use a graphing 
utility to graph the ellipse for e = 0.95, e = 0.75, e = 0.5, e = 0.25, and 
e = 0.1. Discuss the changes in the shape of the ellipse as e approaches 0. 

c. Make a conjecture about the shape of the graph in part (b) when e = 0. What 
is the equation of this ellipse? What is another name for an ellipse with an 
eccentricity of 0? 
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10.3 Exercises 





In Exercises 1-6, match the equation with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(b) 





(c) y (d) 





(f) y 











4 
e x 
“4 4 
-4 
2 Be 2 2 
Re ae 5 Ig. 2 
TiN Ohl 
x2 ve x? y2 
gy, Saag | 4 eel 
4 25 Aon 
= 9} D, 
5 SH 4 (y+ 1e=1 
tee) ae 
é (Case ae Gwe 2) eh 
9 4 


In Exercises 7-22, find the center, vertices, foci, and eccen- 
tricity of the ellipse, then sketch its graph. 


Kags te i) 

7, rng o= I Sen cr 
25, * ul 1 144 
x2 yt x ya 

9 al ee 10. =e eae 
Se) 64 28 

aes Belle 

te ee, 











alec) 2 iin) 





12 16 : 

(x + 5)? ore 

13. 9/4 +\(y — 1)? = 1 
+ 4)? 

14. (ata Se 


1/4 

15. 9x2 + 4y? + 36x — 24y + 36 =0 
16. 9x? + 4y? — 54x + 40y + 37 =0 
17, x2 5y* = Sx = 30y'—"39' = 

18, 3x° + y* FA1Sx — 2y — 8 =0 

19. 6x? + 2y? + 18x — 10y +2 =0 
205 xe Ay? —16x-2 20y 2 a 

21. 16x? + 25y? — 32x + 50y + tGpeee 
22. 9x7 + 25y? — 36x — S0y +60 


ss, In Exercises 23-26, use a graphing utility to graph the 


ellipse. Find the center, foci, and vertices. (Recall that it may 
be necessary to solve the equation for y and obtain two 
functions.) 


hrs ety eS 5 
Dano Aye = 19 
25. 12x? + 20y2'— 12x + 40y — 37a 
26. 36x7 + Sy + 48x — 36y — 72iaae 


In Exercises 27-34, find the standard form of the equation 
of the ellipse with center at the origin. 


27. 





29. Vertices: (£6, 0); Foci: (£2, 0) 

30. Vertices: (0, +8); Foci: (0, +4) 

31. Foci: (+5, 0); Major axis of length 12 

32. Foci: (+2, 0); Major axis of length 8 

33. Vertices: (0, +5); Passes through the point (4, 2) 


34. Major axis vertical; Passes through the points (0, 4) 
and (2, 0) 


In Exercises 35-46, find the standard form of the equation 
of the specified ellipse. 


48. 


49, 





. Vertices: (0, 4), (4, 4); Minor axis of length 2 
. Foci: (0, 0), (4, 0); Major axis of length 8 

. Foci: (0, 0), (0, 8); Major axis of length 16 

. Center: (2, —1); Vertex: (2, 3); 


Minor axis of length 2 


. Vertices: (3, 1), (3, 9); Minor axis of length 6 
M@enter: (3, 2); a = 3c; Foci: (1, 2), (5, 2) 

. Center: (0, 4); a = 2c; Vertices: (—4, 4), (4, 4) 
. Vertices: (5, 0), (5, 12); 


Endpoints of the minor axis: (1, 6), (9, 6) 


. Find an equation of the ellipse with vertices (+5, 0) 


ae 3 
and eccentricity e = 5. 


Find an equation of the ellipse with vertices (0, +8) 
and eccentricity e = a 


Fireplace Arch A fireplace arch is to be construct- 
ed in the shape of a semiellipse. The opening is to 
have a height of 2 feet at the center and a width of 6 
feet along the base (see figure). The contractor draws 
the outline of the ellipse using tacks as described at 
the beginning of this section. Give the required 
positions of the tacks and the length of the string. 





50. 


51. 


52. 


53. 


54. 
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Mountain Tunnel A _ semielliptical arch over a 
tunnel for a road through a mountain has a major 
axis of 80 feet and a height at the center of 30 feet. 


(a) Draw a rectangular coordinate system on a 
sketch of the tunnel with the center of the road 
entering the tunnel at the origin. Identify the 
coordinates of the known points. 


(b) Find an equation of the elliptical tunnel. 


(c) Determine the height of the arch 5 feet from the 
edge of the tunnel. 


Geometry The area of the ellipse in the figure is 
twice the area of the circle. What is the length of the 
major axis? (Hint: A = rab for an ellipse.) 











Comet Orbit “Halley’s comet has an elliptical orbit, 
with the sun at one focus. The eccentricity of 
the orbit is approximately 0.97. The length of the 
major axis of the orbit is approximately 36.18 
astronomical units. (An astronomical unit is about 93 
million miles.) Find an equation of the orbit. Place 
the center of the orbit at the origin, and place the 
major axis on the x-axis. 


Comet Orbit The comet Encke has an elliptical 
orbit, with the sun at one focus. Encke ranges from 
0.34 to 4.08 astronomical units from the sun. Find an 
equation of the orbit. Place the center of the orbit at 
the origin, and place the major axis on the x-axis. 


Satellite Orbit The first artificial satellite to orbit 
earth was Sputnik I (launched by Russia in 1957). 
Its highest point above earth’s surface was 938 
kilometers, and its lowest point was 212 kilometers 
(see figure). The radius of earth is 6378 kilometers. 
Find the eccentricity of the orbit. 
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55. Geometry A line segment through a focus of an 
ellipse with endpoints on the ellipse and perpendicu- 
lar to the major axis is called a latus rectum of the 
ellipse. Therefore, an ellipse has two latera recta. 
Knowing the length of the latera recta is helpful in 
sketching an ellipse because it yields other points on 
the curve (see figure). Show that the length of each 
latus rectum is 2b7/a. 


Latera recta 





In Exercises 56-59, sketch the graph of the ellipse, making 
use of the latera recta (see Exercise 55). 


0) 2) 2 2 
—+2= 57. —+2— = 1 

ate SI 9 16 
58. 9x? + 4y? = 36 59 542 sy 7 IS 
Synthesis 


True or False? \n Exercises 60-63, determine whether 
the statement is true or false. Justify your answer. 


60. The graph of (x?/4) + y+ = 1 is an ellipse. 

61. It is easier to distinguish the graph of an ellipse from 
the graph of a circle if the eccentricity of the ellipse 
is large (close to 1). 


62. The area of a circle with diameter d = 2r = 8 is 
greater than the area of an ellipse with major axis 
2a = 8. 

63. It is possible for the foci of an ellipse to occur 
outside the ellipse. 


64. Think About It At the beginning of this section it 
was noted that an ellipse can be drawn using two 
thumbtacks, a string of fixed length (greater than the 
distance between the two tacks), and a pencil. If the 
ends of the string are fastened at the tacks and the 
string is drawn taut with a pencil, the path traced by 
the pencil is an ellipse. 


(a) What is the length of the string in terms of a? 
(b) Explain why the path is an ellipse. 


65. Exploration The area A of the ellipse 
x2 
we = 

is A = mab. Leta + b = 20. 

(a) Write the area of the ellipse as a function of a. 


(b) Find the equation of an ellipse with an area of 
264 square centimeters. 


(c) Complete the table and make a conjecture about 
the shape of the ellipse with a maximum area. 




















(d) Use a graphing utility to graph the area function, 
and use the graph to make a conjecture about the 
shape of the ellipse that yields a maximum area. 


Review 

In Exercises 66-69, determine whether the sequence is 
arithmetic, geometric, or neither. 

66. 66, 55, 44, 33, 22,... 67. 80, 40, 20, 10,5,... 


G8. BS estes & 0. a ae 


In Exercises 70-73, find a formula for a, for the arithmetic 
sequence. 


70. a, = 13, d=3 71. a, =0 
Toe, a, = 5; ay => 95 73. a, = Die ag = WD: 


In Exercises 74-77, find the sum. 


Meo 
‘" 
ie) 
si 


74. “ 3" Ss 


n=0 


10 3 all 
76. ¥4(3) We 


n=1 


x 
ll 
i) 


ll S 
° 

Nn 
a 
w| 
at 
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> What you should learn 


¢ How to write the standard form 
of the equation of a hyperbola 


* How to find the asymptotes of 
a hyperbola 


* How to use properties of 
hyperbolas to solve real-life 
problems 


« How to classify a conic from 
its general equation 


> Why you should learn it 


Hyperbolas can be used to 
model and solve many types of 
real-life problems. For instance, in 

Exercise 39 on page 803, 
hyperbolas are used to locate the 
position of an explosion that was 
_ recorded by three listening 
_ Stations. 





Introduction 


The definition of a hyperbola parallels that of an ellipse. The difference is that for 
an ellipse the swm of the distances between the foci and a point on the ellipse is 
fixed, whereas for a hyperbola the difference of these distances is fixed. 


Definition of Hyperbola 


A hyperbola is the set of all points (x, y) the difference of whose distances 
from two distinct fixed points (foci) is a positive constant. (See Figure 
10.26.) 







Branch 


Focus 





Transverse axis 
d,—d, 1s constant. 


FIGURE 10.26 


Every hyperbola has two disconnected branches. The line through the two foci 
intersects a hyperbola at its two vertices. The line segment connecting the 
vertices is called the transverse axis, and the midpoint of the transverse axis is 
called the center of the hyperbola. The development of the standard form of the 
equation of a hyperbola is similar to that of an ellipse. 


Standard Equation of a Hyperbola 
The standard form of the equation of a hyperbola with center at (h, k) is 


(eh)? (y- WP 


-+—— =] 


a2 b2 


(y- bh?  @-W?_ 
az b2 


Transverse axis is horizontal. 


Ik Transverse axis is vertical. 





The vertices are a units from the center, and the foci are c units from the 
center. Moreover, c* = a? + b?. If the center of the hyperbola is at the 
origin (0, 0), the equation takes one of the following forms. 


Transverse axis 


2 ; 2 
Me TD) | Transverse axis yo ieee 
is vertical. 


2 
2 b2 is horizontal. a b? 


Q 


Note that a, b, and c are related differently for hyperbolas than for ellipses. 
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Figure 10.27 shows both the horizontal and vertical orientations for a_ 
hyperbola. 








Gah G-ie | 
Bam iine 
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FIGURE 10.27 


Example 1 ® Finding the Standard Equation of a Hyperbola 


Find the standard form of the equation of the hyperbola with foci at (—1, 2) and 
(5, 2) and vertices at (0, 2) and (4, 2). 
Solution 


By the Midpoint Formula, the center of the hyperbola occurs at the point (2, 2). 
Furthermore, c = 3 and a = 2, and it follows that 


(a eT 


= 3y7 = 
=9-4 
= 5. 


So, the equation of the hyperbola is 


(2 ey yee 
4 5 





i. 


Figure 10.28 shows the hyperbola. 





(EZ Oe 
Exploration est \ 


Most graphing utilities have a 
parametric mode. Try using 
parametric mode to graph the 
hyperbola x = 2 + 2 sec t and 
y=2+ /5 tan t. How does 
the result compare with the 
graph given in Figure 10.28? 
(Let the parameter vary from 
Tmin = 0 to Tmax = 6.28 with 
Tstep = 0.13.) FIGURE 10.28 














(0, 2) 







(4, 2) 
(-l, 2) 





Conjugate 






 (h—a,k) 


FIGURE 10.29 


(h+a,k) “ays 
@ 
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Asymptotes of a Hyperbola 


Each hyperbola has two asymptotes that intersect at the center of the hyperbola, 
as shown in Figure 10.29. The asymptotes pass through the vertices of a rectangle 
of dimensions 2a by 2b, with its center at (h, k). The line segment of length 2b 
joining (h, k + b) and (h, k — b) [or (h + b, k) and (h — b, k)] is the conjugate 
axis of the hyperbola. 


Asymptotes of a Hyperbola 


The equations for the asymptotes of a hyperbola are 


y=kr 


(x oe h) Asymptotes for horizontal transverse axis 


1c 


y=kr 


(x = h). Asymptotes for vertical transverse axis 


SIs 


Example 2 ® Using Asymptotes to Sketch a Hyperbola 


Sketch the hyperbola whose equation is 4x? — y? = 16. 


Solution 
Divide both sides of the original equation by 16, and rewrite the equation. 


x? 
SS = | Standard form 


Ais skO 
From this, you can conclude that a = 2, b = 4, and the transverse axis is hori- 
zontal. So, the vertices occur at (—2, 0) and (2, 0), and the ends of the conjugate 
axis occur at (0, —4) and (0, 4). Using these four points, you are able to sketch 
the rectangle shown in Figure 10.30(a). Finally, after drawing the asymptotes 
through the corners of this rectangle, you can complete the sketch, as shown in 
Figure 10.30(b). 











(a) (b) 
FIGURE 10.30 
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Example 3 ® Finding the Asymptotes of a Hyperbola 


i ‘ 
Aan. 
4 


Sketch the hyperbola given by 4x* — 3y? + 8x + 16 = O and find the equations 
of its asymptotes. 





. Solution 
me ME 4x2 — 3y? + 8x + 16=0 Write original equation. 
2 A(x? + 2x) — 3y? = —16 Subtract 16 from each side and factor. 
; A(x? + 2x + 1) — 3y? = —16 + 4 Add 4 to each side. 
: : 4(x + 1)2 — 3y? = -12 Complete the aque 
a = moe = 1 Standard form 
: Ss From this equation you can conclude that the hyperbola is centered at (—1, 0), 
ve ae has vertices at (—1,2) and (—1, —2), and has a conjugate axis with ends at 





(-1- V3, 0) and (—1 + J, 0). To sketch the hyperbola, draw a rectangle 
through these four points. The asymptotes are the lines passing through the 
FIGURE 10.31 comers of the rectangle, as shown in Figure 10.31. Finally, using a = 2 and 
b = ./3, you can conclude that the equations of the asymptotes are 


4x?—3y2+ 8x + 16 = 0 





ee "1 d elon? S| 
a Ga ) an y= Weta ). 





If the constant term F in the equation in Example 3 had been 4 instead of 16, 
you would have obtained the following degenerate case. 


Poe (EOL)? 


Two Intersecting Lines: % = 3 0 


o™ 


» 
‘| Technology 
You can use a graphing utility to graph a hyperbola by graphing the 
upper and lower portions in the same viewing window. For instance, to graph 
the hyperbola in Example 3, first solve for y to get 


+1)? +17 
y, =2 1425 and = -2,/1 


Use a viewing window in which —9 < x < 9and-6<y<6. Youshould ~-} 


obtain the graph shown below. 


6 


GURE 10.32 





y=2x-8 
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Example 4 ® Using Asymptotes to Find the Standard Equation 
Find the standard form of the equation of the hyperbola having vertices at (3, — 5) 
and (3, 1) and having asymptotes 

yy 18 and y= -2x+4 
as shown in Figure 10.32. 


Solution 


According to the Midpoint Formula, the center of the hyperbola is at (3, —2). 
Furthermore, the hyperbola has a vertical transverse axis with a = 3. From the 
given equations, you can determine the slopes of the asymptotes to be 


and m =-2=-— 
and, because a = 3, 
a 3 3 
LS, ce z=, > Da 


So, the standard equation is 


ya) (—-3)¢ 
9 (a 





i 


As with ellipses, the eccentricity of a hyperbola is 


ES Eccentricity 
a 
and because c > a it follows that e > 1. If the eccentricity is large, the branches 
of the hyperbola are nearly flat, as shown in Figure 10.33(a). If the eccentricity is 
close to 1, the branches of the hyperbola are more pointed, as shown in Figure 
10.33(b). 


Eccentricity \. Eccentricity is 
close to 1. 






Ul 


1 | Vertex Focus 





(a) (b) 
FIGURE 10.33 
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2c = 5280 
2200 + 2(c — a) = 5280 


FIGURE 10.34 





FIGURE 10.35 


Applications : 


The following application was developed during World War II. It shows how the 
properties of hyperbolas can be used in radar and other detection systems. 


Example 5 ® An Application Involving Hyperbola 





Two microphones, | mile apart, record an explosion. Microphone A receives the 
sound 2 seconds before microphone B. Where did the explosion occur? 


Solution 


Assuming sound travels at 1100 feet per second, you know that the explosion 
took place 2200 feet farther from B than from A, as shown in Figure 10.34. The 
locus of all points that are 2200 feet closer to A than to B is one branch of the 
hyperbola 


ee 2 
Soe Se = |] 
a b2 
where 
5280 
¢——— = 2640 
2 
and 
2200 
a= a = 1100 


So, b? = c? — a? = 5,759,600, and you conclude that the explosion occurred 
somewhere on the right branch of the hyperbola 


2 2. 


Pa ee en Teen, 
1,210,000 5,759,600 


nnn EEE nn EEEE EEE Inn nS IIE EEE 


Another interesting application of conic sections involves the orbits of comets 
in our solar system. Of the 610 comets identified prior to 1970, 245 have elliptical 
orbits, 295 have parabolic orbits, and 70 have hyperbolic orbits. The center of the 
sun is a focus of each of these orbits, and each orbit has a vertex at the point where 
the comet is closest to the sun, as shown in Figure 10.35. Undoubtedly, there have 
been many comets with parabolic or hyperbolic orbits that were not identified. 7 
only get to see such comets once. Comets with elliptical orbits, such as Halley 
comet, are the only ones that remain in our solar system. 

If p is the distance between the vertex and the focus in meters, and v is the 
velocity of the comet at the vertex in meters per second, the type of orbit i 
determined as follows. 


1. Ellipse: v</2GM/p 
2. Parabola: v = /2GM/p 
3. Hyperbola: v > /2GM/p 


In each of these equations, M ~ 1.991 x 10°° kilograms (the mass of the sun) 
and G ~ 6.67 x 10~!! cubic meters per kilogram-second squared. 








Historical Note 

Caroline Herschel (1750-1848) 
was the first woman to be 
credited with detecting a new 
comet. During her long life, this 
English astronomer discovered a 
total of eight new comets. 
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General Equations of Conics 


Classifying a Conic from Its General Equation 
The graph of Ax* + Cy? + Dx + Ey + F = (is one of the following. 


1. Circle: eC 


2. Parabola: AC =0 A = 0 or C = 0, but not both. 
3. Ellipse: AC > 0 A and C have like signs. 
4. Hyperbola: AC < 0 A and C have unlike signs. 


The test above is valid if the graph is a conic. The test does not apply to 
equations such as x? + y? = —1, which is not a conic. 


Example 6 ® Classifying Conics from General Equations 


Classify each graph. 
a Ay OM Gave 5 = 0 
Di Aaxciay 78x — Cy 2410 
Cen chedyeesrAx + 12y = 0 
CaP Dye 8x4 12y + 26.40 
Solution 
a. For the equation 4x* — 9x + y — 5 = 0, you have 
AC = 4(0) = 0. Parabola 
So, the graph is a parabola. 
b. For the equation 4x? — y* + 8x — 6y + 4 = 0, you have 
AG =4(—1) < 0. Hyperbola 
So, the graph is a hyperbola. 
c. For the equation 2x? + 4y? — 4x + 12y = 0, you have 
ACG 2(A) > 0: Ellipse 
So, the graph is an ellipse. 
d. For the equation 2x? + 2y? — 8x + 12y + 2 = 0, you have 
A= = 2. Circle 


So, the graph is a circle. 





— Writing seout MATHEMATICS 







Sketching Conics Sketch each of the conics described in Example 6. Write a para- 
graph describing the procedures that allow you to sketch the conics efficiently. 
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10.4 Exercises 





In Exercises 1-4, match the equation with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) 7 (b) 





(c) y 

















=3 4 4 
-8 
2 2 2 2 
ee Be pend ead 
9 Os DS 9 
== {2 2 + 1)2 = 
cS es epee ol eee ES 
16 4 16 9 


In Exercises 5-16, find the center, vertices, foci, and the 
equations of the asymptotes of the hyperbola, and sketch 
its graph. 




















x y 
5 6. = a4 
a 9 25 
DS) gl 36 4 
— 1)? + 2)2 
ore er 2) 
4 1 
ae) he aes 
Ne Ne oly eal 
144 25 
(Ga 6)2 1 ie) 
Hea ee 
= i) x + 3)2 
py pee a(S ear 
1/4 1/16 


13; 9x? = y? — 36x —.6y>? 18 — 0 
14. x2 — 9y? + 36y — 72 = 0 

15. x7\= Sy 2x.— 34y— 80, =.0 
1621697 ee 6460 


In Exercises 17-20, find the center, vertices, foci, and the 


equations of the asymptotes of the hyperbola. Use a graph- 
ing utility to graph the hyperbola and its asymptotes. 


17s 2 ay = 18. 6y? — 3x? = 18 
195 0y? 57 + S4y 6250 
DOS Ox ye 4x + lOy  Sop0 


In Exercises 21-26, find the standard form of the equation 
of the specified hyperbola with center at the origin. 


21. Vertices: (0, +2); Foci: (0, +4) 

22. Vertices: (+4, 0); Foci: (+6, 0) 

23. Vertices: (+1, 0); Asymptotes: y = +5x 
24. Vertices: (0, +3); Asymptotes: y = £3x 
25. Foci: (0, +8); Asymptotes: y = +4x 
26. Foci: (£10, 0); Asymptotes: y = +x 


In Exercises 27-38, find the standard form of the equation 
of the specified hyperbola. 


27. Vertices: (2, 0), (6, 0); Foci: (0, 0), (8, 0) 
28. Vertices: (2, 3), (2, —3); Foci: (2, 6), (2, —6) 
29. Vertices: (4, 1), (4, 9); Foci: (4, 0), (4, 10) 
30. Vertices: (—2, 1), (2, 1); Foci: (—3, 1), 3, 1) 
31. Vertices: (2, 3), (2, —3); 
Passes through the point (0, 5) 
32. Vertices: (—2, 1), (2, 1); 
Passes through the point (5, 4) 
33. Vertices: (0, 4), (0, 0); ‘ 
Passes through the point (5, = 1) 
34. Vertices: (1, 2), (1, —2); 
Passes through the point (0, JE 
35. Vertices: (1, 2), (3, 2) 
Asymptotes: y= x, y=4—x 
36. Vertices: (3, 0), (3, 6) 
Asymptotes: y = 6 — x, y=x 
37. Vertices: (0, 2), (6, 2); 
Asymptotes: y = Aa y=4- oy 
38. Vertices: (3, 0), (3, 4); 
Asymptotes: y = ex, y=4- £5 


Ss 


39. Sound Location Three listening stations located at 
(3300, 0), (3300, 1100), and (—3300, 0) monitor an 
explosion. If the last two stations detect the explo- 
sion | second and 4 seconds after the first, respec- 
tively, determine the coordinates of the explosion. 
(Assume that the coordinate system is measured in 
feet and that sound travels at 1100 feet per second.) 


10. LORAN Long distance radio navigation for aircraft 
and ships uses synchronized pulses transmitted by 
widely separated transmitting stations. These pulses 
travel at the speed of light (186,000 miles per 
second). The difference in the times of arrival of these 
pulses at an aircraft or ship is constant on a hyperbo- 
la having the transmitting stations as foci. Assume 
that two stations, 300 miles apart, are positioned on 
the rectangular coordinate system at points with 
coordinates (— 150, 0) and (150, 0), and that a ship is 
traveling on a path with coordinates (x, 75) (see 
figure). Find the x-coordinate of the position of the 
ship if the time difference between the pulses from 
the transmitting stations is 1000 microseconds (0.001 
second). 





11. Hyperbolic Mirror A hyperbolic mirror (used in 
some telescopes) has the property that a light ray 
directed at a focus will be reflected to the other focus 
(see figure). The focus of a hyperbolic mirror has 
coordinates (24, 0). Find the vertex of the mirror if 
its mount has coordinates (24, 24). 


e424) 
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In Exercises 42-49, classify the graph of the equation as a 
circle, a parabola, an ellipse, or a hyperbola. 


42 ey Ona 
43. x7 + Ay? — 6x 5 16y 210 
44. 407 — y7 — "45 — 3: = 0 

AS iy Gy 4x + 210 

46. 4x? + 3y? + 8x — 24y + 51 =0 
47. 4y* — 2x7 — 4y — 8% = 15 = 0 
48. 25x? — 10x — 200y — 119 = 0 
AD Payee Aye = 2A 35 = 0 


Synthesis 


True or False? \n Exercises 50 and 51, determine 
whether the statement is true or false. Justify your answer. 


50. In the standard form of the equation of a hyperbola, 
the larger the ratio of b to a, the larger the eccentric- 
ity of the hyperbola. 

51. In the standard form of the equation of a hyperbola, 


the trivial solution of two intersecting lines occurs 
when b = 0. 


52. Consider a hyperbola centered at the origin with a 
horizontal transverse axis. Use the definition of a 
hyperbola to derive its standard form. 

53. Explain how the central rectangle of a hyperbola can 
be used to sketch its asymptotes. 


Review 


In Exercises 54-57, perform the indicated polynomial 
operation. 





- 54. Subtract: (x? — 3x?) — (6 — 2x — 4x?) 


55. Multiply: (3x — V(x + 4) 
Yeap 2! 
B7.eexpand: [(x4 y) + 3/7 


56. Divide: 


In Exercises 58-63, factor the given polynomial. 


58. x° — 16x 59. x2 + 14x + 49 
60. 2x2 — 24x? + 72x 61. 6x? — 11x? — 10x 
62. 16x? + 54 63. 4-—x+ 4x2 -— 
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> What you should learn 


* How to rotate the coordinate 
axes to eliminate the xy-term in 
the equation of a conic 

* How to use the discriminant to 
classify a conic 


»> Why you should learn it 


As illustrated in Exercises 7-18 
on page 810, rotation of the 
coordinate axes can help you 
identify the graph of a general 
second-degree equation. 


10.5 BBtyriaty mea elie 


Rotation 


In the preceding section you learned that the equation of a conic with axes parallel 
to one of the coordinate axes has a standard form that can be written in the general 
form 


Ax? Cy yt Ds by 4k 0. Horizontal or vertical axis 


In this section you will study the equations of conics whose axes are rotated so 
that they are not parallel to either the x-axis or the y-axis. The general equation 
for such conics contains an xy-term. 


i 


Ax? + Bxy + Cy? + Dx + Ey + F =0 Equation in xy-plane 





FIGURE 10.36 


To eliminate this xy-term, you can use a procedure called rotation of axes. The 
objective is to rotate the x- and y-axes until they are parallel to the axes of the 
conic. The rotated axes are denoted as the x’-axis and the y’-axis, as shown in 
Figure 10.36. After the rotation, the equation of the conic in the new x’y’-plane 
will have the form 


Ax’)? + COQ)? 2D tae ee Equation in x’y-plane 
Because this equation has no xy-term, you can obtain a standard form by 
completing the square. The following theorem identifies how much to rotate the 


axes to eliminate the xy-term and also the equations for determining the new 
coefficients A’, C’, D’, E’, and F’. 


Rotation of Axes to Eliminate an xy-Term 
The general second-degree equation Ax? + Bxy + Cy? + Dx + 
can be rewritten as 


Aa) Pt Cy’)? + Dx + EY’ + F’=0 


by rotating the coordinate axes through an angle 0, where 


The coefficients of the new equation are obtained by making 
substitutions : e 


CM NS 


_ sTupDY TIP 


; Remember that the substitutions 


: 


— x=x’'cos6-— y’sin@ 

and 

; oe x’sin 8+ y’cos 0 

_ were developed to eliminate the 

_x’y’-term in the rotated system. 
You can use this as a check on 

_ your work. In other words, if 

_ your final equation contains an 

_x’y’-term, you know that you 

_ made a mistake. 


i 
3 














Vertices: 
Inx’y’-system: (./2, 0), (— /2, 0) 
In xy-system: (1, 1),(—1, —1) 


FIGURE 10.37 
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Example 1 ® Rotation of Axes for a Hyperbola 


Write the equation xy — 1 = 0 in standard form. 
Solution 
Because A = 0, B = 1, and C = 0, you have 


ec 
cot 26 = =0 26 = 7 


B 





which implies that 


; 7 peers 
x=x S20 Sit 








4 
2 2 

koaeva 

Vb: 

and 

y= x sin—"+ y"cos — 
i ee 2 
mary > 

up 

a) 


The equation in the x’y-system is obtained by substituting these expressions in 
the equation xy — 1 = 0. 











Ta aVE \fon ray, Beas 6.5 
lee es 
(x’)? 5 Uae, 
Ce a? 
(2p (V2yP? = | Standard form 


In the x’y’-system, this is a hyperbola centered at the origin with vertices at 
(+ 2 0), as shown in Figure 10.37. To find the coordinates of the vertices in the 
xy-system, substitute the coordinates (+ <P) 0) in the equations 


Vo y’ ae x + ys 
RS n =a 
#2 ? LD 
This substitution yields the vertices (1, 1) and (—1, — 1) in the xy-system. Note 


also that the asymptotes of the hyperbola have equations y’ = +x’, which 
correspond to the original x- and y-axes. 
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Example 2 ® Rotation of Axes for an Ellipse 


Sketch the graph of 7x2 — 6\/3xy + 13y? — 16 = 0. 








Solution 
Because A = 7, B = —6/3, and C = 13, you have 
ASE 
cot 20 = 
B 
est geal 
-6/3 
eherhov 
3 


which implies that @ = 77/6. The equation in the x ’y -system is obtained by mak- 
ing the substitutions 











co i Pane 
= gS > iss 
GS P y P 
eS See (2) 
panna a 
I Be tae 
D 
and 
Rare Coe 
= SIS — 
2 Gp ake 
' 
EG eet, =x(>\ + (3 
y’ A 4 1 7) 2 
‘ \ 
er cats yay! 
Ege * ) 


in the original equation. So, you have 




















erg Tx? — 6./3xy + 13y? — 16 =0 
3 Lae. IND 3 ip eR Pal 3 if Bb. 3 Yor 
2 2 2 2 
which simplifies to 
[7x2 - 6/3xy + 13y? — 16 = 0| A(x’)? a 16(y’)? = {=O 
Vertices: A(x’)? + 16(y’)? = 16 
In x’y -system: (+2, 0), (0, +1) Gig ae 
In xy-system: ( /3, 1), (= 3, -1), 4 mor 1. pendence 





(: V3 ( i 2) This is the equation of an ellipse centered at the origin with vertices (+2, 0) in th 
2 xy -system, as shown in Figure 10.38. 


FIGURE 10.38 
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Example 3 © Rotation of Axes for a Parabola 


Sketch the graph of x2 — 4xy + 4y2+5/5y+1=0. 
Solution 

Because A = 1, B = —4, and C = 4, you have 

AC = [eta 


cot 26 = = 
B —A 





Using the identity cot 20 = (cot?@ — 1)/(2 cot @) produces 


t2 —— 
eae = NE 
4 2 cot 6 





from which you obtain the equation 
4 cot? 6— 4 = 6cot 6 
4 cot? 6—- 6cotd@-4=0 
1 (2 cot 6 — 4)(2 cot 6+ 1) = 0. 
Considering 0 < @ < 7/2, you have 2 cot 0 = 4. So, 
; _ cot 6 = 2 0 ~ 26.6°. 


IGURE 10.39 From the triangle in Figure 10.39, you obtain sin 0 = 1/\/5 and cos 0 = DIR) Ss 
Consequently, you use the substitutions 


x = x’cos 8 — y’sin 0 











Hee ae Dig! — 
x? — 4xy + 4y2+5./5y+1=0 = «()-»(&)- 5 





y 


y = x’sin@+ y’cos 0 


(=) + (=) x’ + 2y’ 

=x —_ = 2 

Sy eS a6 

Substituting these expressions in the original equation, you have 


x2 — 4xy + 4y?2+5/S5y+1=0 


OE) PRISE) PY SE = 


which simplifies as follows. 


Sly.)2 eon ee lOy? ol = 





























, ,_4 
+ 1)?=(-1)(x’-= | 

lo a 5) 5(y' + 1)? = —Sx’ + 4 Complete the square. 

lertex: 4 
é (= ali; Standard f 
Bey tem: (4, -1) Gee 1) ( D(x :) tandard form 
13 6 : pare ; 4 a 

N xy-system: (5 -=*-] The graph of this equation is a parabola with vertex at (3, = 1). Its axis is parallel 


to the x-axis in the x’y’-system, as shown in Figure 10.40. 


IGURE 10.40 — eeeFSFTSFSSSSS— 
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Invariants Under Rotation 


In the rotation of axes theorem listed at the beginning of this section, note that the 
constant term is the same in both equations, F’ = F. Such quantities are 
invariant under rotation. The next theorem lists some other rotation invariants. 


Rotation Invariants 


The rotation of the coordinate axes through an angle 6 that transforms the 
equation Ax? + Bxy + Cy? + Dx + Ey + F = O into the form 


A'e)* Cy )* +.Da + Ey tFo= 0 
has the following rotation invariants. 
1. F=F’ 
2A tae Ana C’ 
3. B? — 4AC = (B’)? — 4A’ 


You can use the results of this theorem to classify the graph of a second- 
degree equation with an xy-term in much the same way you do for a second-degree 
equation without an xy-term. Note that because B’ = 0, the invariant B 2 — 4AC 
reduces to 


B? — 4AC = —4A’C’. Discriminant 
This quantity is called the discriminant of the equation 
Ax? + Bxy + Cy? + Dx + Ey + F =0. 


Now, from the classification procedure given in Section 10.4, you know that the 
sign of A’C’ determines the type of graph for the equation 


Ax)? ae Cy)7 aie Dix! + Ey > je = 0. 


Consequently, the sign of B? — 4AC will determine the type of graph for the 
original equation, as given in the following classification. 


Classification of Conics by the Discriminant 


The graph of the equation Ax? + Bxy + Cy? + Dx + Ey + F = Ois, except _ 
in degenerate cases, determined by its discriminant as follows. 


{ 
1. Ellipse or circle: B* — 4AC < 0 i 
2. Parabola: B? — 4AC = 0 * 
3. Hyperbola: Be dAC >) 


For example, in the general equation 
3x7 4 Ixy + 5y? — 6% — Ty 15 = 0 

you have A = 3, B = 7, and C = 5. So the discriminant is 
B2. = 4AC = 7? — 4(3)(5) = 49 — 60 = —-11. 


Because —11 < 0, the graph of the equation is an ellipse or a circle. 
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Example 4 ® Rotations and Graphing Utilities 


For each of the following, classify the graph, use the Quadratic Formula to solve 
for y, and then use a graphing utility to graph the equation. 
=| 5 a 2 — hy ly” — 2a b. x? — Oxy + 9y — 2y+1=0 
€. 3x7 + Sxy + Ay? — 7 =O 
=1 


FIGURE 10.41 Solution 


a. Because B? — 4AC = 9 — 16 < 0, the graph is a circle or an ellipse. Solve 
for y as follows. 








2x? — Bxy + 2y? = 25 = 0 Write original equation. 
2y? — 3xy + (2x? — 2x) = 0 Quadratic form ay? + by + c =0 
= —(=3x) + V(—3x)? — 4(2)(2x? — 2x) 
» 2(2) 


Graph both of the equations to obtain the ellipse in Figure 10.41. 


: 3x + /S9x2 — 16(x? — x) “oi 
FIGURE 10.42 Vis 4 Top half of ellipse 














_ 3x = V9x? = 16(x? — x) 
10 a0 4 
b. Because B? — 4AC = 36 — 36 = 0, the graph is a parabola. 





Bottom half of ellipse 








Pics *. Ko — Ory + Oy? — Dy t=) Write original equation. 
Oy? — (6x + 2)y + @? + 1) =0 Quadratic form ay? + by +c = 0 
SG Qe VJ (6x + 2)? = 4(9)(x? + 1) 
-10 18 
FIGURE 10.43 Graphing the resulting two equations gives the parabola in Figure 10.42. 


c. Because B* — 4AC = 64 — 48 > 0, the graph is a hyperbola. 








3% Shy Aye oO Write original equation. 
4y? + Sxy + (3x? — 7)=0 Quadratic form ay? + by +c =0 
—8x + /(8x)? — 4(4)Bx? — 7) 
y — 
8 


The graphs of the resulting two equations yield the hyperbola in Figure 10.43. 








| Usiting ABOUT MATHEMATICS 





Classifying a Graph as a Hyperbola In Section 2.6, it was mentioned that the graph of 
f(x) = 1/x is a hyperbola. Discuss how you could use the techniques in this section 
to verify this, and then do so. Compare your statement with that of another 
student. 
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10.5 Exercises 





In Exercises 1-6, the x’y’-coordinate system has been 
rotated @ degrees from the xy-coordinate system. The 
coordinates of a point in the xy-coordinate system are 
given. Find the coordinates of the point in the rotated 
coordinate system. 


1. 6 = 90°, (0, 3) 
3. 6 = 30°, (1, 3) 
5, 6 = 45°, (2, 1) 


2. 9 = 45°, (3, 3) 
4. 0 = 60°, (3, 1) 
6. 6 = 30°, (2, 4) 


In Exercises 7-18, rotate the axes to eliminate the xy-term. 
Sketch the graph of the resulting equation, showing both 
sets of axes. 

7. xy+1=0 

8. xy — 2 =0 

9.57 = Dy Fy 10 

10ay 4 x Sy 3 = 

Waxy = 2y- =" 4a = 00 

12, 2x7 — 3xy — 2y7 10 = 0 

13. 5x* — 6xy + Sy4 S12, = 10 

14. 13x? + 6/3xy + Ty? — 16 =0 

15. 3x2 — 2\/3xy + y? + 2x + 2V3y =0 

16. 16x? — 24xy + 9y? — 60x — 80y + 100 = 0 

17. 9x? + 24xy + l6y* + 90x'— 130y = 0 

18. 9x? + 24xy + 16y? + 80x — 60y = 0 


= In Exercises 19-26, use a graphing utility to graph the conic. 
Determine the angle 6 through which the axes are rotated. 
Explain how you used the graphing utility to obtain the 


graph. 

190 ay ey = 20 

20. x7 — 4xy + 2y2 = 

21 lis 32x = ly = 

22. 40x2 + 36xy + 25y? = 52 

23. 32x? + 48xy + 8y? = 50 

24. 24x? + 18xy + 12y? = 34 

25. 4x2 — 12xy + 9y2 + (4/13 — 12)x - 

(6/13 + 8)y = 91 

26. 6x2 — 4xy + 8y2 + (5/5 — 10)x - 

(7/5.+ 5)y = 80 








In Exercises 27-32, match the graph with its equation. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(b) 














(f) 














7. xy + 2=0 

28. x7 42ey + y* = 0 

29. —2x? + 3xyi+ 2y?7 + 3.=0 
30.7 = yt By? — FS = 0 

31.35 e oe 0 

32. x* — 4xy + 4y* + 10x = 30 = 


=x In Exercises 33-40, use the discriminant to classify th 


graph, use the Quadratic Formula to solve for y, ae ther 
use a graphing utility to graph the equation. 

33.. 16x — 8xy + y? — 10x + 5y =0 

34, x* — 4xy — 2y? -6=0 

35. 12x? — 6xy + 7y* — 45 =0 

36. 2x7 + Axy + Sy? + 3x — 4y —20 ae 

BT x? = "oxy" — Sy? + 4x — 22 =0 

38. 36x2 — 60xy + 25y? + 9y = 0 

39. x* + 4xy + 4y? — Sx — yp — 3 

40. x2-Fay st 4y? +x Fy —-4=0 


‘In Exercises 41-44, sketch (if possible) the graph of the 
degenerate conic. 


41. y? — 9x2 = 

AQ. x2 + y? — 2x + 6y + 10=0 
me. x° + 2xy + y?-1=0 

me x? 10xy + y?=0 


| In Exercises 45-58, find any points of intersection of the 
graphs algebraically and then verify using a graphing 
utility. 
45, me ty? + 4x—-6y + 4=0 
© x+y2?-4r-6y+12=0 
M6. —x? — y? — 8x + 200yv-—7=0 
ee Oy" + 8x + 4y +7 =0 
my. —4x7 — y* — 16x + 24y — 16 =0 
max + y? + 40x — 24y + 208 = 0 
48. oe ay — 20x — 64y — 172 = 0 
E 16x* + 4y? — 320x + 64y + 1600 = 0 
m9. x* — y? — 12x + l6y — 64=0 
— x2 +y2— 12x - loy + 64 =0 
50. x2 + 4y?- 2x - 8y +1 =0 
: aa on 4y— | = 0 
mt. —16x7 — y? + 24y — 80 =0 
llex? +- 25y* — 400 = 0 
memos: — y* + l6y — 128 = 0 
| ia 48x — l6y — 32 =0 
ax a ye — 4 =.0 
Diy? = "0 
34. 4x? + Dy? — 36y = 0 
a Oy 27=0 
ax + 2y*— 4x + 6y -5=0 
au ty 4 = () 
Bee 2)? — 4x + 6y —5 =0 
Bo Ag — y+ 4 = () 
eye x — 2y +3 =0 
oot 4y*—9 = (0) 
pmo — 2xy + 5y2? - 12 =0 
Katey = 1 =) 








Section 10.5 PB Rotation of Conics 811 
Synthesis 
True or False? \n Exercises 59 and 60, determine 
whether the statement is true or false. Justify your answer. 
59. The graph of the equation 
x? + xy + ky? + 6x+ 10 =0 


where k is any constant less than a is a hyperbola. 


60. After a rotation of axes is used to eliminate the 
Xy-term from an equation of the form 


Ax? + Bry + Cy? + Dx + Ey + F=0 


the coefficients of the x?- and y?-terms remain A and 
C, respectively. 

61. Show that the equation x? + y2 = r? is invariant 
under rotation of axes. 


62. Find the lengths of the major and minor axes of the 
ellipse graphed in Exercise 14. 


Review 


In Exercises 63-68, find the zeros (if any) of the rational 
function. 














Fae 
63. f (x)= rae 64. f(x) = oem 
8 eH 27 
65. f(x) =4- Piss) 66. f(x) = es 
x7 +4x+4 pene sl 
es eee 


In Exercises 69-76, graph the rational function. Identify all 


' intercepts and asymptotes. 




















69. g(x) = 5 = - 70. f(x) = = 

Tie (pes a 
lea =i it 

73. ex) = 23 TA ir 

a) ol 
eS Sail sli) 
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Dennis O’Clair/Tony Stone Images 


°) A computer animation of this:‘concept 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


10.6 Bele iat ces 


b> What you should learn 


* How to evaluate a set of 
parametric equations for a 
given value of the parameter 
How to sketch the curve that is 
represented by a set of 
parametric equations 


° 


How to rewrite a set of 
parametric equations as a 
single rectangular equation 
How to find a set of parametric 
equations for a graph 


> Why you should learn it 


Parametric equations are useful 
for modeling the path of an 
object. For instance, in Exercise 
60 on page 819, you will use a set 
of parametric equations to 
model the path of an arrow. 
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Plane Curves 


Up to this point you have been representing a graph by a single equation 
involving the two variables x and y. In this section, you will study situations in 
which it is useful to introduce a third variable to represent a curve in the plane. 
To see the usefulness of this procedure, consider the path followed by an 
object that is propelled into the air at an angle of 45°. If the initial velocity of the 
object is 48 feet per second, it can be shown that the object follows the 
parabolic path 
x? 


=-—+ 
Aen Ee ba: 


Rectangular equation 


as shown in Figure 10.44. However, this equation does not tell the whole story. 
Although it does tell you where the object has been, it doesn’t tell you when the 
object was at a given point (x, y) on the path. To determine this time, you can 
introduce a third variable t, called a parameter. It is possible to write both x and 
y as functions of ¢ to obtain the parametric equations 


DA Ot 
y = —16t2 + 24/2. 


x Parametric equation for x 


Parametric equation for y 


From this set of equations you can determine that at time t = 0, the object is at 
the point (0,0). Similarly, at time t= 1, the object is at the point 
(24972) 24./2 — 16), and so on. 








Parametric equations: 
x= 24/21 
y= -16t7+ 24,/2t 


Rectangular equation: 








2 
yaaa +k p++ +4 
9 18 27 36 45 54 63 72 
t=0 








FIGURE 10.44 Curvilinear Motion: Two Variables for Position, One Variable for Time 


For this particular motion problem, x and y are continuous functions of f, and 
the resulting path is a plane curve. (For this text, it is sufficient to think of 
continuous function as one whose graph can be traced without lifting the pencil 
from the paper.) f 


Definition of Plane Curve 


If f and g are continuous functions of ¢ on an interval J, the set of ordered — 


pairs (f(t), g(t)) is a plane curve C. The equations 
x=f) and y=) 


are parametric equations for C, and ¢ is the parameter. 





A computer animation of this example 
_ appears in the /nteractive CD-ROM and 
Internet versions of this text. 





FIGURE 10.45 





FIGURE 10.46 
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Sketching a Plane Curve 


When sketching a curve represented by a pair of parametric equations, you still 
plot points in the xy-plane. Each set of coordinates (x, y) is determined from a 
value chosen for the parameter 1. Plotting the resulting points in the order of 
increasing values of t traces the curve in a specific direction. This is called the 
orientation of the curve. 


Example 1 ® Sketching a Curve 
Sketch the curve described by the parametric equations 
SPIES, 


C= CA and y= 


Solution 


Using values of ¢ in the given interval, the parametric equations yield the points 
(x, y) shown in the table. 











11213 
dani aps t al 
1/211 | 3/2 








By plotting these points in the order of increasing t, you obtain the curve C shown 
in Figure 10.45. Note that the arrows on the curve indicate its orientation as t 
increases from —2 to 3. 





Note that the graph shown in Figure 10.45 does not define y as a function of 
x. This points out one benefit of parametric equations—they can be used to 
represent graphs that are more general than graphs of functions. 

It often happens that two different sets of parametric equations have the same 
graph. For example, the set of parametric equations 


x=47°-4 and y=t, ie 


WN | Go 


has the same graph as the set given in Example 1. However, by comparing the 
values of t in Figures 10.45 and 10.46, you see that this second graph is traced out 
more rapidly (considering t as time) than the first graph. So, in applications, 
different parametric representations can be used to represent various speeds at 
which objects travel along a given path. 


Eliminating the Parameter 


Example 1 uses simple point plotting to sketch the given curve. This tedious 
process can sometimes be simplified by finding a rectangular equation (in x and 
y) that has the same graph. This process is called eliminating the parameter. 
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Exploration 


Most graphing utilities have a 
parametric graphing mode. If 
yours does, try entering the 
parametric equations given in 
Example 2. Over what values 
should you let t vary to obtain 
the graph shown in Figure 
10.47? 





p ; Solve for Substitute 
arametric : : Rectangular 
: t in one in other ; sic 
equations : : equation 
equation. equation. 
RSA t = 2y x= (yy) = 4 x = 4y?—4 
y=t/2 


Now you can recognize that the equation x = 4y? — 4 represents a parabola with 
a horizontal axis and a vertex at (—4, 0). 

When converting equations from parametric to rectangular form, you may 
need to alter the domain of the rectangular equation so that its graph matches the 
graph of the parametric equations. Such a situation is demonstrated in Example 2. 


Example 2 ® Eliminating the Parameter 


Sketch the curve represented by the equations x = 1//t + 1 and y = t/(t + 1) 
by eliminating the parameter and adjusting the domain of the resulting rectan- 
gular equation. 

Solution 

Solving for ¢ in the equation for x, you have 


am 1 [ Oe t 
Sl Se Utes 


which implies that t = (1 — x?)/x?. Now, substituting in the equation for y, you 
obtain 

















The rectangular equation, y = 1 — x’, is defined for all values of x, but from the 
parametric equation for x you can see that the curve is defined only whent > —1. 
This implies that you should restrict the domain of x to positive values, as shown 
in Figure 10.47. 





Parametric equations: 


L aS: 
ied t+ 














FIGURE 10.47 





STUDY TIP 


To eliminate the parameter in 
equations involving trigonomet- 
ric functions, try using the 
identities 
ime cos: 0 = | 
sec*.0'= tan?) =1 


_ as done in Example 3. 








IGURE 10.48 
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It is not necessary for the parameter in a set of parametric equations to 
represent time. The next example uses an angle as the parameter. 


Example 3 ® Eliminating the Parameter 


Sketch the curve represented by 
x = 3cos 6 and y=4sn'0;° 0 < 6527 
by eliminating the parameter. 


Solution 


Begin by solving for cos @ and sin 6 in the equations. 


Xx 6 
cos 9 = 3 and sin 9 = - Solve for cos @ and sin @ 


Make use of the identity sin* @ + cos? 6 = 1 to form an equation involving only 
x and y. 


cos? 9 + sin? @ = 1 Trigonometric identity 
ENP? aN 
ea a » =A Substitute x for cos @ and us for sin 0. 
3 4 5 ‘ 4 for sin 8. 
2 » 
x y 
5p Se = | Rectangular equation 
9° 16 ere 


From this rectangular equation, you can see that the graph is an ellipse centered 
at (0, 0), with vertices at (0, 4) and (0, —4) and minor axis of length 2b = 6, as 
shown in Figure 10.48. Note that the elliptic curve is traced out counterclockwise 
as @ varies from 0 to 27. 





In Examples 2 and 3 it is important to realize that eliminating the parameter 
is primarily an aid to curve sketching. If the parametric equations represent the 
path of a moving object, the graph alone is not sufficient to describe the object’s 
motion. You still need the parametric equations to tell you the position, direction, 
and speed at a given time. 


Finding Parametric Equations for a Graph 


You have been studying techniques for sketching the graph represented by a set of 
parametric equations. Now consider the reverse problem—that is, how can you 
find a set of parametric equations for a given graph or a given physical description? 
From the discussion following Example 1, you know that such a representation is 
not unique. That is, the equations 


3 
x= 472-4 and y=4, -1st<5 
produced the same graph as the equations 
t 
x=?-4 and i i 


This is further demonstrated in Example 4. 


©) A computer animation of this example 
appears in the Interactive CD-ROM and 
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FIGURE 10.49 


STUDY TIP 


In Example 5, PD represents 


the ar 


c of the circle between 


points P and D. 


2 
a 
| © 
par 


gra 





Internet 


a ee 
“| Technology 


Use a graphing utility in 
ametric mode to obtain a 
ph similar to Figure 10.50 


by graphing the following 
equations. 


X= T= sint 


Vaile GOSi) 


versions of this text. 








Example 4 ® Finding Parametric Equations for a Given Graph 


Find a set of parametric equations to represent the graph of y = 1 — x”, using the 
following parameters. 
at=x b. f= 1 =x 
Solution 
a. Letting ¢ = x, you obtain the parametric equations 
x=t and yi Sie, 
b. Letting t = 1 — x, you obtain 
x=1-1t and y= 1 — eS 27 — F 
In Figure 10.49, note how the resulting curve is oriented by the increasing 
values of t. For part (a), the curve would have the opposite orientation. 


Example 5 ® Parametric Equations for a Cycloid 


Describe the cycloid traced out by a point P on the circumference of a circle of 
radius a as the circle rolls along a straight line in a plane. 
Solution 


As the parameter, let 6 be the measure of the circle’s rotation, and let the point 

P = (x, y) begin at the origin. When 6 = 0, P is at the origin; when 6 = 7, P is 

at a maximum point (za, 2a); and when 6 = 27, P is back on the x-axis at 

(27a, 0). From Figure 10.50, you can see that ZAPC = 180° — 8. So, you have 
AG BD 


sin 9 = sin(180° — 6) = sin(ZAPC) = — 
a a 


PAU 
cos 86 = —cos(180° — 0) = —cos(ZAPC) = — 
—a 


which implies that AP = —acos 6 and BD = asin 6. Because the circle rolls 
along the x-axis, you know that OD = PD = a@. Furthermore, because BA = 
DC = a, you have 


x = OD — BD = a0- asin 9 and y= BA+ AP=a-—acos@. 
Therefore, the parametric equations are 


x = a(@ — sin 0) and yeezaLl — cos: 6). 





Cycloid: 
x = a(@-— sin @) 
y =a(1 —cos 0) 





| (31a, 2a) 











FIGURE 10.50 





10.6 Exercises 
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i 


1. Consider the parametric equations x = \/t and y = 


3 ik 
(a) Create a table of x- and y-values using t = 0, 1, 
2, 3, and 4. 


(b) Plot the points (x, y) generated in part (a), and 
sketch a graph of the parametric equations. 


(c) Find the rectangular equation by eliminating the 
parameter. Sketch its graph. How do the graphs 
differ? 

2. Consider the parametric equations x = 4 cos? 6 and 

y.= 2 sin 0. 

(a) Create a table of x- and y-values using 
6 = —7/2, — 7/4, 0, 27/4, and 7/2. 

(b) Plot the points (x, y) generated in part (a), and 
sketch a graph of the parametric equations. 


(c) Find the rectangular equation by eliminating the 
parameter. Sketch its graph. How do the graphs 
differ? 


In Exercises 3-22, sketch the curve represented by the 
parametric equations (indicate the direction of the curve) 
by eliminating the parameter and adjusting the domain of 
the resulting rectangular equation. 


eo. x= 3t — 3 4.x =3-2t 
yi= 2+ 1 y=2+ 3t 
SD. x “i; 6.x=t 
= 1° ya 
fox —t+ 2 Soe 
y=t? y=1-t 
29x=t+1 10. x =t-1 
Di 1t/(ti+ 1) VS whee) 
11. x = 2(¢ + 1) 12. x = |t- 1| 
y= |t-2| y=t+2 
13. x = 3cos 6 14. x = 2cos 0 
y = 3 sin 6 y = 3sin 6 
15. x = 4sin 20 16. x = cos 6 
y = 2cos 20 y = 2sin 20 
17. x = 4+ 2cos 6 18. x = 4 + 2cos 0 
y=-1+sin@ y=2+ 3sin 0 
19.x=e" 20. x = e? 
ae Dee. 


21. xa 
y=3Int 


Pepe 36 = Nin Di 
y = 22? 


In Exercises 23 and 24, determine how the plane curves dif- 
fer from each other. 


2328 (a) ear (b) x = cos 9 
Ver ae | y=2cosé+ 1 
(c) x=e" (d) x =e! 
WS UE se Il y = 2e' + 1 
24.) x =f (b) x = ?? 
y=?r?-1 y=t*-1 
(c) x = sint (d) x =e! 


y = sin? t — 1 y=e#—1 


In Exercises 25-28, eliminate the parameter and obtain the 
standard form of the rectangular equation. 
25. Line through (x,, y,) and (x,, y,): 
Kiet tty > yey yy oe toy) 
26. Circle: 
x=h+rcosé, y=k+rsin@ 
27. Ellipse: 
x=h+acos6, y=k+bsin@ 
28. Hyperbola: 
x=h+asec 0, y=k+ btand 


In Exercises 29-36, use the results of Exercises 25-28 to find 
a set of parametric equations for the line or conic. 


29. Line: Passes through (0, 0) and (6, —3) 
30. Line: Passes through (2, 3) and (6, —3) 
31. Circle: Center: (3, 2); Radius: 4 
32. Circle: Center: (— 3, 2); Radius: 5 
33. Ellipse: Vertices: (+4, 0); Foci: (+3, 0) 
34. Ellipse: Vertices: (4, 7), (4, —3); 

Foci: (4, 5), (4, —1) 
35. Hyperbola: Vertices: (+4, 0); Foci: (+5, 0) 
36. Hyperbola: Vertices: (0,+2); Foci: (0, +4) 
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In Exercises 37-44, find a set of parametric equations for 
the given rectangular equation using (a) t = x and (b) 


=2-x. 

31. y = on 2 38. 0 =3yi= 2 

39, y = x7 40. y=x7 

41. y=x7+1 42. y=2-x 
1 1 

Ly=- 4. y= — 

43. y : 44. y 57 


zs In Exercises 45-52, use a graphing utility to obtain a graph 
of the curve represented by the parametric equations. 
45. Cycloid: x = 4(@ — sin 6), y = 4(1 — cos @) 
46. Cycloid: x = 9+ sin 60, y = 1 — cos 0 
47. Prolate cycloid: x = 6 — > sin @, Wes hes > cos 0 
48. Prolate cycloid: x = 20—4sin6, y = 2 — 4cos 6 
49. Hypocycloid: x = 3 cos? 6, y = 3 sin? 0 
50. Curtate cycloid: x = 86 —4sin 6, y = 8 — 4cos 0 
51. Witch of Agnesi: x = 2 cot 6, y = 2 sin’ 6 

3t i 


52. Foli p Descattes: 4 — ,y= 
olium of Descartes: = 4» Vs 





In Exercises 53-56, match the parametric equations with 
the correct graph and describe the domain and range. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) (b) 





(d) 





53. Lissajous curve: x = 2 cos 6 
y = sin 26 
54. Evolute of ellipse: x = 4 cos? 6 
y = 6sin° 0 


55. Involute of circle: x = S(cos 6+ @sin @) 


y = 4(sin 6 — cos 6) 


56. Serpentine curve: x = : cot 6 


y = 4sin 6cos 6 


Projectile Motion _ A projectile is launched at a height of 
h feet above the ground and at an angle @ with the hori- 
zontal. If the initial velocity is v) feet per second, the path of 
the projectile is modeled by the parametric equations 


x =(v)cos @)t and y=h+ (vysin 6)t — 16t?. 


In Exercises 57 and 58, use a graphing utility to graph the 
paths of a projectile launched from ground level at the 
specified values of @ and vo. For each case, use the graph to 
approximate the maximum height and the range of the 
projectile. 


ST. 


58. 


59. 


(a) 06= 60°, v = 88 ft/sec 

(b) 6= 60°, vo = 132 ft/sec 

(c) 06= 45°, vo = 88 ft/sec 

(d) 6= 45°, vo = 132 ft/sec 

(a) 6= 15°, Vv = 60 ft/sec 

(b) 6= 15°, vo = 100 ft/sec 

(c) 8= 30°, vo = 60 ft/sec 

(d) 6 = 30°, vo = 100 ft/sec 

Baseball The center field fence in a ballpark is 10 
feet high and 400 feet from home plate. The baseball 
is hit 3 feet above the ground. It leaves the bat at an 


angle of @ degrees with the horizontal at a speed of 
100 miles per hour (see figure). 


(a) Write a set of parametric equations for the path 
of the baseball. 


t= (b) Use a graphing utility to sketch the path of the 


== (c) Use a graphing utility to sketch the path of the 


baseball if @ = 15°. Is the hit a home run? ( 






baseball if 6 = 23°. Is the hit a home run? 


(d) Find the minimum angle required for the hit to 
be a home run. - 





60. Archery An archer releases an arrow from a bow 5 


feet above the ground. The arrow leaves the bow at 
an angle of 10° with the horizontal and at an initial 
speed of 240 feet per second. 


(a) Write a set of parametric equations for the path 
of the arrow. 


(b) Assuming the ground is level, find the distance 
the arrow travels before it hits the ground. 
(Ignore air resistance.) 


(c) Use a graphing utility to graph the path of the 


61. 


62. 


arrow and approximate its maximum height. 
(d) Find the time the arrow is in the air. 
Projectile Motion Eliminate the parameter t from 
the position function for the motion of a projectile to 
show that the rectangular equation is 


mel 6 sec? 0 5 


ae > « 
Yo 


+ (tan @)x + h. 

Path of a Projectile The path of a projectile is 
given by the rectangular equation 

eee — 0.02%". 


(a) Use the result of Exercise 61 to find h, Vo, and 6. 
Find the parametric equations of the path. 


(b) Use a graphing utility to graph the rectangular 


equation for the path of the projectile. Confirm 
your answer in part (a) by sketching the curve 
represented by the parametric equations. 


EH (c) Use a graphing utility to approximate the 


93. 


maximum height of the projectile and its range. 


Curtate Cycloid A wheel of radius a rolls along a 
straight line without slipping. The curve traced by a 
point P that is b units from the center (b < a) is 
called a curtate cycloid (see figure). Use the angle 0 
shown in the figure to find a set of parametric 
equations for the curve. 





64. 
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Epicycloid A circle of radius 1 rolls around the 
outside of a circle of radius 2 without slipping. The 
curve traced by a point on the circumference of the 
smaller circle is called an epicycloid (see figure). 
Use the angle @ shown in the figure to find a set of 
parametric equations for the curve. 











Synthesis 


True or False? 


In Exercises 65 and 66, determine 


whether the statement is true or false. Justify your answer. 


65. 


66. 


The two sets of parametric equations x = 1, 
y =t? + 1 and x = 31, y = 9t2 + 1 have the same 
rectangular equation. 


The graph of the parametric equations x = f? and 
y = t’ is the line y = x. 


Review 


In Exercises 67-70, solve the system of equations. 


67. 


69. 


Si nal vae 2 lt 68. | 3x + Sy = 9 
fia y=-13 peek oo 
3a-—2b+ c= 8 70. (S5Su+77v+9w= 4 
24+ D—3¢= —3 1 Uy = yy = FO 
OOo Ge— al Su 27 ee w= 20 


In Exercises 71-74, find the equation of the parabola 


y = ax*+ bx +c 


that passes through the given points. 


walle 
72. 
13. 
74. 


(00), (3, —3), ©, 0) 

(0, —6), (2, —2), (4, —6) 
4r12), (8, =2), (12; 12) 

(3. 6), (-7,,— 8); (=6.—6) 
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10.7 Bierman erie 


> What you should learn 


* How to plot points in the polar 
coordinate system 

* How to convert points from 

rectangular to polar form and 

vice versa 

How to convert equations from 

rectangular to polar form and 

vice versa 


» Why you should learn it 


Polar coordinates offer a different 
mathematical perspective on 
graphing. For instance, in 
Exercises 1-8 on page 824, you 
see that a polar coordinate can 


be written in more than one way. © 


] 


>) A computer animation of this concept 
=“ appears in the Interactive CD-ROM and 
Internet versions of this text. 





(a) 
FIGURE 10.52 






Introduction 


So far, you have been representing graphs of equations as collections of points 
(x, y) on the rectangular coordinate system, where x and y represent the directed 
distances from the coordinate axes to the point (x, y). In this section you will 
study a different system called the polar coordinate system. 


@=directed angle Polar 
axis 


FIGURE 10.51 
To form the polar coordinate system in the plane, fix a point O, called the 
pole (or origin), and construct from O an initial ray called the polar axis, as 


shown in Figure 10.51. Then each point P in the plane can be assigned polar 
coordinates (r, 6) as follows. 


1. r = directed distance from O to P 


2. 6 = directed angle, counterclockwise from polar axis to segment OP 


Example 1 ® Plotting Points on the Polar Coordinate Syst 





a. The point (r, 0) = (2, 77/3) lies 2 units from the pole on the terminal side of 
the angle 6 = 7/3, as shown in Figure 10.52(a). 

b. The point (r, 0) = (3, — 77/6) lies 3 units from the pole on the terminal side of 
the angle 6 = — 7/6, as shown in Figure 10.52(b). 

c. The point (r, 6) = (3, 11/6) coincides with the point (3, — 77/6), as shown in 
Figure 10.52(c). 


X 
D 





(b) 








Exploration 


Most graphing calculators have 
a polar graphing mode. If yours 
does, try graphing the equation 
r = 3. (Use a setting of 

~0= x = Gand —4 < y < 4) 
You should obtain a circle of 
radius 3. 


a. Use the trace feature to 
cursor around the circle. 
Can you locate the point 

(3, 52/4)? 


b. Can you find other polar 
representations of the point 
(3, 57/4)? If so, explain how 
you did it. 





3n 
2 
6-3) =6.8)-(s-1)-(2.9)- 
FIGURE 10.53 
y 





Pole’ 





Polar axis 


Caen) (x-axis) 


FIGURE 10.54 
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In rectangular coordinates, each point (x, y) has a unique representation. This 
is not true for polar coordinates. For instance, the coordinates (r, 0) and 
(r, 6 + 277) represent the same point, as illustrated in Example 1. Another way to 
obtain multiple representations of a point is to use negative values for r. Because 
ris a directed distance, the coordinates (r, 0) and (—r, 6 + 7) represent the same 
point. In general, the point (r, @) can be represented as 


(r, 0) = (r, 0 + 2n7) or (r, 0) = (—r, 0+ (2n + 1)z) 


where n is any integer. Moreover, the pole is represented by (0, 6), where 6 is any 
angle. 


Example 2 ® Multiple Representation of Points 


Plot the point (3, — 37/4) and find three additional polar representations of this 
point, using —27 < 6 < 27. 


Solution 


The point is shown in Figure 10.53. Three other representations are as follows. 


Add 277 to 0. 
Replace r by —r; subtract 7 from 6. 


Replace r by —r; add 7r to 0. 





Coordinate Conversion 


To establish the relationship between polar and rectangular coordinates, let the 
polar axis coincide with the positive x-axis and the pole with the origin, as shown 
in Figure 10.54. Because (x, y) lies on a circle of radius r, it follows that 
r? = x? + y?. Moreover, for r > 0, the definitions of the trigonometric functions 
imply that 


sin 6 =~. 


an 
% r 


x 
cos 9 = -, and 
ie 


If r < 0, you can show that the same relationships hold. 


Coordinate Conversion 
The polar coordinates (r, 6) are related to the rectangular coordinates (x, y) 


as follows. 


x =rcos @ and ane 2 
X 


=rsin@ = Say 
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FIGURE 10.55 
1 
By 
2 
es y) = Gab 1) 
e 1 


(r, 6) = (V2, 





(a) 


(x9) = (0.2) 0) = (2, 





(b) 
FIGURE 10.56 


Example 3 > Polar-to-Rectangular Conversion = . 


Convert the points to rectangular coordinates. (See Figure 10.55.) 
a. (2, 77) b. (ey 7/6) 

Solution 

a. For the point (r, 6) = (2, 7), you have 


x =rcos 6=2cos 7 = —2 
and 
y=rsnéd=2sin7 = 0. 
The rectangular coordinates are (x, y) = (—2, 0). 
b. For the point (7, 6) = (73 1/6), you have 


x= V3cos = = v2) me 


and 


y= Vin§ = (5) = 


The rectangular coordinates are (x, y) = (3 [27 2) 





Example 4 ® Rectangular-to-Polar Conversion 


Convert the points to polar coordinates. 

a. et) b. (0, 2) 

Solution 

a. For the second-quadrant point (x, y) = (—1, 1), you have 


PNG 
x 
tan 6 = —1 
377 
G=—. 
4 


Because @ lies in the same quadrant as (x, y), use positive r. 
r= /fx2 4+ y2 = /(-1)2 + (1)? = /2 


So, one set of polar coordinates is (r, 0) = (a2 32r/ 4), as shown in Figure 
10.56(a). 


b. Because the point (x, y) = (0, 2) lies on the positive y-axis, choose 





G=— and r= 2. 


This implies that one set of polar coordinates is (r, 0) = (2, 7/2), as shown in 
Figure 10.56(b). 


nnn NNERNEnrpeeeeeerreeeeneneeeeenenenememmnmenmenenemnneneEE 








(b) 





(c) 
FIGURE 10.57 
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Equation Conversion 


By comparing Examples 3 and 4, you can see that point conversion from the polar 
to the rectangular system is straightforward, whereas point conversion from the 
rectangular to the polar system is more involved. For equations, the opposite is 
true. To convert a rectangular equation to polar form, you simply replace x by 
rcos @ and y by rsin 6. For instance, the rectangular equation y = x? can be 
written in polar form as follows. 


v= xz Rectangular equation 
r sin 6 = (rcos 6)? Polar equation 
r = sec @ tan 0 Simplest form 


On the other hand, converting a polar equation to rectangular form requires 
considerable ingenuity. 

Example 5 demonstrates several polar-to-rectangular conversions that enable 
you to sketch the graphs of some polar equations. 


Example 5 ® Converting Polar Equations to Rectangular Form 


Describe the graph of each polar equation and find the corresponding rectangular 
equation. 


a r=2 Dy, = c. r= sec 0 


Solution 


a. The graph of the polar equation r = 2 consists of all points that are 2 units 
from the pole. In other words, this graph is a circle centered at the origin with 
a radius of 2, as shown in Figure 10.57(a). You can confirm this by converting 
to rectangular form, using the relationship r? = x? + y?. 
L=2 Ps Uk > iy 
od —S-a 
Polar equation Rectangular equation 





b. The graph of the polar equation @ = 7/3 consists of all points on the line that 
makes an angle of 7/3 with the positive polar axis, as shown in Figure 
10.57(b). To convert to rectangular form, make use of the relationship 
tan 6 = y/x. 


g=— fan 0 =n y= J3x 


3 
Sees Se 
Polar equation Rectangular equation 


¢c. The graph of the polar equation r = sec 6 is not evident by simple inspection, 
so you convert to rectangular form by using the relationship r cos 6 = x. 





T= Secu, rcos @= 1 ee x=1 
Polar equation Rectangular equation 


Now you see that the graph is a vertical line, as shown in Figure 10.57(c). 
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In Exercises 1-8, plot the point given in polar coordinates == In Exercises 27-32, use a graphing utility to find one set 


and find two additional polar representations. 


“1. (4, — 77/3) 
3. (0, —777/6) 

~r 5. (/2, 2.36) 

= "a (9/2 AT 


In Exercises 9-16, a point in polar coordinates is given. 


2. (—1, —377/4) 
4. (16, 57/2) 

6. (—3, —1.57) 
B= 5 G6) 


Convert the point to rectangular coordinates. 


13 
15 


In Exercises 17-26, a point in rectangular coordinates is 





(r, 0) = (+1, 


. (2, 37/4) 
(0:50 11) 


10 


14. (—2, 77/6) 


16 


0 





a 
2 


(18) = (ON 70) 


. (8.25, 3.5) 


given. Convert the point to polar coordinates. 


17 
19 
21 
23 
25 


Ge) 

=; 0) 
384) 
(ey2-V3) 
. (6,9) 


18 
20 
22 
24 
26 


3 
s(02— 5) 
Gee) 
. (V3, -1) 
G1) 


of polar coordinates of the point given in rectangular 
coordinates. 


2ienle. 2) 28. (—5S, 2) 
29. (3, 2) 30. (3/2, 32) 
31. (5.8) 22. (5) 
In Exercises 33-48, convert the rectangular equation to 
polar form. 
) Digg Va lk 34. x2 + y? = 16 
35. y=4 36. x = 10 
37, 3kiza at 2 = 0 38. 3x + Sy —-2 =0 
39. xy = 16 40. y=x 
41. 9? =8x.116 = 0 42. (x? +7)? = 
43.. x? + y* = a* 44, x? + y* = 0G 
45. y=b 46. x = 4a 


Alito y= Zax =0 48. x2 + y? — Zay—= 0 


In Exercises 49-58, convert the polar equation to rectan- 


gular form. 
49. r=4sin 0 50. r = 3 cos 0 
2) 
51. 9=— 52. r= 4 
3 
53. r = 2 csc 0 54, r2 = sin2@ 
: 1 
55. r = 2 sin 30 56. 7 == 
p 1 =scosig 
pe SS 
DQ = Ss 
6: 
58. r 





“tiene 3 sino 


In Exercises 59-64, convert the polar equation to rectan- 
gular form and sketch its graph. 


59. r=6 60. r= 8 
T 37 
61. d= a 62. d= A 
Ai (63.07 — seco 64. r = 2csc 0 
ees 
; | 
UO} 0 W /¢ \ A\ n/ | 


t 


Synthesis 


True or False? \n Exercises 65 and 66, determine 
whether the statement is true or false. Justify your answer. 


65. If 0, = 6, + 27n for some integer n, then (r, 6,) 
and (r, 6,) represent the same point on the polar 
coordinate system. 


66. If |r,| = |r,|, then (7,, 6) and (r,, 0) represent the 
same point on the polar coordinate system. 





67. Convert the polar equation 


r = 2(hcos 6 + k sin 0) 


to rectangular form and verify that it is the equation 
of a circle. Find the radius and the rectangular 
coordinates of the center of the circle. 


68. Convert the polar equation r = cos 6 + 3 sin @ to 
rectangular form and identify the graph. 


69. Think About It 
(a) Show that the distance between the points (7,, 0,) 
and (r,, 95) is 


A Tok 754 — 27,7, cos(O, —"65). 





(b) Describe the positions of the points relative to 
each other if 0, = @,. Simplify the Distance 
Formula for this case. Is the simplification what 
you expected? Explain. 

(c) Simplify the Distance Formula if 6, — 0, = 90°. 
Is the simplification what you expected? 
Explain. 


(d) Choose two points on the polar coordinate 
system and find the distance between them. Then 
choose different polar representations of the 
same two points and apply the Distance. Formula 
again. Discuss the result. 


70. Exploration 


(a) Set the window format of your graphing utility 
on rectangular coordinates and locate the cursor 
at any position off the coordinate axes. Move the 
cursor horizontally and observe any changes in 
the displayed coordinates of the points. Explain 
the changes. Now repeat the process moving the 
cursor vertically. 
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(b) Set the window format of your graphing utility 
on polar coordinates and locate the cursor at any 
position off the coordinate axes. Move the cursor 
horizontally and observe any changes in the 
displayed coordinates of the points. Explain the 
changes. Now repeat the process moving the 
cursor vertically. 


(c) Explain why the results of parts (a) and (b) are 
not the same. 


Review 


In 
eq 


71. 


72 


73. 


74. 


TEE 


76. 


In 


Exercises 71-76, use determinants to solve the system of 
uations. 


Sey = = 
hea Nps 8) 


° 


3x + 5y = 10 


DG DiC — 0) 
a—3b+9¢=8 


| 
ae 
ee 
| 


= 15 
u—-2v-3w= 7 
8u-2v+ w= 0 
LH y+ 2 3W ees 


OX Vi ee We a 
aie) SVE ie Centre 2 Wie 


2y + w=-6 
2p op Ye ae (Oi = 3) 
De ae AY = S25 Woe el 
ake Oye 2 Ow 6 
Axe aD Vi = Z = —12 


Exercises 77-80, use a determinant to determine 


whether the points are collinear. 

Tg Ae) (Oni (ta pe) 

78. (—2, 4), (0, 1), (4, —5) 

79. (—6, —4), (—1, —3), (1.5, —25) 
80. (—2.3, 5), (—0.5, 0), (1.5, —3) 
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10.8 Bee ice maltese 


> What you should learn 


* How to graph a polar equation 
by point plotting 

* How to use symmetry, zeros, 
and maximum r-values as 
graphing aids 

* How to recognize special polar 
graphs 


> Why you should learn it 


Equations of several common 
figures are simpler in polar form 
than in rectangular form. For 
instance, Exercise 6 on page 832 
shows the graph of a circle and 
its polar equation. 





Introduction 


In previous chapters you spent a lot of time learning how to sketch graphs on 
rectangular coordinate systems. You began with the basic point-plotting method, 
which was then enhanced by sketching aids such as symmetry, intercepts, asymp- 
totes, periods, and shifts. This section approaches curve sketching on the polar 
coordinate system similarly, beginning with a demonstration of point plotting. 


Example 1 ® Graphing a Polar Equation by Point Plotting 


Sketch the graph of the polar equation r = 4 sin 0. 


Solution 


The sine function is periodic, so you can get a full range of r-values by consider- 
ing values of 0 in the interval 0 < @ < 27, as shown in the following table. 















































If you plot these points as shown in Figure 10.58, it appears that the graph is a — 
circle of radius 2 whose center is at the point (x, y) = (0, 2). Try confirming this | 
by squaring both sides of the polar equation and converting the result to rectan- 
gular form. 





FIGURE 10.58 





=-|GURE 10.60 
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Symmetry 


In Figure 10.58, note that as @ increases from 0 to 27 the graph is traced out 
twice. Moreover, note that the graph is symmetric with respect to the line 
6 = 7/2. Had you known about this symmetry and retracing ahead of time, you 
could have used fewer points. 

Symmetry with respect to the line 6 = 7/2 is one of three important types 
of symmetry to consider in polar curve sketching. (See Figure 10.59.) 











a a 
2 2 
(2-0) (r, 8) 
©. 2-0 
Cr —60) a 
~S e) 
1 0 
~e 
@ —0) 
(Gr, t— 0) 
3n 3n 
2 2 
ea a Respect to the Symmetry with Respect to Symmetry with Respect to 
Line 0 = oi the Polar Axis the Pole 
FIGURE 10.59 


Tests for Symmetry in Polar Coordinates 


The graph of a polar equation is symmetric with respect to the following if 
the given substitution yields an equivalent equation. 


1. The line 0 = 7/2: Replace (r, 0) by (r, 7 — @) or (=r, = 9). 
2. The polar axis: Replace (r, 0) by (r, — 8) or (—r, 7 — 9). 
3. The pole: Replace (r, 0) by (r, 7 + 8) or (=r, 8). 


Example 2 ® Using Symmetry to Sketch a Polar Graph 


Use symmetry to sketch the graph of r = 3 + 2 cos 8. 


Solution 


Replacing (r, 6) by (r, — 6) produces r = 3 + 2 cos(— 6) = 3 + 2 cos @. So, you 
can conclude that the curve is symmetric with respect to the polar axis. Plotting 
the points in the table and using polar axis symmetry, you obtain the graph of a 
limacon, as shown in Figure 10.60. 
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Spiral of Archimedes: 
r=0+2n,-47<0<0 





FIGURE 10.61 





Limacon: 
al eiCOsio 








FIGURE 10.62 


The three tests for symmetry in polar coordinates listed on page 827 are 
sufficient to guarantee symmetry, but they are not necessary. For instance, Figure 
10.61 shows the graph of r = @ + 27 to be symmetric with respect to the line — 
6 = 7/2, and yet the tests on page 827 fail to indicate symmetry. 

The equations discussed in Examples 1| and 2 are of the form 


r= 4sin 6 = f(sin 6) and = r=3+2cos@ = sos, 


The graph of the first equation is symmetric with respect to the line @ = 7/2, and 
the graph of the second equation is symmetric with respect to the polar axis. This 
observation can be generalized to yield the following quick tests for symmetry. 


1. The graph of r = f(sin 6) is symmetric with respect to the line 9 = 7/2. 


2. The graph of r = g(cos 6) is symmetric with respect to the polar axis. 


Zeros and Maximum r-Values 


Two additional aids to sketching graphs of polar equations involve knowing the 
6-values for which |r| is maximum and knowing the 6-values for which r = 0. 
For instance, in Example 1, the maximum value of |r| for r = 4 sin @is |r| = 4, 
and this occurs when @ = 7/2, as shown in Figure 10.58. Moreover, r = 0 when 
d=0. 


Example 3 ® Sketching a Polar Graph 


Sketch the graph of 
[=e COS. U: 
Solution 


From the equation r = 1 — 2 cos 6, you can obtain the following. 


Symmetry: With respect to the polar axis 
Maximum value of |r|: =r = 3 when 6 = 7 
Zero of r: r = 0 when 6 = w/3 


The table shows several 6-values in the interval [0, 7]. By plotting the 
corresponding points, you can sketch the graph shown in Figure 10.62. 

















x 


Note how the negative r-values determine the inner loop of the graph in Figure 
10.62. This graph, like the one in Figure 10.60, is a limagon. 


A computer animation of this example 
appears in the Interactive CD-ROM and 
Internet versions of this text. 


Technology 


= Use a graphing utility in 


polar mode to verify the graph 
of r = 2. cos 3@ shown in Figure 
10.63. 
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Some curves reach their zeros and maximum r-values at more than one point. 
Example 4 shows how to handle this situation. 


Example 4 ® Sketching a Polar Graph 


Sketch the graph of r = 2 cos 30. 


Solution 
Symmetry: With respect to the polar axis 
Maximum value of |r|: |r| = 2 when 30 = 0, a, 27, 377 or 
6 = 0, 7/3, 27/3, 7 
Zeros of r: r = 0 when 30 = 77/2, 37/2, 5277/2 or 


= 1/6, 17/2, 57/6 


























By plotting these points and using the specified symmetry, zeros, and maximum 
values, you can obtain the graph shown in Figure 10.63. This graph is called a 
rose curve, and each of the loops on the graph is called a petal of the rose curve. 
Note how the entire curve is generated as 0 increases from 0 to 77. 


ls 
2 


Dla 





3x 
p 





27 
OS 
3 


FIGURE 10.63 
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Limacgons 
r=a+bcos@ 
r=aztbsin@é 
(a > 0,b > 0) 


Rose Curves 

n petals if n is odd 
2n petals if n is even 
(n > 2) 


Circles and 
Lemniscates 


Special Polar Graphs 


Several important types of graphs have equations that are simpler in polar form 
than in rectangular form. For example, the circle 


(4 


r= 4sin 0 
in Example | has the more complicated rectangular equation 
x? + (y—2)2=4, 


Several other types of graphs that have simple polar equations are shown below. 


Ls x x a 
Oy 2 2 2 
1 Qe 0 « Ge 0 
3% 3a 3a 3m 
a 2 y 2 
Sr a ee = 
b b b b 
Limagon with Cardioid Dimpled Convex 
inner loop (heart-shaped) limagon limagon 
1 us 
oe a 





r=asinn@é 


r=asinn@é 


r=acosnd 


r=acosnd 


Rose curve Rose curve Rose curve Rose curve 
ze x x x 
Z 2 D 2 


a | a 
3n 3m 3m 3a 
2 2 D D 
r=acos@ r= asin @ r?2 = a? sin 20 2 = a” cos 20 
Circle Circle Lemniscate Lemniscate 


aul 








| 
Ww 
wo 
a 
Sci 


OY 
bi 





rl 


| 
be 
Na 
a 


FIGURE 10.64 





FIGURE 10.65 
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Example 5 ® Sketching a Rose Curve 


Sketch the graph of 
r = 3cos 20. 
Solution 
Type of curve: Rose curve with 2n = 4 petals 
Symmetry: With respect to polar axis, the line 6 = 7/2, 
and the pole 
Maximum value of |r|: |r| = 3 when 6 = 0, 27/2, a7, 37/2 
Zeros of r: r = 0 when 0 = 7/4, 3277/4 


Using this information together with the additional points shown in the following 
table, you obtain the graph shown in Figure 10.64. 























Example 6 ® Sketching a Lemniscate 


Sketch the graph of 

r? = 9sin 20. 
Solution 
Type of curve: Lemniscate 
Symmetry: With respect to the pole 
Maximum value of |r|: |r| = 3 when 6 = 7/4 
Zeros of r: r = 0 when 6 = 0, 77/2 


If sin 26 < 0, this equation has no Solution points. So, you restrict the values of 
6 to those for which sin 20 2 0. 


Meee <@< eal 

S055 or TS 05, 
Moreover, using symmetry, you need to consider only the first of these two 
intervals. By finding a few additional points, you can obtain the graph shown in 


Figure 10.65. 








= +3/sin20 | 0 
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10.8 Exercises 





In Exercises 1-6, identify the type of polar graph. 



































us TT 
i = Be 2 

= ICO. —__—— 
35 t 4, x 
r =3(1 —2 cos@)| 2 2 

r2 =16 cos 20 
0 0 
2. 5 
Ss 6. 








r=6sin 20 


a 
27 =3 cose 
0 Qe 


In Exercises 7-12, test for symmetry with respect to 
@ = 77/2, the polar axis, and the pole. 


aL 
2 








71, r= 5 +4 cos 0 8. r = 16cos 30 
2 

72S == ih == 

cae 1 + sin 0 aes 2 + cos 0 

11. r2 = 16 cos 20 12. r? = 36 sin 20 


In Exercises 13-16, find the maximum value of |r| and any 
zeros of r. 


13. r = 10(1.— sin @) 
15. r = 4cos 30 


14 7316 le cose 
16. r= 3 sin 20 


In Exercises 17-40, sketch the graph of the polar 
equation. 


17. r=5 


(has 
19, ee 
Lame Te 


1 
| 





a 


21. r=3 sind 22. r=4cos 0 
23. r = 3(1 — cos 8) 24. r = 4(1 — sin 6) 
25. r = 4(1 + sin 8) 26. r = 2(1 + cos 6) 





27. r=3 + 6sin 6 28. r=4-—3sin0 

29. r= 1—-—2sin0 30. r= 1 — 2cos 0 

31. r= 3 — 4cos 0 32. r= 4+ 3cos 0 

33. r = 5sin26 34. r = 3cos 20 | 

35. r = 2 sec 0 36. r = Scsc 0 | 
3 6 

a hash a pI 38. + = Feel 

39. r? = 9cos 20 40. r? = 4sin 0 


In Exercises 41-46, use a graphing utility to graph the polar 
equation. 


41. r= 8 cos 0 
43. r = 3(2 — sin 0) 
45. r = 8 sin 0 cos? 60 


42. r = cos 20 

44. r = 2cos(36 — 2) 

46. r=2csc6+5 

In Exercises 47-52, use a graphing utility to graph the polar — | 
equation. Find an interval for @ for which the graph is 
traced only once. 


47. 7— 3 — 4:cos. 6 
48. r=5+4cos 0 


49. 


50 
S022 —sisin|—— 
= ane(2) 
51. r2 = 9sin 20 
1 
52. r2=-— 
6 


In Exercises 53-56, use a graphing utility to graph the polar 
equation and show that the indicated line is an asymptote 
of the graph. 


aN 


Name of Graph Polar Equation Asymptote 
53. Conchoid r=2-— sec 0 x=-1 
54. Conchoid r= 2 40sec y=1 
3 1 
55. Hyperbolic spiral r= 9 y=3 
56. Strophoid r=2cos26sec0 x=-—2 


Synthesis 


True or False? \n Exercises 57 and 58, determine whether 
the statement is true or false. Justify your answer. 


57. In the polar coordinate system, if a graph that has 
symmetry with respect to the polar axis were folded 
on the line 6 = 0, the portion of the graph above the 
polar axis would coincide with the portion of the 
graph below the polar axis. 


58. In the polar coordinate system, if a graph that has 
symmetry with respect to the pole were folded on the 
line 6 = 3277/4, the portion of the graph on one side 
of the fold would coincide with the portion of the 


graph on the other side of the fold. 


59. Exploration Sketch the graph of r = 6 cos @ over 
each interval. Describe the part of the graph obtained 
in each case. 


@o<e<s ) >< O<m 
T 7 T 37 
S65 SS a) — =< Sa 
oe OU 


| 60. Graphical Reasoning Use a graphing utility to 
graph the polar equation 


r = 6[1 + cos(@ — @)] 


for (a) @ = 0, (b) d = 7/4, and (c) d = 77/2. Use 
the graphs to describe the effect of the angle @. Write 
the equation as a function of sin @ for part (c). 

The graph of r = f(6) is rotated about the pole 
through an angle ¢. Show that the equation of the 
rotated graph is r = f(@ — @). 

Consider the graph of r = f(sin @). 


61. 


62. 


(a) Show that if the graph is rotated counterclock- — 


wise 7/2 radians about the pole, the equation of 
the rotated graph is r = f(—cos 6). 


(b) Show that if the graph is rotated counterclock- 
wise 7 radians about the pole, the equation of the 
rotated graph is r = f(—sin 8). 

(c) Show that if the graph is rotated counterclock- 
wise 37/2 radians about the pole, the equation of 
the rotated graph is r = f(cos 6). 





Eg 
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In Exercises 63-66, use the results of Exercises 61 and 62. 


63. Write an equation for the limacon r = 2 — sin 0 
after it has been rotated by the given amount. 

37 

(c) 7 (d) ios 


7 7 
ey: OF 


64. Write an equation for the rose curve r = 2 sin 26 
after it has been rotated by the given amount. 

27 
(c) a (d) 7 


T 7 
ees (b) 


65. Sketch the graph of each equation. 


(a) r= 1-—sin@ 


Ors ike sin( 0 - 7) 


66. Sketch the graph of each equation. 


(a) r= 3 sec 0 () r= 3 see( 0 ~ 7) 


7 7 

(c) r=3 sec( 0 + 2) (d) r=3 seo( 0 = z) 

67. Exploration Use a graphing utility to graph and 
identify r = 2 + ksin 6 for k = 0, 1, 2, and 3. 

68. Exploration 


== (a) Use a graphing utility to graph the equation for 
k = 1.5. Find the interval for @ over which the 
graph is traced only once. 


Consider the equation r = 3 sin k@. 





== (b) Use a graphing utility to graph the equation for 
k = 2.5. Find the interval for 6 over which the 


graph is traced only once. 


(c) Is it possible to find an interval for 6 over which 
the graph is traced only once for any rational 
number k? Explain. 


Review 


In Exercises 69-74, solve the equation algebraically. Round 
the result to three decimal places. 


69. ex = 19 70. 6e* = 47 
71. 10% = 84 [2-260 
73. Inx =4 74. 4ln4x = 18 


In Exercises 75-78, find the zeros (if any) of the rational 
function. 








hel oe 4 
es ay 76. y=6+ Ty) 
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DO iier) Ta 5 78. y= 244 
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> What you should learn 

* How to define a conic in terms 
of eccentricity 

* How to write equations of 
conics in polar form 

* How to use equations of conics 
in polar form to model real-life 
problems 


> Why you should learn it 


The ellipitical orbits of planets 
and satellites can be modeled 
with polar equations. For 
instance, Exercise 49 on page 839 
uses a polar equation to model a 
planet's orbit. 





Parabola: e = 1 


10.9 BeQie Te sete yal mey ae ol Coc 


Directrix} 





Alternative Definition of Conics 


In Sections 10.3 and 10.4, you learned that the rectangular equations of ellipses 
and hyperbolas take simple forms when the origin lies at their centers. As it | 
happens, there are many important applications of conics in which it is more | 
convenient to use one of the foci as the origin of the coordinate system. For exam- 
ple, the sun lies at a focus of the earth’s orbit. In this section you will learn that | 
polar equations of conics take simple forms if one of the foci lies at the pole. 
To begin, consider the following alternative definition of conic that uses the | 
concept of eccentricity. 


Alternative Definition of Conic 


The locus of a point in the plane that moves so that its distance from a fixed 
point (focus) is in a constant ratio to its distance from a fixed line (directrix) 
is a conic. The constant ratio is the eccentricity of the conic and is denoted 

by e. Moreover, the conic is an ellipse if e < 1, a parabola if e = 1, anda 

hyperbola if e > 1. 


In Figure 10.66, note that for each type of conic, the pole corresponds to the 
fixed point (focus) given in the definition. 
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FIGURE 10.66 


--) A computer simulation of this concept 


appears in the /nteractive CD-ROM and 
Internet versions of this text. 


Polar Equations of Conics 


The benefit of locating a focus of a conic at the pole is that the equation of the 
conic takes on a simpler form. A proof of the polar form is given in Appendix A. 


Polar Equations of Conics 
The graph of a polar equation of the form 
ep ep 
Line se a 
ae cos: 6 1+esin0 


is a conic, where e > 0 is the eccentricity and |p| is the distance between the 
focus (pole) and the directrix. 


2r= 
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The equations 


ep 


r= —— Vertical directrix 
1 + ecos 0 


correspond to conics with vertical directrices, and the equations 


ep 


i ——— Horizontal directrix 
l1+esin@ 


correspond to conics with horizontal directrices. Moreover, the converse is also 
true—that is, any conic with a focus at the pole and having a horizontal or vertical 
directrix can be represented by one of the given equations. 


Example 1 ® Determining a Conic from Its Equation 


Identify the conic and sketch its graph. 
15 


di Sa COSY, 
Solution 


To identify the type of conic, rewrite the equation as 


= 15 4 2) Divide numerator and 
3-2 cos. 6- * 1 = (2/3) cos 0) denominator by 3. 





r 


From this form you can conclude that the graph is an ellipse with e = z, You can 
sketch the upper half of the ellipse by plotting points from 6 = 0 to @ = 7, as 
shown in Figure 10.67. Using symmetry with respect to the polar axis, you can 
sketch the lower half. 











FIGURE 10.67 


For the ellipse in Figure 10.67, the major axis is horizontal and the vertices 
lie at (15, 0) and (3, 7). So, the length of the major axis is 2a = 18. To find the 
length of the minor axis, you can use the equations e = c/a and b? = a? — c? to 
conclude that 


b? = a7 —e2= ae—(ea)* = a1 — e?). Ellipse 


Because e = 4%, you have b? = {1 = (2)"] = 45, which implies that 
b = \/45 = 3/5. So, the length of the minor axis is 2b = 6/5. A similar 
analysis for hyperbolas yields 


b? =c?— a? = (ea)? = a>(e? a 1). Hyperbola 
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Example 2 > Sketching a Conic from Its Polar Equati: ae x 


Identify the conic r = 32/(3 + 5 sin 6) and sketch its graph. 
Solution 
Dividing each term by 3, you have 
stl he OLS 
1 + (5/3) sin 6 


Because e = 2 > |, the graph is a hyperbola. The transverse axis of the hyperbola 
lies on the line 6 = 7/2, and the vertices occur at (4, 7/2) and (— 16, 37/2). 
Because the length of the transverse axis is 12, you can see that a = 6. To find b, 


write 
B\2 
= ae? — 1) = 6 (3) 1 1 = 64. 
ill dk 3 
3+5 sin @ 
Therefore, b = 8. Finally, you can use a and b to determine the asymptotes of the 


FIGURE 10.68 hyperbola and obtain the sketch shown in Figure 10.68. 








In the next example you are asked to find a polar equation of a specified 
conic. To do this, let p be the distance between the pole and the directrix. 


= ée 
are 1. Horizontal directrix above the pole: r= i 
Technology 1 + esin 6 
Most graphing utilities e 
eerie , 2. Horizontal directrix below the pole: r= eres el 
have a polar mode. Try using a 1 —esin@ 
graphing utility set in polar ep 
mode to verify the four orienta- 3. Vertical directrix to the right of the pole: r = —————— 
é : 1 + ecos @ 
tions shown at the right. 
é 
SSNS ae KAMAE ES j 4. Vertical directrix to the left of the pole: r= __ 
positive, but p can be positive or 1 — ecos 0 


negative. 





Example 3 & Finding the Polar Equation of a Conic 


Find the polar equation of the parabola whose focus is the pole and whose 
directrix is the line y = 3. 


Solution 


la 


From Figure 10.69, you can see that the directrix is horizontal and above the pole: 
So, you can choose an equation of the form 


ep 


ee 
1 + esin 8 


Moreover, because the eccentricity of a parabola is e = 1 and the distance 
between the pole and the directrix is p = 3, you have the equation 


= 


= 
(ee sine@ 





FIGURE 10.69 


la 


Sun 






Earth 


Halley’s 
comet 





FIGURE 10.70 
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Applications 


Kepler’s Laws (listed below), named after the German astronomer Johannes 
Kepler (1571-1630), can be used to describe the orbits of the planets about 
the sun. 


1. Each planet moves in an elliptical orbit with the sun at one focus. 


2. A ray from the sun to the planet sweeps out equal areas of the ellipse in equal 
times. 


3. The square of the period is proportional to the cube of the mean distance 
between the planet and the sun. 


Although Kepler simply stated these laws on the basis of observation, they were 
later validated by Isaac Newton (1642-1727). In fact, Newton was able to show 
that each law can be deduced from a set of universal laws of motion and 
gravitation that govern the movement of all heavenly bodies, including comets 
and satellites. This is illustrated in the next example, which involves the comet 
named after the English mathematician and physicist Edmund Halley 
(1656-1742). 

If you use earth as a reference with a period of 1 year and a distance of 1 
astronomical unit, the proportionality constant in Kepler’s third law is 1. For 
example, because Mars has a mean distance to the sun of d = 1.523 astronomical 
units, its period P is given by d? = P?. So, the period of Mars is P = 1.88 years. 


; ae 
Example 4 ® Halley’s Comet 


Halley’s comet has an elliptical orbit with an eccentricity of e ~ 0.97. The length 
of the major axis of the orbit is approximately 36.18 astronomical units. (An 
astronomical unit 1s defined as the mean distance between earth and the sun, or 
about 93 million miles.) Find a polar equation for the orbit. How close does 
Halley’s comet come to the sun? 


Solution 


Using a vertical axis, as shown in Figure 10.70, choose an equation of the form 
r = ep/(1 + e sin). Because the vertices of the ellipse occur when 6 = 77/2 and 

= 37/2, you can determine the length of the major axis to be the sum of the 
r-values of the vertices. That is, 


0.97 0.97 
og = 091B_ , _0.9TP_ 
SOS Ta eS OLOT 
So, p ~ 1.102 and ep ~ (0.97)(1.102) ~ 1.069. Using this value of ep in the 


equation, you have 
7 1.069 
"1+ 0.97 sin 0 


== 32.83p ~ 36.18. 


where r is measured in astronomical units. To find the closest point to the sun (the 
focus), substitute 6 = 7/2 in this equation to obtain 
1.069 
r= 
1 + 0.97 sin(7/2) 





= ().54 astronomical unit ~ 50,000,000 miles. 
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10.9 Exercises 





| In Exercises 1-4, use a graphing utility to graph the polar 
equation for e = 1, e = 0.5, and e = 1.5. What can you 
conclude? 


4e 
iL 7S SS SS 
1 + ecos 6 

4 
Dh fps neta ee > 
1 —ecos@ 

4 
atl Remedies 
l= eam @) 

4 
lia 
1+ esin 6 


In Exercises 5-10, match the polar equation with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) 


& 
2 





(c) 





x 
By 
Zon 

4 
a 
?} 
LA 
oe 4 


(e) 


2 
a 6. r= 
1 + cos @ Dea COSIO, 
3 2 
6 PE Se 
1+ 2sin 0 1 — sin 0 


4 aI 


oie Te 10. 7 Se 


In Exercises 11-24, identify the conic and sketch its graph. 


2 
ih, pS 12. a 
= COR 1 + sin 0 
5) 
ky pS SS 14. , 2 ee 
1 + sin 0 1 + cos 6 
Bi hed local 16. pee 
“le 2 — cos 6 - 1 3a 
17. peepee ea. 18. —_ a 
se Sin E, 3 COSIO 
19. plas ce 20. , = 
2+ 4sin 6 il ee COSHO 
3 3} 
2 22 1 ae 
. 2 — 6cos 6 : 2 a OrSinug, 
23 pee es 24 _ 
aT ee ia) 
In Exercises 25-28, use a graphing utility to graph the polar 
equation. Identify the graph. 
all 
25. f= = 
ie Srsinig 
RG dee 
Mae OL sria (G 
3 
Qh. p22 
‘ Ae ICOSNG 
4 
238. 2a 
i ee NCOSIO, 


= In Exercises 29-32, use a graphing utility to graph the 


rotated conic. ! 





» 
29. r= Pee (See Exercise 11.) 
3 
ar ar E ise 16. 
30. r sone) (See Exercise 16.) 
6 
hee E i : 
31. r De cate 7/6) (See Exercise 17.) 
=) 
32. r= (See Exercise 20.) 


—1 + 2cos(@ + 27/3) 


In Exercises 33-48, find a polar equation of the conic with 
its focus at the pole. 


Conic Eccentricity Directrix 
33. Parabola e=1 ball | 
34. Parabola e=1 y= 2 
35. Ellipse a= 5 y=1 
36. Ellipse eae y=-3 
37. Hyperbola e=2 x=1 
38. Hyperbola e= 5 ee ol 
Conic Vertex or Vertices 
39. Parabola (1, — 77/2) 
40. Parabola (6, 0) 
41. Parabola (5, 77) 
42. Parabola (10, 7/2) 
43. Ellipse (2, 0), (10, 77) 
44. Ellipse (2, 1/2), (4, 3727/2) 
45. Ellipse (20, 0), (4, 7) 
46. Hyperbola (2, 0), (8, 0) 


50. 


. Hyperbola 
. Hyperbola 


(1, 3727/2), (9, 37/2) 
(4, w/2), (—1, 32/2) 


. Planetary Motion The planets travel in elliptical 


orbits with the sun at one focus. Assume that the 

focus is at the pole, the major axis lies on the polar 

axis, and the length of the major axis is 2a (see 

figure). Show that the polar equation of the orbit is 
(1 — e2)a 


5 — 
ee COS)O: 


where ¢ is the eccentricity. 


Te 








> Planet 
~0 
1 1 
a 
Planetary Motion Use the result of Exercise 49 to 


show that the minimum distance (perihelion 
distance) from the sun to the planet is r = a(1 — e) 
and the maximum distance (aphelion distance) is 
nal + e). 
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In Exercises 51-56, use the results of Exercises 49 and 50 to 
find the polar equation of the planet’s orbit and the 
perihelion and aphelion distances. 


Si. 


52. 


33: 


54. 


35% 


56. 


STs 


58. 


Earth a = 92.960 x 10° miles 
e = 0.0167 

Saturn a= 1.429 x 10° kilometers 
e = 0.0543 

Pluto a = 5.900 x 10° kilometers 
e = 0.2481 

Mercury a = 35.98 x 10° miles 
e = 0.2056 

Mars a = 141.00 x 10° miles 
e = 0.0934 

Jupiter a = 778.40 x 10° kilometers 
e = 0.0484 

Satellite Tracking A satellite in a 100-mile-high 


circular orbit around earth has a velocity of approxi- 
mately 17,500 miles per hour. If this velocity is 
multiplied by ./2, the satellite will have the 
minimum velocity necessary to escape the earth’s 
gravity and it will follow a parabolic path with the 
center of earth as the focus (see figure). Find a polar 
equation of the parabolic path of the satellite 
(assume the radius of earth is 4000 miles). Find the 
distance between the surface of the earth and the 
satellite when @ = 30°. 


Circular 
orbit Parabolic 


rbit 





Use the equation found in Exercise 57. Find the 
distance between the surface of the earth and the 
satellite when 6 = 60°. 
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Synthesis 


True or False? \n Exercises 59 and 60, determine 
whether the statement is true or false. Justify your answer. 


39. Ifr= is the equation of an ellipse with 


1+esin0@ 


e < 1, changing the value of p will affect the length 
of the major axis, but will not affect the length of the 
minor axis. 


60. For a given value of e > 1 over the interval 9 = 0 to 


9 = 27, the graph of r = is the same as 


e(—x) 


1+ ecos@ 


ex 
1 —excos 0 
the graph of r = 


61. Show that the polar equation of the ellipse 
2 2 2 

y ; b 
—+-—-=] a —————_——. 
TE Se ted 1 ae COs .0 


62. Show that the polar equation of the hyperbola 


ep 2 * = pe 
—— == is r2 = —————_. 
a b? 1 — e* cos? 0 


In Exercises 63-68, use the results of Exercises 61 and 62 to 
write the polar form of the equation of the conic. 


2 Pe 


x y 


63.2 ee 
169 | 144 
2 2 
64 al 
D5 uae 
x2 ye 
65 ae eal 
Stale 
x2 ye 
6. — -> = 
36. 4 


67. Hyperbola One focus: (5, 7/2) 


Vertices: (4, 1/2), (4, — 2/2) 
68. Ellipse One focus: (4, 0) 
Vertices: (5, 0), (5, 7) 


Review 


In Exercises 69-74, solve the trigonometric equation. 


69. 4./3tand-3=1 
70. 6cosx-—2=1 
71. 12 sin? 6 = 9 

Th Desc = 10, = 2 


73 COL — 5 cos 5 


74, /2 sec 0 = oes 


In Exercises 75-78, find the value of the trigonometric 
function given that u and v are in Quadrant IV and 
sinu = —2andcosv = 1//2. 

75. cos(u + v) 

76. sin(u + v) 

77. cos(u — v) 

78. sin(u — v) 


In Exercises 79 and 80, find the exact values of sin 2u, 
cos 2u, and tan 2u using the double-angle formulas. 


hy Sih = = 


eye 
in ay eta 
D2 


80. tanu = —J3, 7 <u < 2m 
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What did you learn? 


Section 10.1 
CL] How to find the inclination of a line and the angle between two lines 


L] How to find the distance between a point and a line 

Section 10.2 

L] How to recognize a conic as the intersection of a plane and a cone 

L] How to write the standard form of the equation of a parabola 

CL] How to use the reflective property of parabolas to solve real-life problems 
Section 10.3 

LJ How to write the standard form of the equation of an ellipse 

L] How to use properties of ellipses to model and solve real-life problems 
L) How to find the eccentricity of an ellipse 

Section 10.4 

L] How to write the standard form of the equation of a hyperbola 

L] How to find the asymptotes of a hyperbola 

L] How to use properties of hyperbolas to solve real-life problems 

L] How to classify a conic from its general equation 


Section 10.5 
L] How to rotate coordinate axes to eliminate the xy-term of a conic 





CL] How to use the discriminant to classify a conic 
Section 10.6 
L] How to evaluate a set of parametric equations for a given value of the parameter 


L] How to sketch the curve that is represented by a set of parametric equations 
and rewrite the equations as a single rectangular equation 


L] How to find a set of parametric equations for a graph 

Section 10.7 

L] How to plot points in the polar coordinate system 

L] How to convert points from rectangular to polar form and vice versa 

L] How to convert equations from rectangular to polar form and vice versa 
Section 10.8 

L] How to graph a polar equation by point plotting 

C1 How to use symmetry, zeros, and maximum r-values as graphing aids 

L] How to recognize special polar graphs 

Section 10.9 

L] How to define a conic in terms of eccentricity 

CL] How to write equations of conics in polar form 

[1 How to use equations of conics in polar form to model real-life problems 


Review Exercises 
1-8 
9,10 


1 i 
13-16 
17-20 


21-24 
25,20 
27-30 


31-34 
35-38 
39, 40 
41,42 


43-46 
47-50 


51-54 
55-60 


61-64 


65-68 
69-72 
73-78 


79-84 
85-88 
89-92 


93-96 
97-100 
101,102 
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Review Exercises 





10.1] In Exercises 1-4, find the inclination 6 of the line with 
the given characteristics. 

1. Slope: m = 2 

2. Passes through the points (3, 4) and (—2, 7) 

3. Equation: y = 2x + 4 

4. Equation: 6x — 7y —-5 =0 


In Exercises 5-8, find the angle @ between the lines. 


(y SSkear shy = Si 
—2iaie oN — I 


5. 4x y= 
=o) aro) = ll 





I “223 Se 
0.4x+ y=0 


8. 0.02x + 0.07y = 0.18 
0.09x — 0.04y = 0.17 


In Exercises 9 and 10, find the distance between the point 
and the line. 


Point Line 
9.2; 2) x-y-3=0 
10. (0, 4) er Vee) 


In Exercises 11 and 12, state what type of conic 
is formed by the intersection of the plane and the 
double-napped cone. 





In Exercises 13-16, find the standard form of the equation 
of the parabola. 


13. Vertex: (4, 2) 
Focus: (4, 0) 


14. Vertex: (2, 0) 
Focus: (0, 0) 


15. Vertex: (0, 2) 
Dinecttixcg — ta 
16. Vertex: (2, 2) 


Directrix: y = 0 


In Exercises 17 and 18, find an equation of a tangent line to 
the parabola at the given point, and find the x-intercept of 
the line. 


ie yO) 
18.52 = —2y, \(—45=8) 


19. Parabolic Archway A parabolic archway is 12 
meters high at the vertex. At a height of 10 meters, 
the width of the archway is 8 meters (see figure). 
How wide is the archway at ground level? 





FIGURE FOR 20 


FIGURE FOR 19 


20. Flashlight The light bulb in a flashlight is at the 
focus of its parabolic reflector, 1.5 centimeters from 
the vertex of the reflector (see figure). Write an equa- 
tion for a cross section of the flashlight’s reflector 
with its focus on the positive x-axis and its vertex at 
the origin. 


In Exercises 21-24, find the standard form of the 

equation of the ellipse. 

21. Vertices: (—3, 0), (7, 0); Foci: (0, 0), (4, 0) 

22. Vertices: (2, 0), (2, 4); Foci: (2, 1)/125ay 

23. Vertices: (0, +6); Passes through (2, 2) 

24. Vertices: (0, 1), (4, 1); 
Endpoints of the minor axis: (2, 0), (2, 2) 

25. Semielliptical Archway A _ semielliptical archway 
is set on pillars that are 10 feet apart. Its height (atop 


the pillars) is 4 feet. Where should the foci be placed 
in order to sketch the semielliptical arch? 


26. Wading Pool You are building a wading pool that 
is in the shape of an ellipse. Your plans give an 
equation for the elliptical shape of the pool measured 


in feet as 

2 2D 
ae 
324 196 


Find the longest distance across the pool, the shortest 
distance, and the distance between the foci. 


In Exercises 27-30, find the center, vertices, foci, and 
eccentricity of the ellipse. 


27. 16x? + Sy? — 32x + 72y + 16 =0 





Beene + 25y? + 16x — 150y + 141 =0 
aa) (yt)? 
a aaa 
2 100 ; 
tae 5)? (y ode 
ss = 
30 i 36 1 


10.4] In Exercises 31-34, find the standard form of the 
equation of the hyperbola. 


31. Vertices: (0,+1); Foci: (0, +3) 

32, Vertices: (2, 2), (—2,2); Foci: (4, 2), (—4, 2) 
33. Foci: (0, 0), (8, 0); Asymptotes: y = +2(x — 4) 
34, Foci: (3,+2); Asymptotes: y = +2(x — 3) 


In Exercises 35-38, find the center, vertices, foci, and the 
equations of the asymptotes of the hyperbola. Then sketch 
its graph. 

femme 16y- — 18x — 32y — 151 =0 

Sem —4%- + 25y* — 8x + 150y + 121 = 0 


‘¢ eee Oe) eae 





7 16 ri 1 
—] 2 
«ae ; | 
39. Loran Radio transmitting station A is located 200 


miles east of transmitting station B. A ship is in an 
area to the north and 40 miles west of station A. 
Synchronized radio pulses transmitted at 186,000 
miles per second by the two stations are received 
0.0005 second sooner from station A than from 
station B. How far north is the ship? 
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® Review Exercises 


40. Locating an Explosion Two of your friends live 4 
miles apart and on the same “east-west” street, and 
you live halfway between them. You are talking on a 
three-way phone call when you hear an explosion. 
Six seconds later your friend to the east hears the 
explosion, and your friend to the west hears it 8 sec- 
onds after you do. Find equations of two hyperbolas 
that would locate the explosion. (Sound travels at a 
rate of 1100 feet per second.) 


In Exercises 41 and 42, classify the conic from its general 
equation. 


41. 5x2 — 2y? + 10x — 4y + 17 = 0 
42. —4y? + 5x + 3y +7 =0 


10.5} In Exercises 43-46, rotate the axes to eliminate the 
xy-term. Sketch the graph of the resulting equation, 
showing both sets of axes. 


ASE Ta) 

44, x? — 10xy + y? +1=0 

45. 5° = Dy Oy = 1 = 0 

46. 4x2 + 8xy + 4y? + 72x + 9./2y = 0 


In Exercises 47-50, use the discriminant to classify the 
graph, use the Quadratic Formula to solve for y, and then 
use a graphing utility to graph the equation. 

47. 16x — 24xy + 9y* — 30x — 40y = 0 

48. 13x? — 8xy + Jy? — 45 =0 

49, x2 + y?2 + 2xy + 2/2x -2V2y +2=0 

SO lO + 7 10 


10.6] In Exercises 51-54, evaluate the parametric equations 
X = 3cos @and y = 2 sin? 6 for the given value of 0. 


51. 6=0 0 
7 Sel 
310 ce. 54. 9=-7 


In Exercises 55-60, sketch the curve represented by the 
parametric equations and, where possible, write the 
corresponding rectangular equation by eliminating the 
parameter. Verify your result with a graphing utility. 


55. x = 2t 56. x = 1+ 4t 
y=4t | y=2—3t 

Six = ft" 58. x=1t+4 
y= Vi eet 


844 Chapter 10 2 Topics in Analytic Geometry 


59. x = 6'cos 6 
y = 6sin 0 


60. x = 3 + 3cos 0 
y=2+5sin0 
61. Find a parametric representation of the ellipse with 


center at (—3, 4), major axis horizontal and 8 units 
in length, and minor axis 6 units in length. 


62. Find a parametric representation of the hyperbola 
with vertices (0, +4) and foci (0, +5). 


= 63. Rotary Engine The rotary engine was developed 


by Felix Wankel in the 1950s. It features a rotor that 
is basically a modified equilateral triangle. The rotor 
moves in a chamber that, in two dimensions, is an 
epitrochoid. Use a graphing utility to graph the 
chamber modeled by the parametric equations 
x = cos 36 + 5cos @ and y = sin3@ + 5 sin 0. 


64. Involute of a Circle The involute of a circle is 
described by the endpoint P of a string that is held 
taut as it is unwound from a spool (see figure). The 
spool does not rotate. Show that a parametric repre- 
sentation of the involute of a circle is 


x = r(cos 6 + @sin 9) 


y = r(sin 0 — @cos 6). 











In Exercises 65-68, plot the point given in polar 
coordinates and find the corresponding rectangular 
coordinates of the point. 


7 7 
65. (2, z) 66. (-s. -3) 


67. (—7, 4.19) 68. (/3, 2.62) 


In Exercises 69-72, the rectangular coordinates of a point 
are given. Find two sets of polar coordinates of the point for 
0< @0< 2a. 


69. (0, 2) 
71. (4, 6) 


70. (—J5, /5) 
pace 


In Exercises 73-76, convert the polar equation to 
rectangular form. 


713: 7 = 3'cos 6 14: NO 


Der 76. r* = cos 20 


Ising 


In Exercises 77 and 78, convert the rectangular equation to 
polar form. 


Teal X cathy) aay, 78. x2 +.y?2 = 45 = 


10.8| In Exercises 79-84, identify and sketch the graph of 
the polar equation. 


79. r=4 
81. r = 4sin 20 
83. r = —2(1 + cos 6) 


80. r = 20 
82. r = cos 50 
84. r = 3 —4icos 6 


In Exercises 85-88, determine the symmetry of r, the maxi- 
mum value of |r|,and any zeros of r. Then sketch the graph 
of the equation. 


85207 = | Osim 
$7. F=— 31cos 20 


86. r= 5 —5 cos 0 
88. r?2 = cos 20 


In Exercises 89-92, identify the type of polar graph. 
89. r = 3(2 — cos 8) 90. r = 3(1 — 2cos @ 
91. r = 4cos 30 92. r* = 9 cos 26 
10.9) In Exercises 93-96, state the eccentricity of the conic 


and identify the conic from its eccentricity. Sketch a graph 
of the conic. 


1 2 
Seep Ie 94. 7 ree 
/ 
4 16 
sca ee” VO 96. 1 


In Exercises 97-100, find a polar equation of the conic. 


97. Parabola Vertex: (2, 7) 

Focus: (0, 0) 

Vertex: (2, 7/2) 
Focus: (0, 0) 
Vertices: (5, 0), (1, 7) 
One focus: (0, 0) 
Vertices: (1, 0), (7, 0) 
One focus: (0, 0) 


98. Parabola 


99. Ellipse 


100. Hyperbola 


101. Explorer 18 On November 26, 1963, the United 
States launched Explorer 18. Its low and high 
points above the surface of earth were 119 miles 
and 122,000 miles, respectively (see figure). The 
center of earth is at one focus of the orbit. 
Find the polar equation of the orbit and find the 
distance between the surface of the earth (assume a 
radius of 4000 miles) and the satellite when 
6 = 7/3 radians. 


NlA 





Explorer 18 








102. Asteroid An asteroid takes a parabolic path with 
earth as its focus. It is about 6,000,000 miles from 
earth at its closest approach. Write the polar equa- 
tion of the path of the asteroid with its vertex at 
6 = 7/2. Find the distance between the asteroid 
and earth when 6 = — 77/3. 


Synthesis 


True or False? \n Exercises 103-106, determine whether 
the statement is true or false. Justify your answer. 


103. When B=0O in an equation of the form 
Ax’? + Bxy + Cy? + Dx + Ey + F = 0, the graph 
of the equation can be a parabola only if C = 0 also. 

104. The graph of (x?/4) — y+ = 1 is a hyperbola. 


105. Only one set of parametric equations can represent 
the line-y = 3 — 2x. 

106. There is a unique polar coordinate representation of 
each point in the plane. 


107. Consider an ellipse with the major axis horizontal 
and 10 units in length. The number b in the standard 
form of the equation of the ellipse must be less than 
what real number? Explain the change in the shape 
of the ellipse as b approaches this number. 


108. The graph of the parametric equations x = 2 sec t 
and y = 3 tant is given in the figure. Would the 
graph change for the equations x = 2 sec(—t) and 
y = 3 tan(—2)? If so, how would it change? 


109. 


110. 


111. 
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5 =D Saxe i 
Votan 
a f+ 0 
4 


FIGURE FOR 108 


A moving object is modeled by the parametric 
equations x = 4cost and y = 3 sint, where ¢ is 
time (see figure). How would the orbit change for 
the following? 

(a) x =4cos2t, y = 3 sin 2t 

(b) x =Scost, y=3sint 


Nla 


Identify the type of symmetry each of the following 
polar points has with the point in the figure. 


a (-43) 
T 
wm (e-3 


(ead 





What is the relationship between the graphs of the 
rectangular and polar equations? 


@) eth? =25. r= 5 


(b) x -y=0, 0= 


RIS 
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Giricmgcy(ams §Polar, Rectangular, and Parametric Forms 





In this project, you will compare the polar, rectangular, and parametric forms of 
equations for conics. 














Seek TS | 
3 —2 cos 0 (a) Consider the polar equation 
oe 
S22 cos 0, 


In Section 10.9, you learned that the graph of this polar equation is an ellipse 
and that one of the ellipse’s foci is at the pole, as shown in the graph at the 
left. To find the rectangular equation of this ellipse, begin by rewriting the 
equation as 


Se COS 1G a: 





Then use the substitutions r = ./x* + y* and rcos 6 = x to find the rectan- 
gular equation. After you find the rectangular equation, write it in the standard 
form 


(=m)? , (y= 
a ss ae 





‘ip 

=: (b) Use the standard form of the ellipse in part (a) to find the center, foci, and 
eccentricity of the ellipse. Compare your results with those obtained in 
Example | in Section 10.9. Use the function mode of a graphing utility to 
graph the ellipse. 





"= (c) Use the standard form of the ellipse and the identity sin? 6 + cos? @ = 1 to 
write parametric equations for the ellipse. Then use the parametric mode of a 
graphing utility to graph the ellipse. 


Chapter Project Investigations 
1. Sketch the graph of the polar equation 


32 


ae EN POT 


Which type of conic is this? 


=: 2. Write the standard form of the rectangular equation of the conic in 
Question 1. Then sketch the graph using the function mode of a graphing — 
utility. Does your graph agree with the graph obtained in Question 1? 
Which of the two graphs is easier to obtain? Explain your reasoning. 


in . Write parametric equations for the conic given in Question 1. Then use 
the parametric mode of a graphing utility to graph the conic. Does your 
graph agree with the graph obtained in Question 1? 


4. Consider the parametric equations 
x=4+5cost and y=3sint. 


With appropriate scaling of the coordinate system, could these equations 
represent the motion of a comet about the sun? Explain your reasoning. 


Chapter Test 


> Chapter Test 847 





The Interactive CD-ROM and /nternet 
versions of this text provide answers to 


the Chapter Tests and Cumulative Tests. 


They also offer Chapter Pre-Tests 
(which test key skills and concepts 
covered in previous chapters) and 
Chapter Post-Tests, both of which have 
randomly generated exercises with 
diagnostic capabilities. 


Take this test as you would take a test in class. After you are done, check your work 
against the answers given in the back of the book. 

1. Find the inclination of the line 2x — 7y + 3 = 0. 

2. Find the angle between the lines 3x + 2y — 4 = Oand 4x —-y+6=0. 

3. Find the distance between the point (7, 5) and the line y = 5 — x. 


In Exercises 4-7, classify the conic and write the equation in standard form. Identify 
the center, vertices, foci, and asymptotes (if any). Then sketch the graph of the conic. 


4. yy? =—4xn + 4 = 0 Seay ae — 0 
6. 9x7 + 16y? + 54x — 32y — 47 = 0 
Tee Dy? = xy Or 0 
8. Find the standard form of the equation of the parabola with vertex (3, —2), 
with vertical axis, and passing through the point (0, 4). 
9. Find the standard form of the equation of the hyperbola with foci (0, 0) and 
(0, 4) and asymptotes y = +3x + 2. 
10. (a) Determine the number of degrees the axis must be rotated to eliminate 
the xy-term of the conic x? + 6xy + y?-6=0. 
(b) Graph the conic and use a graphing utility to confirm your result. 


11. Sketch the curve represented by the parametric equations x = 2 + 3 cos 0 
and y = 2sin 6. Eliminate the parameter and write the corresponding 
rectangular equation. 


12. Find a set of parametric equations of the line passing through the points 
(2, —3) and (6, 4). (The answer is not unique.) 
13. Convert the polar coordinate (—2, 57/6) to rectangular form. 


14. Convert the rectangular coordinate (2, —2) to polar form and find two 
additional representations for this point. 


15. Convert the rectangular equation x7 + y* — 4y = 0 to polar form. 
In Exercises 16-19, sketch the graph of the polar equation. Identify the type of graph. 
17. r= 


Paice De COSI 
18377 — 2-7 3 sin 6 195 n= 3'sin26 


16. r 


20. A straight road rises with an inclination of 0.15 radian from the horizontal. 
Find the slope of the road and the change in elevation over a 1-mile stretch 
of the road. 


21. A baseball is hit 3 feet above the ground toward the left field fence. 
The fence is 10 feet high and 375 feet from home plate. The path of the 
baseball can be modeled by the parametric equations x = (115 cos 6)t and 
y = 3 + (115 sin @)t — 167. Does the baseball go over the fence when the 
baseball is hit at an angle of 6 = 30°? Does the baseball go over the fence 
when 6 = 35°? 
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Appendix A Proofs of Selected Theorems 


SECTION P.8, PAGE 85 


The Midpoint Formula 


The midpoint of the segment joining the points (x,, y,) and (x3, y,) is given 
by the Midpoint Formula 


Midpoint = ( 


15, ed) 
De BCE ONS BN 


Proof 


Using the figure, you must show that 
















(1 Y1) dj=d, and d, + d, = d,. 
: d 
= eee y+ B By the Distance Formula, you obtain 
An eae 
YS x, +x ut un Zeoik 
= d, = / (at ve x) a Grae = ») = av = aoe ie (y, a yi) 











oA x +x 2 y + y 2 1 
ine ee ean aay 2) od. Geerreaer 


d, = ia aay) l(a) 
Midpoint Formula So, it follows that d, = d, and d, + d, = d;. 











SECTION 2.3, PAGE 230 


The Remainder Theorem 
If a polynomial f(x) is divided by x — k, the remainder is 


r= f(k). 


Proof 


From the Division Algorithm, you have 


F(x) = (& — k)g(x) + r(x) 


and because either r(x) = 0 or the degree of r(x) is less than the degree of x — k, 
you know that r(x) must be a constant. That is, r(x) = r. Now, by evaluating f(x) 
at x = k, you have 


f(®) = (k -— Kak) + r= Og’) tr=r. 
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SECTION 2.3, PAGE 230 


The Factor Theorem 
A polynomial f(x) has a factor (x — k) if and only if f(k) = 0. 


Proof 

Using the Division Algorithm with the factor (x — k), you have 
F(x) = (&« — k)qGx) + r(). 

By the Remainder Theorem, r(x) = r = f(k), and you have 
Fe) = = Wg) = file) 

where q(x) is a polynomial of lesser degree than f(x). If f(k) = 0, then 
f(x) = & — kg) 


and you see that (x — k) is a factor of f(x). Conversely, if (x — k) is a factor of 
f(x), division of f(x) by (« — k) yields a remainder of 0. So, by the Remainder 
Theorem, you have f(k) = 0. 


SECTION 2.5, PAGE 243 


Linear Factorization Theorem 


If f(x) is a polynomial of degree n, where n > 0, then f has precisely n 
linear factors 


F(x) =a, —e)(@— 0,)* * + — e,) 


where c,,C>, . . . ,¢, are complex numbers. 


Proof 


Using the Fundamental Theorem of Algebra, you know that f must have at least 
one zero, c,. Consequently, (x — c,) is a factor of f(x), and you have 


f(x) = (& — ef, @). 


If the degree of f,(x) is greater than zero, you again apply the Fundamental 
Theorem to conclude that f; must have a zero c,, which implies that 


F(x) = (& — ey) — ep)faap 


It is clear that the degree of f;(x) isn — 1, that the degree of f,(x) is n — 2, and that 
you can repeatedly apply the Fundamental Theorem n times until you obtain 


F(X) ale = el sc) 2. (> ¢,) 


where a,, is the leading coefficient of the polynomial f(x). 
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SECTION 2.5, PAGE 247 


Factors of a Polynomial 


Every polynomial of degree n > 0 with real coefficients can be written as 
the product of linear and quadratic factors with real coefficients, where the 
quadratic factors have no real zeros. 


Proof 


To begin, you use the Linear Factorization Theorem to conclude that f(x) can be 
completely factored in the form 


iO) aa ela ox — cy ato), 


If each ¢; is real, there is nothing more to prove. If any c; is complex (c; = a + bi, 
b # 0), then, because the coefficients of f(x) are real, you know that the conjugate 
c; = a — biis also a zero. By multiplying the corresponding factors, you obtain 


Cate oe [x — (a + bi)][x - (a — bi] 


=~ Dax (a + D2) 





where each coefficient is real. 


SECTION 3.3, PAGE 312 


Properties of Logarithms 


Let a be a positive number such that a # 1, and let n be a real number. If u 
and v are positive real numbers, the following properties are true. 


1. log (uv) = log,u + log,v 1. In(wv) = Inu + Inv 
u u 
2. log, — = log, u — log, v 2. Nig ae 
v 
3. log, u” = nlog,u 3. Inu? = ning 
Proof 


To prove Property 1, let x = log, u and y = log, v. The corresponding exponen- 
tial forms of these two equations are 


Cau) and aay 


Multiplying wu and v produces uv = a‘a” = a**. The corresponding logarithmic 
form of uv = a** is log (uv) = x + y. So, log,(uv) = log, u + log, v. 
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SECTION 5.4, PAGE 468 









y 
A 
B=(x,y;) Sum and Difference Formulas 
C= (X, Ya) ; ; 
sin(u + v) = sinucos v + cos usin v tan u + tany 
tan) tan tan y 
eee — tanu tany 
sin(u — v) = sinucos v — cosusinv 
KEN , Seay 
cos(u + v) = cos ucos v — sin uv sin v tan u — tanv 
tan(u — v) = ee 
cos(u — v) = cosucos v + sinu sin v 1 + tan u tan v 
D= (x3, y3) 
Proof 


Here are proofs for the formulas for cos(u + v). In the top figure, let A be the 
point (1, 0) and then use u and v to locate the points B = (x,, y,), C = (X, yo), 
and D = (x3, y3) on the unit circle. So, x? + y? = 1 for i = 1, 2, and 3. For 
B= (x,y) convenience, assume that 0 < v < u < 27. In the bottom figure, note that arcs 


C= (X, yo) 
ey: AC and BD have the same length. So, line segments AC and BD are also equal in 
length, which implies that 
x 


Ve, mall ack (y, — 0)? = ss eae SE (y3 =e 


Hq? — Qxy + 1 + yp? = x57 — Qxyx3 + Hy? + ys — Qs + YY? 


toe NS 








(x37 aa y3”) a cm a y) — 2x)%3 — 2yiy3 


ll 


D = (%3, 3) OOS bari ad oe Oe Om 





Da 2 ey 
Xy = X3xX1 + 31. 
Finally, by substituting the values x, = cos(u — v), x3; = cosu, x, = Cosy, 
y3 = sin u, and y, = sin v, you obtain cos(u — v) = cos ucos v + sin u sin v. 
The formula for cos(u + v) can be established by considering u + v = u— (—y) 
and using the formula just derived to obtain 
cos(u + v) = cos[u — (—v)] 


cos u cos(—v) + sin u sin(—v) 


COS U COS vV — SiN u Sin v. 
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SECTION 5.5, PAGE 475 





Proof 
To prove the first formula, let v = u in the formula for sin(u + v). 


sin 2u = sin(u + u) 


= sinucosu + cosusinu 


2 sin u cos u 
To prove the second formula, let v = u in the formula for cos(u + v). 
cos 2u = cos(u + u) 
= cos ucosu — sinu sinu 
= cos? u — sin? u 


The tangent double-angle formula can be proven in a similar way. 





SECTION 5.5, PAGE 477 





Proof 


The first two formulas can be verified by solving for sin’ u and cos?” u, respec- 
tively, in the double-angle formulas 


cos 2u = 1 — 2sin? u and cos 2u = 2 cos? u — 1. 


The third formula can be verified using the fact that 
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SECTION 5.5, PAGE 480 


Sum-to-Product Formulas 


+ — 
sinx + siny = 2 sin(* 5 ®) cos(* 5 2) 


: LAW Wig eeahy 
sin x — sin y = 2 cos 5 sin 5 


+ ae, 
cos x + cosy = 2 cos(* , ») cos(* 2) 

















2 
co Cc 2 sin( =) sin(* =) 
Sx = cos y= —2 sin sin 
2 » 





To prove the first formula, let x =u+v and y =u-— v. Then substitute 
u = (x + y)/2 and v = (x — y)/2 in the product-to-sum formula. 


1 
sin ucos Vv = 5 Lsin(u + vy) + sin(u — v)] 
2 = I 
sn(* 5 *) cos(* 5 ») = 5 (sin x + sin y) 


2 sin(=2) (=) ane 
in Cos =n Sil in 
S - 5 sinx + sin y 








SECTION 6.1, PAGE 494 


Law of Sines 
If ABC is a triangle with sides a, b, and c, then 


a b dee 
snA sinB sinC 








@ 





Ais acute. A is obtuse. 
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Proof 


Let h be the altitude of either triangle found in the figure on the preceding page. 
Then you have 


sin A = or h=bsinA 


sin B = or h=asinB. 
Equating these two values of h, you have 


Ah b 
sinA  sinB 








asinB=bsinA or 


Note that sin A # O and sin B # 0 because no angle of a triangle can have a 
measure of 0° or 180°. In a similar manner, by constructing an altitude from ver- 
tex B to side AC (extended), you can show that 


a G 


sinA sinC 








So, the Law of Sines is established. 


SECTION 6.2, PAGE 503 


Law of Cosines 


Standard Form Alternative Form 
b2 oe 2 
a* = b? + c* — 2bc cos A RA ee ee 
2bc 
2) aE Da b2 
b? = a2 + c2 — 2accosB Osh So ee 
2ac 
2 + b2 Be 
c2 = a2 + b? — 2abcos C cos C = — 2 
2ab 
Proof 


Consider a triangle that has three acute angles, as shown in the figure. Note that 
vertex B has coordinates (c, 0). Furthermore, C has coordinates (x, y), where 
x = bcosA and y = bsinA. Because a is the distance from vertex C to vertex B, 
it follows that 


a= Je=Pt0-— 
a* = (bcos A — c)* + (6 sin A)” 


a2 = b? cos?A — 2bce cosA + c? + b* sin? A 





a? = b*(sin? A + cos? A) + c? — 2abcosA 
a* = b? + c* — 2be cos A. sin? A + cos? A = | 


Similar arguments can be used to establish the other two equations. 





~ 
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SECTION 6.2, PAGE 506 





Proof 


From Section 6.1, you know that 


1 
Area = 5 be sinA 


1 f 
= [7 b’c* sin’A | 
1 a 
SS PO = C68 2A) 
4 
1 il 
= ./ E be(1 + cos) | 5 be(1 — cos A) 


Using the Law of Cosines, you can show that 


Gite a aa Hc 


1 
5 Pell + cos A) = ; 5 


and a 
Obs € Gar D=e 


1 
5 bell = cos A) = 5 5 


Letting s = (a + b + c)/2, these two equations can be rewritten as 
1 
5 bel + cos A) = s(s — a) 
and 
i 
5 bell — cos'A) =(s— b)(si—te)- 


So, you can conclude that 


Area = /s(s — a)(s — b)(s — c). a 
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SECTION 6.4, PAGE 524 





To prove Property 1, let u = (u,, u,) and v = (vj, v>). Then 
Us V= WV, + Uv, 
= VU, + Vou 
=v-u. 
To prove Property 4, let v = (v,, v>). Then 
Viv=vt+ v2 
= (Jone ogy 
A 
To prove part of Property 5, let u = (w,, u>) and v = (v,, v>) and let c be a scalar. 
Then, 
c((uy, Ua) * (V, V9)) 


= G (uv, 7% UpV>) 


c(u + vy) 


(cu,)v, + (cuy)v, 
= (cu, Cis) (V1, Vo) 


=" EUV. 


a 
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SECTION 6.4, PAGE 525 


Angle Between Two Vectors 


If 6 is the angle between two nonzero vectors u and v, then 


eos = Tal vl 


Proof 


Consider the triangle determined by vectors u, v, and v — u, as shown in the 
figure. By the Law of Cosines, you can write 


















































|v — ul]? = lull? + |lv|/? — 2I)ull ||v|| cos @ 
Origin (v—u):(v—wu) =|ul? + |[v\/? — 2]/ull lvl] cos 6 
(v—u)-v—(v—u)-u=|lul? + |lv|l? — 2\ull||v|| cos 6 
vVev—-urv—-v-utu-u=|lul? + |v]? — 2ilull lvl cos 6 
|v]? — 2u + v + |lull? = || ul? + [lvl]? — 2\|ull||v|| cos @ 
—2u + v = —2llul| ||v|| cos 6 
cos 8 = neat 
l|ul [lvl] 


SECTION 9.1, PAGE 693 
Properties of Sums 
1. S\ca; = ects, c is any constant. 
t=1 ca 


2: S (a, = b,.) = Sa, a Sb, 
i=) i=l 


pa 


Proof 


Each of these properties follows directly from the Associative Property of 
Addition, the Commutative Property of Addition, and the Distributive Property of 
multiplication over addition. For example, note the use of the Distributive 
Property in the proof of Property 1. 


> 64; = ca, an Clb ar Gols a5 °° Sp eh, 


O(a Gy ida et od) a 
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SECTION 9.2, PAGE 702 


The Sum of a Finite Arithmetic Sequence 


The sum of a finite arithmetic sequence with n terms is 


S, = 5 (a COPE 


Proof 


Begin by generating the terms of the arithmetic sequence in two ways. In the first 
way, repeatedly add d to the first term to obtain 


Sad CrmteiGa ak Onmin a One et OC 


n 


a0 a, 


i 
S—eewiaetdliitnlandlerr ~~ + (a, + @— Id). 
In the second way, repeatedly subtract d from the nth term to obtain 
Se=4, + a HAO ean Ut Gar tds or 


iw 
ao ioe ol la, 2d): > + fa & = 1a]. 


If you add these two versions of S,,, the multiples of d cancel and you obtain 


n? 


n terms 
—— SSeS Se 


25. ra (a, 1 d,) a (a, “ a,) a (a, + a,) a gece (a, 15 d,) 


nA 


= n(a, + a,). 


n 
So, you have S,, = 5h sac) 





SECTION 9.3, PAGE 711 


The Sum of a Finite Geometric Sequence 
The sum of the geometric sequence 


Get t . Gila. Oglemanenrayr” 





es ipe 
with common ratio r # | is given by S,, = a,( ) 


irehe 
Proof 
Begin by writing out the nth partial sum. 
Sd oe ayn OMe qr 8 2 9 op (aii aF Cis 


Multiplication by r yields 
iS One aif eo ay * ae 
Subtracting the second equation from the first yields 


= = <= n 
Se > DS, = Oy. 7 aye 





a 


Ll Ste 
So, S,(1 — r) = a,(1 — r”), and, because r # 1, you have S,, = a( 5 “) 
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SECTION 9.5, PAGE 728 





Proof 


The Binomial Theorem can be proved quite nicely using mathematical induction. 
The steps are straightforward but look a little messy, so only an outline of the — 
proof is presented. 


1. If = 1, you have 
i We Fe noes Cod ates Cry 
and the formula is valid. 


2. Assuming that the formula is true for n = k, the coefficient of x*~’y” is 


ies wie ESO ee 
r (k= rir! A 


Cf. 






To show that the formula is true for n = k + 1, look at the coefficient of 
x**+1—ryr in the expansion of 


(x + y)F*L = Gy tiy)Haeh 9): 


From the right-hand side, you can determine that the term involving x**!~"y" 
is the sum of two products. 


espe ales) ete Go ee “SS cee6)) 


= Fee + gare r 
k—onirl | (k—-r+Dr— D! y 


— Pace ay ope 
(K+1-—rir!  (k+1-—-n)!r! 


i ps qe il = ye sF Dede mry 
(K+ 1—yr)ir! 


= (k + 1)! | k+1—ryr 
Sl ganinee J 


= 1 Fata Bat oy 
= 410% y 


So, by mathematical induction, the Binomial Theorem is valid for all positive 
integers n. 





<< 






(x1, 2) 


(x1, 0) ne 





> X 
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SECTION 10.1, PAGE 770 


Inclination and Slope 


If a nonvertical line has inclination 6 and slope m, then m = tan @. 


Proof 
If m = 0, the line is horizontal and 6 = 0. So, the result is true for horizontal 
lines because m = 0 = tan 0. 

If the line has a positive slope, it will intersect the x-axis. Label this point 
(x,, 0), as shown. If (x, y,) is a second point on the line, the slope is 


Ye y2 
oD tate i me acer 





m= = tan 6. 


The case in which the line has a negative slope is left for your to prove. 





SECTION 10.1, PAGE 772 


Distance Between a Point and a Line 
The distance between the point (x,, y,) and the line Ax + By + C = Ois 


ii |Ax, BY C| 
Jt B 
Proof 


For simplicity’s sake, assume that the given line is neither horizontal nor vertical. 
By writing the equation Ax + By + C = 0 in slope-intercept form 


A C 

ee ee Se 

yf dae eke B 
you can see that the line has a slope of m = —A/B. So, the slope of the line 


passing through (x,, y,) and perpendicular to the given line is B/A, and its 
equation is y — y, = (B/A) (x — x,). These two lines intersect at the point 
(x5, y>), where 
2 B(Bx, — Ay,) — AC 
TS EEE 


_ AG Bx Ay) ee 
Z A? + B? 








and Y> 


Finally, the distance between (x,, y,) and (x5, y>) is 


da J pa x,)? + (y y,)? 
Bay ABY, = AG 2 ARYA oees C 2 
Zz Az + B aa) Az + B e 
a) + By, + C? + BAx, + By, + CP 
2 Cee 




















| [Aste By ee 
V Ali Be 
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Axis: 
ep 







| Focus: 
(h,k + p) 


/ 


8 

p> o{ INS 
Vertex: } Directrix: 
(h,k) 3 y= k= p 


e 
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SECTION 10.2, PAGE 778 


Standard Equation of a Parabola 


The standard form of the equation of a parabola with vertex at (h, k) is as 
follows. 


(x —"h)? =Aply = Kk), pie 0 
(y — k)? = 4p(x — h), p #0 


The focus lies on the axis p units (directed distance) from the vertex. If the 
vertex is at the origin (0, 0), the equation takes one of the following forms. 


Vertical axis, directrix: y = k — p 


Horizontal axis, directrix: x = h — p 


x? = 4py Vertical axis 
y? = Apx Horizontal axis 


The case for which the directrix is parallel to the x-axis and the focus lies above 
the vertex, as shown in the figure, is proven here. If (x, y) is any point on the 
parabola, then, by definition, it is equidistant from the focus (h, k + p) and the 
directrix y = k — p, and you have 





Vea AFF Ty + DP = y ~ kp) 
Ga ye ep) = ly (ke 
(x — hy? + y? = 2ylk + p) + (Kk +p)? = y? — 2y(k — p) iene 
(x — h)*—.2pyeri pk = 2py — 2pk 
(«= h)? = 4ply - B. 


The case in which the directrix is parallel to the y-axis and the focus lies to the 
right of the vertex is left for you to prove. 








SECTION 10.9, PAGE 834 


Polar Equations of Conics 
The graph of a polar equation of the form 


1 yee emt a! aie 

; 1 + ecos 0 
ep 

2 = 

‘i (hse? Rin a 


is a conic, where e > 0 is the eccentricity and |p| is the distance between 
the focus (pole) and the directrix. 





Directrix 








! 
' 
' 
! 
1 
! 
! 
1 
i 
' 
1 
i] 
' 


> 
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Proof 


A proof for r = ep/(1 + ecos @) with p > 0 is listed here. The proofs of the 
other cases are similar. In the figure, consider a vertical directrix, p units to the 
right of the focus F = (0, 0). If P = (r, @) is a point on the graph of 


ep 


aT 
1 + ecos 0 


the distance between P and the directrix is 











LO= Dam | 
= |p — rcos 6| 
= de 
P (Bag) eos 0 
_ (1 - e cos @ 
I i eCICOSIO, 
“jim 
1 + ecos 6 
ale 








Moreover, because the distance between P and the pole is simply PF = |r|, the 
ratio of PF to PO is 
fea 


PQ |r/e| 


= |e| 





Sa; 


and, by definition, the graph of the equation must be a conic. 
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Appendix B- Concepts in Statistics 


B.1 Getaeeyialem ee 


» What you should learn 


* How to use line plots to order 
and analyze data 

* How to use stem-and-leaf plots 
to organize and compare data 

* How to use histograms to 
represent frequency 
distributions 


> Why you should learn it 


Line plots, stem-and-leaf plots, 
and histograms! are quick meth- 
ods for determining which 
elements in a set of data occur 
with the greatest frequency. For 
instance, in Exercise 9 on page 
A16, you are asked to construct 
a frequency distribution and a 
histogram of employees’ monthly 
salary contributions to a retire- 
ment plan. 


Test Scores 


93, 10;:16,58, 86,,93,.82,41.8, 
83, 86, 64, 78, 76, 66, 83, 83, 
96, 74, 69, 76, 64, 74, 79, 76, 
88, 76, 81, 82, 74, 70 








Stems | Leaves 
| 3 
6| 4469 
7| 0044466666889 
Sap esos. 3106.8 
9: | 33"6 





Line Plots 


Statistics is the branch of mathematics that studies techniques for collecting, 
organizing, and interpreting data. In this section, you will study several ways to 
organize data. The first is a line plot, which uses a portion of a real number line 
to order numbers. Line plots are especially useful for ordering small sets of 
numbers (about 50 or less) by hand. 


Example 1 ® Constructing a Line Plot 


Use a line plot to organize the following test scores. Which number occurs with 
the greatest frequency? 


93, 70, 76, 67, 86, 93, 82, 78, 83, 86, 64, 78, 76, 66, 83, 
83, 96, 74, 69, 76, 64, 74, 79, 76, 88, 76, 81, 82, 74, 70 


Solution 


Begin by scanning the data to find the smallest and largest numbers. For this data, 
the smallest number is 64 and the largest is 96. Next, draw a portion of a real 
number line that includes the interval [64, 96]. To create the line plot, start with 
the first number, 93, and enter an x above 93 on the number line. Continue 
recording x’s for each number in the list until you obtain the line plot shown in 
Figure B.1. From the line plot, you can see that 76 had the greatest frequency. 


x 
x 
x XK x 
x x eK OS XK xX x 
KoEX MK ON OOP NK RK KO xX ae 
65 70 75 80 85 90 95 100 
Test scores 
FIGURE B.1 


Stem-and-Leaf Plots 


Another type of plot that can be used to organize sets of numbers by hand is a 
stem-and-leaf plot. A set of test scores and the corresponding stem-and-leaf plot 
are shown at the left. 























AK S13) || MEP 18} 
igus On| ING 1225 
AR 143 |} ND 14.4 
Nims |) NE 13.7 
CAe I NH 12:1 
COs 1014) NI 1397 
Cima NM 1122 
Dew I39 ) NV 11.5 
Dae .95)| NY 13.4 
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Note that the /eaves represent the units digits of the numbers and the stems 
represent the tens digits. Stem-and-leaf plots can also be used to compare two sets 
of data, as shown in the following example. 


Example 2 ® Comparing Two Sets of Data 


Use a stem-and-leaf plot to compare the test scores given on page A13 with the 
following test scores. Which set of test scores is better? 


907 $1, 7062, 04, 73, 315,92, 73581, 92, 932838154 16. 
83, 94, 96, 86, 77, 77, 86, 96, 86, 77, 86, 87, 87, 79, 88 


Solution 


Begin by ordering the second set of scores. 


G2; 64970713; 13,15, 16, Tia 1 ls 17, 19, Sly Sly SL 83: 
83, 86, 86, 86, 86, 87, 87, 88, 90, 92, 92, 93, 94, 96, 96 


Now that the data has been ordered, you can construct a double stem-and-leaf plot 
by letting the leaves to the right of the stems represent the units digits for the first 
group of test scores and letting the leaves to the left of the stems represent the 
units digits for the second group of test scores. 





Leaves (2nd Group) | Stems | Leaves (1st Group) 
5 8 
42 6 4469 
SITE Toe. se 3i0) 7 0044466666889 
SH MAOLOLOlOronoe lala 8 1221353)3)61658 
6643220 9 333)6 








By comparing the two sets of leaves, you can see that the second group of test 
scores is better than the first group. 


Example 3 ® Using a Stem-and-Leaf Plot 


The table at the left above shows the percent of the population of each state and 
the District of Columbia that was at least 65 years old in 1997. Use a stem-and-leaf 
plot to organize the data. (Source: U.S. Bureau of the Census) 


Solution 
Begin by ordering the numbers, as shown below. 


Do ore oO LOW LOO Teh 2st 2 Led, aie seer eile pens. 5/61 153 
D2 2 22) 12 3 oa 5 2.5 2 a 12,9, 13.0; 
WS. 203:2,13.2,15.2. 15.55 1A. 13:4, 13.4. 13 oisael3-7, 13.7,.13.9; 
13.9, 14.1, 14.3, 14.3, 14.4, 14.4, 15.0, 15.1, 15.8, 15.8, 18.5 


Next construct the stem-and-leaf plot using the leaves to represent the digits to 
the right of the decimal points, as shown at the left. From the stem-and-leaf plot, 
you can see that Alaska has the lowest percent and Florida has the highest 
percent. 
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Interval Tally 
100-109 LHT 11 
110-119 | 
120-129 II 
130-139 II 


140-149 LHT | 
150-159 LHT 
160-169 LHT II 
170-179 LHT | 
180-189 || 
190-199 LHT 


\ 
8+ 
T+ 
6+ 
5 
4 
by 8) 
y 
1+ 
LA 


100 120 140 160 
Units sold 


Number of sales 
representatives 





FIGURE B.3 


180 200 


Histograms and Frequency Distributions 


With data such as that given in Example 3, it is useful to group the numbers into 
intervals and plot the frequency of the data in each interval. For instance, the 
frequency distribution and histogram shown in Figure B.2 represent the data 
given in Example 3. 








Frequency Distribution Histogram 
Interval Tally 
[5.7)- | \ 
7s 9) cll oa 
(9,11) III i ah 
[11, 13) Leet Let LHT LH | ae 
ie oNguers ea ea ahr. Zoo 
[15, 17) III 5 7 911) eisai 
[17, 19) | Percent of population 


65 or older 


FIGURE B.2 


A histogram has a portion of a real number line as its horizontal axis. A 
histogram is similar to a bar graph, except that the rectangles (bars) in a bar graph 
can be either horizontal or vertical and the labels of the bars are not necessarily 
numbers. 

Another difference between a bar graph and a histogram is that the bars in a 
bar graph are usually separated by spaces, whereas the bars in a histogram are not 
separated by spaces. 


Example 4 ® Constructing a Histogram @ 


A company has 48 sales representatives who sold the following numbers of units 
during the first quarter of 2000. Construct a grouped frequency distribution for 
this data. 


107” 1626 “1845 asOCe T77 102-1450 14 
LOS 2 HOUOS I PCIE SEAR OSA] 6193. 198 
10" 153), 16 toys, we 163.9" 14 
109° 171... 150°. "138 e100, 164 [47-9153 
Jl) 163° 1189 “T4144 «1007 132 
153) T0724 © (162 197 134 8) 


Solution 


To begin constructing a grouped frequency distribution, you must first decide on 
the number of groups. There are several ways to group this data. However, 
because the smallest number is 100 and the largest is 195, it seems that 10 groups 
of 10 each would be appropriate. The first group would be 100-109, the second 
group would be 110-119, and so on. By tallying the data into the 10 groups, you 
obtain the distribution shown at the left above. A histogram for the distribution is 
shown in Figure B.3. 





B.1 Exercises 
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1. Gasoline Prices The line plot shows a sample of 
prices of unleaded regular gasoline from 25 different 
cities. 


x x x 


+ XKKXK 





Siesta | taeteeatee ts 
0.989 1.009 1.029 1.049 1.069 1.089 1.109 1.129 1.149 1.169 1.189 
(a) What price occurred with the greatest frequency? 
(b) What is the range of prices? 

2. Livestock Weights The line plot shows the weights 


(to the nearest hundred pounds) of 30 head of cattle 
sold by a rancher. 





x 
x 
- 
x x 
x ~ 
% x x x 
x x Son aks x 
Sines x x x x x 
* x x x x x x 
t oe ip tat + + 4 { 
600 800 1000 1200 1400 


(a) What weight occurred with the greatest frequency? 
(b) What is the range of weights? 


Quiz and Exam Scores \n Exercises 3-6, use the follow- 
ing scores from a math class of 30 students. The scores are 
for two 25-point quizzes and two 100-point exams. 


Quiz #1 20, 15, 14, 20, 16, 19, 10, 21, 24, 15, 15, 14, 
foe tO 15; 20,18, 18, 22, 18, 16,18, 19, 21, 19; 16, 
20, 14, 12 

Bera 22, 22, 23,22, 21, 24, 22, 19,.21,,23,.23,.25, 


Wa) 23, 23, 23.23, 22, 24, 23,22, 24, 21, 24, 16, 


21, 16, 14 

Exam #1 77, 100, 77, 70, 83, 89, 87, 85, 81, 84, 81, 78, 

89) 78, 88, 85, 90, 92, 75, 81, 85, 100, 98, $1, 78, 75, 85, 

69,82, 75 

Exam #2 76, 78, 73, 59, 70, 81, 71, 66, 66, 73, 68, 67, 

63, 67, 77, 84, 87, 71, 78, 78, 90, 80, 77, 70, 80, 64, 74, 

68, 68, 68 

3. Construct a line plot for each quiz. For each quiz, 
which score occurred with the greatest frequency? 

4. Construct a line plot for each exam. For each exam, 
which score occurred with the greatest frequency? 

5. Construct a stem-and-leaf plot for Exam #1. 


6. Construct a double stem-and-leaf plot to compare the 
scores for Exam #1 and Exam #2. Which set of scores 
is higher? 

7. Insurance Coverage The table shows the total num- 
bers of persons (in thousands) without health insurance 
coverage in the 50 states and the District of Columbia 
in 1996. Use a stem-and-leaf plot to organize the data. 
(Source: U.S. Bureau of the Census) 














AK 89 AL 550 || AR 566 | AZ 1159) CA 6514 
CO 644 |CT 368 | DC 80 DE 98 Bie 122 
GAS S19 TEL SO 1 BUA SS 5am |UD ae Gms REI 337 
IN 600 | KS 292 | KY 601 |LA 890 | MA 766 
MD 581 | ME 146 | MI 857 | MN 480 | MO 700 
MS 518 | MT 124 |NC 1160)ND 62 NE 190 
NH” 109 NS 1S 17 ENM e412 INV S255 Ne 31132 
OH I2927 OKs 7 Om LO Rar 9 Ome se Auli stele 

SC 634 ISD 67 TN 841 | TX 4680] UT 240 
VA 811 | VT 65 WA 761 | WI 438 | WV 261 
WY 66 























8. Snowfall The data below shows the seasonal 
snowfall (in inches) at Lincoln, Nebraska for the years 
1968 through 1997 (the amounts are listed in order by 
year). How would you organize this data? Explain your 
reasoning. (Source: University of Nebraska—Lincoln) 
3918326.27'49.0;, 21.6, 29.2,°33:6, 42.1, 21-1) 218s, 
310,234.46, 23.3; 13:0,-32:3, 38.0, 47.5, 215, 18,9) 
Sse, LOL, 18752258, 23.85 32.1, 2 3 es: 
30.7, 29.0, 44.6 


9. Retirement Contributions The employees of a 

company must contribute 7% of their monthly salaries 
to a company-sponsored retirement plan. The 
contributed amounts (in dollars) for the company’s 35 
employees are as follows. 
1005200; 130, 136, 161, 15672095 1267135, 98, 114, 
ijeetGs! 133) 140, 1245 1725 5b27, 143, 157, 
12452. 104, 126, 155,92, 194 115, 120, 136, 148, 
112, 116, 146, 96 


(a) Construct a frequency distribution using groups 
of 20. The first group should be 90-109. 

(b) Construct a histogram for this frequency distribu- 
tion. 
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» What you should learn 


* How to find and interpret the 
mean, median, and mode of a 
set of data 

* How to determine the measure 
of central tendency that best 
represents a set of data 

* How to find the standard 
deviation of a set of data 

* How to use box-and-whisker 
plots 


> Why you should learn it 


Measures of central tendency 
and dispersion provide a conve- 
nient way to describe and com- 
pare sets of data. For instance, in 
Exercise 36 on page A25, the 
mean and standard deviation are 
used to analyze the price of gold 
for the years 1978 through 1997. 


B.2 BYetcoemeniel Tendency and Dispersion 





Mean, Median, and Mode 


In many real-life situations, it is helpful to describe data by a single number that is 
most representative of the entire collection of numbers. Such a number is called a 
measure of central tendency. The most commonly used measures are as follows. 


1. The mean, or average, of 1 numbers is the sum of the numbers divided by n. 


2. The median of n numbers is the middle number when the numbers are writ- 
ten in order. If n is even, the median is the average of the two middle numbers. | 


3. The mode of n numbers is the number that occurs most frequently. If two 
numbers tie for most frequent occurrence, the collection has two modes and is . 
called bimodal. 


Example 1 ® Comparing Measures of Central Tendency * 
On an interview for a job, the interviewer tells you that the average annual income 
of the company’s 25 employees is $60,849. The actual annual incomes of the 25 
employees are shown below. What are the mean, median, and mode of the 
incomes? Was the person telling you the truth? 

$17,305, $478,320, $45,678, $18,980, $17,408, 

$25,676, $28,906, $12,500, $24,540, $33,450, 

$12,500, $33,855, $37,450, $20,432, $28,956, 

$34,983, $36,540, $250,921, $36,853, $16,430, 

$32,654, $98,213, $48,980, $94,024, $35,671 


Solution 
The mean of the incomes is 


17,305 + 478,320 + 45,678 + 18,980 + + 2 > hSROnm 
2 





Mean 


b5215225 
=— es ee — 4 ‘ 
25 $60,849 


To find the median, order the incomes as follows. 


$12,500, $12,500, $16,430, S17 G05, $17,408, 
$18,980, $20,432, $24,540, $25,676, $28,906, 
$28,956, $32,654, $33,450, $33,855, $34,983, 
$35,671, $36,540, $36,853, $37,450, $45,678, 
$48,980, $94,024, $98,213, $250,921, $478,320 


From this list, you can see that the median (the middle number) is $33,450. From 
the same list, you can see that $12,500 is the only income that occurs more than 
once. So, the mode is $12,500. Technically, the person was telling the truth 
because the average is (generally) defined to be the mean. However, of the three 
measures of central tendency Mean: $60,849 Median: $33,450 Mode: $12,500 
it seems clear that the median is most representative. The mean is inflated by the 
two highest salaries. 
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Choosing a Measure of Central Tendency 


Which of the three measures of central tendency is the most representative? The 
answer is that it depends on the distribution of the data and the way in which you 
plan to use the data. 

For instance, in Example 1, the mean salary of $60,849 does not seem very 
representative to a potential employee. To a city income tax collector who wants 
to estimate 1% of the total income of the 25 employees, however, the mean is 
precisely the right measure. 


Example 2 ® Choosing a Measure of Central Tendency 


Which measure of central tendency is the most representative of the data given in 
each of the following frequency distributions? 


a. Number Tally b. Number Tally c. Number Tally 
1 7 1 9 1 6 
2 20 2 8 D 
3 15 3 7 3 2 
4 11 4 6 4 3 
3 8 5 5 5 5 
6 3 6 6 6 5 
ve 2 7 7 i 4 
8 0 8 8 8 3 
9 15 9 9 9 0 

Solution 


a. For this data, the mean is 4.23, the median is 3, and the mode is 2. Of these, 
the mode is probably the most representative. 


b. For this data, the mean and median are each 5 and the modes are 1 and 9 (the 
distribution is bimodal). Of these, the mean or median is the most represen- 
tative. 


c. For this data, the mean is 4.59, the median is 5, and the mode is 1. Of these, 
the mean or median is the most representative. 





Variance and Standard Deviation 


Very different sets of numbers can have the same mean. You will now study two 
measures of dispersion, which give you an idea of how much the numbers in a 
set differ from the mean of the set. These two measures are called the variance of 
the set and the standard deviation of the set. 


Definitions of Variance and Standard Deviation 





Consider a set of numbers {x,, x5, ..., x, } with a mean of x. The variance 
of the set is 
yo GFP + (Pt + Oe, 9? 
n 


and the standard deviation of the set is 7 = \/v (ao is the lowercase Greek 
letter sigma). 
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The standard deviation of a set is a measure of how much a typical number ~ 
in the set differs from the mean. The greater the standard deviation, the more the 
numbers in the set vary from the mean. For instance, each of the following sets 
has a mean of 5. 


kay ores {4, 4, 6, 6}, and Toons Uh 


The standard deviations of the sets are 0, 1, and 2. 


z oy ee ee aac ee 




















4 
=i 
oz cy. ae 
A: 4 
= 
5 ee Ce Ean See ae 
oe 4 
55 


Example 3 & Estimations of Standard Deviation 


Consider the three sets of data represented by the bar graphs in Figure B.4. Which 
set has the smallest standard deviation? Which has the largest? 





Set A SetB Set C 

5 5 5 

4 4 4 

3 3 3 

2 2 D) 

al ip EEL 

1 Bol Aa 2 ey A SG 7 1 2 3) 455mm 

FIGURE B.4 

Solution 


Of the three sets, the numbers in set A are grouped most closely to the center and 
the numbers in set C are the most dispersed. So, set A has the smallest standard 
deviation and set C has the largest standard deviation. 
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Example 4 ® Finding Standard Deviation 


Find the standard deviation of each set shown in Example 3. 


Solution 


Because of the symmetry of each bar graph, you can conclude that each has a 
mean of x = 4. The standard deviation of set A is 


me shah + 2(-2)? + 3(-1)? + 500? + 30)? + 22)? +B)? 
17 








EZ || 593}. 
The standard deviation of set B is 


e Nee + 2(=2)? + 2(-1)? + 2(0)? + 211 + 222)? + 26) 
14 








= 2. 
The standard deviation of set C is 


7 ye + 4(—2)? + 3(-1)? + 200? + 3(1)? + 42)? + 5) 
26 








mee, 


These values confirm the results of Example 3. That is, set A has the smallest 
standard deviation and set C has the largest. 





The following alternative formula provides a more efficient way to compute 
the standard deviation. 


Alternative Formula for Standard Deviation 


The standard deviation of {x,,x,,. . .,x,} is 





Because of messy computations, this formula is difficult to verify. Conceptually, 
however, the process is straightforward. It consists of showing that the expressions 


/# ~ 32 +(x — HP +: + + (x, — ¥ 


n 


a a =2 
Te 
n 


are equivalent. Try verifying this equivalence for the set {x,, x5, x,} with 
Salt 2-H xp) Se 








and 
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FIGURE B.5 


Example 5 Using the Alternative Formula CS 


Use the alternative formula for standard deviation to find the standard deviation 
of the following set of numbers. 


3,0) Ob Gs on Os LO) 
Solution 
Begin by finding the mean of the set, which is 7.4. So, the standard deviation is 


z ve + 262) + 2(7) + 3(82) + 92 + 10? 
10 








(7.4)? 
568 
10 


V 2.04 
~= 1.43. 


You can use the statistical features of a graphing utility to check this result. 


— 54.76 





A well-known theorem in statistics, called Chebychev’s Theorem, states that 
at least 


1 
ar. 
of the numbers in a distribution must lie within k standard deviations of the mean. 
So, 75% of the numbers in a collection must lie within two standard deviations of 
the mean, and at least 88.9% of the numbers must lie within three standard devi- 
ations of the mean. For most distributions, these percentages are low. For 
instance, in all three distributions shown in Example 3, 100% of the numbers lie 
within two standard deviations of the mean. 


Example 6 ® Describing a Distribution 


The table at the left above shows the number of dentists (per 100,000 people) in 
each state and the District of Columbia. Find the mean and standard deviation of 
the numbers. What percent of the numbers lie within two standard deviations of 
the mean? (Source: American Dental Association) 


Solution 


Begin by entering the numbers into a graphing utility that has a standard lee 
tion program. After running the program, you should obtain 


x = 56.76 and o = 12.14. 


The interval that contains all numbers that lie within two standard deviations of 
the mean is 


[56.76 — 2(12.14), 56.76 + 2(12.14)] or — [32.48, 81.04]. 


From the histogram in Figure B.5, you can see that all but one of the numbers 
(98%) lie in this interval—all but the number that corresponds to the number of 
dentists (per 100,000 people) in Washington, DC. 
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Box-and-Whisker Plots 


Standard deviation is the measure of dispersion that is associated with the mean. 
Quartiles measure dispersion associated with the median. 


Definition of Quartiles 


Consider an ordered set of numbers whose median is m. The lower quartile 
is the median of the numbers that occur before m. The upper quartile is the 
median of the numbers that occur after m. 


Example 7 ® Finding Quartiles of a Set 


Find the lower and upper quartiles for the following set. 
34, 14, 24, 16, 12, 18, 20, 24, 16, 26, 13, 27 
Solution 


Begin by ordering the set. 


[2 iss AG, 16, 18. 20, 24,24, 26, 27, 34 
eee ieee S J Xu 


Ist 25% 2nd 25% 3rd 25% 4th 25% 





The median of the entire set is 19. The median of the six numbers that are less 
than 19 is 15. So, the lower quartile is 15. The median of the six numbers that are 
greater than 19 is 25. So, the upper quartile is 25. 


Quartiles are represented graphically by a box-and-whisker plot, as shown 
in Figure B.6. In the plot, notice that five numbers are listed: the smallest number, 
the lower quartile, the median, the upper quartile, and the largest number. Also 
notice that the numbers are spaced proportionally, as though they were on a real 
number line. 





2 15 19 25 34 


FIGURE B.6 


The next example shows how to find quartiles when the number of elements 
in a Set is not divisible by 4. 
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Example 8 ® Sketching Box-and-Whisker Plots 


Sketch a box-and-whisker plot for each of the given sets. 
a. 27, 28, 30, 42, 45, 50, 50, 61, 62, 64, 66 

b. 82, 82, 83, 85, 87, 89, 90, 94, 95, 95, 96, 98, 99 

Cool U, ISHS 1S el Pel S) 20242427 

Solution 


a. This set has 11 numbers. The median is 50 (the sixth number). The lower 
quartile is 30 (the median of the first five numbers). The upper quartile is 62 
(the median of the last five numbers). 


Bip 3X0 50 62 66 











b. This set has 13 numbers. The median is 90 (the seventh number). The lower 
quartile is 84 (the median of the first six numbers). The upper quartile is 95.5 
(the median of the last six numbers). 


——<—— __-}-——. 


9555 99 











c. This set has 10 numbers. The median is 17.5 (the average of the fifth and sixth 
numbers). The lower quartile is 13 (the median of the first five numbers). The 
upper quartile is 24 (the median of the last five numbers). 


Sapte lamers mart ee 














11 13 TES 24 27 
B.2 Exercises 
In Exercises 1-6, find the mean, median, and mode of the 7. Reasoning Compare your answers for Exercises 1 
set of measurements. and 3 with those for Exercises 2 and 4. Which of the 
1. 5.12.7. 14.8.9.7 measures of central tendency is sensitive to extreme 
i PY eae ok measurements? Explain your reasoning. 
De BE 3793 2,.39)) 33; 54, 32 ‘ 
8. Reasoning 

Sct 2 ba 24s SAO ; 

(a) Add 6 to each measurement in Exercise 1 and 
4. 20, 37, 32, 39, 33, 34, 32 calculate the mean, median, and mode of the 
Seren Te MOR revised measurements. How are the measures of 
6. 30, 37, 32, 39, 34, 32 central tendency changed? 


(b) If a constant k is added to each measurement in a 
set of data, how will the measures of central 
tendency change? 


o: 


10. 


11. 


| Number of girls | 0 | 1 ERE Rear: 
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Electric Bills A person had the following monthly 
bills for electricity. What are the mean and median of 
the collection of bills? 


January $67.92 February $59.84 
March $52.00 April $52.50 
May $57.99 June $65.35 
July $81.76 August $74.98 
September $87.82 October $83.18 
November $65.35 December $57.00 


Car Rental A car rental company kept the follow- 
ing record of the numbers of miles a rental car was 
driven. What are the mean, median, and mode of this 
data? 


Monday 410 Tuesday 260 
Wednesday 320 Thursday 320 
Friday 460 Saturday 150 


Six-Child Families A study was done on families 
having six children. The table gives the numbers of 
families in the study with the indicated numbers of 
girls. Determine the mean, median, and mode of this 
set of data. 











| Frequency ic | 24 | 45 |54| 50119 | 7 














12. 


13. 


Baseball A baseball fan examined the records of a 
favorite baseball player’s performance during his last 
50 games. The numbers of games in which the play- 
er had 0, 1, 2, 3, and 4 hits are recorded in the table. 





Number of hits | 0 G 2 3] 4 
Frequency 14 | ZOn We 2 | 1 


























(a) Determine the average number of hits per game. 


(b) Determine the player’s batting average if he had 
200 at-bats during the 50-game series. 

Think About It Construct a collection of numbers 

that has the following properties. If this is not possi- 

ble, explain why it is not. 


Mean = 6, median = 4, mode = 4 


. Think About It Construct a collection of numbers 


that has the following properties. If this is not possi- 
ble, explain why it is not. 


Mean = 6, median = 6, mode = 4 


15. Test Scores A professor records the following 
scores for a 100-point exam. 


99, 64, 80, 77, 59, 72, 87, 79, 92, 88, 
90, 42, 20, 89, 42, 100, 98, 84, 78, 91 


Which measure of central tendency best describes 
these test scores? 


16. Shoe Sales A salesman sold eight pairs of a certain 
style of men’s shoes. The sizes of the eight pairs 
were as follows: 105, 8, 12, 105, 10, 93, 11, and 108. 
Which measure (or measures) of central tendency 
best describes the typical shoe size for this data? 


In Exercises 17-24, find the mean (x), variance (v), and 
standard deviation (a) of the numbers. 


17. 4, 10, 8, 2 

13. 335152659, 0 

19 OT 2a One 
20-2, 2; 2.22) 

Zea lig Shia Onnl 

Zoe lpsbirlhs5 f5e5 

23. 49, 62, 40, 29, 32, 70 
24. 1.5, 0.4, 2.1, 0.7, 0.8 


In Exercises 25-30, use the alternative formula to find the 
standard deviation of the numbers. 


25. 2,4; 6, 6, 13,5 

26. 10, 25, 50, 26, 15, 33, 29, 4 
27. 246, 336, 473, 167, 219, 359 
28. 6.0, 9.1, 4.4, 8.7, 10.4 

ZIPS 1; 6.93.1, 4:2 46a 
30.7950, 153.5255 Fee O00 


In Exercises 31 and 32, line plots of sets of data are given. 
Determine the mean and standard deviation of each set. 


31. (a) > x x e 
+} +444} +--+ + 
8 10 12 14 16 
(OR os, 
-$}-—}— +--+ +—_ +++ ++ 
16 18 20 22 24 
(c) ie ee 

+—+—+—_+—++_ _ ++ ++ 
8 10 12 14 16 

(d) oe 





33. 


34. 


35. 


36. 


Ah 
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Reasoning Without calculating the standard devia- 
tion, explain why the set {4, 4, 20, 20} has a standard 
deviation of 8. 


Reasoning If the standard deviation of a set of 
numbers is 0, what does this imply about the set? 


Test Scores , An instructor adds five points to each 
student’s exam score. Will this change the mean or 
standard deviation of the exam scores? Explain. 


Price of Gold The following data represents the 
average prices of gold (in dollars per fine ounce) for 
the years 1978 to 1997. Use a computer or calculator 
to find the mean, variance, and standard deviation 
of the data. What percent of the data lies within two 


standard deviations of the mean? (Source: U.S. 
Bureau of Mines) 

194, 308, 613, 460, 376, 

424, 361, 318, 368, 448, 

438, 383, 385, 363, 345, 

361, 385, 386, 389, 3313 


Think About It The histograms represent the test 
scores of two classes of a college course in mathe- 
matics. Which histogram has the smaller standard 
deviation? 





6+ 6 
5 5 
a Pm 
a 4 24 
£ 2 
mo 34 ox 3} 
@ 2 
4 2 Mm 2 
| i i | 
86 90 94 98 84 88 92 96 
Score Score 


In Exercises 38-41, sketch a box-and-whisker plot for the — 


data without the aid of a graphing utility. 
38°23) 13914, C3n Seas 20 

39. 11, 10; 11, 14, 17, 16, 14, 11,8, 14a 
40. 46, 48, 48, 50, 52, 47, 51, 47, 49, 53 


41. 


In 


25, 20, 22, 28, 24, 28, 25, 19, 27,2952 eee 


Exercises 42-45, use a graphing utility to create a 


box-and-whisker plot for the data. 


42. 
43. 
44. 


45. 


46. 


19, 12, 14,9, 14, 15, 17;,13, 19, 11 Oe 
9; 5, 5,5, 6, 5).4):12, 7-10, 7; TSR 


20.1, 43.4, 34.9, 23.9, 33.5, 24.1, 22:55 zeae ty 
174; 23.8, 33.3, 17.3,3604, 208 


78.4, 76.3, 107.5, 78.5, 93.2, 90:3, 7 ope eee 
73:3458-87.09.6 


Product Lifetime A company has redesigned a 
product in an attempt to increase the lifetime of the 
product. The two sets of data list the lifetimes (in 
months) of 20 units with the original design and 20 
units with the new design. Create a box-and-whisker 
plot for each set of data, and then comment on the 
differences between the plots. 


Original Design 

|e! 78.3 56.3 68.9 30.6 
202 1235 42.7 Tes 20:2 
53.0 ion! 11.0 18.4 S552) 
10.8 38.3 85.1 10.0 12.6 
New Design 

55.8 TES 25.6 19.0 23igh 
Sie 60.0 35-3 18.9 80.5 
46.7 ole 67.9 Zod 995 
54.0 Zoe 45.5 24.8 87.8 


B.3 


b> What you should learn 


* How to use the sum of squared 
differences to determine a least 
squares regression line 

* How to find a least squares 
regression line for a set of data 

* How to find a least squares 
regression parabola for a set of 
data 


> Why you should learn it 


The method of least squares 
provides a way of creating 

~ mathematical models for a set of 
data, which can then be analyzed. 





Least Squares Regression 


Section B.3 B® Least Squares Regression A29 





In many of the examples and exercises in this text, you have been asked to use the 
regression capabilities of a graphing utility to find mathematical models for sets of 
data. Another way to find a mathematical model for a set of data is to use the 
method of least squares. As a measure of how well a model fits a set of data 
points 


(Ge yy) (x, Yo)s (x3, ys), - oe AX peVe) } 


you can add the squares of the differences between the actual y-values and the 
values given by the model to obtain the sum of the squared differences. For 
instance, the table shows the heights x (in feet) and the diameters y (in inches) of 
eight trees. The table also shows the values of a linear model y* = 0.69x — 40 
for each x-value. The sum of squared differences for the model is 53.3. 





mm 70 | 72 | 75 | 76 | 85 | 78 | 77 
ms 105| 110 | 114 | 12.9 | 14.0 | 16.3 
y* | 8.3 | 9.68 | 11.75 | 12.44 | 18.65 | 13.82 | 13a 























The model that has the least sum of squared differences is the least squares 
regression line for the data. The least squares regression line for the data in the 
table is y ~ 0.43x — 20.3. The sum of squared differences 1s 43.32. 

To find the least squares regression line y = ax + b for the points {(x,, y,), 
(X>, Y2), (3, ¥3),- - > (X,,y,)} algebraically, you need to solve the following 
system for a and b. 


Des to oe a es 


A30 Appendix B » Concepts in Statistics 
Example 1 > Finding a Least Squares Regression Line. Seb | 


Find the least squares regression line for the points (—3, 0), (—1, 1), (0, 2), and’ 
(2, 3). 


Solution 


Begin by constructing a table like that shown below. 



































x xy x2 
3 0 9 
= 1 =") 1 
0 2 0 
3 
S KD . y, = 6 S xy, =5 Six? = 14 
sl = = = 





Applying the system for the least squares regression line with n = 4 produces 


we (Ss) = 2 4b = Oana 
es + 14a = 5 


(dx)0 a (Sx? Ja - Sxy, 


i=1 





Solving this system of equations produces a = - and b= a So, the least 
FIGURE B.7 squares regression line is y = ax a oe as shown in Figure B.7. 


The least squares regression parabola y = ax? + bx + c for the points 


eee y1)s (a5 Yo)s (xs; Y3)s COU. Vor) G,. y,)t 


is obtained in a similar manner by solving the following system of three equations 
in three unknowns for a, b, and c. 


nc + ( S x )b =f (Sx2)a : 
i=] i=1 1 
[dxJe r (dx? }6 + [Sse = x); 
iF 1 1 
(Sx")e ti (Sx?) Ai (Sx*)a = S xy, 
i=1 i=1 1 i=1 


Fortunately, graphing utilities have built-in least squares regression capabilities. 


l| 
M 
x 


Two technology options offer complete solutions to every odd- 
numbered problem, help you practice and assess your skills, 
and provide problem-solving tools. 


Interactive Precalculus 2.0 CD-ROM 


¢ Enhance your understanding with step-by-step solutions to all odd- 
numbered exercises in the text. 

¢ Assess your skill levels with diagnostic pre- and post-tests for each chapter. 

¢ Strengthen your skills with tutorial exercises accompanied by examples 
and diagnostics. 

¢ Visualize and graph with a built-in Meridian Graphing Calculator Emulator. 


¢ Enjoy learning with additional interactive features. 


Internet Precalculus 1.0 


A subscription to this web site offers all of the CD-ROM features listed 
above, plus: 


| —@j ° Chat rooms for peer support 


fy ¢ Bulletin boards for sharing ideas and insights on each chapter 


To purchase Interactive Precalculus 2.0 CD-ROM: 


¢ Visit Houghton Mifflin’s College Store at college.hmco.com 


or contact your campus bookstore. 


To subscribe online to Internet Precalculus 1.0: 


¢ Visit Houghton Mifflin’s College Division web site at college.hmco.com 


and select mathematics. 








Use these print supplements for 
added practice and convenient 
support. 





Study and Solutions Guide to accompany 
Precalculus, 5th Edition 


¢ Work through step-by-step solutions for all odd-numbered exercises in the text. 
¢ Test your skills by taking practice tests with accompanying solutions. 


¢ Find useful study strategies designed to help you succeed. 


Student Success Organizer 
Ask your instructor about this new study aid. 


° Use its practical format to guide you step-by-step through difficult concepts. 


¢ Enhance your organizational skills for approaching problems and assignments. 


To purchase these print supplements: 


¢ Visit Houghton Mifflin’s College Store at college.hmco.com 


or contact your campus bookstore. 


Larson @ Hostetler 
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swers to Odd-Numbered Exercises and Tests 


Answers to Odd-Numbered Exercises and Tests 





Chapter P 














Section P.1 (page 9) 
Pa) eon (DR 9-5. 0M — 4025 — 11 
(c) -9, -3,5,5,0,1,-4,2,-11 @ v2 
Saye = (6) — 13,15 —6 
(Ce Ol 066608 — 131 — 6? © (dd) OOLOMOL See 
5. (a) $8 (b) §,-1,8, -22 
(©) -3,3, —7.5,—-1,8,-22 @) -7,3V2 
7025-9. 0.123 11155, 
Bry 15. -S) 17. -1 < 25 
19. -4> -8 pA besteceey| 
—o—4 foe 3 
=3. a EGS 2 
1A oe Lica ee re 
Mee 3) ae’) Ome 7) 
23,2 >3 7 36 vt bits 
0 1 
25. x < 5 denotes the set of all real numbers less than or equal 
to 5. Unbounded 
te 
Oval DMS,  F4. WIS. 6 
27. x < 0 denotes the set of all negative real numbers. 
Unbounded 
——$—}—_+—+— 
—2 =| 0 1 pe 
29. x = 4 denotes the set of all real numbers greater than or 
equal to 4. Unbounded 
ee Pe 
eee2ee3e KAS Si 6) 27 
31. —2 < x < 2 denotes the set of all real numbers greater 
than —2 and less than 2. Bounded 
—{-—— 
=P =I 0 1 2 
33. —1 < x < 0 denotes the set of all negative real numbers 
greater than or equal to —1. Bounded 
=) 0 
8 
tee 037. —2< x4 39. y 20 
41. 10 <t< 22 43. W > 65 
45. This interval consists of all real numbers greater than or 
equal to 0 and less than 8. 
47. This interval consists of all real numbers greater than — 6. 


CUE NG). Bile Ileus S Sy Bi oe INtper Spee oes ek all 
SS eee | ee O93) | — 5) 

61. —5 = —|5| 632.—-|-~2| = —|2| - 65.4 

67. 51 69. 3 Tile 128 73. (a) Negative (b) Negative 
75. |7 — 18| = 11 miles 77. |60 — 23| = 37° 

eRe — Sl ee EE hye 

83. |$113,356 — $112,700] = $656 > $500 


85 


87 


89 


ile 
93: 


95. 


Hl: 
101. 
103. 
105. 
107. 
109. 
111. 


113. 


121. 
125. 


0.05($112,700) = $5635 


Because the actual expenses differ from the budget by more 
than $500, there is failure to meet the “budget variance 
tESie: 


. [$37,335 — $37,640| = $305 < $500 
0.05($37,640) = $1882 


Because the difference between the actual expenses and 
the budget is less than $500 and less than 5% of the bud- 
geted amount, there is compliance with the “budget vari- 
ance test.” 


> (92.5 = 92.2| = 03 

There was a surplus of $0.3 billion. 
($032 Or 1253-2) = 2212 
There was a deficit of $221.2 billion. 

7x and 4 are the terms; 7 is the coefficient. 


/3x2, —8x, and —11 are the terms; /3 and —8 are the 
coefficients. 


4x3,x/2,and—5 are the terms; 4 and 5 are the 


coefficients. 
(10a) 6 
(a) Division by 0 is undefined. 


99. (a) 14 (b) 2 

(b) 0 

Commutative Property of Addition 

Multiplicative Inverse Property 

Distributive Property 

Multiplicative Identity Property 

Associative and Commutative Properties of Multiplication 


1 3 5x 
5 115. 8 117. 48 “1D 


= Teo) 123. 1.56 





0.000001 


5,000,000 








(b) The value of 5/n approaches infinity as n approaches 
0. 


A34 


127. 


129. 


131. 


133. 


Answers to Odd-Numbered Exercises and Tests 


(a) No. If one variable is negative while the other is 
positive, the expressions are unequal. 


(b) |u + v| < |u| + |v} 


The expressions are equal when wu and v have the same 
sign. If uw and v differ in sign, |w + v| is less than 
|u| + |v}. 


The only even prime number is 2, because its only factors 
are itself and 1. 


False. The denominators cannot be added when adding 
fractions. 


Yes. |a| =(-anf.a=<.0. 


Section P.2 (page 21) 


di 
.-(04x 04x 04x 04x04x04) 5. 4.99 
.(-10)5 9. (a) 27. (b) 81 

. (a) 729 (b) -9 =: 13. (a) BO) 1 
Aca) 2th Lae AT OOO EOS 2.105 
Leet lang Fpl Saad Lie SES neg fe 


37. 


41. 


47. 
Sab 
SBb 
59. 
63. 
67. 
69. 


71. 
Ss 
81. 
85. 


87. 


. (a 


. (a) 


(8 x 8 x 8 x 8 x 8) 





\ = 12522 (b)" 5x? Sl, Gy DA (a) Sh 
i 2 2 xs 
(b) 3 + y) 35. (a) 1 (b) x4 
10 a® 1 

8 ae Adrest 8 

@- WF WOE WO oe 


b° 
(a) 33” (b) 35 43. 912 = 3 45.45/32. = 2 


J196 = 14 49, (-216)”3=-6 51. 37277=9 
8134, = 27 

(a)3 ()2 57. (a3 (b)$ 

(a) -125,. ©) 3. 6 @%e ©) 4 

(a) -4 (b)2 ~~ 65. (a) 7.550 (b) —7.225 

(a) 14.499 (b) 0.528 

(a) —0.011  (b) 0.005 





(a) 2/2 (6) 23/3 ~—73. (a) 6xV/2x (b) 2 
(a) 2xs/2x? (b) hes 77. 625 79, ; 
> yO — $3. (a) 4 (b) 43/4 

(a) use V3) (Bray os) 


2 3 
(a) a (b) V7 


2) 1 
8 ORT Oa) 


91. (a) V3) /@F 1)? 

93. (a) 24/2 (b) 8/2x 

95. (a) 34/2 (b) 22/2 _~— 97. (a) 2Vx ~~ (b) AV 
99. (a) 1I3/x +1 (b) 18/5x 

101. -/5 + a3 S543 

103.5 > /32 +22 105. 5.73 x 107 107. 8.99 x 1075 
109. 604,800,000 111. 0.0000000000000000001602 
113. (a) 50,000 (b) 200,000 

115. (a) 954.448 — (b) 3.077 x 10! 

117. (a) 67,082.039  (b) 39.791 


119. When any positive integer is squared, the units digit is 0, 
1,4, 5, 6, or 9. Therefore, \/5233 is not an integer. 





121. a x 1.57 seconds 123. 13.29 seconds 125. 0.280 


127. True. When dividing variables, you subtract exponents. 


129. a° = 1, a # 0, using the property a = 


m 
a = quam = @ — 


m 
a 


131. No. A number written in scientific notation has the form 
c x 10", where 1 < c < 10 and n is an integer. In true 
scientific notation, the number 52.7 x 10° is 5.27 x 10°. 


Section P.3 (page 33) 


ld 34.5 So tk 
ths = Die =P AGE — Bye ap BY bre Sp 1. 
(Answers will vary.) (Answers will vary.) 

11. Degree: 1; Leading coefficient: 2 
13. Degree: 5; Leading coefficient: —4 

15. Degree: 5; Leading coefficient: 1 

17. Polynomial: —3x* + 2x + 8 
19. Not a polynomial because of the operation of division 
21. Polynomial: —y* + y? + y? 235 xe 
PS he ap MOD IG ap Il PHS NPE i 8) 
Gy MOB et ae (hr eee Stil, S15? sp Se 
33. —4x4 + 4x 35. 7.5x3 + 9x 37. —5x? — 12x 
390x242 ioe te 12 Al. 6%? — Tis 
ORY be oe ike sa) 45. 4x? — 20xy + 254 
EG/5 3 = ilo 49S x7 —4y- 51. m2 — nn? 6 9 
530 yet > — 6x — Oyo Rise i = DS) 
BT, Xie ket Ox 59. 8x? — 12x77 Ory 


61. 
65. 
69. 
USS 
79. 
83. 
87. 
91. 
95. 
99. 
103. 
109. 
113. 
117. 
121. 
125. 
127. 
131. 
135. 
139. 
143. 
147. 
151. 
155. 
159. 
163. 
167. 
171. 


173. 


ix? — 3x +9 63. 3x2 — 4 

W442 = 72x 9 Sie DIS AG 

Dye de Dy Tihs, we — NG IBS Ye = ¥ 

i 2 6/ Set | 77. Yes 

Yes Siesta) 

Ix — 3) 85. (x — 1)(x + 6) 

(x + 3)\(x-1) 89. 4x(x? + 4x — 10) 
AG: — 6)(« — 3) 93. (4y + 3)(4y — 3) 
(4x + 4)(4x = 1) 97. (x + 1)(x — 3) 

Gu + 2y)(3u — 2v) 101. (@ — 2) 

(6y- 9)? 105. (3u + 4)? 107. (x — 3)” 
(x + 2)(« — 1) ills (@= Bio = 2) 

S(O y)(y — 4) 115. (x — 2)(x — 1) 
(Sx + 1)(x + 5) 119. —(3z — 2)(z + 1) 


(x — 2)(x2 + 2x + 4) 
(2p 1)(4i? + 2t + 1) 

(u + 3v)(u2 — 3uv + 9v?) 
(xen) (x2 — 3) 
ae 2)(3x + 4) 
6(x + 3)(x — 3) 
2x + 1)(x — 2) 
a(x — 18)(x + 36) 
igaeal)? (x 211)? 


123. (y + 4)(y2 — 4y =:16) 


1298 ee) (oe) 
1335632 — te) 
BWA Cr = IiGx = 2) 
14d. 2A) 
145. (x? + 5)(3x + 1) 
149. x(x — 4)(x? + 1) 
153. 2(¢ — 2)(¢2 + 2¢ + 4) 























(2x — 1)(6x — 1) 157. 5(1 — x)2(3x + 2)(4x + 3) 
& = 2)2(@@ + 1)2(7x — 5) NGA 
TN ial, ae ea 165. Answers will vary. 
Answers will vary. 169. P = $85,000 
(a) 500r? + 1000r + 500 
(b) 
r 25% 3% 4% 
500(1 + r)? | $525.31 | $530.45 | $540.80 
[ee 
r | 45% 5% 
| 500(1 + 7)? | $546.01 | $551.25 











(c) The amount increases with increasing r. 
V = x26 — 2x)(189= 2x) 
= Ax(x — 13)(«% — 9) 
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175. 
ig/th 
179. 


181. 


185. 


187. 
189. 
193° 


195. 


A35 


(a) 6x7 = 3% (6) 422 
2x? + 46x + 252 





1 | 
i1{re] iE 


4a(r + 1) 183. 4(6 — x)(6 + x) 


(@) milk rR r) (0) 2m] (Ahi — |r 


False. (4x2 + 1)(3x + 1) = 12° + 4x2 + 3x + 1 
True. (x? — 16) = (&« + 4)(x — 4) 191. m+n 
(@ 4p ANP = 4@) S23 OS = 3 se Ae 





The only values of x and y that can make the equation true 
are 0. No other values work, because adding two numbers 
and then squaring produces larger values than squaring 
the two numbers separately and then adding. 

(x” dik wee = y”) 197. x3n 


2n 


— 


Section P.4 (page 45) 


1B 


21. 


. All real numbers 


3. All nonnegative real numbers 


1 
5. All real numbers x such that x # 2 
as 

9. 3x, x #0 11. 


All real numbers x such that x => —1 
oD se se IRE Be Se ce 
3y ay. 1 


yt’ 8 ek 





ay x#0 17. 
2 


EES 23. y—4, y# —4 


pg 


29: 


ebb 


33: 


S7. 





Fn Po 
lee 


The expressions are equivalent except at x = 3. 











The expression cannot be simplified. 


1 
TO 39. 


ee | 
4’ 5G aoe 
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41. 


45. 


49. 


53. 


59. 


63. 


67. 


Be 


79. 


83. 


oH la 


95. 
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R163 5k Sel eee Oy 
(x + 2)?’ % icmry ee 
pes aay: 
Ss ES HD 5 . #—2 
(AAG) x(x + y)?’ * y 
3 (x2 + 16)(x + 2)(x — 2) 
ose Grey Sl. (ee 4)2 
sD 6x + 13 
ae ae) essa 6x + 13 
Be x-1 x+3 
2 x-4 
= 61. 
x— 2 @ + 2)@ — 2)@ = 1) 
x7 + 3 D5 5 
5 3 
(x + 1)(x — 2)(x — 3) +1 
x' =2 3x2 — 2 —] 
Sak 4 Shere Mae net 
cy eye am bog et 
nike 75) eR ge ae 
(x — 1)!/2 x+2 
x(x + 1), x # —1,0 Ste 
(x + 3)3 2xn+h 
Pech, 85. — he 0 
2x(x — 3) y. x?(x + h)? ‘ 
Dye = | 3 aul 
87. y 56 0) 89. 3 
vt pyle Ol a 
x*(x + 1)34 Ux t2+ Vx 
1 
(a) 16 minute (b) 7 minute(s) 
(c) Ss = # minutes 
11 288(MN — P 
Ue? oop G) onetime ) 9.09% 


97. 


101. 


103. 


107. 


30 N(MN + 12P) 


°M PEE. 


(b) The model is approaching a 7-value of 40. 


x 7 
3(x + 3) o 6x(x + 5) 


False. In order for the simplified expression to be 
equivalent to the original expression, the domain of the 
simplified expression needs to be restricted. If n is even, 
xe —1,1. lin is'‘odd) x= 1. 
















109. 


111. 


False. The least common denominator of several fractions 
consists of the product of all prime factors in the denom- 
inators, with each factor given the highest power of its » 
occurrence in any denominator. 


pee el Ly ee ue 
—(ax—b) > ae 


Oe 1b 
bax 





No. 





Section P.5 (page 58) 








1. Identity 3. Conditional equation 5. Identity 
7. Conditional equation 9. Conditional equation 
11. 4 135—9 IRS 5 17. 9 19. No solution 
21.-4 23.-£ 25.9 
27. No solution. The x-terms sum to zero. 29. 10 
31. 4 33. 3 
35. No solution. The variable is divided out. Sie : 
39. No solution. The solution is extraneous. 41. 5 
43. No solution. The solution is extraneous. 45. 0 
47. All real numbers 49. 2x? + 8x§ —3 =0 
Riles = Ge te = 0) 53. 3x? — 90x — 10 = 0 
55.0,-} 57.4,-2 59% -5 61. 3,-4 
63.2,-6 65. —-%,-4 67. -a 69. +7;+7.00 
71. +/11;+3.32 73. +3 /3; 5.20 
75. 8, 16; 8.00, 16.00 77. —2 + J 14574 oe 
+ 
79. ee 2.62, — 1.62, £281. 222.00 s)eeaamnae 
6 
85.4,-8 87. -3+/7 89. Lt 
91.2+2/3 93.4,-1 95.4,-7 97.14 V3 
2: D 
99. -7+/5 101.-4+4+2/5 103. a 
105; 22" ozs aoe hips: 2 1 
2, 7 2 
113.6. 2/115; = se re 
117. 0.976, —0.643 119. 1.355, — 14.071 
121. 1.687, —0.488 123. —0.290, — 2.200 
125.14 /2 127.6,-12 1294+ /%3 
1 Meese 1 ne 
ASS See {Ke=—= 
131 5 133 4 4 135. 0, 7 
137. +3 139. —6 141. —3,0 14373 a 
145.+1 147.+/3,+1 149. +5,+4 
(Sie 153. 50 155. 26 157.316 
1595) 161. 0 163. 9 


165. 


169. 


175. 


181. 


185. 
189. 


191. 


193. 
195. 
199. 


201. 


203. 


205. 


207. 


—3+16/2 167. +/14 


=o) ae Al 
6 


Ws Si = 2 


183. 3, wo V17 


187. 23,437.5 miles 


1 171.4,-5 = 173. 
2,-3 
/3, -3 


61.2 inches 


(a) 


Ww 


<—— w + 14 ——>1 


A773 


(b) w(w + 14) = 1632 

(c) w = 34 feet, / = 48 feet 
— ~ 3.54 centimeters 

=~ 550 miles per hour and 600 miles per hour 
50,000 units 


False. The product must equal zero for the Zero-Factor 
Property to be used. 


197. 24.725 pounds per square inch 


The student should have subtracted 15x from both sides so 
that the equation was equal to zero. By factoring out an x, 
there are two solutions, x = 0 and x = 6. 


Remove symbols of grouping, combine like terms, reduce 
fractions. 


Add (or subtract) the same quantity to (from) both sides of 
the equation. 


Multiply (or divide) both sides of the equation by the 
same nonzero quantity. 


Interchange the two sides of the equation. 
b 
@) 0-7 ©) 91 


Isolate the absolute value by subtracting x from both sides 
of the equation. The expression inside the absolute value 
signs can be positive or negative, so two separate equa- 
tions must be solved. 


Section P.6 (page 70) 


. —-1 < x < 5. Bounded 


3. 11 < x < oo. Unbounded 


eco <1 <— —2, Unbounded Too) 9.d Il. e 
. (a) Yes (b) No (c) Yes’ (d) No 
eu@)ves! (b) No (G)s Now a@)) Yes 
ea(a)iYeSue (0), Yes (c) Yes. (d) No 


Answers to Odd-Numbered Exercises and Tests 


ihe as << 2 
A ee 
1 2 3 4 5 
Byes 22 MP 
a 
10 11 12 13 14 
27. x > 


Bf wy i BD 
S14 
ae ee pee 
ee SH 
aBy 37 2 St! 
ee pe 


39. —3<x<2 


= ah 0) AE 


43. 105 <x < 13.5 


AT GON S10 


-15 -10 -5 0 5 10 15 


51. 14 < x < 26 


Bey 26S S10 = 18 
ij 13 


—9 -6 -—3 0 3 6 9 12:15 


29 eepur 
59. aes amore 2 


61. 10 





ie 


A37 


3 


Pike 38 S253 
3 
2 
Se ee nl 
0 I 2 3 
MS 56> 2 
+H 
OW = a 4 
7B); BE KS 


=§.2 PG 2 LG 


A38 


Answers to Odd-Numbered Exercises and Tests 


65. 10 67. 10 
-10 24 15 |= 1 
-10 -10 
—6<x<22 xx —- 3x2 -} 
69. [5,00) 71. [-3,00) 73. (—00, J] 
75. All real numbers within 8 units of 10 
TT. [ihe SB DE, ee ees 
$1. |x — 12] -< 10 SIF) 5 
85. (a) No: (b)y Yes *(c) -Yesi (d) No 
87. (a) Yes. (b) No -(c) No (): Yes 
89.2,-2 91.35 
937 38 O58 i Toi) 
F i 3 
Sf d © 2-2 x 


=) Olga 4) 5 2 On kos 


97. (—00, —5], [1,/00) 99. (—3, 2) 
fe ---——_—_——_4j 
GF Pa QT 2 EA ol est FANE ie 
101. (—3, 1) 
t¢$1“o 
=f a 2H 0 1 


103. (—00, -4 - Y21],[-4 + V21, 0) 
-4— 21 4+ 21 
re 
105. (—1, 1), (3, 00) 107. [-3, 2], [3, 20) 


PPG er 2B 5} 


109. (—00, 0), (0,3) 111. [—2, 0], [2, 00) 


113. [—2, 00) 

115. (—co, -1), (0, 1) 117. (—co, —1), (4, 0) 
——_} + + So nnn SINCE EL emma 
=2 = 0 1 2; DiS Ne Oars ee Aten 
119. (5, 15) 121. (—5, —3), (-1, 00) 

5 =3 
af 2 
3 pC Olea 15-08 ig 
- -4 -3 72 -1 0 
123. (—3, 3), [6, 00) 125;-(—3,—2],{0,3) 
“i He»: 
4 3 . 
t } f = =3° =2> =1 0 1 2 3 


127. 


131. 
135. 
139. 
143. 
147. 
151. 
155. 


157. 
161. 
163. 


165. 


(—o0, -1), (—3,1),G,00) 129. [-2, 2] 


oo, 3], [4, co) 
SSS 51) 
2.26, 2.39) 
= SelY 
Between 13.8 and 36.2 meters 
I 2 2 


133. (—5, 0], (7, 00) 
1372 N= 0:13,0543) 
141. More than 400 miles 
145. 65.8 <h < 71.2 
149. +r > 4.88% 
153. False. c has to be greater than zero. 
3) Sa), 


( 
( 
( 


True. The test intervals are (—co, 
and (4, co). 


b 159. (—o0, —4] U[4, co) 
(—co, -2./30] U[2/30, oo) 





If a > 0 and c < 0, b can be any real number. If a > 0 
andes >)0\b = —2 Vac or b > 2N/ ae 
(a) x=a, x=b 
(b) + ‘ 
- - + 
+ - + 
oe -e > X 
a b 


(c) The real zeros of the polynomial 


Section P.7 (page 79) 


1. 


13. 


15. 


Change all signs when distributing the minus sign. 
2x — (3y + 4) = 2x — 3y—4 


. Change all signs when distributing the minus sign. 


4 4 
16% = (eS) 14551 





. z occurs twice as a factor. 


(5z)(6z) = 30z? 


. The fraction as a whole is multiplied by a, not the 


numerator and denominator separately. 


(?) ax 
a\—) = — 
Y yy 


. The exponent applies to the denominator also. 





(2) ese ae te 
y Ye 


. “x + 9 cannot be simplified. 





6x GEay ; ; 
cannot be simplified. 
OX ay, 
The negative exponent is on a term of the denominator, 
not a factor. 
I y 


= , y#0 
Aye mea a 
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17. Exponents are applied before multiplying. 7. (—3, 4) 9% (545) 
a 2x — 1) = x(4? Ax -P 1)= 493 — 4x? + x 11. Quadrant IV 13. Quadrant II 
19. Radicals apply to every factor of the radicand. 15. Quadrants III and IV 17. Quadrant III 
PORTE = YACHT = V2) (Ya + 7) 19. Quadrants and WI 24. (0, 1), (4,2), (1,4) 
21. To add fractions, first find a common denominator. 23. (—3, 6), (2, 10), (2, 4), (—3, 4) 
Bites By ide 25. ' 
55) BY xy 4 
. 1 i 40 = 
PR), Bie ae PL DS, DE ap ae AB NS PST PS i gq 30+ 7. ie 
20+- 
1 l 25 4 © oh if 
31.- 33.—- 35. mages 3741.2 oa ° 
2 2 ONG = fol 2 6 8 10 12 
eee 41,1 — x MAB. 3x = 1° 48. = — 5 = x 2-20 e 
% 1-30 AC . 
3 1 5) ae -4ot@ 
AT. 4x8/3 — 7x33 + YG 49. UE = See = jl Month 
ee ty 40 Re OV) 27. 1996 : $1.65 per one-half gallon 29. 166.67% 
age 3G4s i Gs 31. 1990s 33.65 35.8 37.5 
ae iT ee ie =? a $e 3, QY 43,5 () 4 +o = & 
" (& + 3)73(x + 2)74 Gx= 1)” "e+4 41. (a) 10,3, /109 (6) 102 + 3? = (/109)” 
at (3x — 2)!/2(15x2 — 4x + 45) 43. (a) , (b) 10 
: 2 1/2 A 
ee) nl (c) (5,4) 
63. (a) Answers will vary. io 
b + 9.7 
ey 2 [= | folate te | | = 
6+ ’ 
pi =e7| 29 [= fofaafaaias foe 
Pe [a7]=29 [nape far] as ine 
5) A ee ete 
65. y,(0) = 0 and y,(0) = 2 so, y, # yp. 
Vee ee 45. (a) y (b) 17 
== i Say ( 
Vo Sines (Answers will vary.) C4 ae fall (c) (0, 5) 
67. False. Cannot move term-by-term from denominator to er 
numerator. ~ | 
69. False. x? — 9 does not factor into (Vx ar 3)( Wx ne 3). 2'9 (0 2) 
71. There is no error. 73. There is no error. a oe) | aries 
-4+ 
Section P.8 (page 87) es) 
1. F ay 5 
i G,4) 47. (a) y (b) 2/10 
4 A 
5+ (c) (2, 3) 
(5, 4) 
4 eee 
y De ee : 
de" GS 
; ay | 
| + + ay + {+$—> x 
-1 1 2) 3 4 5 
=i 





5. A: (2,6), B: (—6, —2), C: (4, —4), D: (—3, 2) 


A40 


Answers to Odd-Numbered Exercises and Tests 








2 
49. (a) ' Gis 
i 3 
of 24 © (=) 
(-3, 3) al (2 :) 
OR eS eeu 
(1, a) il 
2 
+ t t + t i 
51. (a) ‘ (b) /110.97 
ai (c) (1.25, 3.6) 
BI: (6.2, 5.4) 
® 


Pie ees 
(3.7, 1.8) -4-° 











~ (1.25, 3.6) 
e- 2+ 
+$——t——}-_——++-——}+» 1 
-4 2 22 46 
sell 
SSe(a)) 3 (IGN 277 
h 
=} t Sea eee aa ee (c) (6, aD) 
(-36, -18) | 18 36 54 
@  -18 
. (6, -45) 
ye 
54+ ~8 
-72 + a 
(48, -72) 





55. $630,000 
2 2 2 
57. (/5) + (/45) = (/50) 
59. Opposite sides have equal lengths of 2/5 and ./835. 
61. Ox tae x), 2Yn at y)) 
63. (24 + aa Vy aati 2) (* +X, y, + 2), 











4 4 Pad tie? 
(2 + 35>, ot 2) 
Ae a 
65. 5/74 ~ 43 yards 
67. ; 
A 
gee 
6+ 
(3,5) || ©@,5) 
G2; DSi oe) 
j+—}+-—+}-—}- $—}—+—t > x 
oo 4a) DA Gans 
e 
(-7, -3) 44 (7, -3) 
-6 
“87 


(a) The point is reflected through the y-axis. 


69. 
71. 
Wt 
TDs 


77. 


Review Exercises 
1. 


5G) £3) 


SS 9, 24.6°F change 


(a4 
. —100 


. 3.048 x 107! 
. (a) (2x + 1)/2x 


7, aN 35 


ANG) 
. —7x?2 + 12x + 6 


x7 + 2x —1-—— 
x 


(b) The point is reflected through the x-axis. 

(c) The point is reflected through the origin. 

$1002.6 million 

False. The Midpoint Formula would be used 15 times. 
Point on x-axis: y = 0; Point on y-axis: x = 0 


Use the Midpoint Formula to prove that the diagonals of 
the parallelogram bisect each other. 


(Pee ee) _ (eee) 
yo) Din 3D 
(etb40 exo) _ (ates) 

2 ED, SD) 
Cc 79. a 








(page 92) 
(a) 11 (c) 11, -14, -§, 3, 0.4 


(d) /6 


(etl 14 


(b) 0.875 





i. 9 
20 10 


. The set consists of all real numbers less than or equal to 7. 


11. 0.017 
HCl 


1355 


(b) Undefined 19. 2 





23 (ay (b) 4 


ay eral 

Lif, BP 29. 2u, u #0 
(b) (3x? — 2x) /2x 

aca i) ; z 37. (x — 1/2 

AW Sy ae She ae see el 

45, —2y? + ly 


a 49. 36x? — 25 








51. x? — 12x2 + 48x — 64 53. x(x + 1)(x — 1) 
55, (Se +7)Sx= 7). 57. (x — G2 Ae 
59. (x + 10)(2x + 1) 61. (& — 1)(x? + 2) 
63. All real numbers except x = —6 

=" 1 

= ey Bis 

65 15 use 8 67 grr 2D) 

Ale == (x8 42 6 on 
ee 2(x — 4) ae (x — 1)@? +x + 1) 


IBS 


79. 
87. 


93; 


101. 
109. 
113. 
119. 
123. 
129. 
133. 
135. 


137. 


139. 


141. 


143. 


147. 


151. 
153. 


155. 
159. 





@aAnae x 75. Identity 77. Identity 

20 81. -; 83. 2$liters 85. -4,4 

#7. (89.84/15 91. -3 423 

7: Le 95. 0.5 97. 0, -3,45 99. 66 
2 103.79 105.+2,4+% 107. 2,-5 

2,8} 111. (a) Yes (b) No (c) Yes’ (d) No 
(-00,12] 115. [22,00) _ 117. (-3,17] 

[—4, 4] 121. (—co; —1), (7,,c0) 

x=37units 125. (—3,9) 127. (—4,3) 

[=5, —1), (1, co) 131. [—4, —3], (0, c0) 

r > 4.88% 

The multiplication in parentheses comes first. 


10(4 - 7) = 10(28) = 280 


The exponent applies to the coefficient also. 


(2x) = 16x* 


Multiply exponents when raising a power to a power. 


(34)4 = 316 


Add what is in parentheses first before squaring. 


(5 + 8)? = 13 = 169 


16x? — 9x + 20 145. —5x?2 + 2x 4+ 15 
2(x + 1) 
a i pis ate i 
G+? (Oe oe AN oe hs 
2x3/2 — 4x3/2 + 3x71/2 
, 
A 
at (5,22) 
20 + 
16 + 
War (13, 11) 
g+ 
47%, 3) 





Sear ain es are oe 
—4 4 Ss lee 16 e920) 


(185) + (/185)" = ( 370)" 
Quadrant TV 157. Quadrant TV 
(a) y 





(b) 5 














Answers to Odd-Numbered Exercises and Tests A41 
161. (a) , (b) 9.9 
A 
(0, 8.2) 
8 \ 
6+ ss 
4+ S 
Dante s 
\ (5.6, 0) 
Se SS Ss eee 
—2 2 4 6 
163. (a) , (b) (1,5) 
(-2,6) @ || 
"Te (163) 
rs 
SED) 2s. 4 6 
4) ‘» (4,-3) 
4+ 
165. (a) 7 (b) (=1.8, —0.6) 
A 
I+ 
(3.6, 0) 
+-O-—}-——+-_—++ pe x 
-4 Banc & -1 1 
(1.8, -0.6) ~~ (9, -1.2) 
—sy5 
—4+ 
167. 80°F 
169. False. There is also a cross-product term when a binomi- 


171. 


173. 
175. 


177. 


al sum is squared. (x + a)? = x? + 2ax + a? 


True. If a quadratic equation cannot be factored, then the 
Quadratic Formula can be used to solve the equation. 


(a) Neither (b) Both (c) Quadratic (d) Neither 


Radicals cannot be combined unless the index and the 
radicand are the same. 


Answers will vary. 


Chapter Test (page 97) 


1. —2>-|-4| 2.915 3@ —18 *@) = 
Ao (a) “se (O)aes 51a) 2S be 
6. (a) 1.8x 105 (b) 2.7 x 108 
2 
7. (a) 12z8 =(b) u-2)7 (© 5 


2 
mi@) 15z./2z _(b)) 10 an) 298 


. 2x2 — 3x -—5 10. x? -5 


tia) x72e DG = 2) BOE — 2)@ + 2)? 


A42 Answers to Odd-Numbered Exercises and Tests 


(b) —3(1 + V3) 
16.+/2 17.4 


12. (a) 43/4 
15. No solution 
18. —2,8 


19. -F<x<3 20. x < -60r0<x<4 








ail —<——}— HH 
2 3 8 Gnd) 228 Ono oa 
Se IN ey aie iri 
21. x < —4orx > 3 22. Gs 10lor x20) 
; w——] 
‘ ‘ 0 & mi 
EPs oe 0) sk 
aon Il SF 
23. x # =2 b SSeS 
pag 24. 93% 75 


25. Distance: ./89 miles; Midpoint: iD, 3) 


Chapter 1 
Section 1.1 
Ua) MAYES 


(page 107) 


(b) Yes 3. (a) No (b) Yes 

















9. y-axis symmetry 11. Origin symmetry 


13. Origin symmetry 15. x-axis symmetry 


27. 


29. 





19. y 


Ee Nw 














eG 23. b 
US 


x-intercepts: (+2, 0) 
y-intercept: (0, 16) 
x-intercepts: (0, 0), (3, 0) 


y-intercept: (0, 0) 








































Intercepts: (6,0), (0, 3) 


\ / 


Intercepts: (3,0), (1,0), (0, 3) 


10 


Intercept: (0, 0) 


10 


-10 


Intercept: (0, 0) 





53. 
SEY 
ie 
59. 
61. 


Intercepts: (—3, 0), (0, 3) 


et y- — 16 
Ge 2)? + (y + 1)? = 16 
fe)“ (y — 2)? = 5 


e292 (y <4)? = 25 
Center: (0, 0); Radius: 5 





it 
=—4-3-2-1 4 1 
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63. Center: (1, —3); Radius: 3 











65. Center: G. 


ww 


); Radius: 


Nhe 








67. 





Circle 
69. y 
250,000 
oO 
= 200,000 
S 
®B 150,000 
Ss 
as 
& 100,000 
A 
50,000 
Tt 


2) B74 5S! (6) 718 
Year 


4 “a 


(b) Answers will vary. 





(d) x =3,w=3 


A43 


A44 Answers to Odd-Numbered Exercises and Tests 





73. (a) and (b) y 19. (0, 1), (3,1), (-1,1) 21. (6, -5), (7, —4), (8, -3) 
ae 23. (—8,0), (—8, 2), (—8, 3) 
+ 20,000 
3 16,000 25. (—4, 6), (23, 8), (2 10) 
& 12,000 27. (9, -1), (11,0), (13,1) 29. Perpendicular 
sy ED 31. Parallel 
4,000 


33. (a) Sales increasing 135 units per year 
10 20 30 40 50 








Year (0 © 1950) (b) No change in sales 
(b) The curve seems to be a good fit for the data. (c) Sales decreasing 40 units per year 
(c) 2002: $27,142; 2004: $30,589 35. (a) Greatest increase: 1990 to 1991 and 1996 to 1997 
75. 3.9 ohms Greatest decrease: 1997 to 1998 
77. True. All linear equations of the form y = mx + b, which (b) m = 0.037 
excludes vertical lines, cross the y-axis one time. (c) Each year, the earnings per share increase by $0.037. 
19 NG)VO 1 3D OS (0) CE IO Oa! 37. (a) and (b) Tepnic ee Sees 
81. False. 3 = => $3. 91>, 4x?) 7 z NN eRe 
-50 
85, 25/2% 5 287. ce 89. ¥/|1] z -100 
m : —-150 
Section 1.2 (page 119) 5 200 


I) Ey (DEL (OPE, 2 


ceeaals 
aay 5.2) 740 | 954 Ce 
(d) For every 12 horizontal measurements, the vertical 
measurement decreases by 1. 


(e) “8.3% grade” 
39. 12 feet 
41. m = 1; Intercept: (0, — 10) 








11. m =2 13. m is undefined. 


(1, 6) 














43. m = 0; Intercept: (0, —3) 45. m= —}; Intercept: (0, 3) 




















47. y=-x+10 


10% (0, 10) 





— > Xx 








il 
6+ 
(-10, 4) 
ae 
2+ 
=i + + t + + > x 





Sa a) SP ees 





57. y = —2.5x — 2.75 











Answers to Odd-Numbered Exercises and Tests A45 


67. y = 0.3x— 18 


69. 
3s 
iis 
77. 
79. 
81. 
83. 











4x —3y + 12 =0 IL 3X — yo 2 — 0 


xt y= =O 

(2) yi ll (D)) nyse eS 
(a) y= —-3x+3 (b) y= ene 
@Qx=2 (b) y=s 


(a) y= —3x- 13.1 (b) y=§x-01 
(a) is parallel to (c). (b) is perpendicular to (a) and (c). 


6 (c) 





87. 
89. 


91. 


93: 
We 
99: 


101. 
105. 
107. 
109. 
111. 


V = 4.5t + 151.5 


c; The slope is 2, which represents the hourly wage per 
unit produced. 


d; The slope is — 100, which represents the decrease in 
the value of the word processor each year. 


: 2 6 3 
y=-9x-F 95. y=-x-# 
y = 54t + 3927; 1999: 4089 stores, 2000: 4143 stores 





SIO | IE 





c | -178° =10° | iG? || 2or 








je | 0° 14° a | eee | Gr 350.6° 














3014 students 103. V = 25,000 — 2300r 
Wa OMoxacte Wiles 0) 

(a) x=-p+7% (6) 45 © 49 

W = 0.07S + 2500 

(a) 12,000 -x (b) y= —0.015x + 480 


113. 


115. 


117. 


119. 


Answers to Odd-Numbered Exercises and Tests 


0 12,000 
0 


(d) As the amount invested at the lower interest rate 
increases, the annual interest decreases. 


(a) and (b) 





10,12 14 


16 18 20 
(c) y=4x+ 19 (d) 87 
(e) Vertical shift 4 units upward 


False. The slope of the first line is 2 and the slope of the 
second line is - 


The slope of a vertical line is undefined because division 
by zero is undefined. 


The line with a slope of —4 is steeper. The slope with the 
greatest magnitude corresponds to the steepest line. 


121. Yes. The rate of change remains the same on a line. 
123) dif 125) 4 | 127. = 18 e298, 
131. No solution 
Section 1.3 (page 133) 
i Yes 3. No 
5. Yes, each input value has exactly one output value. 
7. No, the input value of 7 has two output values, 6 and 12. 
9. (a) Function 


11. 


13. 
19. 
23. 
25. 
27. 


(b) Not a function, because the element 1 in A corre- 
sponds to two elements, —2 and 1, in B. 


(c) Function 


(d) Not a function, because not every element in A is 
matched with an element in B. 


Each is a function. For each year there corresponds one 
and only one circulation. 


Not a function 15. Function 17. Function 
Not a function 21. Function 

(a) 4 ®0 © 4 @d to) 

(2) ee (Des Ole (Cees 

(a) 36 «=(b) gr (c) Sar 


29. 


31. 


38 


35. 
Sie 


Oo: 


41. 


43. 
51. 
57. 
59. 
63. 
67. 
69. 
Ae 


WS: 


79. 


81. 


87. 
89. 





















































(a)1 (b)25 (©) 3-2lk| 
Si ee 
(a) —5  (b) Undefined (c) eee 
@i “yet te) 
38 = II 
(a) 1 (Dee (CNG 
x —-2|-110 1 2 
f(x) | 1 == = ue sleet 
2 
t =5 | —4 |-=3)) —20 
A(t) | 1 ; 0 |4 1 
x ~2| 1] 0 1 2 
fa 5 |3 4 1 0 
5 45% 47.43 49. 0,+1 


2 53.85, .0 

All real numbers t # 0 

y2 10 61 a 
All real numbers x # 0, —2 


All real numbers x + 0 


Nee ese) pls 


17); (0; 0), 1 


55. All real numbers x 


65.s 21,5 #4 


i) (2, 4)} 


{(—2, 0), (-1, 1), (0, V2), (1, V3), (2, 2)} 


g(x) = —2x? 


3x? + 3xc + c2,c #0 


is ne) = ee 


77.3 +h h#0 
































3,x #3 a 85, 4 = 

A = 8V/s? — 64 

©) Baa aan Volume V 
1 24 — 2(1) | 1[24 — 2(1)P = 484 
2 24 — 2(2) | 2[24 — 2(2)P = 800 
3 24 — 2(3) | 3[24 — 2(3)P = 972 
4 24 — 2(4) | 4[24 — 2(4)P = 1024 
5 24 — 2(5) | 5[24 — 2(5)P = 980 
6 24 — 2(6) | 6[24 — 2(6)P =amee 

Maximum when x = 4 
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(b) 


5. Domain: (— co, — 1], [1, oo) 7. Domain: [—4, 4] 
Range: [0, oo) Range: [0, 4] 


9. Function 11. Not a function 13. Function 
15.°= 3.6 17.,0-~ 19. 0. woe rene 
23. -3 25. -42 


Volume 





28 3 4e oer 6 
Height 


V is a function of x. 


@Onv = (24 = 2x)? Ole = 12 
2D 
91. A= 5G Dy D) 
93. 1978: $15,198; 1988: $25,558; 
1993: $30,800; 1997: $41,008 


95. (a) C = 12.30x + 98,000 


























(b) R = 17.98x 
(c) P = 5.68x — 98,000 
97. (a) p= en, > 80 
(b) 
n |90 | 100 | 110 | 120 | 130 | 140 | 150 
R(n) | $675| $700 | $715 | $720 | $715 | $700 | $675 29. (a) Increasing on (—00, 00) —(b) Odd 




















31. (a) Increasing on (— oo, 0) and (2, co) 
The revenue is maximum when 120 people take the trip. 


99. (a) 


Decreasing on (0, 2) 
(b) Neither even nor odd 
33. (a) 4 


h 


oo -—3 3 
0 





3000 Constant on (— 00, co) 


(b) h = /& — 30002, d > 3000 a Soy iil 


101. Yes, the ball will be at a height of 6 feet. 




















ro 3 |3 «13 3 | 3 





103. True. Each x-value corresponds to one y-value. 


105. The domain is the set of inputs of the function, and the 35. (a) 
range is the set of outputs. 


107. 109-5 111. 2x-3y-11=0 
113. 10x + 9y + 15 =0 








Section 1.4 (page 147) Decreasing on (—©0, 00) 
1. Domain: all real numbers (b) | . = 9. het oid | 2 ] 
Range: all real numbers 














3. Domain: all real numbers | f () | 1 2 22 | xe | 


Range: (— 0, 1] 
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37. (a) (b) 











47. (a) 


Decreasing on (— 00, 0); Increasing on (0, 00) 
b 
(b) : 4 6 


if : 


! 
fo>) 
I 
= N 
GQ ~ 
— 
nls 
| | 
es i) 
is 
a -& 
| | 
— — 
NO 
oO 
| oO 
— 
(en) — 
— i) 






o 





es) 
— 
wn 

— 
os 


Decreasing on (— 00, — 2); Increasing on (—2, oo) 








39. (a) 








| 
o 
o 
aN 
bat) 
Say 


49. 


i} 
o 


Increasing on (— oo, 0); Decreasing on (0, oo) 


(b) | 





t baa ai i 19 





0 
| 0 | -16 -1 | 0 —1 | -16 





41. (a) (b) 


Fs 2 
=] -8 10 
Decreasing on (—©o, 1) 
b 
a oie) eee 0/1] 
Ve lenee 

















ty 








| fe) | 2 





43. (a) 53. 10 


0 


fe) 
o 

Ae 

nD 

X} 


Relative maximum: (— 1.79, 8.21) 


Increasing on (0, 00) 
(b) Relative minimum: (1.12, — 4.06) 
| 55. 2 


| fe) 0 1 | 2.82 | 5.2 | 8 8 is 
45. (a) 


Relative maximum: (— 0.33, — 0.30) 

















Relative minimum: (2, — 13) 


y 
ny 
ait 
Le) Le) 
S 
ils 
5 


Increasing on (— co, 00) 


Answers to Odd-Numbered Exercises and Tests A49 


57. 59. 79. (—00, 4] 81. (—co, —3], [3, co) 


y 
































65. f(x) = —2x + 6 67. f(x) = —3x + 11 











69. f)=%x-3 71. f(x) ='8x-2 i 
Sp eee 
73. yy GF a it oe 2 
—] + 
Dict 
= ot 
acai 
= | 
91. 8 
Vertical shift 2 units downward 
Te bil 9 


Domain: (— 00, 00) 
Range: [0, 2) 
Sawtooth pattern 
93. Even 95. Odd 97. Neither even nor odd 
99. (a) (3,4) (b) (, -4) 
101. (a) (—4,9) (b) (-4, —9) 


103. (a) C, is the appropriate model, because the cost does not 
increase until after the next minute of conversation 
has started. 








A50 


105. 


107. 
111. 


115. 


117. 


119. 


121. 
123. 
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(b) Cc 
5 
NA 
8B 3 
& o—e 
= > o-_—s 
4 7 Oo? 
oO Oo—2# 
1 
=| SSS i> t 
Leo) Sie A eS 
Time (in minutes) 
$7.89 





30 watts 

h=3-4x+x? 109.h=2- 3x 
Le Dy 113. L=* 

@) A164 2 0S 4 





32 <A < 64 
(c) Square with sides 4./2m 


Interval Inside Pipe Drainpipe 1 Drainpipe 2 
[0, 5] Open Closed Closed 

[5, 10] Open Open Closed 

[10, 20] Closed Closed Closed 

[20, 30] Closed Closed Open 

[30, 40] Open Open Open 

[40, 45] Open Closed Open 

[45, 50] Open Open Open 

[50, 60] Open Open Closed 
False. A piecewise-defined function is a function that is 


defined by two or more equations over a specified 
domain. That domain may or may not include x- and 
y-intercepts. 


Answers will vary. 


Yes. For each value of y there corresponds one and only 
one value of x. 


125. 


127. 
131. 
133. 
135. 





(a) 2 (b) = 
-6 Zs 6 -6 8 | 
z 4 | 
(c) 2 (d) : 
-6 6 6 6 
(e) s (f) 4 
6 6 +6 6 


All the graphs pass through the origin. The graphs of the 
odd powers of x are symmetric with respect to the origin, 
and the graphs of the even powers are symmetric with 
respect to the y-axis. As the powers increase, the graphs 
become flatter in the interval —1 < x < l. 


0,10 129. 0,+1 

(a) 37. (b) -28  (c) 5x — 43 

(a) -9 (b)2/7-9 (c) -9+3V2i 
h+4,h#0 


Section 1.5 (page 158) 
(a) (b) 


1. 
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(c) (d) 



































9. (a) y=x2-1 (b) y=1-@+1)P 

© y= —G= 2746 y= t= ees 
11. @@) y= |x| +5 (by = — | 

(c) y=|x-2|-4 @My=-|x-6|-1 


13. Horizontal shift of y = x*; y = (w — 2) 





15. Reflection in the x-axis of y = x?; y = —x? 








17. Reflection in the x-axis and vertical shift of y = Vx; 

(e) (f) y=1- Vx 

; 19. Reflection of f(x) = x? in x-axis and vertical shift of 12 
units upward 
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23. Reflection of f(x) = x? in x-axis, vertical shift of 2 units 31. Horizontal shift of f(x) = x 9 units to the right 


upward, and horizontal shift of 5 units to the left 
ay 


1S 





| meen 
3 


6 9 12 5: 








33. Reflection of f(x) = \/x in y-axis, vertical shift of 2 units 
25. Vertical shift of f(x) = x3 2 units upward and horizontal downward, and horizontal shift of 7 units to the right 
shift of 1 unit to the right 


y 








35. f{@=@=2)" =8 37. f(x) = @= 13)? 
39. f(x) = —-|x]-10 41. f(x) = -V—x +6 
43. (a) y= —3x2 (b) y = 4x2 +3 
n 45. (a) y= —3|x|  (b) y = 3|z| - 3 
47. Vertical stretch of y = x3; y = 2x3 


27. Reflection of f(x) = |x| in x-axis and vertical shift of 2 
units downward 


49. Reflection in x-axis and vertical shrink of y = x?; 





rere Uo 
Mee a oe 
51. Reflection in y-axis and vertical shrink of y = \/x; 
NO ena 
EINE eee 





53. y=—-(x-23 +2 55 y=-Vx-3 


29. Reflection of f(x) = |x| in x-axis, vertical shift of 8 units 57. (a) (b) 
upward, and horizontal shift of 4 units to the left 


y 








(c) (d) 


BB 





59. (a) Vertical shrink of 0.04 and vertical shift of 20.46 units 
upward 


io 


Amount of fuel 
(in billions of gallons) 
NNONNNYNNNN NW 
CORK NWEUDAATNWHOSO 


2 4 6 8 10 12 14 16 
Year (0 < 1980) 


(b) f(t) = 20.46 + 0.04(¢ + 10). By shifting the graph 
10 units to the left, you obtain t = 0 represents 1990. 
61. True. |—x| = |x| 
63. (a) g(t) = 7/0 
us) = f(t — 2) 


(b) g(t) = f(t) + 10,000 





G5 2,.0).(— 1.1); (; 2) 
us ts a 
67. mt ea = 71. G4) x74 
x(1 — x) x(x — 1) ye — dl 
Homsx — 3),x *# —3 
75. (a) 38. «= (b) | C(c) x2 — 12x + 38 


77. All real numbers x # 11 Ls SSeS ® 


Section 1.6 (page 168) 


1. y Ss y 
i ae 
64 
3 s+ 

h + h 














Hl 2 3 4 —2 -1 le ae: Sierra 51 6 
42 
ere) 4 ©) 2-4 @— a 
=a 
fata x= 2 (b) x2 +x — 2 
(c) 2x2 x3 (d) ~~; x #2 


5s 
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9. (a) 2 +6+/0—% ©) 2 6/13 
(c) (x2 + 6)/T—-x (d) CeO ete x<l 








il = 35 
36 5F Il 56 = JI 1 
11. (a) 2 (b) 2 (c) 3 (d) x; x #0 
13. 3 UY, 5 17. 912 — 3t + 5 19. 74 














29. 10 
Shi 
15 15 
ee 
Soy ts 
F(X), 8) 
ds) alle) 
SHE ree ae aes 
300 
3 
SZ 250 T 
= FS 200 
23 B 
o 
gS 150 
Z 100 
Q R 


10 20 30 40 SO 60 
Miles per hour 


33. y, = —0.5912 + 7.66t — 144.90 
y> = 16.581 + 245.06 
y3 = 1.85t + 21.88 


35. (a) For each time f there corresponds one and only one 
temperature T. 


(b) 60°, 72° 
(c) All the temperature changes would occur | hour later. 


(d) The temperature would be decreased by | degree. 


E37 (a) (Ocoee) Gam ((D))) ek |) 
3932) 20'— 3 (0) 3x (©) Boa 20 
“0 (@) wee see) (lo) se ae 2! 


Domain of f and g ef: x 2 —4; 


Domain of g and f° g: all real numbers 
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43. (a)x-% (b)x-8 

Domain of f, g, fe g, and g ° f: all real numbers 
A5(a)inc eb)? 

Domain of f, g, f° g, and g °f: all real numbers 
47. (a) |x + 6| (b) |x| + 6 

Domain ay g,f°g, and g °f: all real numbers 





49. (a) (b) : aS 


ar 
Domain 3 f and g cf: all real numbers x # 0 
Domain of g: all real numbers 
Domain of f° g: all real numbers x # —3 

S17 (@)) 3h (0 53. (a) 0 (b) 4 

55. f(a) = x2, ge) = 2x + 1 


57. 6G) = si g(x) =x2 —4 





59. f(x) = -, g(x) =x+2 
+ 3 
SLO 7 Aa 


a @® h== @) AP) = ae 


(©), Aven) Gs) = 2) (A er)(x) represents the area of 


2 


the circular base of the tank on the square foundation 


with side length x. 


65. (C °x)(t) = 3000t + 750; (C°x)(t) represents the cost 


after t production hours. 


67. True. The range of g must be a subset of the domain of f 


for (f ° g)(x) to be defined. 
69. Answers will vary. 
=4 
x(x + h) 
153% ye 1 0r—0 





71. 3 





1s 3X LV ne 0) 














Section 1.7 (page 177) 


1c Stamm. 5. f Gi ex 


9. f-i@) = == 


5 11) fee (os 





(pap bs See = 


x 











r=) A= 


g( f(x) = g(2x) 











*@) = 26x + 1) = 9 ae 


(b) 








17. @)-f(e@) =f(Ys) = (Wa) = 
a( f(x) = glx3) = ¥x =x 
(b) y 














19. (a) f(e(x)) = fe? + 4), x 2 0 


= J@t4—4=x 
a( f(x) = e( Vx — 4) 





(b) » 

















23. (a) f(g(x)) = 





=Sy0— Il = a ae il 
yes Mle ea ==) 














(b) y 






Ly 2 4 6 8 10 











. | -2 | 0 }2|4 6/8 











#1@)| -2| -1| 0/1 21% 





29. Yes 31. No 
33. 2 35. 10 


wi 


The function has an inverse. 
have an inverse. 





The function does not 


Answers to Odd-Numbered Exercises and Tests 


Sis 





The function does not have an inverse. 


se » 
yep = aye 2 41. f(x) = x42 
h 1 
8 if 3 fi 
67 rd Zi 2 
i AG 


A55 
































47. f- (x) = 
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49, f(x) = ——— Sie 1G) al 89. False. f(x) = ; = f-'(). 



















































































3. @ | ear, 
ys ly yi3 | 4 
a A 
¢ ‘ eo [ if The graph of f does not pass the Horizontal Line Test, so 
tA f'(x) does not exist. 
Uy FS ae eas 95.48 97.3 99.34 /5 | 10iopeme 
rai 1 be | ee 103. All real numbers 105. All real numbers x # 0, 4 
ai ny a 107. 16,18 109. b=h =2V/% feet 
55. Noinverse 57. g-'(x)=8x 59. No inverse Section 1.8 (page 187) 
61. f(x) = Vx - 3 63. No inverse 1. 
ae , 7 
ici) =) ole Gl a x20 69. 32 ee 
Ii a3 134,000 
ae | is | 5 g 132,000 
71. 600 73.2343. 75a= 77. = % 8 130,000 
D) 2) 5 = 128,000 
8 = 126,000 
Mins Zs 124,000 
19: @). y= : 
0.75 ile 23 BR Ze SOR 
(b) y = number of units produced; x = hourly wage Year (0 <> 1990) 
(c) 19 units The model is a “good fit” for the actual data. 








|e = 245. 3. Inversel 
81. (a) y= ./2 a Va 8 YE : eed 
: x 


x = degrees Fahrenheit; y = % load 
(bee (c) O< x < 92.11 





0 600 80 + 
0 


83. No. The function would not pass the Horizontal Line Test. 








40 + e 
85. (a) Yes. f~! yields the year for a given per capita regular sot 
soft drink consumption. , 
a te 
(b) 5 iG) 8 10 


87. True. If f(x) =x-—6 and f'(x)=x+6, then the 
y-intercept of f is (0, —6) and the x-intercept of f~! is 
(= G0)! 
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km,m, 





Fa 
_ BGEIEIE 


ae 39. F= 5 
V Tg 


41. The area of a triangle is jointly proportional to its base and 
height. 


43. The volume of a sphere varies directly as the cube of its 
radius. 


45. Average speed is directly proportional to the distance and 
inversely proportional to the time. 


28 
Nf NS air? 49. y=— S51, fF — 1475° 
% 








53. z= 55. ~0.61 mile per hour 57. 506 feet 


59. 400 feet 61. No. The 15-inch pizza is the best buy. 
63. (a) The velocity is increased by one-third. 





(b) The velocity is decreased by one-fourth. 
65. (a) % (b) Yes. k = 0.575 


Slv 
+ 
@ 


(c) 5 pounds 


Sle Sls 
+ + + 

_ Length 
(in centimeters) 


Sls 


oS 











10 2a A Sone See lO a2 
Force (in pounds) 


11. 





(b) 0.2857 microwatt per square centimeter 
69. (a) y = 127.4t + 218.4 
(b) y 


1000 
900 





Average annual salary 
(in thousands of dollars) 
wn 
Ss 


2 7 12 
eee 1 YS Fit Weve : 
iy = 205x > 21. I = 0.035P 100 
33 VW Va! oc's SW 9 
23. Model: y = 73x ac three 







(c) 1997: $1110 thousand 
1998: $1238 thousand 
1999: $1365 thousand 


{0 || 200s | 20 
25. y = 0.0368x; $7360 (d) Answers will vary. 
27. (a) 0.05 meter (b) 176; newtons _—-29. 39.47 pounds 








k k, 
31. A = kr? oo5) = 35. F=-2 
x if 
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71. (a) y = 489.581 + 5628.4 Review Exercises (page 194) 
(b) 9600 1 3 
5 
; 4 
0 Pade it x 
5200 
(c) $10,035 million (d) Answers will vary. 
4 re 
73. (a) y = —0.0186x + 689 oy aby) Ei 2 4 5 
(b) =) 
=3 
a 60 5. x-intercept: (3, 0) 7. x-intercept: (—1, 0) 
a2 a ; y-intercept: (0, —9) y-intercept: (0, 1) 
Ze 520 9, 11. 
o 8 490 
se 460 y »” 
5 = 430 
FE 400 


4,000 6,000 8,000 10,000 12,000 14,000 
Home computer sales (in millions of dollars) 


(c) ~$354 million 


75. False. E is jointly proportional to the mass of an object and 
the square of its velocity. 











a +—+t 
2s 1 








77. Poor approximation 79. Good approximation 13. Center: (0, 0) 15. Center: (—2, 0) 
os 1 pee 7 Radius: 5 Radius: 4 
Dis 5-4 


: 
of 
(on 


























1.8 

89. (a) —3 (b) -} (c) 21 91. All real numbers B16 
= 14 

93. All real numbers x # —7 $ 12 
21.0 

EZ 08 

3 0.6 

& 04 

0.2 


t 
2A AO © “8 a0. 412, 
Year (0 < 1990) 


2001 
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53. (a) f(x) = 0.4(50 — x) + x = 20 + 0.6% 


21. Slope: 0 23. Slope: 3 (b) Domain: 0 < x < 50; Range: 20 < y < 50 

y-intercept: (0, 6) y-intercept: (0, 13) (c) 84 liters 
55. Function 57. Notafunction 59. —1,4 61. 1,45 

63. 18 

/I\ 
. -5 5 
= 
Increasing on (—2, 0) and (2, co) 











PG. .(b) 1, . () ly | @ 1, Decreasing on (— oo, —2) and (0, 2) 
27. 29. 65. 





Increasing on (—oo, —3) and (—1, oo) 





Decreasing on (—3, —1) 


67. f(x) = —2x —5 69. fe) = gut ap 








ae a 
31. 3x — 2y + 4=0 33. x Sy — 1 = 0 
3555) — 6 = 0 37.x+8=0 


y 





] 
is) 

| 
So 

| 
At 

\ 
es 
NnN>- 
= 











BYsa26 + 3yt7—0 (b) 3x—2y + 30=—0 
41. V=5.15t + 72.95 43. Yes 45. No 


4/3 45 4/3 
oa) 1) I ae 77. Reflection in x-axis and horizontal shift of 3 units to the left 
49. All real numbers 51. All real numbers of y = x2 





73. Even 75. Even 


y 79. Horizontal shift of 7 units to the right 
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81. Reflection in x-axis, horizontal shift of 3 units to the left, 
and vertical shift of 1 unit upward 

















2} 7 


$397.76 billion 
91. f(x) = 12x 
f(f"@) = 92x) = x 
fF) = 12G5x) = x 
93.) f 4G) =x 5 
TSAO) Ha2=—54 3 = 
fAG@) = 3 == x 
95. 9 


0 
Pane 
-10 


No No 


ths 
12 
eis 
12 


99. (a) f(x) = = d 


(b) 








CP AGO) = i 16x =F) 
PpoKer) eG 7 





sg1@) = (=) 





101, @)_f-@) = 7s —2 
(b) y 











© f Vien wear 2) 
=7S+2—-2 
=x 

f(f@) = f/x — 2) 
=(—2)+2 
=x 

103a062 2: f 1) = x92, 2 Ss 0 
105. 





Miles 2 E 10 | 12 | 


Kilometers | 3.2 [8 16 | 19.2 | 


107. Afactorof4 109. F = 3xV/y 











111. False. The graph is reflected in the x-axis, shifted 9 units 
to the left, and then shifted 13 units down. 





113. A function from a set A to a set B is a relation that assigns 
to each element x in the set A exactly one element y in the 
set B. 


115. The y-intercept is zero. 


Chapter Test (page 199) 
i i 














4.2x+y—-1=0 
6. (a) 4x — 7y + 44=0 


By Wee ar Oy = 3s) @ 


(b) 7x + 4y — 53 = 0 


1 Va 
) 028 ©) x* — 18x 


1 
Tea(a) Re 
SO = 10 
10. (a) 0 


(b) o. 


9, All real numbers 


=1 1 
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11. 


12. 


(c) Increasing on (—0.31, 0), (0.31, co) 
Decreasing on (—oo, — 0.31), (0, 0.31) 

(d) Even 

(a) 0,3 

(b) 10 


(c) Increasing on (— oo, 2) 
Decreasing on (2, 3] 

(d) Neither 

@ia 

(b) 16 


a 


(c) Increasing on (—5, co) 
Decreasing on (— co, —5) 
(d) Neither 

















13. 14. 
iy, y 
A 
30 
20 + + + +> x 
-6 -4 Cn 53 
Wor 
Sua + 3-1-1 
(a 246 
-10+ 
=20) 
+0 f 
15. 16. 








A6é1 
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17, 2D CAB a egress ee20es 
2h f(x) =e S 22. No inverse 
23. f(x) = (8x) aa v= 65 25. A = Bay 
6 b=) 27 3153 
a 
Chapter 2 
Section 2.1 (page 208) 
ig) $3,629 85st, Ix 
9. (a) (b) 








Vertical shrink 


(c) 


3 2 = 1 2 3 


=] + 





Vertical stretch 


11. (a) 

















Vertical shrink and 
reflection in the x-axis 


(d) 











Vertical stretch and 
reflection in the x-axis 


(b) 








eB n he 
—2 -l 1 2 3 


Horizontal translation 











Horizontal translation 


(d) 











iS: y 





-6 + 
Vertex: (0, —5) 
X-intercepts: (+ 5, 0) 

15. 








Vertex: (0, —4) 
x-intercepts: (42/2, 0) 
17. 








Vertex: (—5, —6) 


x-intercepts: (-5 + /6, 0) 








+ 
=§\ =6) ee ay a 
Bak 





Horizontal translation 


19. 


23. 


27. 


29. 


31. 

















Vertex: (3, 1) 


No x-intercept 


Vertex: (4, 0) 
x-intercept: (4, 0) 
y Das 








a 


tt ee 
-§ 4 4 8 














Vertex: (5, 20) 


No x-intercept 


Vertex: (1, 6) 
x-intercepts: (1 + /6, 0) 








-16-7 
20+ 


Vertex: (4, — 16) 
x-intercepts: (—4, 0), (12, 0) 





5 
-8 vi 
-5 
Vertex: (— 1, 4) 
x-intercepts: (1, 0), (—3, 0) 
14 
-18 12 


Vertex: (—4, —5) 
x-intercepts: (-4 + ./5, 0) 
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S33 


35: 


37. 
41. 
45. 
49. 
53. 


35. 


65. 


69. 


A63 





Vertex: (4, — 1) 
x-intercepts: (4 ets ae 0) 





Vertex: (—2, —3) 

x-intercepts: (-2 aE /6, 0) 

v= We SO), p= =a iyPsa4 

yp S =NGe ae DP ae 2 ASS (Ge—" (tee) at 
fa) =-}@-3% +4 © 47. fe) = 3 - 5)? + 12 
10 ete aaa) eee a OL ied Ca 


(+4, 0). The x-intercepts and solutions of the equation are 
the same. 


(5,0),(—1, 0). The x-intercepts and solutions of the 
equation are the same. 





(—3,0), (6, 0) (7, 0), (1, 0) 

ple nano x = 3 G7 foe OX 
Ciera + 2x + 3 ox) Fer 0x 
Gamenx Fix + 3 TG SS) 25 Us WW 


Oe = 2x" — Tx = 3 


A64 
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75. (a) A = x(50 — x),0<x<50 
(b) 


A 
A 











20), 30. 40) 50) 
(C)antecet 25 feet 
ileum (a) 






















































79. 4500 units 
85. (a) 4 feet 
87. 16 feet 
89. (a) 4500 


81. 20 fixtures 
(b) 16 feet 


83. 350,000 units 
(c) 25.86 feet 





0 
2500 


(b) 4242; Yes 
91. (a) and (c) 


(c) 9703 annually; 27 daily 





(b) eyi="— 08572-1187 — 21 


(d) No. The model decreases and eventually becomes 
negative. 


93. True. The vertex of f(x) is (—3, °3) and the vertex of g(x) 
1 


ISAs asicaceas)- 
95. Conditions (a) and (d) are preferable because profits 
would be increasing. 


97. Answers will vary. 99. y= —3x ste ; 





















(b) 
‘[200 — 4(20)] | (2)(20)(4)[200 — 4(20)] = 1600 
)} | (2)(22)(4)[200 — 4(22)] = 1643 
24)1 | (2)(24)(4)[200 — 4(24)] = 1664 
41200 — 4(26)] | (2)(26)( $)[200 — 4(26)] = 1664 
‘1200 — 4(28)] | (2)(28)(4)[200 — 4(28)] ~ 1643 
‘[200 — 4(30)] | (2)(30)(4)[200 — 4(30)] = 1600 











101. y=3x+3 103.27 105. —*4® 107. 109 
Section 2.2 (page 222) 

l. c yin 5p 2 7.d 

9. (a) r (b) 





$a = 





= 25 ftery = 335 ft 


8x(50 — x) 


(c) A= ; 


(d) 2000 





x = 25 feet; y= 334 feet 
(©) A= —§@ - 257 + 














13. 


17. 


21. 


23. 


27. 
35: 
43. 


47. 
51. 
BRE 
SEE 
59. 
63. 
65. 

















Falls to the left. 15. Falls to the left. 
Rises to the right. Falls to the right. 
Rises to the left. 19. Rises to the left. 
Falls to the right. Falls to the right. 
Falls to the left. 


Falls to the right. 


D5). 12 
i 
8g -8 8 
-12 12 
g 
f 
-20 


+5 29. 3 2hale-2 9 334224..3 
2,0 37. +1 39. 0,+/3 ~~ 41. No real zeros 


12 45. 4 
: 81. 
=6 6 
2 6 
-4 -4 
(0,0), (3, 0) (0,0), (+1, 0), (£2, 0) 
F(x) = x* — 10x i eda oe see = 12 


i) =e x” + Ox 

ie) = 77 — 4x2 — 9x? + 36x 
fQ=x2-2k-2 S57. f@ =e +4e4+4 
f(&) = 2 + 2x? — 3x 61. f(x) = 23 — 3x 
f(x) = x4 + 8 — 15x? + 23x — 10 

ie) =x + 16x* + 96x° + 256x? + 256x 
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id: 


85. 





























=9 


-6 


Zeros: 0, +2, all of 
odd multiplicity 


(1, 0), (1, 2), 3) 

















83. 14 


-6 


ZCTOS i |e 
even multiplicity; 
3, 3, odd multiplicity 


87, (— 21), (0, 1) 
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89. (a) and (b) 99. -5,8 101.-12 103.4+ /14 
—2+/ 
105, eT 107. san = tee 
volume 3 


109. (y + 6)(y? — 6y + 36) 


1[36 — 2(1)]? = 
































2[36 — 2(2)]? = 2048 Section 2.3 (page 233) 
3[36 — 2(3)]? = 2700 1. Answers will vary. 3. Answers will vary. 
4[36 — 2(4)]2 = 3136 Be : | 
5[36 — 2(5)]? = 3380 S * 
wt 
6[36 — 2(6)]? = 3456 
N36 = 20) iF = 3388 i 
3 j Wh, xe ae 4 Ns ee — Sig 4 Al 11. x? 3x7 1 
6 in. x 24 in. x 24 in. 
11 ee 3 
in: Bk = 5 Ne se S) = 
(c) Domain: 0 < x < 18 307, sear IGS 28? Se 5 A lh 
(d) 3600 
De == NU 
7. Pee ey es ee 
ei Date 
6x7 8x E38 
19.2734 -————-_ 1. 3:7 ee 
(sirgal)? 
Pa}, EE <= 1) Pi 35 ae OK = DS 
x=6 
s Dan, 
91. x = 200 ifs a ae NESE ae SI) Sr PP, 
93. False. A fifth-degree polynomial can have at most four 1360 
turning points. 29. 10x3 iF 10x2 ar (Oke ae Se) 32 = 
w= 
95. (a) Degree: 3; Leading coefficient: positive At a? RAY 6A 
(b) Degree: 2; Leading coefficient: positive 48 
aed 2 
(c) Degree: 4; Leading coefficient: positive 33. tO ie FEES) 
(d) Degree: 5; Leading coefficient: positive 216 
SS ae OX SO SO 
97. (a) GeO 


37. 4x? + 14x — 30 
39. f(x) = (x — 4)(x? + 3x — 2) +3, fF (4) =3 
41. f(x) = (x + 3)(15x3 — 6x + 4) + ¥ 





f-3) =¥ 
y, is decreasing. y, is increasing. 43. f(x) =(x— J/2)[ x2 +(3+ J2)x+ 3/2] es 
(b) Either always increasing or always decreasing. The Fl </ 2) = =8 
behavior is determined by a. 
ea a 45. f(x) = (x- 1+ V3)[-4x2 + (24+ 4/3)x + (2 +23), 
(c) 6 
fll =a) = 
47. (a) 1 (6) 4 (©) 4 = () 1954 


| 49. (a) 97. (b) -} (17. @) —199 

51. (x — 2)(x + 3)(x — 1); Zeros: 2, —3, 1 
= = by Sul 

Because H(x) is not always increasing or always 53. (20 MY 5) 2); Zeros, 52 


decreasing, H cannot be written in the form Ssh (x ate J3)(x = V3 \(x + 2); Zeros: —/3, /3, —2 
H(x) = a@—h)° + k. 


-6 


Sik 


59. 


61. 


63. 


65. 


67. 


69. 


71. 


1S 
ie 


(x - 1)(x-1- /3)(x - 1+ V3); 

PESOS) lem Lory ey i J3 

(b) 2x - 1 

(c) f(x) = 2x — Die +2)-1) @ 4,-2,1 
(e) 7 


(a) Answers will vary. 


(b) (x — 1), @ — 2) 
Cro Na 2)@ — 5) +4) 
(d) 1,2,5, —4 

(e) 20 


(a) Answers will vary. 


-180 


(a) Answers will vary. (b) x + 7 
Ore = + x + 1)Ge= 2) @ =7, 45,5 


(e) 320 





(a) Answers will vary. (b) (x ss V5) 
(©) f(x) = (x -— V5)(x + V5)Qx-1) @ +V5,3 
(e) "4 


(a) Zeros are 2 and ~+2.236. 

©) fG) = & — 2)(x — Y5)(x + V5) 

(a) Zeros are —2, ~ 0.268, and ~ 3.732. 

(b) A(t) = (¢ + 2)[e— (2+ V3)|[r- (2 - V3)] 
Qx2?—x-1, x#3 73, x2 +2x-3, x #-1 
Oe = =), — 

(a) and (b) 


27 





-3 k= j38 


13 


R = 0.01326t? — 0.0677t? + 1.231t + 16.68 
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1D: 
83. 
87. 
89. 


91. 


We 


99. 

















(d) $44.62. No, because the model will approach infinity 
quickly. 


False. —5 is a zero of f. Si47 2 6x" + 9 


The remainder is 0. $55 ¢ = =210 

0; x + 3 is a factor of f. 

eC) a) ee 

() (G3) = Sisk Bet se = as = By ae Il 


Sia Vl 


(Answer is not unique.) 
H(3) Bae = Bee = SF ae Oe = 2 


(Answer is not unique.) 


Section 2.4 (page 241) 


ih 

Te 
15. 
23. 
Bile 
39. 
45. 
53. 
59. 
65. 


Wik 
TS 
83. 
85. 


87. 


89. 
93% 


99. 


G~ 10 b=6 3.4a—6,)—1 
Ve SIBF A9x5x/S1- MMs 
0.3i 17%11-i 19.4 

-144+20i 25. ¢+ fi 
5+i 33. 12 + 30i 

-10 41.6-31,45 43. -1+ /5i, 6 
—2,/5i,20 47. /8,8 49. -Si 
443;  55.-5-—6i 57. —j@1 — tel! 
=1— 3) 61. gm + Sasi 


—2+hi 67. -3,-3 69.24 V/2i 


5. 4 + 3i 
13. —1 — 6i 
21. 3 — 3V/2i 
2723-29, =10 
35.24 37. -9 + 40: 





73. (a) 1 (b) i 
a i 77,7 F958 
(a) 16 (b) 16 (c) 16 (d) 16 


False. If the complex number is real, the number equals its 
conjugate. 


(CO)! 
81. i 


(dee 


False. 
[44 + jiso — j74 — 109 4 FOL =] —] +1 -i+i=1 


Answers will vary. 91. —x? — 3x + 12 





324+28y-2 95-31 97.7 
a= ovine 101. 1 liter 
27b 


A68 
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Section 2.5 ie 253) 
1. 0,6 8h, = 6 =O, 257 Te sellyees) 
9. +1, +3, +5, +9, +15, +45, +5, +5, $3,423,494 





HWS Ws 13: W— 1,4 1S Le 10 











17.3,-1 19. —2,3,4% 21.-1,2 23. -6,3,1 
25. (a) +1,+2,+4 
(b) y (c) —2,-1,2 
27. (a) +1, +3, +5, +5, +7, +3 
(b) y Ouwrwels 
4 
2 
SSS} + ff 
6 4 -2 214 6 8 10 
4 
~6 
29, (a) +1,+2,+4, +8, +5 
(b) 16 OM meee, 
LA 
-8 
31. (a) £1) £3, 2, 25, 25.7, Hat tig tie ben, ta 


6 
(b) 6 (c) 1,4, -3 


33. (a) +1, ~+1.414 
(b) f(x) = (& + D@ — I(x + V2)(x — V2) 
35. (a) 0,3, 4, ~+1.414 
(b) A(x) = x(x — 3)(x — 4)(x + V2)(x — V2) 
37. x? — x2 + 25x — 25 39. x3 + 4x2 — 31x — 174 
41. 3x4 — 17x3 + 25x? + 23x — 22 


43. 


45. 


47. 
SEE 
Yc 
59. 
61. 
63. 
65. 
67. 
69. 
71. 
W3- 
if) 
83. 
87. 
91. 
99. 
103. 


105. 


(a)? + OaA eS) 

(b) (x2 + 9)(x + /3)(x — v3) 

(c) (x + 3i)(x — 34)(x + V3)(x — ¥3) 

(a) (x? — 2x — 2)(x2 — 2x + 3) 

(b) (x — 1 + ¥3)(x — 1 — V3)(x2 — 2x + 3) 

(c) (x - 1 a 1— J3)(x-1+ V2i) 
Gate 721) 

—3,+5i 49. 42i,1,-} 51. 

2,-3+2i,1 55. +5i; (x + 5i)@ — 51) 

2+ /3;(x-2- V3)(x-2+ V3) 

+3, +3i; (x + 3)(x — 3)(x + 31)(x — 33) 

l+i(z-—1+i(z-1- i) 

2,2+i;(@—-—2)@—-—2+i@—-—2-i) 

—2,1+ /2i; (x + (x-—1+ V2i)(x —1- V2) 

—£,1+4 J5i; (5x + I)(x-—1+ Y5i)(x — 1 - J5i) 

2, = 2i: ( = 2)2(% -F 27) — 21) 

a1, +231; (6 F 1) — 7) (ce + 31) 139) 

-10,-7+5i 75-3145 77. -2,-5, ti 


81. No real zeros 


aie il 
— Siar 


No real zeros 
One positive zero 85. One or three positive zeros 
89. Answers will vary. 


95.+2,+3 97. +1,4 


Answers will vary. 
1,-; 93. -3 
d 101. b 

FQ) = —2e + 3x 11x = 6 





(Equations and graphs will vary.) There are infinitely 
many possible functions for f. 


(@) al 
(b) The graph touches the x-axis at x = 1. 


(c) The least possible degree of the function is 4 because 
there are at least four real zeros (1 is repeated) and a 
function can have at most the number of real zeros 
equal to the degree of the function. The degree cannot 
be odd by the definition of multiplicity. 


(d) Positive. From the information in the table, you can 
conclude that the graph will eventually rise to the left 
and to the right. 


107. (a) 


109. 


113 


115 


117. 


(ce) f(x) = x* — 4x3 — 3x2°+ 14x — 8 
(Answer is not unique.) 











(b) V = x(9 — 2x)(15 — 2x) 
Domain: 0 < x < 3 


(c) v 


Volume of box 
~s 
mn 


L i2) ae Ota 4g <S) 


Length of sides of 
squares removed 


1.82 cm x 5.36cm x 11.36 cm 
(d) S Z, 8; 8 is not in the domain of V. 
x ~ 38.4, or $384,000 111. x ~ 40 


- No. Setting 4 = 64 and solving the resulting equation 
yields imaginary roots. 


. False. The most complex zeros it can have is two and the 
Linear Factorization Theorem guarantees that there are 
three linear factors, so one zero must be real. 


ii) Polen LOL ar Le Oe aeaeme) ae de 


121. The zeros cannot be determined. 

123. (a) O< kk <4 (b) k=4 ()k<0 Gk>4 
125. (a) x7 +b (b) x? — 2ax + a® + b? 

eee lt OF 129. 20 + 40: 131. i 


y 135. y 
(6, 4) 


133. 


—- NY WwW 
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137. ) 








Section 2.6 (page 267) 











1. (a) 
rte eae | 
0.5 =2 1.5 2 5) || O45 
0.9 =i0 ill 10 10} 0.1 





0.99 | —100 1.01 100 100 | 0.01 
0.999 | —1000 1.001 | 1000 1000 | 0.001 



































(b) Vertical asymptote: x = 1 
Horizontal asymptote: y = 0 
(c) Domain: all real numbers x # 1 


3. (a) 





a f(x) x f(x) 
0.5 4 WS) 12 








0.9 36 Ife 44 





0.99 396 1.01 404 
































0.999 | 3996 1.001 “|| 4004 





(b) Vertical asymptote: x = 1 
Horizontal asymptotes: y = +4 


(c) Domain: all real numbers x # 1 























5. (a) 
x f(x) x f(x) % f(x) 
0.5 —1 1.5 5.4 513.125 
0.9 —12.79 || 1.1 17.29 10 | 3.03 
0.99 | —147.8 1011523 100 | 3.0003 
0.999 | — 1498 1.001 | 1502 1000 | 3 


























(b) Vertical asymptotes: x = +1 
Horizontal asymptote: y = 3 
(c) Domain: all real numbers x # +1 
7. Domain: all real numbers x # 0 
Vertical asymptote: x = 0 


Horizontal asymptote: y = 0 
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ah 


27. 


. (a) Intercept: (0, 5) 


Domain: all real numbers x # 2 
Vertical asymptote: x = 2 


Horizontal asymptote: y = — 1 


. Domain: all real numbers x # +1 


Vertical asymptotes: x = +1 


- Domain: all real numbers 


Horizontal asymptote: y = 3 


5 @l Who st 19. e 21. 1 23. 6 


1 

(b) Vertical asymptote: x = —2 
Horizontal asymptote: y = 0 

(c) No symmetry 

(d) and (e) y 











(a) Intercept: (0, —}) 


(b) Vertical asymptote: x = —2 
Horizontal asymptote; y = 0 


(c) No symmetry 
(d) and (e) 











. (a) Intercepts: (0, 5), (-§, 0) 


(b) Vertical asymptote: x = —1 
Horizontal asymptote: y = 2 


(c) No symmetry 
(d) and (e) 








31. 


33. 


3 


7s 


(a) Intercepts: (0, 3), (-3, 0) 


(b) Vertical asymptote: x = —2 
Horizontal asymptote: y = 2 


(c) No symmetry 
(d) and (e) z 








(a) Intercept: (0, 0) 

(b) Horizontal asymptote: y = 1 
(c) y-axis 

(d) and (e) y 





(a) Intercept: (0, 0) 


(b) Vertical asymptotes: x = +3 
Horizontal asymptote: y = 1 


(c) y-axis 
(d) and (e) y 





(a) Intercept: (0, 0) 
(b) Horizontal asymptote: y = 0 
(c) Origin 





(d) and (e) y 45. (a) Domain of f: all real numbers x # —1 





(c) 
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Domain of g: all real numbers 
(b) Vertical asymptote: none 
x -3| -2 =1.5| -1 —0.5| 0 |1 
fx) | -4| -3 | -2.5] Under. | -1.5 |] -1 | 0 
e(x) 4 | ae ey APS ae 
































39. (a) Intercept: (—1, 0) 


(b) Vertical asymptotes: x = 0, x = 4 
Horizontal asymptote: y = 0 


(c) No symmetry 
(d) and (e) 





it does not exist. 


Domain of g: all real numbers x # 0 


(b) Vertical asymptote: x = 0 





47. (a) Domain of f: all real numbers x # 0, 


D 


(e) Because there are only a finite number of pixels, the 
utility may not attempt to evaluate the function where 



































41. (a) Intercept: (0, 0) . x | 70.5 | 0 0.5) 1) 15] 2 3 
(b) Vertical asymptotes: x = —1, x = 2 f(x) | =2 | Undef.|2 | 1|% | Undef. | 
Horizontal asymptote: y = 0 Pe | a | Undef 12 | 1 : L ! 
(c) No symmetry 
(d) and (e) ) (d) 














a + {+> Xx 
—2 4 
(e) Because there are only a finite number of pixels, the 
utility may not attempt to evaluate the function where 
it does not exist. 
43. (a) Intercept: (0, 0) 49, y 
(b) Vertical asymptotes: x = —2,x = 7 oo 


Horizontal asymptote: y = 0 
(c) No symmetry 
(d) and (e) 











Domain: all real numbers 


yall) 
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51. y 59. (a) Intercept: (0, 0) 
(b) Vertical asymptotes: x = +1 
; Slant asymptote: y = x 
bam (c) Origin 
| 
leben Se (d) and (e) y 
(ft ska «! A 
i 
i 
| 











Domain: all real numbers t # +2 





t=+42,y=2 
53. 








61. (a) Intercept: (0, — 1) 


(b) Vertical asymptote: x = 1 
Slant asymptote: y = x 





(c) No symmetry 
(d) and (e) 





Domain: all real numbers x # 0 





x=0, y=0 











55. (a) No intercepts 


(b) Vertical asymptote: x = 0 
Slant asymptote: y = 2x 




















(c) Origin 
(d) and (e) y 
63. 8 
6 ; 
4 f. 
27 i y = 2x =e 10 
+——_}+— U + x 
% aN) ) ‘S 6 io alll. 
taal -8 
Domain: all real numbers x # —3 
-6 
Vertical asymptote: x = —3 
57. (a) No intercepts Slant asymptote: y = x + 2 
(b) Vertical asymptote: x = 0 y=xt+2 
Slant asymptote: y = x 65 a 


(c) Origin 
(d) and (e) 
212) 12 


Domain: all real numbers x # 0 

















Vertical asymptote: x = 0 


Slant asymptote: y = —x + 3 








i) seh e) 
67. (a) and (b) (—1, 0) 69. (a) and (b) (1, 0), (—1, 0) 


7A 


73. 


WSs 


Wtf 


79: 


81. 


85. 


87. 


89. 


(a) 28.33 million dollars 

(b) 170 million dollars 

(c) 765 million dollars 

(d) No. The function is undefined at p = 100. 


(a) 333 deer, 500 deer, 800 deer (b) 1500 
500 
gy > T 
ae 
(b) x > 0 
(c) y 
120 
100 
80 
60 
40 
20 
10 20 30 40 50 60 : 
16; meters 
(a) C = 0; the chemical will eventually dissipate. 


(b) 10 








0) 10 
0 

t~ 45 

False. Polynomials do not have vertical asymptotes. 
1 xe 
a hee ois rege 
1 1 

Be 5 TA) == — 50 


(Answers are not unique.) 

7—\x — 6 

f= ea 
gS DB 


4 


-2 


The fraction is not reduced. 


91. (3x — 4)(x + 9) 93. (x + 6)(x* — 2) 

95. x <0 97.x< —-Bx2/ 

A ie _B 1 
3 2D SI shee z 


=8 =60=409-2)) 10) 12) 4 
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Section 2.7 (page 277) 


1. b a Gl an Z 
58 Be IIH 





A B G A B € 

+ 9, + 

Bo af 32> 10) BS = 5? Go 
A 


Jin a2 (C. a. 4 /ses> (C Dye 






























































11. —+ % 
me pe ae iIl0) we) Ge a Il (x? + 1)? 
1 1 1 1 1 
15 a = 
io 4) eX cael 
1 2) 
i), = = 21 i = : 
je De ae il y= i) sear 2 
3 1 5 3 1 i 
23. —— + 25. --— 
Xe xe 2) aD 58 sees ncaa 
3 9 1 Dx 
it IA) = 
Neat omg (Xa) x x41 
=I x+2 
31. 
Cos lees 
1 1 1 
33) = + 
3(27 +2) 6442) 6 —=2) 
] 1 i 
35. + 
Sx 1) SSO — 1) 242 = 1) 
1 2 Pee se Il 
hes + Le 
: %¥+1 x —2x4+3 aa xwe+x41 
All, Dye = J) ae ut i 
oh ip a = 3e SP oil 
6 4 1 



































The vertical asymptotes are the same. 
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3 5 73. 75. 














































The vertical asymptotes are the same. 
































2000 2000 
57. (a) Oe al 
=O Hy Ah S165 
2000 1000 
(b) Ymax = E Say 
. — 2000 ° * 
Ymin = |= Review Exercises (page 280) 
= 755 
1. (a) 6 (b) 6 
—100 
\ 
59. False. The expression is an improper rational expression, so ES \ 9 a 9 
you must first divide before applying partial fraction 
decomposition. 
-6 -6 
61. 42 = | 63. I ( ! I Vertical stretch Vertical stretch and 
a\x xta atl\\x+1l a-x reflection in the x-axis 
65. 67. (c) 6 (d) 2 
Ses | | 
-6 -6 
Vertical translation Horizontal translation 
3. f() = 3-42 +1 5. f@) ==) 
To eon)" a1 9. f(x) = @ 4a 
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33. —7,3 35. 0,43 


















































19. (a) (b) y= 100 = x. 39. (-1,0) 41. (—1,0), (1, 2) 
A = 100x — x? 
y 43. 8x +5 + AS, Spe ac 2 
(c) x = 50, y = 50 Bye = 2D 
1 
= G7 SOK eee a » ADO 27% 
He ae DP 
21. 1091 units 51, 27 — lle 6 
23: 25. 53. (a)) Yess (b) Yes’ “(C) Yes (d)) No 


55. (a). =421 (b) —9 
57. (a) Answers will vary. (b) (x + 7), (x + 1) 
(cc) fa) =@+7)@+1)e%-—4) @ -7,-1,4 














59. (a) Answers will vary. (b) (x + 1), (x — 4) 
Key ene 1) (x — 4) 2) aaa) 
(Qi ee 
(e) 





29. Falls to the left. 31. Rises to the left. 
Falls to the right. Rises to the right. 


A76 
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61. (a) and (b) 





V = —0.21523 + 6.693t? — 2.1281 + 675.279 
The model closely fits the data. 

















©. at 6 1 2 3 
Vv | 675.3 | 679.6 | 696.1 | 723.3 
f 4 5 6 7 
v | 760.1 | 805.1 | 857 | 914.6 
——— 























The estimated values are close to the actual data. 


(d) $1175.6 billion. No. According to the model, the value 
of farm real estate will eventually become negative. 


63:3 =5i “65; —1— Si 367.2) 
69.17+28i 71.9420: 73. + i 
9» 583 1 dries TE 
= — = —— + —— 
75. 35 - 35! ite +51 79. 4774 I 
$1. =9,=9,4— -83:)0,%./6i-— $5. -5,5)8)3 +i 


99 4S) am ede Y 


103 
105 


£1, £2, £4, +8, +4, +3, +9, +8 
-1,3,6 91. -5,-2 93. —3,2,+3 
5 oh = P= Bee ibe = SC 
4 (a) cea 1) Ca 1) Ga—n8) 
(b) (x? + 1)(% + 1)@ — 3) 
(cc) @ + )@ -— dG + 1)@ —- 3) 


101. One or three positive zeros, 
two or no negative zeros 


: 1 
. Domain: all real numbers x # —3 


. Domain: all real numbers 


107. Horizontal asymptote: y = 2 


109. Vertical asymptote: x = 3 


Horizontal asymptote: y = 0 


111. No intercepts y 





Origin ar 
3 
Vertical asymptote: x = 0 aI 
Horizontal asymptote: y = 0 , 
oe y ee eee 
See! Ieee) 3014 





113. Intercepts: (0, 3), (3, 0) 


115. 


117. 


119. 


121. 


No symmetry 
Vertical asymptote: x = 2 


Horizontal asymptote: 
Viet 


Intercept: (0, 0) 
Origin 


Horizontal asymptote: y = 0 








Intercept: (0, 4) 
No symmetry 
Vertical asymptote: x = 1 


Horizontal asymptote: y = 0 





2 Sate) 





Intercept: (0, 0) 
y-axis 
Vertical asymptotes: x = +2 


Horizontal asymptote: 
ye 





Intercept: (0, —3) 
No symmetry 
Vertical asymptote: x = —3 


Horizontal asymptote: 
yaw 



















































































123. y=x-1 125. y=x 
i fo 
SS } 
6 -4 2 Lf 2 4 6 } 
a nie 
127. (a) $176 million (b) $528 million 
(c) $1584 million (d) No 
129% (a) 5 (b) Answers will vary. 
(c) 
M25 30 | 35 | 40 | 45 [30 
A | 18.75 | SES eli) | WO) |) WS |) es 
Base: 4; height: 6 
Kd)pgr 2 
(e) y= 5% + 3. The ratio of the area of the triangle to the 
side x approaches 3 as x increases. 
A B jy, eee se Co JOk en IG 
. ats 4 
131 gS Spepul 2 eo FA aED (G2 sb DY 
1 7) 3 8 
135. = 137. 
etl ei 2 oe a 
4 D 1 35 50 All 
SSS bh Ses Ne) Py |————= a 
8a —1) 3@—-— 1) (- Sal, emGeacts ) 
143. False. The domain of f(x) = - : i is the set of all real 
numbers. 
145. a is negative and h and k are zero. 
147. No. For a complex number a + bi, if a = 0 or b = 0, 


then the square of the complex number is a real number. 
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Chapter Test (page 285) 


1. (a) Reflection in the x-axis followed by a vertical translation 


2. 


4, 


10. 


11. 


13. 


14. 


15. 


16. 


(b) Horizontal translation 
y=( - 3)? -6 3. (a) 50 feet 


(b) 61.62 feet 


Rises to the left. 
Falls to the right. 











6. 2x3 + 4x2 + 3x + 64+ 
2 
(4x — 1)(x — V3)(x + V3); 4,43 
@ —3451 6) 7° © 2-i 
. £1, +2, +3, +4, +6, +8, +12, +24, +5, +3 





40 


-8 8 

—40 
=2.3 

2 
aril, ae, Bem, ang 

3 
lbere tle 

aS 
+1,-3 
= 12) 27 1250 f (es 9 8x? 5 30x 


ix) en Ox? + 16x? — 245-5 16 
Domain: all real numbers except x # 4 
Vertical asymptote: x = 4 

Horizontal asymptote: y = 0 

Domain: all real numbers 

Horizontal asymptote: y = —1 
Domain: all real numbers except x # 2 
Vertical asymptote: x = 2 


Slant asymptote: y = x + 4 





3 = 2B 


A77 


A78 


17. Intercepts: (—2, 0), (2, 0) 
Vertical asymptote: x = 0 


Horizontal asymptote: 
"| 


18. Intercept: (0, —2) 
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k, 
Vertical asymptote: x = 1 ai 
Slant asymptote: y= x + 1 alk fo 
pots sie 
tt wi p++ > + 
-§ 64 4 2 4 6 8 
Jf NrO,-2) 
fp = | 
we 
3 1 2 3 
1 OW AS 20h =D 
5 3 3 2) 3% 
~ —= + 
at == ll agar Il ee te se D 
Chapter 3 
Section 3.1 (page 296) 
1. 946.852 S30 -352 5. 0.006 7. 673.639 
9. 0.472 11. d 13. a 


15. Shift the graph of f 4 units to the right. 


17. Shift the graph of f 5 units upward. 


19. Reflect f in the x-axis and shift f 4 units to the left. 


21. Reflect f in the x-axis and shift f 5 units upward. 





x }-2[-1 fol. 


ae 








fol 4 |2 


ri fos [025 














25. 


29. 


31. 


















































35-2" =) 








36 = 9 


)=1 Oma 








Fle 0.135 | 0.368 Les |e2 LL Sin eee 

















x | -8 


-7 | -6 —5 


-4 








f(x) | 0.055 








0.149 | 0.406 | 1.104 | 3 








y 


KF NWR UN DY © 


37. 


41. 


45. 























x —2 = 0 | 1 2 
f(x) | 4.037 | 4.100 | 4.271 | 4.736 | 6 

9 

: 

: 

6+ 

5+ 

3 

+f 

1 
Pees 64, 

| 2 ee 
£0) | 3.003 | 3.016 | 3.063 | 3.25 | 4 | 











39. 


43. 


47. 


a 


51. 22 
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533 4 
\ 
poe 
-3 3 
0 
5S. 
nm. 1 2) 4 
| $5397.31 | $5477.81 | $5520.10 
nm | 12 365 Continuous | 
A | $5549.10 | $5563.36 $5563.85 | 
Se 
n 1 2 4 
sere at 
A 11,652.39 12 4 i : 
$11,652.3 $12,002.55 $12,188.60 
n 12 365 Continuous 
2 
A | $12,317.01 $12,380.41 $12,382.58 
59, 
t 1 10 20 
A | $12,999.44 $26,706.49 $59,436.39 
t 30 40 50 
A) $132,278.12 $294,390.36 $655,177.80 
61. 
t 1 10 20 
A | $12,805.91 | $22,986.49 $44,031.56 
t 30 40 50 
[4 $84,344.25 | $161,564.86 | $309,484.08 

















63. $222,822.57 


65. (a) The steeper curve represents the investment earning 
compound interest, because compound interest earns 


more than simple interest. 
(b) A = 500(1.07) 
A = 500(0.07)t + 500 


4 Compounded Interest 





Growth of investment 
(in dollars) 


Simple Interest 


5 10 15 20 25 30 
Time (in years) 
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67. $35.45 69. (a) 100 (b) 300 = (c) 900 
71. (a) 25 units (b) 16.30 units 
(c) 90 
0 ea 
0 
73. (a) P 
2 — 120,000 
y 100,000 
Ez 80,000 
5 S 60,000 
ZE 40,000 
E 
2 20,000 
h 
5 Onis 20) 25 
Altitude (in km) 
(b) 
| h | 0 | 5 | 10 | 15 20 





fe) 102,303 | 51,570) | 25,996 | 13,104 6606 








(c) 34,190 pascals (d) ~11.6 kilometers 
75. True. As x —co, f(x) 0 but never reaches 0. 
TTF) = he) 79 f= 2) = hh) 


SIM (aie SOL (bee 0 
83. (a) 12 Horizontal asymptotes: 
y=0,y=8 
12 12 
-4 
(b) 10 Horizontal asymptote: 
y=4 
Vertical asymptote: 
as ; x=0 
-2 
85. 





ye 


87. It usually implies rapid growth. 


89. The value of f(x) approaches e’. 





x SLO | 100 | 200 


[1 + (1/x)F | 2 | 2.5937 











2.7048 








x 1100 | 10,000 | 
fi + G/F | 2.7170 | 2.718 











91. (ice EP) 
2<2%2<2 


x 2 
Go en a 





As more terms are added, the polynomial approaches e”. 
95. y=4(2x+ 14) 97 y=tV25—- 
99. 101. 


i 











Section 3.2 (page 307) 


14 =64 993,77 =, 5)32° > 
7.e2=1 (9, 10g;125=3 | 11: log. cee 
13toee = —2 15, fn, 20.0855. ee 

172 w= "0 19.54 2 ae 2380 


25 ee 27g 229. 81D 
33. 2.538 35. —0.097 37. 2.913 39. —3.418 
41. 1.005 43. -0405 45.c 47d 4% b 


51. Domain: (0, oo) 
Intercept: (1, 0) 
Vertical asymptote: x = 0 


>< 








53. Domain: (0, co) 
Intercept: (9, 0) 
Vertical asymptote: x = 0 


y 





55. Domain: (—2, co) 
Intercept: (— 1, 0) 
Vertical asymptote: x = —2 








57. Domain: (0, 00) 
Intercept: (5, 0) 


Vertical asymptote: x = 0 
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59. Domain: (2, co) 
Intercept: (3, 0) 


Vertical asymptote: x = 2 


y 





61. Domain: (— ©, 0) 
Intercept: (— 1, 0) 


Vertical asymptote: x = 0 








63. 


-3 


67. 


(o) 





69. (a) 80 =(b) 68.1 ~=(c) 62.3 
71. (a) 





| 0.005 | 0.01 | 0.015 














t | 138.6 69.3 | 46.2 





(b) Answers will vary. 
73. 30 





0 


17.66 cubic feet per minute 
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75. 21,357 foot-pounds 77. 30 years 95. (a) 7 (b) Increasing: (2, 00) 
79. Total amount: $396,234 bine Decreasing: (0, 2) 
Interest: $246,234 a (c) Relative minimum: 
81. =A 14 a ae 
© He i |s 10 | 102 (2,1 ~ Ing) 

















ils ei = 3 99. 83.95 + 37.50t 
104 106 101. Vertical asymptote: x = —8 











f(x) | 0.00092 | 0.0000138 Horizontal asymptote: y = 0 

















103. Vertical asymptotes: x = —3,x = 7 
Horizontal asymptote: y = 0 
105. 403.429 107. 0.018 


Section 3.3 (page 315) 
11.771  3.—2.000 5. —0417 7s 





























logio x In x logio x In x 
Oo, 5 ins ~= © ee 
logio i In io 
85. 87. 13. (a) —* (b) 
‘ logy) x In x 
logi9 x In x 
aC) See yang A ays 
2 logiox _ Inx logipx _ nx 
ao g _ 4 = SO ss is 5 = = 
eee > x EE) logy2- In2 ri) logio}:,.4 Mais 
1 2 
1 3 3 
ae i -3 6 -3 6 
s=t> =~ 
89. (a) False (Oy) roe 4G) Ties (Gd) eRalse a3 -3 
1. y= ed) — He) Nee pl ee Sete apt ens 
aio IGLES 
2 
-1 2) 


=2 
23. logig 5 + logy x 25. logig 5 — logiy x 
27. 4loggx 29. 5Inz = 3. nx + ny + Inz 
33. $In(a-1) 35. Inz + 2In(z — 1) 





37. 4Inx—$lny 39. 4Inx+3Iny —5Inz 


(b) Increasing: (1, 00) 
Decreasing: (0, 1) 41. 2 log, x — 2 log, y — 3 log, z 


(c) Relative minimum: (1, 0) 43. 1n eS: pee 47. log,(x + 4)2 
y 


49. 


5. 


59. 


63. 
65. 
hk 
Tile 
85. 


87. 
91. 
95. 


D7: 


OS Saar 


103. 
109. 








55 LS 
log, 1/5 Sit ; 
0g, \/5x Bre D3 53 WEES 
x x(x + 3)? 
=== SIR ln? eg 
"G2 — 44 BN aia 
Yyly + 4)? 
a 61 In—Ss 
y= 1 ye se Il 
log,*+ = log, 32 — log, 4; Property 2 


2D. 67. 2.4 
2 I= s 75. 0 is not in the domain of logy, x. 
45 79.3 81. -3-—log,2 83.6+1In5 

(a) 90 (b) 77 (c) 73. = ©(d) 9 months 

190 — log, (¢ + 1)% 


oO. 2 


Average score 
oo 
So 


Dae Ome LOL 112) 
Time (in months) 


False. Inl = 0 


False. u = v2 


89. False. In(x — 2) # Inx — In2 
93. Answers will vary. 


3 


~ 








f(x) = h(x); Property 2 


3 4 

~,x#0 101. 1,x#0,y #0 

2y 

2502.655 105. 0.002 —«107. 4.325 
aise \ 111, 2.361 


Section 3.4 (page 324) 


ile 
ab 
De 


(a) Yes (b) No 
(a) No (b) Yes (c) Yes, approximate 
(a) Yes, approximate (b) No (c) Yes We 2 


69. —9 is not in the domain of log, x. 
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904) 901:-— 08 4908S BL 15. 3° AT. 4 
19.2 21.1n2~0.693 23. e-! = 0,368 
25564 927700 | 29.5, 131. G8) © 3340.2) 
35. x? 31 On > 2 39. 7x +2 
41.5x+2,x>-% 43.2x-1 45. n10~ 2.303 
In 12 
(GI ee CR oa in? ~ 0511 
53. InS~ 1.609 55. 21n75 ~ 8.635 
In 80 
57. log,942 ~ 1.623 59. ——~ ~ 1.994 
21n3 
Ing —1 
le ee era 
In2 
65. 67. 


69. 


IBS 


ide 


12) 


83. 


87. 


91. 
93. 
OF: 


101. 


105. 





3.847 





12.207 


16.636 


1 3 In7 
- =) = 0. 5 ee oe 
+ 1o8:0(5) i059) 105. avert 208 








In 4 
"ax = 21.330 
365 In(1 + 22%) 
In 14 
ee a eoggh gy) ees Gx 
12 In(1 + 942) 2 


e24 
ea e=M090)) (85. = 5.512 
e10/3 
5 
Gales Sand —ey les oer 
1+ /1 +e ~ 2.928 





= 5.606 89. e? — 2 = 5.389 


95. No solution 


1022 +3 = 103 99. 2(311/6) ~ 14.988 
aa een vi. 1562. 103)2 
725 + ue ny SRE 


A84 
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107. 10 109. 5 
8 10 5 30 
2 zi 
(2.807, 7) (20.086, 3) 
111. 8.2 years 113. 12.9 years 
115. (a) 1426units (b) 1498 units 
117. (a) 10 


119. 


121. 
123. 


125. 


127. 


0 1500 
0 


(b) V = 6.7. Yield will approach 6.7 million cubic feet 
per acre. 


(c) 29.3 years 


(a) y = 100 and y = 0; the range falls between 0% and 
100%. 

(b) Males: 69.71 inches Females: 64.51 inches 

(a) T = 20; Room temperature (b) ~ 0.81 hour 

log,uv = log,u + log,v 

True by Property 1 in Section 3.3. 

log,(u — v) = log,u — log,v 

False. 1.95 ~ log, (100 — 10) # log,)100 — log,,)10 = 1 


For rt < In2 years, double the amount you invest. For 
rt > In2 years, double the interest rate or double the 
number of years, because either of these will double the 
exponent in the exponential function. 


129. No. It is dependent on the interest rate. 
131.4/2-10 133. 5Vi0 +1 135. =5 
137. x = os 139. 1.226 141. —5.595 
Section 3.5 (page 335) 
ik, @ 3. b 5. d 
Initial Annual Time to Amount after 
Investment % Rate Double 10 Years 
7. $1000 12% 5.78 yr $3,320.12 
9. $750 8.9438 % 7.75 yr $1,834.37 
11. $500 11.0% 6.3 yr $1,505.00 
13. $6376.28 4.5% 15.4 yr $10,000.00 
15. $112,087.09 


17. 


19. 


21. 


23. 


25. 
27. 
29. 
31. 
35° 
39. 


41. 
45. 


(a) 6.642 years 
(c) 6.302 years 


(b) 6.330 years 
(d) 6.301 years 















































r | 2% 4% 6% 8% 10% 12% 
(Bea ht |e 

7) 54.93 | 27.47 | 18.31 | 13.73) TOSSES 
ee 2% 4% 6% 8% 10% 12% 

[ 
ee 55.48 | 28.01 | 18.85 | 14.27 | 11.53 9.69 | 
A 

é 2.0 
3 x 
eas ay 
z 10 

2 ost [4=1+0.075 0] 
< 

De (ke S68 28s 10) 
Time (in years) 
Continuous compounding 
Half-life Initial Amount After 

Isotope (Years) Quantity 1000 Years 
ZORA 1620 10g 6.52 g 
BC 5730 2.26 g 2 
2 Pit 24,360 2.16 g Dales 
y = €0-7675x 33. y = Se 04024 
2023 37. k = 0.0112; 2796 


(a) Croatia: y = 5e~°-!8; 4.7 million 
Mali: y = 9.9e°93!4; 27.9 million 
Singapore: y = 3.5e°009 4.7 million 
Sweden: y = 8.9e%?8!; 9.8 million 


(b) The greater the rate of growth, the greater the value 
of b. 


(c) b determines whether the population is increasing 
(b > 0) or decreasing (b < 0). 


61.16 hours 43. 15,683 years 
(a) V= —750t + 2000 (b) V = 2000e~ °°!" 


(c) 2200 Exponential 





(d) 1 year: 
Straight-line, $1250; Exponential, $1000 
3 years: 
Straight-line, — $250; Exponential, $250 


(e) Decreases $750 per year 


47. 


49. 
51. 


53: 
55. 


Sis 
61. 
65. 


67. 
69. 
71. 


73. 
UES 


Ike 


79. 





500,000 
(a) $= T+ 06000531 (b) 280,771 units 
$583,275 
(a) 1200 
0 40 


0 


Asymptotes: y = 0, y = 1000. The population 
will approach 1000 as time increases. 


(b) 203 animals 
(c) 13 months 

(a) 398,107,171 
(a) 30 decibels 
(c) 90 decibels 


(b) 5,011,872 
(b) 85 decibels 
(d) 115 decibels 


(c) 50,118,723 


97% 59. 4.95 
10-3? ~ 6.3 x 107-4 moles per liter 63. 10 
(a) 150,000 


0 20 
0 


(b) ~ 21 years; Yes 
7:30 A.M. 


size 


False. A logistics growth function never has an x-intercept. 


(a) Logarithmic  (b) Logistic (c) Exponential 
(d) Linear (e) None of the above 


Answers will vary. 
Sx 24x + 18 


641 
3 — 5x2 + — 128 + —— 
x Sy Dane = PRE as 


81. 








(f) Exponential 
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83. 85. 














-10 + 
87. 
y y 
A 
+ $f} 
2 A 1G) 
aay it 
afi 
6+ 
-8 + 
“10; 
91. 














Review Exercises (page 342) 

1. 76.699 3.0337 5. 1201845 7. 

“EM ale [2 Bs 
| £0) g | 5 | 425 | 4.063 | 4.016 | 











c 


A85 
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a. x —2 -1/0 i 2 
7a) | —0.377 | =1 | —2.65 | —7.023 | —18.61 
15. 
x all 0 1 2 3 | 
f(x) | 4.008 | 4.04 | 4.2 | 5 | 9 | 
+ + $f} 
—4 —2 2 4 
17. 
x —2 | -1/0 | 1 | 2 
f(x) 3.25 | 3.5 4|5|7 
+ + + —+—> x 
—4 —2 pe 4 
19. 2980.958 21. 0.183 
23. 
[x | —2 | -1 |0 | 1 | 2 





| ae | 2.72 





is) jj il | 0.61 | 0.37 














* } 3 2h ate 0) i ae 





| f@) | 0.37 | 1 


MEY NW TeBbs: | 20.09 





















































Die 
n 1 2 | 4 | i? | 
A $6569.98 | $6635.43 | $6669.46 | $6692.64 | 
n 365 pee epanuons 
A $6704.00 | $6704.39 
29. nn 
t 1 | 10 | 20 
1é $184,623.27 | $89,865.79 | $40,379.30 
t 30 | 40 50 
L 
Ie 18,143. | 2.44 sils) 
ey 8,143.59 | $815 $3663 
31. (a) 0.154 (b) 0.487 (Cc) 0.811 
33. (a) $1,069,047.14 (b) 7.9 years 
35. log, 64 = 3 35 39. —3 
41. 43. 








Vertical asymptote: x = 0 








Vertical asymptote: x = 0 
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45. 5 107. — 104 109. 0, 0.42, 13.63 111. —3.99, 1.48 
A 
7 113. 21.3 years Se 117. f 119. a 
| 121. 2025 123. (a) 13.8629%  (b) $11,486.98 
ial 125, y = 4¢0-4605x 
3 
all 127. (a) 7.7 weeks  (b) 13.3 weeks 
! te 129. (a) 251,188,643  (b) 7,079,458  (c) 1,258,925,412 
cop =e 
maevicg 9 Te =) + we 131. True by properties of exponents. 
Vertical asymptote: x = —5 pie Mca (ee, tee a 
47. 3.118 49. —12 51. 2.034 ¢ 
133. False. In(x - y) = Inx + Iny # In(x + y) 
53. 5s 
135. False. The domain of f(x) = In x is (0, 00). 
Chapter Test (page 347) 
1. 1123.690 2. 687.291 3. 0.497 4. 22.198 
S 
x | =f eee Ones | I | 
wi 10 | 3.162 | 1 | 0.316 | 0.1 | 
Vertical asymptote: x = 0 Vertical asymptote: x = 0 
57. 27.16 miles Be Zee Gl lhIS9 
63. and 65. Answers will vary. 
67. 1 + 2 log,|x| 69. logy 5 + 3 logigy — 2 logyo|x| 
iia al 
71. log, 5x Wes ii aCe. = , 
75. (a) 0 < h < 18,000 
b 
iw °F =a 0 1 2 3 
aca — 010051) = 00285 SON C7n i le eeaC 


20,000 





Vertical asymptote: h = 18,000 


(c) Climbing at a slower rate, so the time required 


increases. 
(d) 5.46 minutes 
In 25 








feo, «679.6 =~ 81.383. ~ 1.073 

85. 3(In 40 — 2) ~ 0.563 _—87. In 20 ~ 2.996 

g9, 22> 1.833 91. In 2 ~ 0.693, In4 ~ 1.386 
In 12 

93. —7.04,-1.53 95. 0.68 97. 57? ~ 267.886 

99. 4e15/4 ~ 14.174 101. e®—8 ~ 395.429 

103. 5e+ ~ 272.991 105. -2 + /6 ~ 0.449 
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1 it E —5 | —3 | -1 0 1 | 


2 
Ales || Ost £0) 1 | 2.099 | DOOD 2192 2.946 | 








x = —3 0/4 
0 


| 




















| £0) 0.865 | 0.632 








y 














8. (a) —0.89 (b) 9.2 Vertical asymptote: x = —6 
9. 12. 1.945 SOS 14. 1.328 
15. log,3 + 4log,a 16. In5 + 5Inx — In6 





ie pal 








ony 
i 
re 
NI 








Onli.6 | — 6.301 | — 6.602 




















17. log,l3y ‘18. In 193 a ~ 1.321 
20. 0 ~ 1.597 21. y = 2745e9157 92.55% 
x 23. (a) 
x E I | D 4 5 | 6 
H | 58.720 75.332 | 86.828 | 103.43 | 110.59 | 117.38 











H 





Vertical asymptote: x = 0 








Height (in centimeters) 
ao 
o 














10. 
x | 5 | 7 9 Ju | 13 a 
60 
f(x) | 0 | 1.099 | 1.609 | 1.946 | 2.197 3 
oie Se 4 S16 ‘ 

y Age (in years) 

ee (b) 103 centimeters; 103.43 centimeters 
a Cumulative Test for Chapters 1-3 

ec cae (page 348) 

2 ; 6 8 

seh 1. 2: 





a 


Vertical asymptote: x = 4 














Answers to Odd-Numbered Exercises and Tests A89 


Bxieeee 


ie) .- babi 
AS ee oD 1S O88 PG S85— 7 a 





21. 2x? — x2 + 2x — 10 + Lane. es NPA. 
5p PL 


23. x4 + 3x? — 11x? + 9x + 70 
24. Intercept: (0, 0) y 


Vertical asymptote: x = 3 lor ia 

Horizontal asymptote: y = 2 Sie 

2x -y+2=0 Nile 
4+ 

(0,0)! 

















4 
5. For some values of x there correspond two values of y. eee eee eo 
3 st+2 Stat ee 
6. (a) 5 (b) Division by 0 is undefined. —_(c) ; sae he Aa a 
zy I 

7. (a) Vertical shrink by 4 

(b) Vertical shift of 2 units upward 25. Intercept: (0, 0) ; 

(c) Horizontal shift of 2 units to the left Vertical asymptote: x = 5 
Sua@)eou— 2 (b) —3x—4 Slant asymptote: 

BARR y = 4x + 20 
Des: — 
(c) 4x aces nC) rages 





All real numbers x # -} 








om@jE 6 = 41 + x 1b) Va Hl a x? 1 
Vee = | 
re = 
ee i Ve) acta | 26. Intercept: (0, 0) 
All real numbers x = 1 Vertical asymptotes: x = +3 
105@)eex 2 (b) 2x7 26 Horizontal asymptote: y = 0 


11. (a) |x|} -2 (b) |x-2| 12. A(x) = $(x +_ 2) 
3.n=9 14 y=—-3(x +8)? +5 
































lf 4 4 5 20 
ae = 28. oF 
zi nee = nae para? 
29. Reflect f in x-axis and y-axis and shift f 3 units to the 
right. 
7 
uo 
ik , 
N -10 1 
12 8g 
10 
| =i 
i 
4 
2+ 
=10 -8 -6 -4 -2 Za 4: : 
=2 
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30. Reflect f in x-axis and shift f 4 units upward. 











31, 19901 325 =0067 33> 1717340281 
35.0302 Bes 1.733 378 2087 
38. In(x + 4) + In@ — 4) — 4Inx,x > 4 
Fees oe gg 
D 
se eae vue Ve 2 
42. 1200 





—200 
y = 0, y = 1000 
43. (a) and (b) 





(c) No, because the model will eventually become negative. 


Chapter 4 

Section 4.1 (page 359) 

ily 2 3. By ih 

7. (a) QuadrantI (b) Quadrant II 
9. (a) QuadrantIV = (b) Quadrant II 
11. (a) Quadrant II] (b) Quadrant II 
13. (a) (b) 


wl 








15. 


17. (a 


19. 


21. 


23. 


25. 


29. 
Sih 
41. 
47. 
D5: 
Sis 
59. 


(a) (b) 


lla In 








(a) Complement: 2 Supplement: = 


(b) Complement: none; Supplement: Z 


ai 
2 
Supplement: 7 — | ~ 2.14 


(a) Complement: — — 1 ~ 0.57; 


(b) Complement: none; Supplement: 7 — 2 ~ 1.14 


@2 »4 wo Oo 

6 6 9 3 
2.007 S13 0 S38 35. —0.014 
(a) 270° = (b) 210° 39. (a) 420° (b) —66° 
25.714° 43. 337.5° 45. —756° 
cl WC. Blo 49. 210° Sie 00s 53 lOom 
(a) Quadrant I = (b) Quadrant IV 
(a) Quadrant IIT (b) Quadrant I 


(a) (b) 








61. 


63. 
65. 
67. 


69. 


71. 
1B 
TES 
Tide 
81. 
87. 
91. 
95. 
99. 


101. 
103. 


105. 


107. 
111. 


(a) 


405° 





@) ASS, SBS? 
(a) 600°, — 120° 
(a) Complement 


(b) Complement 


(a) Complement: 


(b) Complement 


(b) 





(b)9 3247, — 396- 

(b) 180°, —540° 
: 72°; Supplement: 162° 
: none; Supplement: 65° 
11°; Supplement: 101° 


: none; Supplement: 30° 


480° 





(a) 54.75°  (b) —128.5° 

(a) 85.308° (b) 330.007° 

(a) 240°36’ (b) — 145° 48’ 

(a) 2°30’ (b) —3°34’48” 79, 2 radians 


2A: er ; 
= radians 83. 5 radian 85. = radians 


157rinches ~ 47.12 inches 89. 3 meters 
591.72 miles 93. 1141.02 miles 
0.063 radian ~ 3.59° 


(a) 728.3 revolutions per minute 


We 3 radian 


(b) 4576 radians per minute 
20.167 inches per second 


False. A measurement of 47 radians corresponds to two 
complete revolutions from the initial to the terminal side 
of an angle. 


(a) The vertex is at the origin and the initial side is on the 
positive x-axis. 


(b) Clockwise rotation of the terminal side 


(c) Two angles in standard position where the terminal 
sides coincide 


(d) The magnitude of the angle is between 90° and 180°. 


Radian. | radian ~ 57.3° 109. Answers will vary. 


113. 


SETH] 
i 
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115. 


117. 











—3 7 5) hs} 1 


121. 
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cad 
125. = 127. me 129, 65/13 = 131 4R/38 
Section 4.2 (page 368) 
1. sn 0 = 3. sind = 73 
cos 9 = —*% cos 0 = 13 
tan@= —~ tan@= -% 
csc 0 = + esc 6 = 5 
sec 0 = —¥ sec 0 = 73 
cot@=-f% cot 6 = —e 
(£4) +($2) 04-9 
110531) 
54 WE ; 1 
13. SL ae 15 sin( -2 = 
pee 2 cos( 2 we) 
4 2. 6 2 
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17. sin( -77) x we 19, sin 22 pert, 63. (a) y-axis (b) sint, = sin(a — ¢,) 
4 2 6 2 (c) cos(a — t,) = —cos t, 
cos( -2] _ v2 Os ig V3 65. Answers will vary. 67. Even 
4 » 6 2 
In ee 3 69. f@) = 74@—-1D TL f@) ==, x <2 
tant = tan == = == 2 ee 
4 6 3 
an Section 4.3 (page 377) 
21. sin lia 1 
1: sn 0 == 3. sin 6 = 4 
cos( -32) =() cos 8 = 2 cos 6 = 4; 
3 tan 6 = ; tan 0 = 4 
tan( 32) is undefined. csc @ = 2 csc 9 = = 
Bark a2 ae sec 9 = 3 sec 0 = jy 
23 S| lyr ose = /2 cot 9 = 4 cot 9 = 2 
1 
cos 38 = seo = - 2 5S: su) =<, csc 8 = 
t Use pel (fue a4 Oe Be 
an = Col 3 4 
2 
25. sin= = 1 cse= = 1 aoe cot @= 2/2 
2) 2 4 
- 7 The triangles are similar, and corresponding sides are 
cos ats 0 sec ~ is undefined. proportional. 
7 tn0 = = csc 9 = 3 
tan — is undefined. cot a 0 Reis : eos 5 
; 7 2/3, T NefB tan @ = 3 cot 0 =F 
27. SIO ts) csc =) = 
3 2 3 The triangles are similar, and corresponding sides are 
( =) 1 ( 2) ; proportional. 
COs = — sec| ——] = 
7 
3 2 3 9: cos 6 = a 
We g\. 33 
tan( z) = V3 coi 2) Z 3/7 
, F tan 0 = ae 
: pups us 87 Pye 3 «Il 
29. sin 5a = sin 7 = 0 31. cos re a Sees ri 
csc 0 => 
33. cos(—37) = cos(= 7) = —1 r) 3 
On V0 yD ve 4/7 
asi = gj =— seco! =" 
35 sn( ie sin] 5 7 
37. (a) -} (b) -3. 39. (a) -$_— (b) —5 pate Ne: NA 
41. (a)¢ (b) -$ 43. 0.7071' 45. 1.0378 3 
3 
47. —0.1288 49. 1.3940 51. — 1.4486 11. sin 6 = a 
5302) eoolam ab) 30:4. ; 
55. (a) 0.25, 2.89  (b) 1.82, 4.46 ; cos 96 = 5 
ite A V3 
57. 0.0707 = cos 1.5 # 2 cos 0.75 = 1.4634 eA 1) 
59. (a) 0.2500 foot (b) 0.0177 foot (c) —0.2475 foot 2/3 
61. False. sin(—t) = —sin tf means that the function is odd, not a Bi eet 3 
that the sine of a negative angle is a negative number. : 3 


to=—— 
co 3 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27. 
31. 
ABE 


aM 


39. 


41. 


43. 
45. 


47. 


1 
(a) V3 (b) 3 (c (d) 37 


BNNs 1 
Ome 6. @- 


S ?) 
De 
oo? 
Gee 6).2 © 3 
J2 V3 we 
(a) a (b) ia (c) — 
(e021 73620(D) 0.1736 
(a) 1.3499 (b) 1.3432 
(a) 1.8527 (b) 0.9817 


Ls ence 
ie 





1 
(a) 3 oF 


29. (a) 0.2815 (b) 3.5523 
332 (a) (5:02735 (b) O:1989¥ 


T T 

30° = = == 

(a) gn? 6 

7 T 

6 == () 45°=— 

(a) 3 (b) 4 

@) or== ) 4° =7 
(a) 0.83° ~ 0.015 (b) 27° + 0.474 


(a) 0.72° ~ 0.012 
32/3 
E 


(b) 67° ~ 1.169 


30/3 49. 51.-59. Answers will vary. 
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6 h 
61. = = —— 
(a) (b) 3 135 
(c) 270 feet 
h 
b<— 1 32. —eH 
3 
Not drawn to scale 
63. (a) (b) sin 85° Z 
3 in =— 
20 
(c) 19.9 meters 
20/! 
| h 
65. 572 feet 67. (x, y,) = (28 V3, 28) 
Ge Js i= (285 2885) 
69. sin 20° = 0.34 csc 20° = 2.92 
cos 20° = 0.94 sec 20° ~ 1.06 
tan 20° ~ 0.36 cot 20° = 2.75 
1 D 2 
Tie Inuexcscky = — 73. False, v2 + v2 # | 
sin x 2 2) 


75. False, 1.7321 # 0.0349 
77. Corresponding sides of similar triangles are proportional. 
79. (a) 





| 6 | 0.1 0.2 0.3 | ES 
0.2955 | 0.3894 | 0.4794 


ro 





0.1987 











| ane | 0.0998 





(b) As @ approaches 0, sin 6 approaches 0. 





% RG = Se = MC 
Ue car a Se 
op 87. == 
Section 4.4 (page 387) 
1. (a) sn 0 =3 (b) sin 0 = -23 

cosigi— 3 Cos 6) = 4 

tan = 3 tang=—-*% 

csc 6 =} csc 0 = —72 

Secio:= 2 sec 0 = = 

cot 6 = 3 cot@=—% 


A94 


1 ry We MR, 
3. (a) sin@ = 7% (b) sin 6 = Te 
6= a cos 6 = pases 
cos 8 = , 7 
tan @ V3 tan 0 : < 
a= an = =—— 
a 3 4 
csc 8 = —2 esc 0= V/17 
AD VIG 
see = sec O'S = 
3 4 a 
cot@= 3 cot 9 = —4 ; 
ssn d= csc 0 = # 
cos 0 = % sec 9 = 2 
tang = + coro =e, 
5/29 PR) 
7. sin@= coo. 29. 
29 5 
37. 
9 D/L 29 1 / 29 
cos = = Cen 2S = 
29 D 
5 2 
tan 96 = —= cole — 
2 5) 
/ ./584 
9. ge YE HS csc 9= a4 a 
5849 68 
35/5849 /5849 
=e ~ —— = —) 2 
cos 8 5849 0.5 sec 6 35 2.2 
68 35 
= SSS = =i, ioe) 
tan @ 35 1.9 cot 0 68 ais 
11. Quadrant III 13. Quadrant II 
15. sing =2 csc 0 = 3 
cos 9 = —$ sec 9 = —3 
tan@ = —3 cot 9 = —F 
17. sin @ = -; esc 9 = -i 
cos 9 = % sec 9 = 
tang@= —*~ cot@=—* 
xf IO 
19. sind = HG csc 9 = —/10 45. 
3/10 10 
cos 6 = —— _— sec = = 
10 3 
tan 9 = ld te == 
an 9 = 3 cot 6 = 
3 DS 
re Se wore 49 
2) 3 4 
cos 9 = —-= sec 9 = —2 
3 
tang = —/3 cot p= -~ 
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sin 6 = 0 
cos 9 = —1 
tan @ = 0 
Oe pee ss 
sin , 
Lae 
cos 5 
tan@ = —]1 
: 2/5 
S100 OS ae 
5 
os 8 v5 
60S 0 = =e 
5 
tan 6 = 2 
al SI l5. ll 
O. = 235 
A 
203° 
y 
9 = = 
3 








2 
in 205° = —~2 
2 
2 
cos 225° = _v2 
D 
tan 25 — all 


sin(— 150°) = -5 


cos(— 150°) = -5e 
tan(— 150°) = 


csc 6 is undefined. 
sec 0= —] 


cot 6 is undefined. 


csc 0 = /2 
sec 9 = —./2 
cot 8@= —] 
é a/5, 
CSCAG) = eee 
2 
sec 9 = —/5 
(=e 
co 5 
33. Undefined 
39. 64 = 65> 
9’ 





BB) 


0 


—245° 


43. 0 =35- 7 


y 





3.5 
x 6’ 
47. sin 750° : 
. sin —- 
: 2 
cos 750° = v3 
2 
3 
tan 750° = v3 
3 
Siisin a 
2 
cos ass = be 
3 D, 
tan = J3 


Bh 


Die 


63. 


69. 


71. 


Tes 


75. 
79. 


85. 


91. 


95; 
97. 


99. 


101. 


103. 





(ean eg i? 
sn( z) Sys 55. sin ae) 
cos(-2) eee pages wl? 
6 2 ANNA LD 
tan( - 7 = se i ees =— 
6 3 ST 
sin( -3) =] 59. 0.1736 61. —0.3420 
307 
cos( 5 = 0 
tan( 37) is undefined. 
4.6373 65. 0.3640 67. —0.6052 
7 5a lt lla 
302— > 1902 = —— (b) 2107 = —, P= 
(a) 6 6 (b) 6 330 6 
7 21 377 lt 
60g (So Se ae 
(a) 3 3 ©) 4 4 
7 Sa Sa lla 
A52 = Ss ° —— ee il o = te} =f 
(a) 1 225 4 (b) 150 6° 330 6 
54.99°, 125.01° Hi Wieser, 2 IE 


0.175, 6.109 81. 0.873, 4.014 83. 1.955, 4.328 
: 87. 8 89. = 

(a) 25.2°F 93. (a) 2 centimeters 

(b) 65.1°F (b) 0.14 centimeter 

(c) 50.8°F (c) —1.98 centimeters 

0.79 

False. In each of the four quadrants, the signs of the secant 


function and cosine function will be the same, because 
these functions are reciprocals of each other. 


As @ increases from 0° to 90°, x decreases from 12 cm to 


0 cm and y increases from 0 cm to 12 cm. Therefore, 


sin 9 = y/12 increases from 0 to 1 and cos @ = x/12 
decreases from 1 to 0. Thus, tan @ = y/x and increases 
without bound. When 6 = 90°, the tangent is undefined. 


First, determine a positive coterminal angle. Then deter- 
mine the trigonometric function of the reference angle and 
prefix the appropriate sign. 


. Intercept: (0, 5) 
Asymptote: y = 2 
Domain: all real numbers 
Range: y > 2 
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105. 


107. 


109. 


Section 4.5 
it 


11. 


15. 
17. 
iL9% 
21. 
23. 
25. 


. Period: 277 


A95 


5 Intercept: (0, V3 ) 
Asymptote: y = 0 
Domain: all real numbers 
Range: y > 0 








5 Intercepts: (+1, 0) 

Asymptote: x = 0 

Domain: all real numbers 
x #0 

Range: all real numbers 








y Intercept: (-3, 0) 
Asymptote: x = 0 
Domain: x < 0 

Range: all real numbers 








(page 397) 


Period: 7 3. Period: 47 5. Period: 6 


Amplitude: 3 Amplitude: : Amplitude: 3 


7 
Os Rerlodses 
ued 


Amplitude: 2 Amplitude: 3 


Period: 37 13. Period: 1 


Amplitude: 3 Amplitude: i 

g is a shift of f 7 units to the right. 

g is areflection of f in the x-axis. 

The period of f is twice the period of g. 

gis a shift of f 3 units upward. 

The graph of g has twice the amplitude of the graph of f- 


The graph of g is a horizontal shift of the graph of f 7 
units to the right. 
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29. 













































































31. y 33. 
A 
=e 
far 8 
Nee NS 
2a 
ts if 
NS 
—™ 3n 
=p 
S55 y 37. 
A 
3+ 
=S 
39: y 41. 
A 
34+ 
all -0.12 
a 61.a=2,d=1 63. a= —-4,d=4 
= + ie) > Xx Ms 
+ 65. a = —3,b=2,c =0 67. a= 2,0 Sa 
3 + 
3+ ayes 69 2 
D 
Te a5 Tie) lata lar 
Di ii ea ’ ae 
6 6° © 6 
71. 2 
=o) 
ere al 
a 20 oa 


73. (a) 6seconds (b) 10 cycles per minute 





75. (a) — second (b) 440 cycles per second 


Mey) C(t) = 56.35 + 27.35 sin : 4.19) 


79. 


81. 


(b) 2% 





0 
78 


The model is a good fit. 





The model is a good fit. 
(d) Honolulu: 84.40°; Chicago: 56.35°. 


The constant term gives annual average temperature. 


(e) 12. Yes. One full period is 1 year. 
(f) Chicago; amplitude 


150 


10) ; 12 
(a) and (c) 


y 


Percent illuminated 
o 
a 


Ys 
5) 85) = 95° 105| 115 
Day (70 © March 11) 


The model is a good fit. 


(b) y = ; 4 Fin) x = 76)| (d) 0 
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83. False. The function y = 3 cos 2x has an amplitude that is 
one-half that of y = cos x. For y = acos bx, the ampli- 
tude is |a]. 





Horizontal shifts 

















2+ 
° é T 
Conjecture: sin x = cos(2 oF 2) 
91. y 
A 
gine 
2+ 
Conjecture: cos x = —cos(x — 7) 


93. (a) 0.4794, 0.4794 

(b) 0.8417, 0.8415 

(CROs 0'5 

(d) 0.8776, 0.8776 

(e) 0.5417, 0.5403 

(f) 0.7074, 0.7071. 

The error increases as x moves farther away from 0. 
95. (a) Even (b) Even 97.2 log, iiog,(x — 3) 
99. $Inz—41n(c2 +1) —-101. log, (xy) 


103. ne) = In(x?/2x) 
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Section 4.6 (page 408) 








aw 20 Sa 
3 





4a 





2m 2a 4a 
3 





4rr 


43. 


47. Even 











(c) f approaches 0 and g approaches +oo because the 


cosecant is the reciprocal of the sine. 


51. 
























































=P 


The expressions are equivalent except that when x 


y, is undefined. 


= 0, 
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53: 4 (eR Jy 1S 77. (a) 12 
5 eS (b) Summer; winter 
~6.28 6.28 nce 100 
ae 80 (c) 1 month 
2S 60 
& 40 
z Sch 
The expressions are equivalent. - 24 6 8 1012 
Month (1 © January) 
55. d, f>0 as x 0. 57. b, g>0as x0. 
59 k 61 : 79. True. For a given value of x, the y-coordinate of csc x is the 
, A 3 A reciprocal of the y-coordinate of sin x. 
3+ JI, . 
‘ul 3 81. As x approaches 7/2 from the left, f approaches co. As x 
| AA approaches 7/2 from the right, f approaches — co. 
1 
— + 83. 
3 2 -l i Ps) WAVAUA JAI 
Saal > Xx 
y+ =n Tt j 
34+ als 
The functions are equal. The functions are equal. 
63. é 65. ee 
(b) 1, 0.5403, 0.8576, 0.6543, 0.7935, 0.7014, 0.7640, 
t 5 O22 OM SOA ON S14 Tes a. 


85. 











69. 
2 
The graphs appear to coincide on the interval 
i =I S oF abil 
—18.85 18.85 
g7, M2" 1904 89, —In2 ~ — 0.693 
Dp = 
DS e3 31 39 
Asx—>0, yo. As x30, g(x) 9 1. 91. nah aoa 1.684 x 10: ORs sew/Oee — il isedh ty 
De 952 
3.14 3.14 Section 4.7 (page 418) 
7 7 T Sa 7 27 
= co = Vicars b er i 
i : 6 : 3 3 6 6 3 3 
A 0, illates bet 1 and —1. 
AE ea a a jee 15. 0 In 129 19. —0.85 DAT 25 
73. d= 7cotx 3 
d 23. 0.32 Jay ND 27. 0.74 29. 0.85 
14 7 we: 
‘ 31. 1:29 33. Poona 1 
; SS: 37. 6 = arctan x 
2 4 


Ground distance 
1 
i) 


26 4k 








Re SSS SSS SSS SS= ase 





Angle of elevation 


A100 








395746 = pete 41. 6 = arccos Epa 
2% 
3 5 12 
AS? 0.1 GTO | <a tS V5 53. = 
5 B 
S34 5 1 
EES a al = 59-24 GIA ae 
XxX 
Dt ae! 
63.08 tes oes ys ne 
aN, x 
69. 2 
<3 ‘ 3 


ale 
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Pies 0; Sta 
ij igi. Soeeeeiy 
|x = 1| 
SS 
/x? — 2x + 10 
75. y Tals y 
j\ A 
+ 
-l 3 
all 
81. y 
in 
‘ : 
—2 1 2: 
85. 3.14 
-2 4 
-3.14 


87. 





89. 3/2 sn( 21 + 2) 


6 


> 


—6.28 6.28 


The graph implies that the identity is true. 


5 
91. (a) 0=arcsin— (b) 0.13, 0.25 
s 
93. (a) 15 
0 6 
-0.5 
(b) 2 feet 


(c) B = 0; As x increases, 8 approaches 0. 


95. (a) 6 = arctan =e 


0 (b) 0.24, 0.54 


97. False. °2 is not in the range of the arctangent. 
99. Domain: (— oo, oo) 


Range: (0, 77) 


=? =i 1 2 





101. Domain: (— co, — 1] U[1, oo) 
Range: [— 7/2, 0) U (0, 7/2] 


a < 








111. 


0 6 
0 


As x increases to infinity, g approaches 37, but f has no 
maximum. 


a = 87.54 
105.-109. Answers will vary. 
113. 
3 Vit 
g 3 
Van Cc 
5 
las = 
V7 
1279.284 L717 391 119. 8 people 


115. 


Section 4.8 (page 428) 


1. a ~ 3.64 3. a = 8.26 5. c ~ 11.66 
c = 10.64 c = 25.38 A = 30.96° 
B= 70° A = 19° B = 59.04° 

7. a ~ 49.48 9. a ~ 91.34 11. 2.56 inches 
A = 72.08° b = 420.70 
B = 17.92° B = 77°45’ 

13. 19.99 inches A Sse O7 tee 17. 19.7 feet 
19. (a) I 
{ 
Zi\” 40’ 
a 50 ft 
(b) h = 50(tan 47° 40’ — tan 35°) (c) 19.9 feet 
21. 2236.8 feet 2350.35 253 = Joi. 
27. 5099 feet 29. 0.73 mile 
31. 554 miles north; 709 miles east 
33. (a) N58°E  (b) 68.82 meters 35. N 56.3° W 
37. 1933.3 feet 39. =~ 3.23 miles or ~ 17,054 feet 
41. 78.7° 43. 35.3° 45. 29.4 inches 
Woy = </3r ~. 49. a~ 12.2,b=7 
51. (a)4 ()4 © 
53. (a) iz (6) 60 «() Gg) OSS. d = 4 sin(at) 
57. d = 3 cos( $2") 59. w = 5287 


A101 
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T 
61. (a) iy (b) 8 
A 
T 
lier ae 
(c) 39 
us t 3n t ; 
8 4 8 2 
+ 
aloe 





63. False. One period is the time for one complete cycle of the 


motion. 
65. (a) and (b) 
































Base 1 | Base 2 Altitude | Area 

8 Sica U6rcosslO: aie eisingl Oanleooml 

8 8 = Locos 2051) 8isin 207425 
——— 

8 8 + 16 cos 30° | 8 sin 30° | 59.7 

8 8 L6icos 4074) 8sini 4029 7257 

8 8 + 16 cos 50° | 8 sin 50° | 80.5 

8 8 + 16 cos 60° | 8 sin 60° | 83.1 
I | 

8 8 + 16 cos 70° | 8 sin 70° | 80.7 

















~ 83.1 square feet when 0 = 60° 
(c) A = 64(1 + cos 6)(sin 6) 
(d) 100 





~ 83.1 square feet when 6 = 60° 
67. (a) s 


Average sales 
(in millions of dollars) 


wo FD 6 WD 


t 
Gata Gao. 0) 12: 
Month (1 <> January) 


T TT: T 
= — — — + ae 
(b) S$ 8 + 6.3 cos 21) ors 8 + 63 sin Zr 2) 
The model is a good fit. 
(c) 12. Yes, sales of outerwear are seasonal. 


(d) Maximum displacement from average sales of $8 
million. 
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71. y 
































=5y ah t + iat bof 
v -10 -8 -6 -4 -2 24: 
5a + 
Ts y Te y 
h A 
3 8+ 
67 
gees Seen neces 
+ oe ees eo SSS SSeS 
3 -2 3 -10-8 -6 -4 -2 2 Aaa 
=4 
—6 
37 i 
ifs y 
A 
6+ 
ae 
—4 ay 8 
“6 + 


Review Exercises (page 434) 








1. 0.5 3. 45 
By. 7 
i 1 
lin 
4 
( An 
3 
3m Sm 2a _10n 
ay al oe 3 





9. 11. 
70° 
“110° 
430°, —290° 250°, =4703 
1% JOSS 1S) 001545 
17. 8.3776 19. —0.5890 
21. (a) 66577 radians per minute 
(b) 4007 inches per minute 
a3, (13) 95, (_3 1 
Da, DOS) 
fryer, _( (27\ See 
27. sin i ae 29 sn( 3 = 5 
co ii = V3 cos( -2) = Be 
a6 2 3 2 
1 3 27 
ee tan(-22) = V3 
quia =-2 eso( -27 = _2v3 
6 3 3 
oes a _2V3 seo( - 22) =-2 
6 3 3 
QT we 
cot = /3 coi( 3 =a 
1 7 UP A/D 
31. sin 4 sin Ne 5 
1 A aed 
33. sn( = sn( 6 ae 
Sy. ao WSs! he yu! 
4/41 ; nel 
39. sin 8 = Al 41. sin 9 = 5 
9 = 5v41 <i eee 
cos Al fo) 5 
4 3 
tan 0 = 5 tan 9 = 3 
csc 6 = veal csc 9 = 2 
4 
41 3 
sec 9 = 5 sec 9 = 3 
5 
cot 9 = 4 cot d= /3 


43. (a2) 3 6) Be 
1 wl 
45. (a) 4 (b) ih 
47. 0.65 49. 0.56 
D5 sin 0 = 3 CSCO 
OS O= : sec 0 
tan 6 = 5 cot 0 
15/241 
My Sl = 
sin 6 Al 
9 4/241 
A #h 
= 241 
ae 15 
an 9 = — 
aia 
59. sin @ = | 
cos 0 = —0.1 
tan@ = —9 
ANAT] 
61. sin 6 = —— 
17 
wf IG 
cos 96 = —— 
17 
tan@ = 4 
yall 
63. sin 0 = ——— 
6 
cos 86 = — 
yall 
2080s— ———— 
5 
6/11 
CSC OF = SS 
11 
Sill 
Coug.— == 
11 
65. cos 6 = ph? 
8 
BND 
(0 
55) 
csc 9 = = 
sec 90 = eve 
5p) 
5) 
COU. = ———— 


VD x2 





(c) 


4 
4/15 of 115) 











(c) 





Us) NS) 


Sb Sor 53. 0.07 kilometer 


BIW Win Bin 


sec 0= V/17 


1 
cot 0 = — 
4 
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69. /3 7. = 73. aoe 


Ts SONS 


77. 0.06 1 © 
83. 


A103 


























91. (a) y = 2 sin 528 7x 
(b) 264 cycles per second 


\o 
se) 


95. 











aed as Pos eee | Si erm 








N=) 
a 


+ 











Nir + 











A104 Answers to Odd-Numbered Exercises and Tests 























101. y 103. a 105. 0.41 4. ForO0 < 0< = For 7 < 0 < =z 
3~/ 13 : Bf Ils) 
in § = sin'6 =" ae 
13 13 
pee sees cos 9 = — ae 
13 13 
_ vis a NS 
csc 0 = csc 0 = ae 
3 3 
7 co soc 0 
107. —0.46 109. 6 111. 7 113. 1.24 9 2 
115. 0.12 117. 1.40 119. —0.98 121. 0.72 cot@ == cot @= = 
123::0 $1252.45 127, “i2966.6° 
131. 1221 miles; N 85.6°E gare 
133. False. The sine or cosine function is often useful for i 
modeling simple harmonic motion. 
135. False. For each 6 there corresponds exactly one value of y. 290° 
137. d; the period is 277 and the amplitude is 3. 
139. b; the period is 2 and the amplitude is 2. oe 
141. Undefined because sec 6 = 1/cos @ 
143. Their ranges are (— 00, 00) or (— 00, — 1] U[]1, 0). 
145. (a) A = 72(tan 6 — 8) 6. Quadrant II 7. 150°, 210° — 8:11.33, 1.81 
Kb) ng b00 . 9. sind = —3 10. sin d=13 
tan@ = —4 cos 0 = -— 
/ cso d= -} tan 6 = -2 
of 1.57 sec 0 = 3 csc 0 = 4 
: ‘ cot @ = -} cos 0 = —% 
Area increases without bound as 6 approaches 77/2. 
147. Answers will vary. ge i _ 
4 + 
Chapter Test (page 439) oF 
1307 860377 
i, ) 12) ae x 
(a) i oO), 4 - = 
(©) 22° a 
Sm 3+ 
4 a 
13. 4 14, 6 
-6 6 
\ 0 32 
2. 3000 radians per minute 
5 roe ee _ Y10 : ‘ 
Sing = 10 esc 6 = 3 Period: 2 Not periodic 
10 
COS OS ae sec 9= —/10 


Answers to Odd-Numbered Exercises and Tests A105 


15. d 17. b 19. e 20 b 23. fi 74, © 
Dill CSCO 29. cos? 31. cos x 33.) sin? x 
855, ill 37. tan x 39. 1 + siny 41. sec B 


43. cosu + sinu 45. sin?x 47. sin?x tan?x 
49. secx + 1 51. sec*x 53. sin?x — cos*x 
55. cot? x(csc x — 1) Sela as iNbaCOSey 


59. 4cot? x 61. 2 csc?x 63. 2 sec x 
65. 1 + cosy 67. 3(sec x + tan x) 


: 
oi et) 0:2 0.4 0.6 | 0.8 1.0 











18. N 49.9° W 19; d = —6:cosiat 
y, | 0.1987 | 0.3894 | 0.5646 | 0.7174 | 0.8415 


Chapter 5 y> | 0.1987 | 0.3894 | 0.5646 0.7174 | 0.8415 
Section 5.1 (page 447) 



















































































x 12 1.4 
1. tnx = -V3 3. cos 0 = s y, | 0.9320 | 0.9854 
y, | 0.9320 | 0.9854 
me 2.3 tan@d= —1 
3 
secx = —2 csc 9= —/2 
cotx = —~3 cot@= —1l 
5 
5. sinx = "3B 7. sind = a8 
12 2 0.6 0.8 1.0 
cosx =) —— cos @ = = 
13 3 y, | 1.2230 | 1.5085 | 1.8958 | 2.4650 | 3.4082 
13 5 
csc x = ae tan 6 = ar ae y, |. 1.2230 | 1.5085 | 1.8958 | 2.4650 | 3.4082 
ce cot d = _2/5 we 1.2 | 1.4 
=) 5 
2/5 ¥| 5.3319 | 11.6814 
ae tp Sa ess 
3 5 y, | 5.3319 | 11.6814 
2/2 “/5 
cosa = — ———— Cos 0 = 
3 5 
V5 
csc x = CSCHO =f ae 
2 
secx = 30? sec 9 = —/5 cs 
1 Vilma 2 
cotx = —2V/2 COLO 2 T3MCSCX 75. tan x 77. 3sin 0 79, 3 tan 6 
13. cos 0=0 81. 5 sec 0 83. 3 cos 6 = 3; sin 8 = 0; cos 0 = 1 
; , 5) 
tan @ is undefined. 85. 4sin 6 = 2/2; sin 9 = a2 cos § = aa 


csc 9 = —1 


3 
sec @ is undefined. ils 0 SOS tay 89.0< 6< > oa <i Oka ai 


A106 


93. In|csc t sec ¢| 
.(aynescelad, = coteng2= = iW. s107e— 10 8107: =a 


. In|cot 6} 


2 2 

(b) tee = co =16360— 0 6360 = 1 
. (a) cos(90° — 80°) = sin 80° ~ 0.9848 

(b) cos( = = 08) = sin 0.8 ~ 0.7174 


. tan 0 


. False. A cofunction identity can be used to transform a 


tangent function so that it can be represented by a cotan- 
gent function. 





























103. 1,1 1052305 Sco 
107. Not an identity because cot 6 = + /csc? 9 — 1 
1 
109. Not an identity because # 
cos@ Scos @ 
111. Not an identity because 6 and ¢ may not be equal 
113. sin 0 = + /1 — cos? 6 
/1 = cos? 6 
tan@=+ 
cos 6 
1 
CSCAUI= EE 5 
li —aCOsaG) 
| 
SEC = 
cos @ 
7 cos 6 : 
ee COSsiy: 
115. /5v 117. 10x(/30 + 5) 
119. 121. 
eee 
ey 
ie 
147 








y 








Section 5.2 (page 455) 


1 


61. 1 


59. Answers will vary. 


63. 2 65. Answers will vary. 


67. True. An identity is an equation that is true for all real 


6 


values in the domain of the variable. 
9. Not an identity because tan 9 = + /sec? 6 — 1 


3 
Possible answer: re 


Answers to Odd-Numbered Exercises and Tests 


71. 


Not an identity because \/sin? x + cos?.x # sin x + cos x 


The left side is 1 for any x, but the right side is not 
necessarily 1. 


; 7 
Possible answer: 7 


73. Answers will vary. ies 2 = AW 
rar f F 
7.9446. 79, 223 
2 4 
83. Soak rae 85. =§ ae 


Section 5.3 (page 464) 


1.-5. Answers will vary. 


) 4 
tk a of 2nm, + 2n7 


7 27 7 Ys 
SP Dia, = ae Dion WS 2 at ee 


9. 
3 3 6 6 
3 DD 
13. nm, + 2na 15. - + n7, a + ni 
17 ae a if eg +n 8 + LG + 
“3 1, 8 7, 8 nT, 3 nT 
nt 7 T 377 
° ep iy ale -) > ay 
19 3°4 nt ZO > 7 5 
moa 1am. War 7 S37 
23. 0, | PAP ace eee 25. ms > 
Hae hark AG 3 ae 
7 S57 aw Sa Ta 11a 
27. No soluti ID), PL 31. = ae 
o solution Tr. 3° 3 6! 6 See 
7 nw 
Ries ae tS 
33 6 + nT, up os poe 
37. zt ann, = +4nz 39. -1,3 40h 
43. 3,3; 0.8411 + 2nm, 5.4421 + 2nz 
45. 2.6779, 5.8195 
47. 1.0472, 5.2360 
49. 0.8603, 3.4256 
51. 0, 2.6779, 3.1416, 5.8195 
53. 0.9828, 1.7682, 4.1244, 4.9098 
55. 0.3398, 0.8481, 2.2935, 2.8018 
57. 1.9357, 2.7767, 5.0773, 5.9183 
a Sa 7 37 
59. Te , arctan 5, arctan5 + 7 61. 373 


63. (a) 3 





Maximum: (z v3) 


Minimum: (== - 2) 
65¢, 
67. (a) All real numbers except x = 0 
(b) y-axis symmetry; horizontal asymptote: y = 1| 
(c) Oscillates 
(d) Infinitely many solutions 
(e) Yes, 0.6366 
69. 0.04 second, 0.43 second, 0.83 second 
71. February, March, and April 732) 129% 
75. (a) 2 
(b) 





For 3.5 < x < 6, the approximation appears to be good. 
(c) 3.46, 8.81 
3.46 is close to the zero of f in the interval [0, 6]. 


77. True. The first equation has a smaller period than the sec- 
ond equation, so it will have more solutions in the interval 
[0, 277). 


79. 1 Slebs=1455 S3anCn— 245 
b = 11.31 a = 54.8 
Gales b = 50.1 
Se ied ew 
85. sin 9 = 5 87. sin 8 = 5 
Papa 2 pee 
2) 2 
tan 9 = ~3 tan@= —-1 
89. sin 6 = 2 91. 30 feet 
a2 
SO eaeaee 


i 


11. 


Se 


17. 
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Section 5.4 (page 472) 











A= SO R32 Il 
(a) Jia 9° (b) Seal 
2 
1 = —/3) = I 
- (a) 5 (b) 5 
(a) Sse (b) = 
. sin jose = ~2(/3 + 1) 
COS ios = ~7(1 — //3) 
tan 105° = —-2 —- 3 
. sin 195° = <i — 3) 
cos 195° = Ee 1) 
tan 195° =2— /3 
iin 3/2 
sin Ee ee (V3 1) 
lla 9) 
CoS ee a 1) 
ll7 
irre =p o/s 
sin = ee + 1) 


a = 2 73 

sin 285° = a2He 7) 
cos 285° = SS = 1) 

tan 285° = —(2 + V3) 

sin(— 165°) = ee -1) 
cos(— 165°) = 4 + /3) 


tan(— 165°) = 2 — /3 


A107 














1 i - 
bry sin 13 2 a wis) Section 5.5 (page 482) 
Te ee ee 
3 ° 
ee 2 ea) 7 7 15 8 
12 4 
i Say am Sa 13m 177 
Bae DO; Oo 7 lis SSS : 
pS = —- /3 3 (2 10100 
5 B aes 4a 15 “ean ar Van son Le 
13 ») 2 SN el £ oho ’ a > 
21. sin(-“5") = ~2( V3 1) 3° 8 2°66 0" Dae 
Th 
17... 0, ite 19. 3 sin 2x 21. 4 cos 2x 
13 ») ’ > > 
cos(- 57) oa oe a 1) 2 2 
* 23. sim 2u = % 25. sin 2u = % 
tan(—2) =-2+/3 cos 2u = —35 cos 2u = % 
l Cee! _ 24 
. [ANA 7, tan 2u = 5 
23. cos 40° 25. tan 239° 27. sin 1.8 29. tan 3x — 
s/ 3 Re) 63 27. sin 2 sees 
SU 2 
a _ 2 25 
31. ) 33 5 ay =I 37 65 : 
39, 26 « ddr on 48-8 pass ee 4 a cos 2u = —>— 
5 a 5 
49. 3 51. 1 oh 0 55.-63. Answers will vary. he 4/2 
7 an 20 
65. —sinx 67. —cos@ 69. = HE 27 17 
: 29. 33 + 4cos2x + cos4x) 31. #(1 — cos 4x) 
i : 
IB ee oa 75. (a) y= i sin(2t + 0.6435) 33. lll + cos 2x — cos 4x — cos 2x cos 4x) 
4/17 1 
5 1 Ne a / 
(b) Pri (c) — cycle per second 35. ii 37. 4 39. V17 
17 
. Cian, 1! 
77. False. sin(u + v) = sinucos v + cos u sin v 41. sin 75° = 7/2 + 4 
79. False. cos 75° = 3 2S 
( 7) el ae (a0. [5 = 2 3 
cos| x — —] = cosxcos > = six sin = smix 
the ate oe aD 43. sin 112°30’=1./2 + V2 
81. and 83. Answers will vary. cos 112°30’ = —4./2 — 2 
85. (a) V2 sin( 0 = 2) (b) V2.cos(6 - 2) tan 112°30’= —1 — V2 
See HS Tae 
87. (a) 13 sin(36 + 0.3948)  (b) 13 cos(36 — 1.1760) 45. sin = 5V2- V2 47. sin“ = 52 + v2 
89. 2 cos 0 91. 15° 1 
cos = = 2+ /2 eae 2-/2 
93° 3 Ss 2 8 2, 
tan = /2-1 tan 2" ee 
6.28 6.28 8 8 
49 pee PE = 51 io: se 
3 : 2 26 ‘ 2 178 
nO Uu 89 + 8/89 
oO Z ne ls oO cos — = —f eee 
sin Ore a: + sin eer =] D) 26 2 178 
iz ee “8 ye 
95. Answers will vary. 97, f(x) = neal id Magy 5 a ae, 5 


5 
99. Because f is not one-to-one, f~! does not exist. 
101. 4x — 3 103° (6x. — 3 
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i SO 123. False. For u < 0, 
SOs = 
2 10 sin 2u = —sin(—2u) 
Bee Ls _v10 = —2 sin(—w) cos(—w) 
2 10 


= —2(—sin u) cos u 
tan= = —3 = 2 sin u cos u. 


125. (a) 4 b 
55. |sin3x| 57. —|tan 4x| oe 


5 
59.7 61. = 7 e 63. a(sinZ + sin 0] at ery 


65. 5[sin 100 — sin(— 26)] 67. 3(cos 8B + cos 2B) of 6.28 
69. 3(cos 2y — cos2x) 71. 4[sin 26 — sin(—27)] Nercaviie (GAS) 

73. 5(cos 60° + cos 90°) 754 2sixr-45° cos 15° 127. (a) 4(3 + cos 4x) 

a. —?2 sin a sin 7 79. 2 cos 46 sin 0 (b) 2 cos'x — 2cos*x + 1 


(c) 1 — 2 sin? x cos? x 


81. 2 cos 4x cos 2x 83. 2 cos asin B ul me 
2 








85. —2 sin @sin— 87. 0, — = — 7. — — — (ec) No. There is often more than one way to rewrite a 
2 oar et 5 te li trigonometric expression. 
<9 1 cee eee 129. September: $235,000 131. 15.7 gallons 
: 1 1 
a oa ; October: $272,600 
95.-109. Answers will vary. 
111. 3 Review Exercises (page 487) 
| lls Seer SCOSE6 Se COLX 
-6.28 6.28 
3 i) 
ie tanx = 7 9. cosx = 5 
= 5 tanx = —1 
CSC 
113. 3 3 escx = —/2 
Mee sec x =u? 
6.28 6.28 4 
= Coto seal 
cotx = = 
= wea 
115. : 117. 24/1 = 1. sin? x 13.1 15. cot Oe 17 cot 
19. sec x + 2 sinx Hil, = Diane @ 
23.-31. Answers will vary. 33. a + 2n7, =z + 2nt 
95 og en se ee 
3 nT, 3 ai a Tr, B nT 
i Wo Sie we Doe. ae Sn 
39. Oa 41. 0 43. 0,7 3 3 3 
0 0 a 37 
119. (a) A = 100sin 5 cos 5 45. No solution 47. 5? 5 
(b) A = 50 sin 6 49. = * arctan(—5) + a, arctan(—5) + 27 


The area is maximum when 6 = 77/2. 
121. 0.4482 


A110 
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51. sin 345° = oat — /3) 
cos 345° = a a V3) 
tan 345° = -2+ J3 
_ 19a Ye 
Sie = 
53. sin 12 ‘i (We 1) 
197 2 
ae (/3 - 1) 
19a 
(2. —— = = 
a HY) v3 
+ 507/77 
55. cos 165° 57. tan(—47°) 59. 960 + 507/77 
1121 
- —960 + 
Ap ESTE 900 OTN TTS oa 27 
52 eA 2 
67. 0, 7 
69. 71. sin 2u = —3 
cos 2u = Z 
tan 2u = —F 
73 | — cos 4% Bi =a 4sCOSIG ap COS 4a6 
~ 1+ cos 4x 4(1 + cos 2x) 
77. sin(—75°) = —4./2 + V3 
COs(— 75°) =4 0 = 3 
tan(—75°) = -2 —- 3 
~ 19a 1 
(sites; Siena 
79. sin 12 5 2+ /3 
197 1 
cos Eee 2-3 
19a 
tan 
an 5 J3 
81. —|cos 5x| 
@ Oe 
83. (a) V = sin 5 60S 3 cubic meters 
(b) V = sin @ cubic meters 
Volume is maximum when @ = 77/2. 
85. 3[cos(— 30°) — cos 60°] 87. 2(sin 5a + sin a) 
50 6 er 
89. 2 cos 5 COs 5 91. 2cos x sin 4 
T 0 : 7] 
93. False. It> < 6 < 7, then cos Ol 0. The sign of cos = 


depends on the quadrant in which 2 lies. 


1 
97. Reciprocal identities: sin 6 = i 


13. 


15. 2(sin 66 + sin 26) 


95. True. 4 sin(—x) cos(—x) = 4(—sin x) cos x 


II 


— 4 sinevicOses 


—2(2 sin x cos x) 


= —2 sin 2x 





cos 8 = : 
sc sec 9 








tan @ = —— 





cot 9 = 


ee oe sin 6 cos 6 
Quotient identities: tan @ = ——, cotd=— 
cos 8 sin 0 


Pythagorean identities: sin? 6 + cos? 6 = 1, 


1 + tan? 6 = sec? 6,1 + cot? 6 = csc? @ 





99. No. For an equation to be an identity, the equation must be 


true for all real numbers x. sin 6 = 4 has an infinite num- 
ber of solutions but is not an identity. 


1015 yy, =), + 1 
103. — 1.8431, 2.1758, 3.9903, 8.8935, 9.8820 


Chapter Test (page 491) 
Bf 118} 
1. sin 0 = arr cs Pos. Ih Soul 4. csc A sec 0 
ORANG 
ws OS = —— 
13 
nals 
CSCO. 
3 
ils} 
SCC 0 ee 
D 
cot 9 = z 
3 
5, 
6. 





7.-12. Answers will vary. 





“(= 15 cos 2x + 6 cos 4x — cos 6x 


16 PP cose ee 


Om 
16. —2 cos 5 sin, 


Answers to Odd-Numbered Exercises and Tests A111 


Se hea TT ST 37 30 6 
fo STE ae 18. ACR 51. (a) A= 20/15 sin 57 ~ 4sin$ — 6sin 9 
<p, (b) 170 
GO © Q © 2 


22.938, = 2.663; 1170 


22. |cos*x + cos x| = 2 for all x 





D = 4 
DEBS. ase 24. sin 2u = 3 tan 2 5 
~ ae (c) Domain: 0 < 6 < 1.6690 
; k The area would increase and the domain would 
Chapter 6 increase in length. 
’ Bene ORE ‘ys 185.26 
Section 6.1 (page 500) 53. sinx = 5 55. sinx = % 
1. C = 105°, b = 28.2 = 38.64 
Ee 05°, b 8.28, c = 38.6 Ee ore whi Mam Pais 
3. C = 120°.b~48,c~72 26 
5. B ~ 21.55°, C = 122.45°, c ~ 11.49 ae a ee we 
fp — 60:9". b = 193.0 = 64 
= 5) (= — ) 
9, B= 42°4’, a ~ 22.05, b ~ 14.88 ake eae ° 


11. A = 10°11’, C = 154°19’,c = 11.03 COUN ar ae COU saa 
13. A ~ 25.57, B ~ 9.43°, a = 10.53 
15. B = 18°13’, C = 51°32’, c = 40.05 


Sieetanes 59. sec? x 

















ee = 3° og ~ 0.62.b ~ 051 19. Nosolution Section 6.2 (page 507) 
21. No solution 23. No solution 25. No solution 1. A = 23.07°, B = 34.05°, C = 122.88° 
5 3. B ~ 23.8°, C ~ 126.2°,a ~ 18.6 
Zip) DS 5,4b = = 
sin 36 5. A =~ 31.98°, B = 42.38°, C = 105.63° 
yee be Eee 7. A ~ 92.94°, B ~ 43.53°, C ~ 43.53° 
. sit 30 QB 134500 = 31.550 a = 12NG 
(CY 2 ae TINA = 141c45 2 6 = 27-402 b= 19 
sin 36 
10.8 13. A = 27°10’, C = 27°10, b = 56.9 
ae PS 108, b= oop «18, A ~ 33.8°, B ~ 103.2°, c ~ 0.5448 
10. b d 6 
mo se < = 2 cd 
sin 10 17. 5 8 12.07 5.69 45° 135° 
oes sats 19.10 14 20 13.86 682 111.8° 
sin 
Meld» 16.9604 25 20 Tio 102.8° 
31. 10.4 2B NOS 35. 32045 37. 15.3 meters 
231625 ) 251044. S27e5oI 
39. 16.1° 41. 77 meters 
29. N N 37.1°E, S 63.1°E 
43. (a) = (b) 22.6 miles 
13.8°\ 123 w E 
(c) 21.4 miles é 
(d) 38,443 feet Ga. : 
9000 ft y ey eae. 
2 sin 6 CI , 
45. 3.2 miles Qh, LSS Se a 00 Me 
sin(@ — @) 
49. False. Two sides and one opposite angle do not necessarily 31. 373.3 meters 33. 72.3° 35. 43.3 miles 


determine a unique triangle. 37. (a) N58.4°W (6) S81.5°W = 39. 63.7 feet 


A112 


41. 
45. 


47. 
49. 


24.2 miles 43. PO ~ 9.4, OS = 5, RS ~ 12.8 


Answers to Odd-Numbered Exercises and Tests 





d (inches) | 9 10 12 | 3 | 14 





@ (degrees) | 60.9° | 69.5° | 88.0° | 98.2° | 109.6° 








s (inches) 20.88 | 20.28 | 18.99 | 18.28 | 17.48 











d (inches) 15 16 
Lees 





6 (degrees) | 122.9° | 139.8° 

















s (inches) NSesisy [jel se3i7/ 





46,837.5 square feet 


False. For s to be the average of the lengths of the three 
sides of the triangle, s would be equal to (a + b + c)/3. 
































51. Answers will vary. 53. 405.2 feet 
55. Answers will vary. ho 50 61. oS 
2 3 6 
Je 4 GA)? 
63. As 65. 5 
67. sin 6 = . 69. 12 = 6 sec 0 
sec 9 = /2 sec 9 = 2 
csc 0 = —/2 csc 9 = 23 
Section 6.3 (page 520) 
1. v = (3,2); lvl = V13 3. ¥ = (3,2); vl = V3 
5. v = (0,5); |v] =5 7. v = (16, 7); |lv| = 1305 
9. v = (8, 6); ||v|| = 10 11. v = (—9, —12); |v] = 15 
13. y 15. x 
17. 








19. (a) (3, 4) (6) (1, =2) 











21. (a) (—5, 3) (b): 4553) 





ip AG Lh oy SI 1 





+ 


(c) (—10, 6) 





-12-10 -8 -6 +4 eo 


23. (a) 3125 








(c) —4i + 11j 











(b) 21 — j 











27.41, 0) 


1 D Sas 
33,; 35. —-i-—-j 37 (+, 4) 
: Gore yE/2 
a ( i 6.45 ) 
/ 20° ./29 


41. v = (3, -3) 43. v = (4,3) 

















Answers to Odd-Numbered Exercises and Tests 


47. 


51. 


55. 


SY), 
65. 
Whe 
UBS 


75. 


TRE 
81. 
85. 
87. 


A113 

















ih 1 
v= (, -3) 
ay 
A 
Dae, 
lw 
1+ oe 
A~s 
f ro 
ease : Gua) 
maf ~~ pe Bs 
a’ 
Boe 3u 
lvl = 3;0= 60° — 49. |lv| = 62; 6 = 315° 
= beg 5/25, 
v = (3,0) oe ve( 7 2 
i ; 
4 
2+ i 
3+ 
1 
ae Ai 
-l + 
3 6332 Ji0 3/10 
Vos ea Brey 57. vy = (~—, ~— 
aes) 5 5 
n } 
S+ 
yee 
4+ 
37 oe 
1 ERIS0% I+ 
Ree ae ay zi } fb ks 
sali = 1 2 





(5,5) 61. (10/2 — 50,102) — 63. 90° 

63.4° 67. 62.7° 69. 12.8°; 398.32 newtons 

71.3°; 228.5 pounds 

Vertical component: 70 sin 35° ~ 40.15 feet per second 
Horizontal component: 70 cos 35° ~ 57.34 feet per second 
Tyc ~ 1758.8 pounds 77. 3154.4 pounds 

Tc ~ 1305.4 pounds 

N 21.4° E; 138.7 kilometers per hour 

1928.4 foot-pounds 
False.a = b=0 
(a) 0° (b) 180° 


(c) No. The magnitude is at most equal to the sum when 
the angle between the vectors is 0°. 


83. True. See Example 1. 


A114 Answers to Odd-Numbered Exercises and Tests 


89. Answers will vary. OIE GINS) OT Gaal) 
93. 8 tan 6 95. 6 sec 0 


97. > + na, 7 + 2n7 


T lla nt 
Bi iieie ce cas = 
99, n7, 6 2nTr, 6 + 2nd 101 5 


Section 6.4 (page 530) 


ik =e 3. 6 5. 8; scalar 7. (—6, 8); vector 
9. 13 1. 5/41 13. 6 15. 90° We 437135 


5 
19. 60.26° 21. 90° 23. a 25. 26.6%, 63.4°,90% 


27, A1,63°5313285:24° | a 20% 20 38. 2502/9 
33. Parallel 35. Neither 37. Orthogonal 

39. £(84, 14), H(-10,60) 41. 95(2, 15), 385(— 15, 2) 
43. (—5,3),(5,-3) 45. 4i+5j,-3i-5j 47. 32 
49. $58,762.50 


This value gives the total revenue that can be earned by 
selling all of the units. 


51. (a) 2614.7 pounds = (b) 29,885.9 pounds 
53. 735 newton-meters 55. 779.4 foot-pounds 


57. False. Work is represented by a scalar. 


7 7 7 
59. (a) @= 5 (bt) OS O< 5 () 7 < Ost 














1 
61. and 63. Answers will vary. 65. 0, z Tr, a 
67007 A069. Mees eT 
Section 6.5 (page 540) 
1. 3: 
Imaginary ers EY) 
axis Pe 
fe +——4—» Real Na alt 
=f =) 2 " 
-2 4 "Se i 
Abele a 24 
sabe 
6 4 x4 
-Ti pp Reel 
et -5 -4 -3 -2 -l yaks 
=i 
7 4/2 


5, Imaginary 
axis 





Tae cos = + isin 2) 9. ./10(cos 5.96 + isin 5.96) 


Imaginary Imaginary 
axis axis 
A 
Real 2 
S. I 2 3 axis | 
Nc V3+i 
Sue \ 1+ ® 
N Oe 
N 2 
\ ’ 
xs jo aa Real 
SP e se x 1 2 axis 
N 
\ 
\ ll 
ili 03-3; 








7 7 
3VA(c0s = + isin 7) 2(cos 7 + isin 2) 








4 6 
iS 17. 
Imaginary Imaginary 
axis axis 
A A 
to NY et 
zy ee tg ey axis =A 5 2 4 axis 
- 4 29) 
‘4 
4 
/ 
2+ -4 | 
he =St 
af 28, 6+ 
e 
-2(1+V3i)  _44 -3 + 
47 . Ar 377 < O40 
AN COS =— eat SIN 5\ COS == EU Sita 
3 3 D 2 
19. Imaginary 


axis 





./65 (cos 2.62 + isin 2.62) 


21. 


Imaginary 
axis 





Real 
axis 


7(cos 0 + isin 0) 


25. 


Imaginary 
axis 
Real 
-4 =3 =o) Ae eas 
- Fall 
oh! 
SDs 
aot 
afl 





/10(cos 3.46 + isin 3.46) 














27. 5.39(cos 0.38 + isin 0.38) 
29. 3.16(cos 2.82 + i sin 2.82) 
31. 8.19(cos 5.26 + isin 5.26) 
33. 11.79(cos 3.97 + isin 3.97) 
35. 
Imaginary 
3, 3V3 f 
mo 2!) 3+ 
e 
. lh 
ae ee ne 
= il 2 a 
see 
_ Dee 
ey) 2 
39. 
Imaginary 
-15v2 , 15v2 ,; 
8 


Real 
axis 











23: 

Imaginary 

axis 

h 

dal 

3+ 

all 343i 
1 peAe 

ee pe al 
=I 1 goons) ae 
-Il-+ 





2V3( cos Z + 7 sin 2) 





Sie 
Imaginary 
axis 
1 
' A je Real 
-1 \ 1 2 Bus. 
\ 
\ 
= \ 
9333; 
4 4 
-2 
Seo OE 
ee es ae 
4 4 
41. 
Imaginary 


aXIS 


Real 
axis 





8i 


43. 





Answers to Odd-Numbered Exercises and Tests A115 
Imaginary 
axis 
Pe 
2.8408 + 0.96437 
ere _® 
a= fs ‘ \ 4» Real 
l 2 3 4 aX 
=k 
=Oue 


45. 


49. 


SE) 


Sie 


61. 





2.8408 + 0.9643: 


4.70 + 1.71 Ae = 290 OM at 


10 
12(cos = + isin 2) 51. —5 (cos 200° + i sin 200°) 


0.27(cos 150° + isin 150°) 55. cos 30° + isin 30° 


59. 4[cos(302°) + i sin(302°)] 


(a) jv (cos 7 + isin 2 IV, eos(7) + sn()] 


(b) 4(cos 0 + isin 0) = 4 
(c) 4 


LT oe) 25 
COSt—a pts liliaeess 
3 3 


63. (a) 2 cos( = 7) 4 + isin 52 2) | /2(cos = “ae Sim *)| 
(b) 2V9| cos =| + isin( )] =2-2i 
4 4 
(= 2i = 212 = = 27 + 2 = 2; 
65. (a) [5(cos 0.93 + isin 0.93)] + }2 (cos 2 + isin 2) 
(b) $[cos(1.97) + isin(1.97)] = —0.982 + 2.299: 
(c) ~ —0.982 + 2.299: 
67. (a) [5(cos 0 + isin 0)] + [ V13(cos 0.98 + i sin 0.98)| 


69. 


TS: 


TO a oe 


(b) Fa [e0s(5.30) + isin(5.30)] ~ 0.769 — 1.154i 




















10 15 
c) — — —i ~ 0.769 — 1.154: 
(30 eeks 
inaemany file HERE AL Ay 
ah 4 
Real 
3 axis 
3+ 
—4-4 75. -32i 77. —128/3 — 128i 
1 3 
= + ee 81. —1 83. 608.02 + 144.69: 


A116 Answers to Odd-Numbered Exercises and Tests 


z , 81v3 


bps oe) Sy hy 5 el 89. 


91. (a) /5(cos 60° + isin om 
/5 (cos 240° + i sin 240°) 


(b) Imaginary 


axis 











Dai 27 
: = + isin — 
93. (a) 2| cos 9 isin 2) 


D 
2{ cos oe + isin “a 


axis 


Real 
axis 





(c) 1.5321 + 1.28567, — 1.8794 + 0.6840, 
0.3473 — 1.9696: 


3% 3 
95. (a) s(cos 5 A + isin 7) 


4 
( Wap i) 
5 (COSs-anSI Dia 
4 4 
(b) Imaginary 
A 


Real 
axis 








a 5V2, 5a Ue 








4a 4 
97. (a) 5{cos $2 + isin *) 


5( 107 nae a) 
COS ae Sie 
9 g 


5( 167 rie: “) 
COS eae SU aes 
9 9 
(6) Imaginary 
6 
= tis 





(c) 0.8682 + 4.9247, —4.6985 — 1.71011, 
3.8302 — 3.2147 
99. (a) 2(cos 0 + isin 0) 


2( cos % Sa CN 2) 


2(cos m + isin 77) 


2{cos 32 + isin 7) 


(b) Imaginary 
axis 


Real 
axis 





OQ 2in 2, 21 


101. (a) cosO + isinO (b) Imaginary 
2a =. 2 Qa 4 
COStaicinnt S10 Gee 2+ 
2) 5 


aT . 2 4a 
— in 
cos —— isin “= 


67 BS O77, 
COSmess ta SIN 
> 5 


Py S 





Site | Noah 
COSte=s USI = —— 
5 5 


(c 


= 


— 0.8090 — 0.5878i, 0.3090 — 0.9511i 





1, 0.3090 + 0.9511i, —0.8090 + 0.5878:, 


103. (a) s(cos = + isin z) 
5(cos 7 + isin 7) 


s(co us + isin =) 
SERS) ea 
3 3 


(b) Imaginary 


axis 





a 2 


(b) Imaginary 
axis 


A 


Real 
axis 





(c) 2.5201 + 1.28417, —0.4425 + 2.7936i, 


= DIS s= OLY sy, PA — PeeyAMI 2 = 2) 


Tee TT. 
LOT cos — + sin — Imaginary 
8 axis 


8 

Be Ol ok 
= 86) Sal 
8 8 


cos en + isin Bs 
ee in 
8 8 


cos ls ST eeeSin 15a, 
eee i 
8 8 
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109. a(cos Z + isin 2) 
5 5 


3 
3(cos = + isin =) 


3(cos a + isin a 


SE 











9 
3 —— — 
(cos = i sin 5 
111. 2(cos Lae 7) nara 
8 8 
( ; =) , 
PCOS eee 
8 
11 
2(cos 42 +7 isin U2) = (i aa 
2(cos SS FP US en) 
8 23 
17 Ve 7 PETES) 
113. €/2 cos 7 + isin 72) i 











A117 


115. True, by the definition of the absolute value of a complex 


number. 


117. True. z,z, = r,r,[cos(@, + 6,) + isin(@, + 6,)] = 0 if 


and only if 7, = 0 and/or r, = 0. 
119. Answers will vary. 
121. (a) r?—_ (b) cos 26 + isin 20 
123. Answers will vary. 
125. (a) 2(cos 30° + isin 30°) 
2(cos 150° + isin 150°) 
2(cos 270° + isin 270°) 
(b) 87 
127. B = 68°, b ~ 19.80, c ~ 21.36 
129. B = 60°, a = 65.01, c ~ 130.02 
131. B = 47°45’, a = 7.53, b = 8.29 
133. 16;2 135. :0 


Review Exercises (page 544) 
1. C = 74°, b = 13.19, c = 13.41 
3. A = 26°, a ~ 24.89, c ~ 56.23 


A118 Answers to Odd-Numbered Exercises and Tests 


5. C = 66,4 ~ 2.53,b ~ 9.11 iz 
69. (6, —8); vector iy === 73. 160.5° 
7. B = 108°, a ~ 11.76, c = 21.49 12 
A ~ 20.41°, C = 9.59°, a = 20.92 75. Orthogonal 77. Neither 79. —13(4,1),7$(-1, 4) 

11. B ~ 39.48°, C ~ 65.52°, c ~ 48.24 81. 3(—15 1), 51, 1), 839/48 
13. 7.945 15. 33.547» 17. 31.1 metets 85. fe 87. | 
19. 31.01 feet 21. A ~ 53.13°, B ~ 36.87°, C ~ 90° axi spe 
23. A ~ 101.47°, B ~ 31.73°, C ~ 46.8° 10 
25. A ~ 9,90°, C ~ 20.10°, b ~ 29.09 *O7i 


Hilfe 13 2 AVC RS yO) MST 








s 25 = De alle ye hea 
d =2 
5 oe 
85011 “PY 7 
ioe ee 89. 5VI( cos 2 + isin 
i 2721060 4 4 
e 91. 6{cos oy + isin 2) 
1135 miles 6 6 
11 
31. 36.979 33. 242.630 of a= 4{cos eee 1) 
35. Sie 
za = 10) am + =) 
COS 5 isin 5 


107 lam 
(b) 2,2, = 40 COST ar Tosti eres 





Zy = = (cos f 2) 
= Si sin 
Zo 5 co 3 1 Si 3 


25 62 
95. oS e — 97. 2035 — 828i 


99. (a) 4(cos 60° + i sin 60°) 
) 4(cos 180° + isin 180°) 
45. (—26, —35) 47.45, 3 4(cos 300° + i sin 300°) 
(b) —64 











39. (6,3) 41. (14,4) 43. (— 


101. 3(cos Dean Z| 
4 4 





12 


1 
7 
‘I 3 cos =F UE Si —— 








Ww 


©8555. Se Si 
12 





lla a Wile =) 





=60)=- =) 





49. -6i- 8j 51. Ti — 16j 

53. \/17(icos 346° + j sin 346°) _—55. |lv| = 3; @ = 150° 
57, |l\v|| = 65; 0=119.7° 59. ||v| = /65; @ = 352.9° 

61. 180 pounds 63. 45 OS eee 67. 50; scalar 3\ COS = = + isin =| 


aa ; oa 
SCOSteeee td SI 


12 


(oj 
| 
soos 5 + in 52) 
es 
oar 


1 


103. 


105. 


107. 


109. 


113. 
115. 


117. 





























a(cos 7 + isin =) = 3V2 ae 3V2, 
4 4 2 2 
3 3 Bye) 
3{cos 5 + isin =) = V2, 3V2, 
4 4 2 ” 
( Sa Ns, <2) B/D. 3D 
3MGOS—— SP ESN = i 
4 4 2 2) 
‘ne ae 12) 35/2 BND 
B(Cos——— asim = I 
4 4 mM, 2 
EES) 
4 
n » Real 
4) axis 
—44 
2{cos fi + isin 2) = 2i 
2 2, 
2(cos == 4p Sia Tm) = - 
11 lla 
2(cos 2 + isi Lae 
6 6 
Imaginary 
3+ 
ot n Real 
25) 3 axis 
oT 





True. sin 90° is defined in the Law of Sines. 











a b c 
— => 5 h 
Reg meetin 111. Pythagorean Theorem 
A and C 


If k > 0, the direction is the same and the magnitude is k 
times as great. 


If k < 0, the result is a vector in the opposite direction and 
the magnitude is k times as great. 


ste = cos(26 — a) + isin(26 — 7) 
2 


Seo) 


= —cos 20 — isin 20 


Answers to Odd-Numbered Exercises and Tests 


Chapter Test 
if 
2, 


A119 


(page 549) 
C = 88°, b = 27.81, c ~ 29.98 
A = 43°, b ~ 25.75, c = 14.45 


3. Two solutions: 


4. No solution 
6. A = 23.44°, B 


15. 


18. 


20. 


23. 





B= 29 Dn e = WSs = 22.08 
B = 150.88°, C ~ 5.12°, c ~ 2.46 

5. A ~ 39.96°, C ~ 40.04°, c = 15.02 
= 33.56°, c ~ 86.46 


























. 2052.5 square meters 8. 606.3 miles; N 29° E 
ie eT) (ee 3s 
(7 17 
. (—4, 6) 12. (10, 4) 
be 
g+ 12 
10 
Ol ae 8+ 
u Oop a 
f ri 7 fone} _s $k 
| Dee 8 10 ve 
14. (3, —3) 
i 
42 + 
36 + 
30 + 
24+ c= Su — 3v 
Se 
25 |) ORE 14 30 36 42 
14.9°; 250.15 pounds 16. 135° 17. No 





“145, 1) (-1,5) 19. 5V2( cos 2 + i sin 7) 
ego ver | 21: or aoee 22. 5832i 
4/2 cos a + isin =) 

43/2(cos a + isin a) 

4/2(cos = + isin | 

4/2(cos we +i 7) 


A120 


24, a(cos Z + isin 2) 


3(cos yy + 7 sin Sn) 
6 6 


Imaginary 
axis 


4 





SO F 
3 cos“ + isin ri 


Cumulative Test for Chapters 4-6 





Answers to Odd-Numbered Exercises and Tests 








(page 550) 
1. (a) ; (b) 240° 
21 
(c) 3 
z (d) 60° 
—120° 
3 ee 
(e) sin(— 120°) = Exe ese(— 120°) = 263 
5) 3 
1 
cos(— 120°)! = as sec(= 120.2) 2 
3 
tan(—120°) = /3 cot(— 120°) = as 
2. 13467" Br 2 
4. Period: 2; Amplitude: 2 5. Period: 7 
: ; 
4 
3 ; 
2 3n | 
1 a 1 


6. a=-3,b=7,c=0 











10. /1 — 4x2 








11. 1 


12. 


16. 


19. 


22. 


23. 
24. 
25. 
26. 
Dil 
29. 


32. 


34. 


35. 


36. 
37. 


38. 


40. 


2 tan 0 13.-15. Answers will vary. 
am 3a5m yy aw Sa In in 
82 2.cnS NON” GEG 
16 4 S25 

63 20. 3 21. 5° 5 


B =~ 264°, C =~ 123.6°,c = 15.0 
BED Ss) (C= OUD) yO) OO) 
B= 600°. a = 5.8,¢ = 11.5 
A = 26.4°, B = 62.7°, C ~ 90.9° 
36.4 square inches 
Bi Sy 305 —5 

3 


28. 85.2 square inches 
31. =50, 5); sO 


2V3( cos 32 + isin 27) 33. —12./3 + 123 


4 


cos 0 + isinO = 1 


we 
2 


ee 1s 
Bean 3 Bee 





aca aca ses 
8) 2, 


3 


i 





4 cos + isin) 


907 radians per minute; 848.23 inches per minute 


2.6 39.d= 4cos Tt 


N 32.6° E; 543.9 kilometers per hour 


Chapter 7 


Section 7.1 


1. 

gh 
13. 
19. 
25. 
29. 
5s 


(page 561) 
duersab. 5." (242) 
(0, -5), (4,3) 11. (0,0), (2, —4) 
0,1),(1,-1), (3,1) 15. (5, 5) 
yom. (7,5) 


23. No solution 
27. (0, 0), (—1, —1), (1,1) 
33. (2, 2), (4, 0) 


T.\(236), (alee 
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39. No solution 41. (4, 3), (—4, 3) 83. False. The system can have at most four solutions because 


ee 


a parabola and a circle can intersect at most four times. 


85. For a linear system the result will be a contradictory equa- 
tion such as 0 = N, where N is a nonzero real number. For 
a nonlinear system there may be an equation with imagi- 
nary solutions. 


87. (a) y= 2x (b) y=0O (Cc) y=x-2 
89. 2x + Fy — 45 = 0 NG 3) 2) 0) 
49, : Us 93. 30x — 17y — 18 = 0 


95. Domain: All real numbers x # 6 


=e 








-24 24 
oe oe i Horizontal asymptote: y = 0 
= Vertical asymptote: x = 6 
(0, 0), (1, 1) (0, — 13), (£12, 5) 97. Domain: All real numbers x # +4 
51. (1,2) 53. (—2,0),(%, 24) 55. No solution a 
57. (0.287, 1.75) 59 (—1,0), (0, 1), (1, 0) te ur inna reon Se 5 


61. (4,2), (-4, -1) 63. 192 units 65. 3133 units a ite 


67. (a) 6400 units (b) 8800 units 
69. (a) xt y = 25,000 
ee + 0.085y = 2,000 
(b) 27.000 

















0) : J 10,000 
12,000 


Section 7.2 (page 573) 


Decreases; interest is fixed. 
12) 355(1 a) 5. No solution 


(c) $5000 
7. (G30 5) 9G: 3 linens) 
71. More than $11,666.67 
73. (a) 1500 emo) 15. (4, -1) 





19. No solution 21. (48,3) 
as, (2 =!) 27. (=a 38) 
31. 


0 
(b) 24.7 inches (c) Doyle Log Rule 

75. 6 x 9 meters 77. 9 x 12 inches 

79. 8 x 12 kilometers 

81. (a) f(t) = 1.53¢ + 38.94 





Consistent, one solution 





5 
g(t) = —0.325" + 4.455t + 32.765 35. 
(oO) Fe e e 
-5 
eo Dini i Consistent, one solution Inconsistent 





(c) (3.382, 44.114), (5.618, 47.536) 


85. (300, 315). It is necessary to change the scale on the axes 
to see the point of intersection. 


Pe 10 see = 


ll 

















x+y = 20 2x + 2y = 6 
89. k = —-2 
Nex > od 93.5 =x <a 
SS ee 4 16 
3 3 
0 1 2 3 4 f ) 5 
LD cDrend) 4 Ole 
95. All real numbers x 97. x < =4 0 
x —_——_}.... . -{+-—— + 
53) Se OF Ol ez) <3 28° 6 =f oe 
—4.5 Db 15 1 
ae Sine re 99, a : 101. In——; 
47. (4,1) 49. (2, -1) 51. (6,-3) 53. (2,2) 2h Sree eax — 4 (4443) 
378 
55. (80,10) 57. (2,000,000, 100) 103. log,</3x 105. (5, 75) 
59, 550 miles per hour, 50 miles per hour Section 7.3 (page 585) 
61. a y= 10 
Ohya i> td 36 5,-2.4) 7 (eee 
0.2x + 0.5y= 3 4 
9. (4, -2, 2) 
(b) . 
falas 2y 55 3z = 
11. Viet 22 =99 
4 Dx — 3z= 
First step in putting the system in row-echelon form 
Decreases 13 less) 15, (=44,8, 5) 17. 6, =23 


19. No solution 21. (—3, 1, 3) 
23. (—3a + 10, 5a — 7, a) 25. (-a + 3,a+1,a) 


(c) 20% solution: 6 liters 

50% solution: a liters 

63. $6000 65. 400 adults, 1035 students 27. (2a,21a- 1,84) 29. (3a + 9, —Fa + 1a) 
67. Machine 1: 1134 containers 31. (1, 1,1,1) 33. No solution —_35. (0, 0, 0) 


Machine 2: 630 containers 37. (9a, — 35a, 67a) 
ven ile pr se: = 
69. y=0.97x +210 71. y = 0.318x + 4.061 39. y = px? — 2x 41. y=x?— Ox +8 


10 
73.y=-2x+4 


ll 


75. (a) and (b) y = —240x + 685 





(c) . (d) 349 units 
3 -6 12 
480 
=3 2 
440 
z 2 2 a 2 2 =e 
= 400 435% a y> — 4x — 0 45. x* + y* + 6x — 8y = 0 
A 360 3 10 
320 
ane 
100 125 150 175 -3 6 
le ea) ars iy 
Price (in dollars) od ee oe , 
77. False. Two lines that coincide have infinitely many points i ~2 


of intersection. 


79. True 


47. s = —161t? + 144 49. s = —16t? — 32t + 500 


51. 8 touchdowns 53. $300,000 at 8% 
81. | x + yi Cian 83. E +iByi= 32 6 extra points $400,000 at 9% 
2 


x—y= 18 3x + 6y = —62 6 field goals $75,000 at 10% 


58> 


Sie 


39° 


61. 


63. 


67. 
Tle 


250,000 — 3s in certificates of deposit, 
125,000 + $s in municipal bonds, 


125,000 — s in blue-chip stocks, 
s in growth stocks 


20 liters of spray X, 
18 liters of spray Y, 
16 liters of spray Z 


Use four medium trucks or use two large, one medium, and 
two small trucks. Other answers are possible. 


t, = 96 pounds 
t, = 48 pounds 














a = —16 feet per second squared 
( 2 1 1 (2 1 p) ) 
—(—-—+ + 65. + 
DN Bee 5 — |i al DNS 52D FEB 
y= Aer — ax t+ 69) y= x2 — x 
(a) y = 0.165x? — 6.55x + 103 
(b) : 
450 

g 400 

Se 350 

2 300 

De 250 

1S 200 

& 150 

i] 100 

n 


50 


x 
10 20 30 40 50 60 70 
Speed 
(in miles per hour) 


(c) 453 feet 


ae i= )5 15.0 = +2/2/ ior x =\0 
vias y=) ‘ete 
A=-5 A=1 A=0 
77. False. Equation 2 does not have a leading coefficient of 1. 


. No. Answers will vary. 


. There will be a row representing a contradictory equation 


such as 0 = N, where AN is a nonzero real number. 
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91. (a) +2,0 93. (a) —3,4,5 


(b) (b) 


A123 




































































99. (5, 0) 


Section 7.4 (page 597) 





cay tz — 6 
=De= Waris ils) 
ser Ay eS eS 
Dye = war Bye =| 2s} 87. 150% 892275 
—6x+4y+ z= 18 
Soe Oye INS) 


ie ; ah y 








a2 














11. y 


SBD ol 





13. 15. 








Boy < 5+ 2 27. y = 5x +2 
29. candd 31. a,c, andd 








37. 


41. 


47. 


Sie 


BRE 


57. 


63. 


65. 


39. No solution 





y 
A 
‘ 
son ge 
7 
Nia 
3% 
7G, 2) 
is eae 
o 
(2 Oe “ -& 
x 
$"3 4 3 i’. 3 4 
p 7 2 














7 49. 5 
-6 6 
-5 7 
A -3 
5 
<) 7 
= 
Wes CS a 5530 (ee ae 
x20 y>2-4x 
vez 0 320, 7 20 
P+y?s16 59. (2<x%55  6L [yee 
x20 sy <7 yes Sta 
y20 y20 
Consumer surplus: 1600 


Producer surplus: 400 
Consumer surplus: 40,000,000 
Producer surplus: 20,000,000 


x 
IV IV IA IA 
=) 





20,000 = 
2x 
5,000 
5,000 10,000 + 


& 
IV IV IV IA 








> xX 





ae + 
10,000 15,000 


71. [55x + 70y < 
G a) 
= 





a 
20 40 60 80 100 120 


| 
os) 
SEs 
+ 
es Hew 
Ss) se 
V WV WV 
— NN 
Nn oO 
S: US 


3 
IV 
So 





10 20 30 40 50 60 


75. False. The graph shows the solution of the system 


Nao) 
—4x — 9y < 6. 
She dane 2 
THE | 79. a 
$1. (a) | wy? — mx? = 10 
yw x 
ES 10 
(b) ¢ 
-6 6 
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(c) The line is an asymptote to the boundary. The larger the 
circles, the closer the radii can be and the constraint 
still be satisfied. 


83. The graph is a half-line on the real number line; on the 
rectangular coordinate system, the graph is a half-plane. 


85. x + lly+8=0 87. 2x -y+1=0 
89. 60x — 35y + 113 =0 ~=-911. 52.619 ~—-93. 0.022 
95. 0.064 97. (—4,3,—-7) 


Section 7.5 (page 607) 
1. Minimum at (0, 0): 0 
Maximum at (5, 0): 20 
5. Minimum at (0, 0): 0 
Maximum at (3, 4): 17 
9, Minimum at (0, 0): 0 
Maximum at (60, 20): 740 
11. Minimum at (0, 0): 0 


3. Minimum at (0, 0): 0 
Maximum at (0, 5): 40 

7. Minimum at (0, 0): 0 
Maximum at (4, 0): 20 


Maximum at any point on the line segment connecting 
(60, 20) and (30, 45): 2100 





Minimum at (0, 0): 0 Minimum at (0, 0): 0 
Maximum at (5, 0): 30 Maximum at (0, 2): 48 
17. 19. 





Minimum at (5, 3): 35 


Minimum at (10, 0): 20 


No maximum No maximum 





25 
29 
33 


35 


Si 


39 


41. 


43. 


Minimum at (36, 0): 36 
Maximum at (24, 8): 56 
27. Maximum at (0, 10): 10 


22 19). 271 
31. Maximum at (24 2). e 


Minimum at (24, 8): 104 
Maximum at (40, 0): 160 
. Maximum at (3, 6): 12 
. Maximum at (0, 5): 25 


. 750 units of model A 
1000 units of model B 
Maximum profit: $83,750 

. O units of the $150 model 
200 units of the $200 model 
Maximum profit: $8000 

. Three bags of brand X 
Six bags of brand Y 
Minimum cost: $195 

. 4 audits 
32 tax returns 


Maximum revenue: $17,600 





The maximum, 5, occurs at any point on the line segment 
: 20 45 
connecting (2, 0) and (ee #8) 


y 





(0, 0) 


The constraint x < 10 is extraneous. Maximum at (0, 7): 14 


47. 





The constraint 2x + y <4 is extraneous. Maximum at 
(0, 1): 4 


True. The objective function has a maximum value at any 
point on the line segment connecting the two vertices. 








49. (a) t>9 (b)3sts9 S51. z=x+5y 
53. 2=4x + y 
9 x? + 2x -— 13 

55. ——~,x #0 57. ———~—, x # 43 

ay A=) 
59. In3~ 1.099 61. 41n 38 ~ 14.550 
63. $e!2/7 = 1.851 
Review Exercises (page 612) 
1. (5, 4) SOF 0) (28) a2 8) 54) 
7. (0,-2) 9. (1.41, 0.66), (— 1.41, 10.66) 
11. 10,417 units 13. 96 x 144 meters _—15. (#5, 3) 
17. (3,-4) 19. (—3,7) 21. No solution 
23. : 25. 

———a 
-9 9 
3 

Inconsistent Inconsistent 
27. 400 at $9.95; 250 at $14.95 29, (eae 1) 
31. (2,-4,-5) 33. (2,2, -§) 
355 6ae 2a Ng) Si 


39. 
43. 
45. 


47 


gee ar ye = tec thy = il = 
(Giana) 


41. y = 1.01x + 1.54 


10 gallons of spray X 

5 gallons of spray Y 

12 gallons of spray Z 

y = 0.114x? + 0.800x + 1.591 
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49. 51. 65 














1s 


TE 


79. 


83. 


. Minimum at (25, 50): 600 
67. 
69. 


Maximum at (500, 500): 60,000 


Five units of product A 71. ; gallon of type A 

Two units of product B 2 gallon of type B 
Maximum profit: $138 Minimum cost: $1.45 
False. An objective function can have no maximum value, 


one point where a maximum value occurs, or an infinite 
number of points where a maximum value occurs. 


Sa a) 77. {-x+4y= 10 
3x +y= 11 She xt = =P 


BS ys eS 7 (ease yp eS S 7 
Dg Se NW Ag = ss Sec oye ee 16 
Sit sy e= 12 4x — 2y + 3z= 31 


For a linear system, the result will be a contradictory 
equation such as 0 = N, where N is a nonzero real number. 
For a nonlinear system, there may be an equation with 
imaginary roots. 


Sys 59. 85. (a) One (b) Two (c) Four 
Chapter Test (page 617) 
1-354) (0; =), GO), @, 1) 
Se (Set) (22) 4. (3, 2) S350) 25) 
; 6. (1, 12), (0.034, 8.619) 7 (Le) bh (2, =3, 1) 
9. [3x —-y=9 
{* +y=3 
(Answer is not unique.) 
61. (20x + 30y < 24,000 hao 10. y = —3x2+x+6 
12x + 8y < 12,400 yaa 
: ah Rie eee ye 
ee “ Fl aa —6x+ y-12z= 24 
ary (Answer is not unique.) 
63. Consumer surplus: $4,000,000 12. 13. 


Producer surplus: $6,000,000 
P Consumer Surplus 
@ Producer Surplus 
p = 130 — 0.0002x 
cay 90) 
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14. 





15. (12, 0); z = 240 
16. $275 model: 160 units 


$400 model: 140 units 
Maximum profit: $19,300 


17. 0 units of model I 


5300 units of model II 
Maximum profit: $212,000 


Chapter 8 
Section 8.1 (page 630) 


1. 


ifs 


19. 
21. 


23. 


27. 
29. 


TS ay Shel By P< BD 


ca 
‘6 
NN 
| 
em OO 
of 
on S) 


Pe) ial | Scan (i20 te Ze =) el) 
Fae y-2z= q 
6x + 3y = 2 
She cp ID) sie Sie = 0 
—2x + 18y poz 2w— 10 
oR ie oN Se tove =n '4 
3x ap Dye = -10 


Reduced row-echelon form 


Not in row-echelon form 


fed. idea 
bases | 25.40.15 fo? nto 
ie ie 
i Pd eet 
i me 
035 20 9% 


Add 5 times Row 2 to Row 1. 


Interchange Row 1 and Row 2. Add 4 times new Row | to 
Row 3. 


31. 


RRP 


37. 


41. 


43. 


47. 
SBb 
59. 
65. 
67. 
TAk 
lide 


81. 


83. 


85. 


89. 





1 2 3 1 2 3 
(a) |0 -5 -10} ()|0 -5 —10 
3 1 all 0 Sara 
1 2 3 i 2a 
()|0 -5 -10/ @]lo1 2 
0 0 0 0 0 
10 -1 
()aOrsw 2 
0 0 0 
The matrix is in reduced row-echelon form. 
ieee 1-1 -1 1 
Oe ik 2 0 35t5 || (0) 1 (oy 8 
0/0 1 =1 0 0° (Ome 
1 0 0 oe 
O10 39 
Metical On OD Opel 
ODO Om0 
fF () <2 i] 
Oe il ee 
x-2y= 4 AS, |x = yor 
sake yr ae 
2 
(—2.7°9) (8, 0, —2) 
(3, —4) 49. (—4, —10, 4) 51° 332) 
(—5, 6) 55. (—1, —4) 57. Inconsistent 
(4, —3, 2) 61. (7, —3, 4) 63. (—4, —3, 6) 
(2a + 1, 3a + 2, a) 
(4 + 5b + 4a,2 — 3b — 3a, b, a) 69. Inconsistent 
(0, 2 — 4a, a) 73. (1,0, 4, —2) 
(—2a, a, a, 0) 77. Yes; (—1, 1, —3) 79. No 
3 
ee BA OB ae as 
o1 4 —$|,10 1 20: =1 
4x? ES 1 i 3 2 
@w+1)?@—-—1) x«-1 x+1 @wt+ ti)? 
$100,000 at 9% 87 .0y = ie aie 
$250,000 at 10% 
$150,000 at 12% 
(a) y = —128.5t? + 1587.5t — 4304.0 


(b) 700 





(c) —1279. The estimate is not reasonable because it is a 
negative number. 


SAA) ey — SONS 10> — 200) Ett x5 45, 
x, = 350 —1,%, =¢ 

(b) x; = 100, x, = 200, x, = 50, x, = 0, x; = 350 

(C) x, = 150, x, = 150, x, = 0, x, = 0, x; = 350 








93. False. A matrix is in reduced row-echelon form if (1) all 
rows consisting entirely of zeros occur at the bottom of 
the matrix, (2) for each row that does not consist entirely 
of zeros, the first nonzero entry is 1, (3) for two succes- 
sive nonzero rows, the leading | in the higher row is 
farther to the left than the leading 1 in the lower row, and 
(4) every column that has a leading 1 has zeros in every 
position above and below its leading 1. 


9. (x+ y+ 7z=-1 
moiaey liz 10 
Dee sp Se Oke = 2) 

97. Interchange two rows. 


Multiply a row by a nonzero constant. 
Add a multiple of a row to another row. 


99. A matrix in reduced row-echelon form has zeros above 
the leading 1s. A matrix in row-echelon form may have 
any real number above the leading Is. 


101. y 





Horizontal asymptote: y = 0 
105. 


y 








1. x = —4,y = 22 
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Q 28 = fi 
(©) [ Ea @ | 8 i 
ie 3 cas ie 8 


iN eed (b)| 3 -1 (cy | BO 12 
—2 15 —4 -—5 —-9 15 


1 

4 

6 

3 3 = OR 
4 A = jl =2 3 
ey ee Te AIA SAMI 
11. (a), (b), and (d) not possible 


18 0 9 
© ee =12 | 
=§ 7 274 = 4AM 
ie. 15 y| e eas 32 al 
10 8 217143" 9143 
Hi. gas ;| 19. | 11.571 fae 
eT ss 3-739 


21. | —4.252 —13.249 
ASI 0302 


26. 5-9 J 
23. | -1 0 25.) -} 0 
7 ANG) iB ii 


2 
0 15 = ay 9 6 
BIA) B Hi (0) ee | ©) Fi 4 


-1 0 -10 8 -6 
~ [0 ol lo ol Ole al 


U 7 14 
31. (a) 8 8 16 (b) [13] (c) Not possible 
=| = =2 
By eal 3 0 0 
33. Not possible 35. |10 16 SO) —4 0 
26 46 0 O10 
0 0 0 4] ae 
39m 0 mOnO 41 42 5 25) 
ORONO 10) es), 55) 
151 25 48 
A356" 279) §387) 45. Not possible 
AT 2X) 337) 


Sees -4 10 
a.|_j a 1.| 3 A 
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—1 1]{[x, 4 4 17. Does not exist 19. Does not exist 
51. (a) = (b) 
= jl Xo 0 8 ] 1 —= I 1 0 0 
-2 -3][x, —4 A 2. es ret 23.|-2> 7 
: - b e et 
gee | 6 als el (b) 6 Beene © a Sides 
20 4 5 
| =2 3 " o 9 1 a 1 0 0 0 
Spe (2) || 3 = | Neey —6) (DF 1 0 i : ; S75 39. E8 
cee ee hee 7 : 25. 27.| 95 =? 
f= iiiael 20 | ei os 14. 
57. (a)}-3 1 —lllxml= SiG) 3 OF kt manic 
Re Se We ae img se mst mrs) 1 -12 -5 -9 
59. Not possible 61. Not possible (BY SG 2 29. 450 = 3155 7 =3 31) 45 =o 
: he. 2 E bade La 
65. Not possible 6 x3 69 fe 120 | 0-131 0.50 
71. BA = [$1037.50 $1400 $1012.50] Sg 35. Does nets 
= 2a7 = SAE 
The entries represent the profits from both products at each 
of the three outlets. I 0 ] 0 3 2 
0 1 1 19 
$15,770 $18,300 8 ie ; oles " 
19 9) 
73. | $26,500 $29,250 0 1 0 2 
$21,260 $24,150 ton 15 
5959 
The entries are the wholesale and retail inventory values of 41. Does not exist 43 4 : 45. (5, 0) 
the inventories at the three outlets. alia? 
$18.10 $15.40 AT (—8, 6) 49. (3, 8, —11) 51. (2, 1, 0, 0) 
75. |$29.80 $25.40 53. (2,-2) 55. Nosolution 57. (3, —3) 
$51.20 $43.80 59. (—4,—-8) 61. (~1, 3, 2) 
5 13. 19 u 
The entries are labor costs at each plant for each size of 63. (ia + 16> 164 + 16> a) 65. (2a — 1, —3a 2a 
boat. 67. (5,0, =2) 3) 
77. True. The sum of two matrices of different orders is 69. $7000 in AAA-rated bonds 
Basra ep $1000 in A-rated bonds 
alee $2000 in B-rated bonds 
- ; b i - a ie 71. $9000 in AAA-rated bonds _—-73. :J, = —3 amperes 
6 1 I l 7 7 $1000 in A-rated bonds I, = 8 amperes 
Ola) $2000 in B-rated bonds 1, = 5 amperes 
81. AB = 
k a 75. True. If B is the inverse of A, then AB = J = BA. 
AB = O and neither A nor B is O. 77. True. If A is of order m x n and B is of order n x m (where 
1 0 m # n), the products AB and BA are of different orders and 
83. A? = iF 4] = I, the identity matrix. so cannot be equal to each other. 
79. The inverse matrix can be calculated once and used for 
4 = 522 W/Si) Wally : 
85. —8.5 87. Sa TAS 5a 89. 4, + ae more than one exercise. 
91. (7, =3) 93.4(3, = 1) 81. x = ae = 10.47 83. x = 2°° ~ 90.51 
Section 8.3 (page 655) 12 -18 8 
1-9. AB = [and BA = I a = Pe ee il 


11. pe 


So ve 
wi © 
(ace 
—_ 
io) 
ie 
il 
ww WwW 
[—~ 1S) 
————— 
_ 
mn 
ae 
LO el 
| 
— 


Section 8.4 (page 663) 


eS) Sie5 Be 27 ds © 26 il, =O) 
13. 72 15. v4 17. —0.002 19. —4.842 21. 0 
23. (a) M,, = —5, My = 2,M,, = 4, My = 3 
(DEG ne Oren — =o. 49. — 6S 
25. (a) M,, = —4,M, = —2,M,, = 1,M, = 3 
(b) Gf = — 4 €,, = 2: Cy = - 1G = 3 
27. (a) M,, = 3,M,, = —4,M,3= 1, Mp, = 2,M,, = 2, 
M,, = —4, M3, = —4, My = 10, M3 = 8 
(b) Cy = 93; Cin = "4, Gig = 1, Cay = 2, Cy, = 2 
Cy, = 4, C3, = —4, Cen = —10, Ci, = 8 
29. (a) M,, = 30, M,, = 12, M,, = 11, M,;= —36, 
M,, = 26, M,, =7, M3, = —4, M3. = — 42, M,, = 12 
(b) CG, = 30, C,, = = 12, C,, = 11, C,, = 36, C,, = 26, 
Gy, = —7, Cy, = —4, Ca, = 42, Cy, = 12 
Bie —J>  (b)'—75 33. (a) 96 = (b) 96 
S5aa@)) 170" ~ (6) 170 37. 0 39. 0 
41. —9 43. —58 45. —30 47. —168 49. 0 
51. 412 S35— 1126 55. 0 5/350 59. 410 
Olena) (b)) —2. (Cc) Nes Bad (d) 6 
63a) —8 (b) 0 ©) ia “1 (d) 0 
1 4 
Goma) —2 1" “(b), = 19" *(c) a OR 3 (d) 399 
7-338 9 
1 4 3 
Giad@s2 (b)) =O (o> 1 0 3 (@by = 12 
0 2 0 
69.-73. Answers will vary. sy S14 Ths Al Se 
79. 8uv — 1 81. e* CRE IF == Vitis 


85. 


87. 
89. 


91. 


True. If an entire row is zero, then each cofactor in the 
expansion is multiplied by zero. 


Answers will vary. 


A square matrix is a square array of numbers. The determi- 
nant of a square matrix is a real number. 
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1 1 
93. | 1 95. Does not exist 


Section 8.5 (page 675) 

1.(22,-2) 3%) 5. (1,3,2) 

T= 2, 1,4) 9s (OS) (1, 2) 3. 

157049 1765 PS a98 Me 21.28) 123.2080 

> =O = 1 

31. Not collinear 33. Collinear 35,6 — =o 

37. 3x — 5y = 0 BBs oo ae hy = 5 =) 

41. 2x + 3y -8 =0 

43. Uncoded: [20 18 15],[21 2 12],[5 0 9], [14 0 18], 
[9 22 5], [18 0 3],[9 20 25] 


27. 250 square miles 


29. Collinear 


A131 


7 


Encoded] 5210) 2-49 3334549 S27 
OA areola Ove LOO 
Sh Ail Sy: 
AD is ONO OS lL ZO On On Seon /9iOr, 
O95 =a) =A sy Oil Bo Pe IT ay Sah ea) ake 
84 76 177 227 


49. HAPPY NEW YEAR 51. CLASS IS CANCELED 
53. SEND PLANES 55. MEET ME TONIGHT RON 


57. True. If the determinant of the coefficient matrix is zero, 


then the solution of the system would result in division by 


zero, which is undefined. 





59. Answers will vary. 61. (5,-4) 63. (2, —2, 5) 
65. 

Minimum at (3, 4): 46 

No maximum 
67. —13.78 69. —115 
Review Exercises (page 679) 

3°10 9) 15 

ese a il Sel cole ri ; pa 


7, \Seear wore ie = —O 
AXE DY) = 10 
Ox + 4y + 2z 3 


II 


A132 


9. 


11. 
13. 
17. 
21. 


Daisy 


29. 
33. 
3h). 


41. 


45. 


49. 


Sey 


59> 


63. 


65. 


67. 





1 0 0 

0 1 0 

0 0 1 
Consistent, infinitely many solutions 
Consistent, one solution 15. (10, —12) 
(—0.2, 0.7) 195-6, 246) 
(—2a + 3,2a+1,a) 23. (1,0, 4,3) 

s : d 27, (2, 23,3) 


Tel ee. Gt 2 


CS) 3121036, 1 Ones) 
x=12,y=—-7 35. x=l1,y=11 SiemNes 
Not possible because matrices are not of the same order. 
54 4 
Ve ma 43.|-2 24 
=A 3) 
2a 
ie a | AT Be ST 
= =2 
9 D 
1-4 11 51. Yes 53. Yes 
10 0 
ie =o 8 
14 -10 40 57 BE | 
36 less 
AS Vocus 3h7/ 
ie a ol. ie 4 
eb OB) 
19 —41 80 
42 —-66 66 
Seyi 
tie 
(a) [$274,150 $303,150] 


The merchandise shipped to warehouse 1 is worth 
$274,150 and the merchandise shipped to warehouse 2 


is worth $303,150. 


10,250 9,250 
(b)eAL =|) 83125) 512250 
6,750 6,000 

BA, = [$342,687.5  $378,937.5] 


69. and 71. AB = / and BA = 1 


73. ie ;| 75.{|-1 -7 5 


KS ees sine 


Ile p= leh 8 
Ph aie, 


0104347 a 02173. 


0.0652... | 79. Does not exist 


Answers to Odd-Numbered Exercises and Tests 


103. 


105. 
111. 
113. 
115. 
121. 
125. 


127. 
129. 
131. 


133. 


oe, apes 
2 a3 8 

se ; 3. | A és 85. (2, —3) 
2 5 16 


87. 
93. 


(—2,1) 89. (-2,4,3) 91. (—3, 5,0) 

(5,6) 95. (4,-2,1) 97. -41 99. 78 
. (a) My = —4:My = 5,My = 6, May =3 

(b) Cy = —4, Cp = 75; Cy = +6: Cp ee 

(a) M,, = 19,M,, = —24,M,, = 26, Mp, = 2, 


My, = 32, My; = 20, My, = —47, My = —96, 
Myy= 22 

(b). Cy 19, C,, = 24,.C 26, Cy eee 
C= 32; Coy = = 20; Cy, = 47, Cee 


ey) 
-117 107. -255 = 109. (3, —2) 
(6, 8, 1) 


40 liters of 75% solution; 60 liters of 50% solution 

16,667 units 117. 24 9119. 3 

3x + 2y — 16=0 123; 10x —-Sy +9) 10 

Uncoded: [18 5 20], [21 18 14], [0 20 15], 
[0_2 a], [19750] 

Encoded: 66 28 105 —24 —59 -— 225i 
—25) —9 810) —3 58) Sa 

MAY THE FORCE BE WITH YOU 


True. Answers will vary. 


=o) 


If A is a square matrix, the cofactor C;, of the entry a;; is 
(—1)'*/M,,, where M,, is the determinant obtained by 
deleting the ith row and jth column of A. The determinant 
of A is the sum of the entries of any row or column of A 
multiplied by their respective cofactors. 


The part of the matrix corresponding to the coefficients of 
the system reduces to a matrix in which the number of 
rows with nonzero entries is the same as the number of 
variables. 


Chapter Test (page 685) 


sono line 0 = ae 
Ol Ouse 

Clete Orin sa 

a or 0. 0: 5 OL aime 
0 0° 0% 

sae. 2 14 

eee 2 —5|, (1,3, -3) 

a a 4 8 

y= px? +x4+2 


Answers to Odd-Numbered Exercises and Tests A133 





iin, 15 guia 59. 6,8, 10, 12,14 61. 81, 27,9,3, 1 
cof ofa 
04 (2,12 ae 
=4 =12 oe! 
ate rg reek @.35 65.90 Ont] > ap 
6. ; ] Pa TI, 35 13,40 975.0305 77 199 8 
5 4-6 5 is 


Si. 30 83.81 8s. 
8. (13,22) 9-196 10.29 11. (-3,5) 








1 : i S 
12. (—2, 4, 6) 13.7 87. 5 a 89 >|2() + 3| LN Ee ean ie vecs 
i=1 i=1 i=1 
14. Uncoded: [11 14 15], [3 11 0], [15 14 0], [23 15 15], 20 (—4)i+1 ec | 15 3 
[40 0] 93. PIE 95. »» ra 97. 16 99. i 
Encoded luli 4 lee 59 a4 3h pe Olas 101. 3 103. 3 
Leese 5a) 00 aa 30 105. (a) A, = $5100.00, A, = $5202.00, A; = $5306.04, 
15. 75 liters of 60% solution A, = $5412.16, A; = $5520.40, Ag = $5630.81, 
25 liters of 20% solution A, = $5743.43, Ag = $5858.30 


(b) $11,040.20 


Chapter 9 
: 107. a_, = $627.23, ay = $696.00, a, = $760.03, 
Section 9.1 (page 695) @ = $81932.a, = $813:81, az = 992368, 


fey 10, 13,16 3. 2,4, 8, 16, 32 4s — $908.75, a6 = $1009.08 
1020 
5. —2,4, -8,16,-32 7. 3,2,2,3,4 


a2 9 24 15 1 Sw seis ikon 
9. 3,11 13 47> 37 11. 0, 1,0,35,0 13. 3,9, 27> 81> 243 





eels lio YD 2 il 

Moar peg RTT 999 8°40 : 
600 

19. -1,14,-4,4,-3 21. 2,222 2 

iol abasic ae 109. $23,660.88 million 
23. 0, 0, 6, 24, 60 293 — 73 

44 PUD 25 Sandys bore 15-34; 55,89 BIAS. 
27. 0.000282 29. 339 3.5 8 13 21 34 55 89 
1, 2; 3, 3° 5° 8» 13> 21> 34> 55 


31. 10 33. 18 
113. $500.95 115. Answers will vary. 


117. True by the Properties of Sums 


1 -26 1 
mo cE | . 15 a 








{sui 9 ObAIMG 
35. (c) ie dl SS ie A 
-3 -7 4 10 25 -10 
121; Gy a4 nana el (b) |-12 -11 3 
POE Fe) -3 -9 -8 
2 7 -16 Geel. , 42 
(e)\| 4. 42. 245 (d)|10 47 31 
— = a 
Sul © 39. d 41. a, =3n-2 43. a,=n 1 Be ae 3 22.«25 
etn 1) n+ 1 1 
pea et 1) = egies 123.26 125. —194 
45. ERD 47. a, al 49. a, 2 
1 Section 9.2 (page 705) 


Seago =(-1)y*! 53.4a,51+ - 


n 


1. Arithmetic sequence, d = —2 


5S. 28, 24, 20, 16, 12 27354, (6 LUNE 3. Not an arithmetic sequence 


A134 


15. 


17. 


19. 
21. 
23. 
25. 
29. 
33. 
ST 
41. 
45. b 
49, 


53. 
61. 
69. 
75. 
77. 
83. 


85. 
87. 
89. 


91. 
97. 


. Arithmetic sequence, d = —7 


1 


. Not an arithmetic sequence 
. Not an arithmetic sequence 


5 thy, 1S aes I A) 


Arithmetic sequence, d = 3 


Bib oly = ly eh —S) 


Arithmetic sequence, d = —4 
=e eae Lgl es 
Not an arithmetic sequence 
Go ihe as 
Not an arithmetic sequence 
15319523527, Sidi 4207 = Ariel 
200, 190, 180, 170, 160; d = —10; a, = —10n + 210 
$1314.g= aire pie 


8> 2° 8> 4> 8> 
5), il, I, 28, 2S. ifs =P 80), = Ss okey, Ae 
2 OmOn 4 


2; 6, 10;ANES eye 3s 
35. a, = —8n + 108 


a, = 3n—2 
s en 13 
Gi— 2x — BIOS Gis ou) a oy 


On+2 43. a, = —3n + 103 


Ss 
| 





0 2 


620 55. 17.4 
1275 63. 30,030 65. 355 
520 hs 22S 73. 10,120 
(a) $40,000  (b) $217,500 
2340 seats 79. 405 bricks 


57. 265 59. 4000 


67. 160,000 


81. 490 meters 


True. Given a, and aj, d = a, — a, and 
a, =yoy nid. 


Because a, = dn + c, the geometric pattern is linear. 
10,000 


(a) 4,9, 16, 25, 36,  (b) n? 


(c) su + (Qn — 1)) =n? 


4 93. (3a 
(4, 1) 


,-3a,a) 95. (0,0, 0) 


Coral, 2, 3) 


Answers to Odd-Numbered Exercises and Tests 


Section 9.3 (page 714) 








1. Geometric sequence, r = 3 
3. Not a geometric sequence 
5. Geometric sequence, r = —5 
7. Geometric sequence, r = 2 
9. Not a geometric sequence 
1152) 6 Wek 54mlen Sst 
15. 5, —355) —sm> 2000 17. 1, 6, 'e7) ees 
eae oa 
ae Per 
21. 64, 32, 16, 8, 4; 7 = 3; a, = 128(5)° 
23.7 TAS 28 SG Deer = 32)" 
25. 6,-9.5, gor a, = —4(-3)" 
27. = 29. ~ 310 31. 100e* 33. 1082.372 
akb © Siig 2 39. a 41. b 
43. 45. 
47. S11 49, 43 Sle AE PAl Si 53. 2092.596 
7 7 
55. 6.400 57. 515(3)""! 59. S2(-5)" 
P n=1 n= 
61. S014)" 63.2 65. 3) 67. 
n=1 
71. -30. 73.32 75. Undefined 77. q 79 
81. 20 83. (a) $1790.85 
(b) $1806.11 
a 10 (c) $1814.02 
! (d) $1819.40 
“ad (e) $1822.03 
Horizontal asymptote: y = 12 
Corresponds to the sum of the series 
85. $22,689.45 87. $7011.89 
89. Answers will vary. 
91. (a) $26,198.27 93. (a) $637,678.02 
(b) $26,263.88 (b) $645,861.43 
95. Answers will vary. 97. 126 square inches 
99. (a) $5,368,709.11 101. (a) 152.42 feet 


(b) $10,737,418.23 
(c) $21,474,836.47 


(b) 19 seconds 


103. False. a, = a,r"~! 

105. Given a, and a,, r = a,/a, anda, = a,r"~!. 
107. 3x + 4 109. 9x? + 24x + 15 

111. Does not factor 113. 4x2(2 + x)(2 — x) 
fee 2 =F AIT, x 4 3, 5 


Tx2 + 21x — 53 
Bian) 4) 
Section 9.4 (page 726) 
j 5 (k + 1)2(k + 2) 
“(k + I(k + 2) i 4 


5.-17. Answers will vary. 
19. 120 PAN Hil aks, QS) 25. 70 27. —3402 


29. §,=nQn-1) 31. Ss, = 10 — 10(3)’ 


n 


33. S, = Seam 35.-49. Answers will vary. 


51. 10, 40, 160, 640, 2560 Ee O25 7 10) 
Soe Os 3, 1,4 
Firs ditterences: —2, 5, —2, 3 
Second differences: 5, —5,5 
Neither 
57. 3, —3, 6, — 12, 24 
First differences: —3. We Meh SO 
Second differences: Za = 207). 54 
Neither 
59. 2, 4, 16, 256, 65,536 
First differences: 2, 12, 240, 65,280 
Second differences: 10, 228, 65,040 
Neither 
61. 0, 4, 10, 18, 28 
First differences: 4, 6, 8, 10 
Second differences: 2, 2, 2 
Quadratic 
GSmOF— 1s = 25'—3,,=4 
First differences; — 1, —1, —1,—1 
Second differences: 0, 0, 0 
Linear 
65.4,=n2—2n+7 67. a, =4n? —5n +3 
69. False. P, must be proven to be true. 


71. False. A sequence with n terms has n — 2 second 
differences. 


Answers to Odd-Numbered Exercises and Tests A135 


Wiss 


TE 
79. 


(a) BP 


> is true for integers n = 3. 


/\ 


(b) P, is true for integers 1 < n < SO. 

(c) P,, P>, and P, are true. 

(d) P,,, is true for any positive integer n. 

(8, 2) and (0, 0) ge Me ls 3) 

AXP — Any ty 81. 8x3 — 48x7y + 96xy? — 64,3 


Section 9.5 (page 733) 


il 
11. 
17. 
19. 
21. 
23. 


25. 
27. 
29. 


31. 


33: 
SBe 
37. 
39. 
47. 
49. 


Sh 


59. 
65. 


67. 


10 ah il 5.) 15,504 I AND 9. 4950 

56 13535 Ss aah sb aie? <5 Gi? dp Abe se 

a* + 24a3 + 216a* + 864a + 1296 

y? — 12y? + 48y — 64 

yO SE Spey Fe Oke We AE IOeAayo = Suay ae ye 

ro al Sros + Waar <s2 - S40r ee iho. a 
1458rs> + 729s° 

243a° — 405a*b + 270a*b* — 90a*b? + 15ab4* — b> 

LO alan OK 

HF se OO Se SOK se SOO se O25 

ey eSy is Oy es a Oy ae Syn 


T T T ae y 
4 x3 x? x o 


5 





LX j 
Dye — WAS oo IB = DAG se WOT 

327 80s = BOTs: — A0is° te L0gs tense 

x + 10x*y + 40x y? + 80x27? + 80xy* -F 32y° 
1,732,104 41. 180 43. —326,592 45. 210 
De? oe 54x 108? 81 


K2 = 3x4 y V+ 3x2/3y2 = y, 51. 3x2 + 3xh + hh? 


1 
[—S SE Sey, = 4! 57. 2035 + 8281 
Jxth+ /x 
1 61. 1.172 63. 510,568.785 





g is shifted 4 units to the left of /f. 
g(x) = x° + 12x? + 44x + 48 





p(x) is the expansion of f(x). 


A136 


Answers to Odd-Numbered Exercises and Tests 


69. 0.2503 71. 0.273 
73. (a) g(t) = 0.0834t? + 0.74377t + 7.00868 
(b) 





75. False. Expanding binomials that represent differences is 
accurate. The coefficients have alternating signs. 


Wilke 1 


ip Siner 3h ail 
14 6 4 1 
(Ps) IQ IG) sy 
oS ORS atOna 
il 7 Al sby Bi) Ail Tl 
158) 28565709 56.28) Sal 
79. The signs of the terms in the expansion of (x — y)” alter- 
nate from positive to negative. 


81. and 83. Answers will vary. 

85. g(x) is shifted 3 units to the right of f(x). 
87. g(x) is the reflection of f(x) in the x-axis. 
89. ile 











Section 9.6 (page 743) 
ihe Sak a al Soak 
13.64 15.4 
19. (a) 900 


Te I 


9. 30 
17. 175,760,000 


11. 15 


(b) 648 (c) 180 
21. 64,000 23. (a) 40,320 
25. 24 27. 336 29. 120 
33. 1,860,480 35. 970,200 
39. 420 41. 2520 


43. ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, 
BADC, CABD, CADB, DABC, DACB, BCAD, BDAC, 
CBAD, CDAB, DBAC, DCAB, BCDA, BDCA, CBDA, 
CDBA, DBCA, DCBA 


(d) 600 
(b) 384 
31. n=Sorn=6 
37. 15,504 


45. 


47. 
SB 
59. 
61. 
63. 
67. 
69. 
Ss 
WE 
79. 
81. 
83. 


Section 9.7 
ils 


AB, AC, AD, AE, AF, BC, BD, BE, BE, CD, CENCE, DE? 
DEBE 


120 49. 11,880 
S021E225 Sb PA 
(a) 70 = (b) 30 
(a) 70 (b) 54 
5 65. 20 


$1. 15,504 53. 3,838,380 


(c) 16 


False. It is an example of a combination. 
They are the same. 71. and 73. Answers will vary. 
No. For some calculators the number is too great. 

(a) 35.- (b). 8 (e) 83 

(a) -4 (b)0 (c) 0 

gO dp Sie se ye ae Oke? sie She sil 


x! + 10x®y + 40x%y? + 80x42 + 80x27) *eeio 


(page 754) 
{(H, 1), (H, 2), (A, 3), (H, 4), (H, 5), (A, 6), 
ED AT 2) RS) AT, 4), (1, S\N eyy 


3. {ABC, ACB, BAC, BCA, CAB, CBA} 


39. 


41. 


47. 


53. 


Wie 
61. 


. {(A, B), (A, C), (A, D), (A 


? E), (B, C): 





(B, D);-(B, E),(E,D), (C, E), (D, E)} 
2 Oh tee 13 a 
ey 192 2a: oy 235 8 
FE 29. 9085 2 Sia 
. (a) 78,000 35. (a) 58% 37. (a) 4 
(b) 30% (b) 95.6% (ieee 
(c) 37% (c) 0.4% (c) 3 
P({Taylor wins }) =% 
P({Moore wins}) = P({Jenkins wins}) = + 
(aaa 43@)ie 452 a), 
(b) Gs (b) 3 (Oper, 
() a5 
@i 9@ 5h @4 
(6) a7 (b) 55 (b) 3 
(©) 3 (c) 105 
(@) 3 
(a)0.9702 55. (a) aan 
(b) 0.9998 (b) aa 
(c) 0.0002 On 
0.4746 59.4 


True. Two events are independent if the occurrence of one 
has no effect on the occurrence of the other. 


63. (a) As you consider successive people with distinct birth- 
days, the probabilities must decrease to take into 
account the birth dates already used. Because the birth 
dates of people are independent events, multiply the 
respective probabilities of distinct birthdays. 

SOS 3640363" 362 


(>) 365 365 365 365 


(c) Answers will vary. 


(d) Q,, is the probability that the birthdays are not distinct, 
which is equivalent to at least two people having the 
same birthday. 


n |10 [15 20 |23 130 | 40 | 50 
I ehacsty1 5 ot oat 





(e) 


Fex[oi2 [025 oa [ost] an os0 os 


(f) 23 

+ / 
65. No real solution 67. 0 eS 69. —4 
7.5 £+173.-10 ‘75. In27 ~ 3.296 


77. In 1 = 0, 1n3 = 1.099 79. In8 ~ 0.981 


4 
81. e8 ~ 2980.958 83. a ~ 9.100 


Review Exercises 
7 16 
fess. 4, 2.79 


2 
eo) 11. ee 
24 


(page 760) 


S264 3 er e520 7.1 


20 1 
13. 6050 15. a 
2 2k 


ie 219. & 
21. (a) $43,000  (b) $192,500 
23. Arithmetic sequence, d = —2 
25. Arithmetic sequence, d = , 27. Ga) lone) 
29. a,=3ny-2y 31.80 33.88 35. 25,250 
37. 43 minutes 39. 4, -1, 4, -in 
41. 9,6, 4,8, 2 or 9, -6,4, -§, 2 
43. a, = 16(—4)" ', 10.67 
45. a, = 100(1.05)"-!, 3306.60 47. 127. 49. 3% 
51.31 53. 24.849 55. 5486.45 57. 8 
59. 61. 12 
63. (a) a, = 120,000(0.7)! 
(b) $20,168.40 
65. and 67. Answers will vary. 
69. 465 71. 4676 


73. S,=n(2n+7) 75. S,= {1 - (3)'] 
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TS alOn S202 
First differences: 5,5,5,5 
Second differences: 0, 0, 0 
Linear 
TINO Se 43 al, 
Ritsta@iterence soma | teal eneallen—ol| 


Second differences: 0, 0, 0 





Linear 
81. 15 83. 56 85. 35 87. 28 
89. is ap a + ame Day? Se sy 
16 Z 2; 
91. a — 15a*b + 90a3b* — 270a7b> + 405ab4* — 243b° 
93. 41 + 840: CB é 97. 10,000 
99. 3,628,800 101. 56 103. ; 


105. (a) 43%  (b) 82% 107. x 


(n+ 2)! (n + 2)(n + 1)n! 
i ail n! 


109. } 





111. True = (n + 2)(n + 1) 


113. True by Properties of Sums 115. Natural numbers 


117. (a) Each term is obtained by adding the same constant 
(common difference) to the previous term. 


(b) Each term is obtained by multiplying the same 
constant (common ratio) by the previous term. 


119. Each term of the sequence is defined in terms of the 
previous term. 


121. d 123. b 


125. The terms of the expansion of (x + y)” are positive; the 
signs of the terms in the expansion of (x — y)” alternate. 


127. 7 The probability that an event does not occur is 1 minus 
the probability that it does occur. 


Chapter Test (page 765) 








ie, este a y 
Reo iP if bi ces ge 
4.25.4 5. 5,10,20,40,80 6. 86,100 7.4 


8. Answers will vary. 


1. 


9. x4 + 8x°y + 24x?y? + 32xy> + 16y* 10. 180 
11. (a) 72 ~=(b) 328,440 12. (a) 330 = (b)_:- 720,720 
13. 720 14. 5 15. 3.908 x 107!° 16. 25% 


Cumulative Test for Chapters 7-9 
(page 766) 


110; 2);(=3.3) 2. aD 
3, (4,2,=3) 4:0) =2m) 
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5: 6. 
aN 
t = es I es > Xx 
appa Ng Nei 767 
ee! / 
x aaicil \, 
at ge 
54+ f \ 
6% 
le \ 
Fe \ 
Te y 
(0, 0) 2 4 Se LOR Le) 
Maximum at (4, 4); z = 20 
8. 120 pounds, 80 pounds 9 y= 5x2 oy Pe aie 
ett Ar ae 9 
10. D> ail Z —9 11) (=2;3; =1) 
Yat aba zi 
|. a8 es 7) = | 6 | 
; 4, 
ea Lae te ae Eat te sa ere 
= Salis Sy 3} 
15. 3.3 16 95 —20 il 
14 =3 1 
17. Gym shoes: $164.80 million 
Jogging shoes: $244.22 million 
Walking shoes: $111.89 million 
i (=a, 2) 19, (—3, 432) 20. 9 
{ orien eet _ (n+ 1)! 
21 sok op = 4Piseah eS ors 
23. 920 24. 65.4 25. 3, 6, 12, 24, 48 26. 6 
27. Answers will vary. 
OBrien 12 5427 — JOR ok 29. 210 30. 600 
Bie Oak 32) 1200) wed e120 Sac 
Chapter 10 
Section 10.1 (page 774) 
3 
1. = Be. 15. SBD 7.092236 
9, 57 radians, 135° 11. 7 radian, 45° 


13. 
17. 
21. 
25. 
29. 
oS: 
35: 


39. 


45. 


49. 
Ss 
Sst 
Sie 


59. 


61. 


63. 


65. 


Wo: if 


69. 


Ak 


0.6435 radian, 36.9° 
2.1112 radians, 121.0° 


15. 1.0517 radians, 60.3° 
19. 1.2490 radians, 71.6° 
2.1112 radians, 121.0° 23. 1.1071 radians, 63.4° 
0.1974 radian, 11.3° 27. 1.4289 radians, 81.9° 
0.9273 radian, 53.1° 31. 0.8187 radian, 46.9° 
(2, 1), 423° (4, 4), 18.772 (G, 2)09.0) 
(—4, —1), 11.9°; (3, 2), 21.8°; (1, 0), 146.3° 37. 0 
z 41.7 43. a = 1.3152 


35/37 35 


(a) 4 74 (0) 


(b) 8 


2./2 51. 0.1003, 1054 feet 
(a) 18.4° (b) 15.8 meters 
@ =33:69°; B= 56.31" 


True. The inclination of a line is related to its slope by 
m = tan @. If the angle is greater than 77/2 but less than zr, 
then the angle is in the second quadrant, where the tangent 
function is negative. 


47. (a) 











4 
Od SS 
Siar ill 
(b) d 
a 
it 
peep $+ mn 
ibe SPA iy i Ma a 
ayet 
(c) m=0 
(d) d = 0. As the line approaches the vertical, the distance 
approaches 0. 
x-intercept: (7, 0) 


y-intercept: (0, 49) 
x-intercepts: (5 + /5, 0) 
y-intercept: (0, 20) 





: Les Os 
x-intercepts: Ma 0 
y- mee (0, nS 

= =r + 1)? _ 
1 _ 49 
Vertex: (- 3: “9 
#@ = 5(x + L 2 we 
17 _ 324 
Vertex: (-%, — 324) 





{0)= 6(x a: er oa 


Vertex: (75, — 37) 


Section 10.2 (page 782) 


ike 


A circle is formed when a plane intersects the top or 
bottom half of a double-napped cone and is perpendicular 
to the axis of the cone. 


. A parabola is formed when a plane intersects the top or 


bottom half of a double-napped cone, is parallel to the side 
of the cone, and doesn’t intersect the vertex. 


are ts Ol 9. a 

11. Vertex: (0, 0) 13. Vertex: (0, 0) 
Focus: (0, 5) Focus: (-3, 0) 
Directrix: y = -3 Directrix: x = 3 


15. Vertex: (0, 0) 


19. Vertex: (-3, 























ah 

VieeNettexa (ih — 2) 
Focus: (1, —4) 
Directrix: y = 0 


Focus: (0, = A) 


: : 3 
Directrix: y = 5 











2) 21. Vertex: (1; 1) 
Focus: (—3, 3) Focus: (1, 2) 


Directrix: y = 1 Directrix: y = 0 
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23. 


A139 


Wertexc(=25—3) 
Focus: (—4, —3) 


Ditectrixsa.— 0) 


25. Vertex: (—2, 1) 


Focus: (- 2; —5) 
5 
2 


Directrix: y = $ 





27. 


29: 


31. 
Ale 
43. 
47. 
51. 
BBY 
59: 


61. 
65. 


67. 
69. 


TA 


WES 








Vertex: ( —5) 
Focus: (0, —3) 


Nir 


Directrix: x = 








x = dy 335x- — — oy 35. y* = —8x 

x? = 4y 39. y? = —8x 41. y? = 9x 

(eo 3) ei (yD) 455 yy =A) 

(y = Qe = Ye = 3) 49> x2 = 8(y — 4) 
(y=2)?=8 53. y= V60+1)+3 

4x —y-—8=0;(2,0) 57. 4x -y+2=0;(-4,0) 


15,000 





x = 106 units 

Wi ae? 63. (a) y = —gpx? 
(a) 17,500./2 miles per hour 

(b) x? = —16,400(y — 4100) 


43.3 seconds prior to being over the target 


(b) 8 feet 


True. A parabola is the set of all points that are equidistant 
from the directrix and the focus. 


64/2 
(a) oes 


(b) The parabola becomes narrower for 0 < y < b. 


One positive real zero, two or no negative real zeros 
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75. Two or no positive real zeros, one negative real zero 15. Center: (—2, 3) 
77. £1,+2,+4 79. +1, +3, £2, +4, +8, +16 Vertices: (—2, 6), (—2, 0) 
81. y = 28 — 7x2 + 17x — 15 83. +2, = -3 Foci: (-2, it </5;) 
Section 10.3 (page 792) Eccentricity: Ee 
1b 3. d Sal t 
7. Center: (0, 0) 9. Center: (0, 0) 
Vertices: (+5, 0) Vertices: (0, +3) 
Foci: (+3, 0) Foci: (0, +2) 17. Center: (4, 3) i 
Eccentricity: 2 Eccentricity: 2 Nomces arte) 2 t 
; Foci: (4 + 4/5, 3) Dy 
A A 
2 
6+ pe Eccentricity: se 
+ 3 X : 
~6 6 oe Sapa 
veoh _ 19. Center: (- ; 
11. Center: (—3, 5) ; eae (- 
Vertices: (—3, 10), (—3, 0) 2 
Foci: (—3, 8), (3,2) Foci: (-3,5 «2 
Eccentricity: 2 
Eccentricity: ee eal 
hat b $m Xx =S5p 
-10-8 -6 -4 al 24" 16 
a 21. Center: 11) y 
A 
13. Center: (— 5,1) Vertices: (3, —1), (-4,- 1) ot 
1 
Vertices: (-2 i), (- 2 i) Foci: (3, - i) (3, - 1) i+ 
Wi 5 Eccentricity: 2 ae af age 
Foci: (-5 ate NED 1), (-s = a 1) 
2 2) 
=2 
ae 5 
Eccentricity: 3" =3 
y 25. 
ee 2 
rl ‘ 
2+ 
1 
7 -6 -5 -4 -3 -2 -1 Ml = 
oi Center: (0, 0) Center: (5. - 1) 
Se Vertices: (0, + /5) Vertices: (4 + /5, -1) 
Foci: (0, + V2) Foci: (+ + V2, -1) 
2 2 2 ? 
a7; = 1." 29) 














x2 2 21x22 
31. — + — 33. —= 
26 il 400 © 25 
—32 2 eS 2 
(2 a Cee 
1 9 
2 )* re) a 
ape tee ON 
16 9 
(eee 2a 244)? Waa 
39, 4S =) 4. — + = 
4 1 48 64 
rate lon 5) Bi anc 42 
43. + =1  45,—+ 
9 16 16 12 
x2 We 
+e 
5s ic |! 


49. Positions: (+ a5: 0); Length of string: 6 feet 











Be y? ; 

; ee ; 
51. 40 53 488° 139 1 55. Answers will vary 
Sik BU) 

} : 

(-z.v7) (3.7) | 

+ +x 
— 4 
-.-v7) (3.-v7) ‘ 





61. True. The ellipse is elongated and the foci are close to the 
vertices. 


63. False. The foci of an ellipse cannot occur outside the ellipse 
because 0 < ¢ < a. 























65 re 
Oe ene b pete 
(@) A= naQ0-a) be) 4h 
©) 8 9 10 | ffenn | 12 | 13 
A | 301.6 | 311.0 3142 | 311.0 301.6 | 285.9 
a = 10, circle 
(d) 350 
0 / s 20 


0 


The shape of an ellipse with a maximum area is a 
circle. 
67. Geometric 69. Arithmetic 71. a, = —jn +} 
73. a, = 9n 75. 547 77. 340.15 
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Section 10.4 
1. b Bh el 


5. Center: (0, 0) 
Vertices: (+1, 0) 
Foci: (+ wD, 0) 


Asymptotes: y = +x 


(page 802) 


7. Center: (0, 0) 
Vertices: (0, +5) 


Foci: (0, + 106) 








9. Center: (1, —2) 
Vertices: (3, —2 
Foci: (1 Fey Sb 


Asymptotes: y = 





Asymptotes: y = + 








—2) 








11. Center: (2, —6) 


17 
Vertices: (2, -12) 


Asymptotes: y = 





3 


6 2 2 
— + — — 
+ 3 ) 














A141 


5) 
ox 


A142 


13. Center: (2, —3) 
Vertices: (3, —3), (1, —3) 
Foci: (2+ + 10, —3) 


Asymptotes: y = —3 + 3(x — 2) 








15. The graph of this equation is two lines intersecting at 


(iy = 3). 





6 





17. Center: (0, 0) 
Vertices: (+ 3, 0) 
Foci: (+ <5 0) 


&, 


Asymptotes: y = + 





19. Center: (1, —3) 
Vertices: (1, eles 72) 
Foci: (1, -3 + 2/5) 


Asymptotes: y = —3 + 3(x — 1) 





Vy? 17x? 
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"1024 £64 j 4 


29. 


SB} 


Sie 


41. 
45. 
51. 


D3: 


55; 
59: 
63. 


(ie) 











“4 31.2 2 ae 
16 9 9 9 

(er DEM eS (4.2) OG a 
ri po See 
= 2 = 2 

(= 3% _(y= 2F 1 39, (3300, —2750) 
9 4 

(12(/5 — 1), 0) ~ (14.83,0) 43. Ellipse 


49. Circle 


False. For the trivial solution of two intersecting lines to 
occur, the standard form of the equation of the hyperbola 
would be equal to zero, 


Gi? 2), eee 


Parabola 47. Hyperbola 








a b? a be : 


The extended diagonals of the central rectangle are asymp- 
totes of the hyperbola. 


3x2 ++ By — 2 Sih oe ae Pe ae We ar (Oye ae Gay ae © 
(x + 7)? 61. x(3x + 2)(2x — 5) 
(25) (4 x) 


Section 10.5 (page 810) 
ie + V3 ae = ‘ 















































ear 6 = 45° 





23. 





6 = 31.72° 





33. Parabola 
= (8x — 5) + /(8x — 5)? — 4(16x2 — 10x) 
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35. Ellipse 





6x + ./36x? — 28(12x? — 45) 
14 





v= 





37. Hyperbola 


_ 6x + 362 + 2002 + 4x — 22) 
ae = 10 











39. Parabola 
(4x — 1) + /(4x 











43. 

















45. (2,2), (2,4) 47. (—8,12) 49. (0,8), (12, 8) 
51. (0,4) 53. (1, V3), (1, - V3) 
55. No solution 57. (0, 3), (—3, 0) 


59. True. The graph of the equation can be classified by find- 
ing the discriminant. For a graph to be a hyperbola, the 
discriminant must be greater than zero. If k = a then the 
discriminant would be less than or equal to zero. 


61. Answers will vary. 63. +3 65, +2 (Yi = 2) 
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69. 71. 

















i] 
i) 
| 
i 
| 
i] 
gh gee ae! a 
2 
i 
1 
| 
| 
i} 


Intercept: (0, 1) Intercept: (0, 2) 


Asymptotes: x = 2,y=0 Asymptotes: t= —1l,y = 0 


73. 











Intercepts: (—1, 0), (3, 0), (0, 3) 
Asymptotes: x = 2, y = x 
BE z 








q 
i} 
1 
1 
I 
| 
<t—t—t 
| 
| 
i 
| 
1 
q 





Intercept: (0, ) 
Asymptotes: s = +2,y = 0 





























Section 10.6 (page 817) 
Le) eo | 2 3 | 4 
i l v9) 3 » 
3 2 1 | 0 -1 
(b) y 
“i 











@ y=3-% 











The graph of the rectangular equation shows the entire 
parabola rather than just the right half. 


Ab Bi, 


>< 




















i +—> x 
Bai 1 ag 
a 
9. 
yy, 
A 
| 
1 
[et le 
3 = I 3 
“a 
=D 








13. 





| 
A+ 
- 











2 
+—}—+—4 : pe 
2 ziestonee8 1012) 14 Adl 
15. y ee tay 
ry 
val 
3+ 
> X 

















23. 


25. 


29. 


35. 


39. 


41. 


43. 


45. 


BRE 
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57. (a) 100 








Maximum height: 90.7 feet 
Range: 209.6 feet 

















Each curve represents a portion of the line y = 2x + 1. 
Domain Orientation 
(a) (+0, co) Left to right 
(b) [-1, 1] Depends on 0 
(c) (0, 00) Right to left Maximum height: 204.2 feet 
(d) (0, co) Left to right Range: 471.6 feet 
ye y) = mx — x,) Die e a2 + (y a = || 
x = 6t 31. x =3 + 4cos 6 33. x = 4cos 0 
y= —3t y=2+4sin@ y = ./7 sin 0 
= 4sec 0 375 (a) x=, y= 34 2 
y = 3tan 0 (b) x= =-£42, y=-—39 +4 Maximum height: 60.5 feet 
(a)x=ty=?? Range: 242.0 feet 
(ob) x= -1+2,y=02?-41+4 CO) ies 
(a) x=ty=t?+1 
Gyx=—t+2y=r— 444+ 5 
(a) x=4y =" 
t 

1 Maximum height: 136.1 feet 
eee ey 3 Range: 544.5 feet 

47. 59. (a) x = (146.67 cos 6)r 

' y =3 + (146.67 sin 6)t — 1672 
ee 
0 18 
S =6 
51 
4 4 
* 6 -6 6 
-4 -4 

b 55.0. 
Domain: [—2, 2] Domain: (— 00, co) Yes 
Range: [—1, 1] Range: (— 00, 00) (d) 19.4° 
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61. Answers will vary. 63. x = a0 — bsin 0 49, x7 + y*?—-4y=0 51. /3x+y=0 
y= a — bess @ Es yp = 2 EE (G2 se Woe = Gray = Diy? 
65. True Date —y2 — s0ye= 50 — 0 
x=7 59. x2 + y? = 36 61. — /3x + 3y =0 
y=rPtloay=xr41 ; ; 
x = 3t ef 


67. (5,2) 69. (1,-2,1) 9 71. y = 3x? — 2x 


y= 9 ay 


























7 + +> x 
73. y = 3x” — 14x + 54 <8 2 
Section 10.7 (page 824) 
-8 
1. t 3. @ 
4 e 63.45 =3:= 
\ , 
4->- 
ue IE eo Tt lea 0 3 
lt 
eae + +> x 
43) Dt Ve 4 





2 
ci h 27h) Waa (v2,2) 19. (6, 7) 











65. True. Because r is a directed distance, the point (r, 6) can 
iid 7. ia be represented as (r, 9 + 2n7). 


67. (« — h)? + y— kh)? = hh? + ke 
Radius: /h? + k? 
Center: (h, k) 





69. (a) Answers will vary. 





(b) (r;, 6,), (7, 65) and the pole are collinear. 
a ie i on ee | 





The distance between two points on the line 
= 6, = 6. 


© d= ery 


Pythagorean Theorem 








15 4 (d) Example: Points: (3, 77/6), (4, 77/3) 
Be Distance: 2.053 
21D, 2.2143 PIR, (Ve. =) 25. (3/13, 0.9828 
( ) 4 ( ) Points: (—3, 77/6), (—4, 4727/3) 
27. (/13, —0.5880) 29. (/7, 0.8571) Distance: 2.053 
31. (Z,0.4900) 33.r=3 35. r=4cscé 11. (2,3) a(S ey 75, ae 
37. += ae 77. Not collinear 79. Collinear 
; 3 cos 9 — sin 0 ; 
39. 72 = 16sec A csc 8 = 32 csc 20 Section 10.8 (page 832) 
4 4 1. Rose curve 3. Limagon 5. Rose curve 
414. r= or 43. r=a 
I= cose eteCOSHO, F 7 7 : 
7. Polar axis Ms 6) 11. 6 = —, polar axis, pole 
45.r=besc@ 47. r=2acos6 2 2 
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8 33. ais). 
13. Maximum: |r| = 20 when 6 = 2 
Zero: r = 0 when @ = 5 
Tt +> 0 
9) 4 
15. Maximum: |r| = 4 when 6 = 0, zi a 
Zero O when 9=—, = an a 
p= Onn 0==S S = a5: 
GS 2 E 
17, = 19. a 37. 39, P 
2 2 2 
wea gy ee 0 m4 > 0 
6 ! 2 il 4 
Tt +— () 
3) Sha 
er 
3n in in 
2 2 2 
23. i 
T u > 0 
in in 
2 2 
25. . 27. : 
’ Ms 4 0 
™ ++ rat 0 1 ath oy 
3x 3 
2 por 
29. x 31. & 
: 2 
Tt 0 
25: 
r 0 
2 4 
t A 
3m 9 





57. True. For a graph to have polar axis symmetry, replace 
(r, 6) by (r, — 6) or (—r, 7 — 8). 


A148 


59. (a) 








Upper half of circle 


(c) 


ra 





|X 


Full circle 


61. Answers will vary. 


63. (a) r= 2—sin(o- 7) 


(b) 
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Lower half of circle 


(d) 


pla 





3n 
2 


Left half of circle 


(b) r=2 + cos 6 
(c) r=2+ sin @ 
(d) r= 2 —cos 6 


65. (a) 


pla 








67. 


69. In 19 ~ 2.944 
73. e4 ~ 54.598 





(b 


) 


{— v|A 





is 





w 
rly 


k = 0, circle 
k = 1, limagon 
k = 2, cardioid 


k = 3, limagon 


71. log), 84 = 1.924 


Te 323) 


13 
Vike 


Section 10.9 (page 838) 





Ry af Th Xl 
11. Parabola 





15. Ellipse 





> 0 








w 
a 


19. Hyperbola 








23. Ellipse 


pla 


13: 


17. 


21. 


Parabola 


tt tt lat 





Ellipse 


4 
2 
us 0 
4 6 
3n 
2 


Hyperbola 








x 
2, 
of 
3n 
2 


2a. 1 Die 2 
-3 3) 
\ ees ai 
\ 
=o =2 
Parabola Ellipse 
29. 9 31. 3 
=O 6 
-3 15) . 
= i, 
33 d 35 
ee >. hE 
oe 1 = cos 0 2 + sin 0 
37. r= a 39. r= en fiers 
Bee Ocos 6 ei 1 — sin 6 
10 10 
(2S ‘a pS 
en? i aCOsig. a Sia COSUG 
20 9 
—— pe SS 
Be 4— 20000 '~ 4£= 5 sino 
49. Answers will vary. 


51. r= 


53. r 


SS Ip 


39. 


61. 


65. 


9.2934 x 107 
~ 1 — 0.0167 cos 6 


Perihelion: 9.1408 x 107 miles 
Aphelion: 9.4512 x 107 miles 


5.5368 x 10° 
1 — 0.2481 cos 6 


Perihelion: 4.4362 x 10? km 
Aphelion: 7.3638 x 10° km 








1d I SOT 3 Oe yas 8200 
1 — 0.0934 cos @ F 1 + sin 0 
Perihelion: 1.2783 x 10° miles 1467 miles 


Aphelion: 1.5417 x 10° miles 


False. If e remains fixed and p changes, then the lengths 
of both the major axis and the minor axis change. For 
example, graph 











i 2 , with e = = and p= 5 and graph 
i> 3,cos 0 
dies eos Cee , with e = and p = 9, on the same set of 
i Cosi? 
coordinate axes. 
24,336 
A ill ; 635 , 
nswers will vary r ms co 
144 144 
=e aoe 
4 25 cos? @ — 9 25 cos? 6 — 16 
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69. - +nt 
“1 277 
Til 3 1 NT, 3 + ni 
7 we Ta 
> + {= — 
73 > nT 75 10 a 10 
79. sin2u = —3 
COS YN = sr 
tan 2u = a 
Review Exercises (page 842) 
1. 30.96° 37 63:43" Be Des Th, BUNS? 
9.2/2 11. Hyperbola 13. (x — 4)? = —8(y — 2) 
159 (y — 2)? = 12x ih, sy = De 4h 2 (LO) 
Cue.) 
: a= 
19. 8./6 meters 21 5 m1 ] 
2x2 2 
DS Soh ie = 
23 9 36 1 


25. The foci occur 3 feet from the center of the arch on a line 


connecting the tops of the pillars. 
27. Center: (1, —4) 

Vertices: (1, 0), (1, —8) 

Foci: (i Lae LT) 


idl 
Eccentricity: nye 


29. Center: (—2, 1) 


Vertices: (—2, 11), (—2, —9) 
Foci: (—2,1 + 19) 
<p ensmie 
ccentricity: 
ie Se Ae Shy 
pees 3 es / AR 
SiMe UN See = 


35. Center: (1, —1) 
Vertices: (5, — 1), (—3, —1) 
Foci: (6, —1), (—4, —1) 
Asymptotes: y = —1 + 2 = I) 
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37. Center: (3, —5) 
Vertices: (7, — 5), (—1, —5) 
Foci: (3 + 2/5, —5) 
Asymptotes: y = —5 + 3(x = 3) 




















-10+ 


39. 72 miles 41. Hyperbola 









































Rae We = SE 
x 61. x = —3 + 4cos 0 
y=4+ 3sin 6 
63. 6 
47. Parabola ; 
Pi 24x + 40 + /(24x + 40)? — 36(16x2 — 30x) i 
18 























65. : 
AG es 
oy 
49. Parabola 
Et = (0x = 2/2) 25/2) ale oa) 3x Bs 
2 
(3/22/) (3.4927, 6.0664) 
7 307 
o. (0-2) (-2.22) 
1 71. (7.2111, 0.9828), (—7.211, 4.124) 13: KO Veo 
TBS 3 ie diy = Aa) 71. Fr = a cos” O sind 
51. x =3,y=0 53-33 y=) 
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79. Circle 81. Rose curve 89. Limacon 91. Rose curve 


93. Eccentricity: 2;Hyperbola 95. Eccentricity: 2; Ellipse 


+a 


a 
o 
a 
ae 
+ 





pio 
4 




















vole 


83. Cardioid 








X 4 5 
2 97. , = ———— 607 = 
7 "1 = cos 8 i 232 cos 
VT 
101 = 
aeernee 0.937 cos 6 11,008 miles 
i i 103. False. When classifying an equation of the form 
Ax? + Bxy + Cy2 -— Dx + Ey + F = 0) its ‘graph can 
be determined by its discriminant. For a graph to be a 
2 parabola, its discriminant, B? — 4AC, must equal zero. 


So, if B = 0, then A or C equals 0. 


105. False. The following are two sets of parametric equations 


7 
85. S try: 0d=— 
ymmetry 5) for the line. 

= = — 3 

Maximum value of |r|: |r| = 8 when 6 = ; acs om naa 
i= 3h yi— 3) — oF 


Zeros of r: r = 0 when 6 = 3.4814, 5.9433 107. 5. The ellipse becomes more circular and approaches a 


circle of radius 5. 
109. (a) The speed would double. 


(b) The elliptical orbit would be flatter; the length of the 
major axis would be greater. 


m. 
2 


111. (a) The graphs are the same. 
(b) The graphs are the same. 








5 Chapter Test (page 847) 
a ; (EP 
87. Symmetry: 6 = a polar axis fe 0 e278. 
4. Parabola: y? = 4(x — 1) 
Maximum value of |r|: |r| = 3 when @ = 0, = n, eu ; 
2 2 Vertex: (1, 0) 
377 Focus: (2, 0) 


Zeros of r: r = 0 when 6 = 


AIS 


ay 
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— 2) é 6 ; 
5. Hyperbola: & 7 ye y= (b) 


Center: (2, 0) 
Vertices: (0, 0), (4, 0) 
Foci: (2 + /5, 0) 


Asymptotes: y = +—(x — 2) 


Nie 





‘ 11. y 12. x=6+ 4t 
mal y=4+7t 














= ipl 















































3k 2 a 1 iz 
6. Ellipse: (eae) ais Oa (2 2) eye 
16 9 oS iaat 
9 4 
Center: (—3, 1) 13. (A: = 1) 
Vertices: (1, 1), (—7, 1) ae 23a a 
Foci: (-3 + V7, 1) vg (2v3, 4 ).( — 4 ) (2v2, a 
y 15. r= 4sin 0 
16. . 17. F 
2 2 
{ | 
re 1 ——4 t > 0 
1 4 us 
T 
t a 
: A N aL Sn 
7T..Circle: xe = 2)" ty a 2 2 
Center: (2, 1) Parabola Ellipse 
y) 18. a 19. 9 
i 2 2 
34 Hl { 
ets aly 
™ —+ tse) + 
+ + }— x ie: 
-1 1 A} 3 + I 
iE 
-14 3n 3n 
2 
& Gea 2 +2) ot wes 2)\x. a7 Limacgon Rose curve 


20. Slope: 0.1511; Change in elevation: 789.03 feet 


10. (a) 45° 21. No; Yes 


Appendix B 
Section B.1 
1. (a) $1.109 
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(b) [$0.999, $1.189] 
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Answers to Odd-Numbered Exercises and Tests A153 


th 


Section B.2 


. Mean: 8.86; median: 8; mode: 7 
. Mean: 10.29; median: 8; mode: 7 





ow = 47, yp — 226; a= 15.03 
Ee O LESS 29 NES 
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130-149 
150-169 
170-189 
190-209 


(b) 
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Amount contributed (in dollars) 
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. Mean: 9; median: 8; mode: 7 

. The mean is sensitive to extreme values. 
. Mean: $67.14; median: $65.35 

. Mean: 3.07; median: 3; mode: 3 

. One possibility: {4, 4, 10} 





. The median gives the most representative description. 
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. It will increase the mean by 5, but the standard deviation 
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. First histogram 
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A155 


Index of Applications 





Biology and Life Sciences 


Animal population growth, 269, 338 

Anthropology, 60 

Atmospheric pressure, 298 

Bacteria growth, 336, 337 

Blood pressure of a person at rest, 399 

Concentration of medicine, 270 

Cost of recycling, 269 

Cost of removing pollution, 269 

Ecology, 24 

Erosion, 23 

Flood control, 60 

Forensics, 339 

Forest yield, 326 

Growth of a red oak tree, 224 

Gypsy moth defoliation, 298 

Height of a tree, 428, 500, 544 

Human learning model, 326 

Human memory model, 308, 316 

Ladybug population, 94 

Learning curve of factory employees, 
387 

Lynx population, 138 

Number of board feet in a log, 211, 563 

Number of trees per acre, 326 

Nutrition, 599 

Percent of the moon’s face that is 
illuminated, 399 

Predator-prey model, 410 

Relative humidity measurement, 72 

Reproduction rates of deer, 588 

Respiratory cycle of a person after exer- 
cising, 399 

Respiratory cycle of a person at rest, 398 

Velocity of a particle in a stream, 189 

Water temperature of the ocean, 190 


Business 


America Online, Inc., 122 

Average cost, 283 

Break-even point, 123, 562, 612, 683 

Budget variance, 10 

Change in annual sales, 119 

Clorox Company, 194 

Coca-Cola Enterprises, Inc., 716 

Colgate-Palmolive Company, 120 

Compact disc sales, 612 

Consumer and producer surplus, 
598, 614 

Cost of airline flights, 61 

Cost of Super Bowl advertising, 88 


Demand for a product, 61, 190, 297, 
325, 344, 575 

Depreciation, 24, 108, 297, 337, 342, 
FNS) Toll 

Equipment value, 122 

First Virginia Banks, Inc., 191 

Fixed and variable costs, 137 

Inventory costs, 614 

Inventory levels, 598, 647 

J.C. Penney Company, 122 

Kellogg Company, 120 

Labor/wage requirements, 648 

Lands’ End, Inc., 90 

Maximum profit, 136, 211, 280, 608, 
615, 617 

Maximum revenue, 210, 615, 783 

Minimum cost, 210, 256, 280, 615 

Monthly sales, 399, 410, 432, 466 

Operating costs, 60, 123 

Optimal order size, 256 

Point of diminishing returns, 224 

Procter & Gamble Company, 697 

Product sales, 337, 388, 399, 410, 466 

Production costs, 170 

Production levels, 598, 647 

Production rate, 575 

Profit, 35, 73, 256, 257, 337, 485 

Restaurant sales, 168 

Revenue, 61, 120, 137, 530, 531, 647 

Seasonal product sales forecast, 388 

Shipping, 599, 681 

Starbucks Corp., 90 

Supply and demand, 563, 574, 612 

Truck scheduling, 587 

Wal-Mart Stores, Inc. 87, 697 


Chemistry and Physics 


Asteroid orbit, 845 

Boiling and freezing temperatures, 122 

Boyle’s Law, 189 

Coefficient of friction on an inclined 
plane, 449 

Concentration of a mixture, 270 

Current in an electrical circuit, 389 

Current in an electrical network, 
587, 633 

Damped harmonic motion, 466 

Distance of planets to the sun, 24 

Energy of a wind turbine, 197 

Exhaust temperature of a diesel 
engine, 179, 278 


Fahrenheit and Celsius temperatures, 122 

Fluid flow, 150, 190 

Force to stretch a spring, 188 

Force of water against a dam, 137 

Frequency of a sound wave, 435 

Frictional force of tires, 197 

Half-life of radioactive isotopes, 336 

Harmonic motion, 369, 473, 489 

Hooke’s Law, 188, 190 

Hyperbolic telescope mirror, 803 

Index of refraction, 491 

Illumination, 190, 399 

Impedance of an electrical circuit, 242 

Intensity of light, 190 

Lumens of a fluorescent lamp, 149 

Magnitude of earthquakes, 338, 345 

Mixture problems, 195, 270, 485, 574, 
587, 612, 613, 683, 685, 766 

Motion of a tuning fork, 431 

Newton’s Law of Cooling, 189, 339 

Newton’s Law of Universal 
Gravitation, 189 

Period of a pendulum, 23 

pH of a substance, 338 

Planetary motion, 839 

Pulley system, 587 

Radioactive decay, 297, 337, 345, 347 

Rate of change of a chemical 
reaction, 37 

Resistance of copper wire, 109, 189 

Resistance in a parallel circuit, 73 

Rise of water in a tube, 283 

Satellite antenna, 783 

Satellite orbit, 784, 793, 839 

Simple harmonic motion, 388, 410, 
431, 437 

Sound intensity, 308, 316, 338, 345 

Speed of light, 23 

Standing waves, 473 

Temperature change, 326 

Temperature of saturated steam, 61 

Wind drag, 211 

Work, 308, 522, 530, 531 


Construction 


Angles of a bridge truss, 775 

Area of a fenced-in enclosure, 194 
Area of a floor plan, 36 

Awning design, 509 

Brick pattern, 706 

Bridge design, 501 
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Conveyor design, 775 
Cross sections of an irrigation canal, 432 
Design of an archway, 842 
Design of a fireplace arch, 793 
Design of a suspension bridge, 783 
Design of a tunnel arch, 793 
Designing a physical fitness facility, 599 
Dimensions of a physical fitness 
room, 210 
Height of an attic, 121 
Highway design, 784 
Lengths of a bridge truss, 430, 509 
Railroad track design, 501 
Road grade, 120, 775, 847 
Safe beam load, 73, 190 
Streetlight design, 508 


Consumer 


Best buy for pizza, 190 

Car rental, 72 

Chartering a bus, 137 

Comparison of prices, 122 

Copying costs, 72 

Cost of commodities, 179 

Cost of precious metals, 48 

Cost of a telephone calling card, 149 
Delivery charges, 149 

Hourly wage, 123, 179 

Inflation, 297 

Milk prices, 88 

Property tax, 188 

Renting an apartment, 123 

Salary, 122, 123, 706, 716, 760, 761 
Sale price, 122 

Sales tax, 188 


Geometry 


Area of a circle, 135 

Area of an equilateral triangle, 136 

Area of an isosceles triangle, 136, 484 

Area of a parking lot, 73, 509 

Area of a playing field, 73 

Area of a rectangle, 136, 210, 270, 
280, 466 

Area of a right triangle, 136, 283 

Area of a square, 135 

Area of a triangular region, 509, 549, 
675, 676, 716 

Delivery service regulations, 256 

Diagonals of a polygon, 745 

Dimensions of a box, 60 

Dimensions of a corral, 210 

Dimensions of a garden, 123 


Dimensions of a page of minimum 
area, 270 

Dimensions of a rectangle, 108, 563, 612 

Dimensions of a room, 210 

Dimensions of a tract of land, 563 

Dimensions of a triangular sign, 180 

Floor space of a building, 60 

Maximum volume of an open box, 
136, 224, 256 

Pitch of a roof, 775 

Postal regulations, 137 

Radii of ripples in a pond, 170 

Volume of a box, 36 

Volume of concrete for a storage 
tank, 37 

Volume of a water trough, 488 


Interest Rate 


Amount borrowed, 586 

Annuities, 715, 716 

Balance in an account, 715 

Bonds, 657 

Certificates of deposit, 587 

Investment, 35, 72, 73, 94, 123, 296, 
297, 308, 325, 335, 344, 345, 
562, 563; 574, 575, 598, 613 

Monthly installment loan, 47 

Mortgage payment, 309, 339 

Simple interest, 188 

Trust fund, 342 


Miscellaneous 


Aircraft tracking station, 508, 509 
Altitude of an airplane, 429, 430 
Angle from a camera to a painting, 420 
Angle of depression from a cell phone 
tower to a mountain top, 429 
Angle of depression from a satellite to 
the horizon, 429 
Angle of elevation of a plane, 420 
Angle of elevation of a ramp, 379 
Angle of elevation of the sun, 428, 501 
Angle of elevation of a television 
camera, 419 
Angle of elevation of a tower, 428, 436 
Angle of a pointer on a scale, 361 
Angle of rotation of a electric hoist, 361 
Angle of a spotlight on a security 
car, 420 
Angles of a triangular parcel of 
land, 507 
Answering a true-false exam, 743 
Apparent temperature, 95 


Area of a parking lot, 509 
Area of a triangular parcel of lane, 509 
Arrival times, 757 
Athlete’s bench press weight, 72 
Automobile braking system, 588 
Average daily temperature of a city, 388 
Baling hay, 760 
Balloons for a party, 575 
Basketball scores, 586 
Bearing between cities, 507, 508 
Birth of a child, 757 
Braking load, 531 
Cable tension, 522 
Chance of rain, 765 
Choice of two jobs, 563, 612 
Choosing committee members, 745 
Choosing a computer system, 743 
Choosing an entertainment system, 743 
Choosing exam questions, 744 
Choosing a job applicant, 743, 744, 767 
Choosing lottery numbers, 744 
Choosing officers, 744 
Clearance sale, 575 
College enrollment, 122 
Combinations for a lock, 743 
Comet orbit, 793 
Coordinates of the holes in a 
steel plate, 379 
Course of a boat race, 507 
Course schedule, 743 
Crumple zone of automobiles, 327 
Daily high temperatures for Chicago 
and Honolulu, 399 
Decoding messages, 676, 677, 683 
Depth of a submarine, 428 
Diameter of a shaft, 379 
Difference in latitudes, 361 
Docking a boat, 419 
Drawing from a deck of cards, 
754, 756, 762 
Effectiveness of a flu vaccine, 755 
Encoding messages, 676, 677, 683 
Engine design, 509 
Explorer 18 orbit, 845 
Finishing a bicycle race, 762 
Fire company back-up vehicles, 757 
Flagpole height, 500 
Flashlight reflector, 842 
Flight path of an airplane, 501, 507 
Flower arranging, 683 
Football scores, 586 
Force on a hook, 521 
Force on a machine part, 521 
Force on an object, 521, 545 
Fruit distribution, 614, 647 


Fuel consumption on a farm, 399 

Fuel economy, 212 

Fuel efficiency, 343 

Geometric probability, 48 

Glide path of an airplane, 501 

Height of a building, 544 

Height of bungee jumpers, 428 

Height of a church steeple, 428 

Height of a football, 436 

Height of a kite, 428 

Height of a ladder, 428 

Height of a mountain, 430 

Height of a population, 72 

Height of a streetlight, 378 

Height of a tethered balloon, 379 

Height of a tower, 378 

Interpersonal relationships in a 
group, 745 

Lawn mowing, 180 

Length of an elevator to a grain bin, 431 

Length of a marsh, 507, 544 

Length of a shadow, 428 

Letter mix-up, 756 

License plate numbers, 743 

Location of an explosion, 803, 843 

Location of a fire, 429, 501 

Long-distance radio navigation, 803, 843 

Mach number, 484 

Making sales calls, 757 

Measurement, 188, 197 

Monthly high temperatures for 
Erie, PA, 410 

Motion of a bobber, 436 

Mountain climbing, 776 

Mountain descent, 429 

Network analysis, 634 

Newspaper circulation, 133 

Oil production in Canada, 191 

Olympic winning distances for men’s 
discus throw, 191 

Olympic winning times for women’s 
swimming, 187 

Order of processes in an assembly 
line, 744 

Ordering books on a bookshelf, 762 

Paper manufacturing, 509 

Payroll mix-up, 756 

Photocopier rate, 47 

Picking a song, 765 

Poker hands, 744, 756 

Political survey of college students, 755 

Population growth, 297, 308, 336, 
345, 715 

Population growth of foreign 
countries, 336 


Positions when boarding an 
aircraft, 743 

Positions in a photograph, 744 

Positions in a toboggan ride, 743 

Positions in walking through a 
doorway, 744 

Preparing for a test, 756 

Programming a thermostat, 169 

Public school ventilation, 308 

Quiz scores, 124 

Railroad tracks arcs, 485 

Receiving defective units, 744, 756 

Record temperatures in 
Duluth, MN, 87 

Refrigeration, 47 

Rental demand, 123 

Rock and Roll Hall of Fame, 90 

Rope tension, 522, 523, 545 

Rotary engine design, 844 

Salaries of major league baseball 
players, 123 

Seating arrangements, 743, 744, 765 

Seating capacity, 706 

Seizure of illegal drugs, 283 

Selecting an experiment group, 744 

Selecting a necktie, 762 

Selecting a scholarship winner, 762 

Selecting socks, 762 

Selecting a wardrobe, 762 

Shadow length, 428 

Shape of a wading pool, 843 

Snow removal, 343 

Space vehicle back-up systems, 756 

Sunset times, 432 

Survey about college activity fee, 762 

Survey of college alumni, 755 

Survey about flexible hours, 757 

Survey of high school graduates, 755 

Survey of shoppers’ payment 
methods, 757 

Telephone numbers, 762 

Test scores, 88, 124, 345 

Ticket sales, 575 

Towing a barge, 522 

Tuning a piano, 399 

Typing speed, 345 

Voting preferences, 647, 648 

Waiting times at a switchboard, 342 

Wave motion, 431 

Wheat yield, 575 

Width of a river, 379 

Winning a door prize, 765 

Winning an election, 755 

Winning on a game show, 756, 767 

Work rate, 47 
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Time and Distance 


Airplane speed, 574 
Airplane speed and direction, 522, 545 
Angle of a baseball, 466 
Angle of a sharpshooter’s gun, 466 
Angular speed of a phonograph 
record, 434 
Angular speed of a pulley, 362 
Average speed, 270, 485 
Climb rate of an airplane, 343 
Distance of an arrow, 819 
Distance on a baseball diamond, 
485, 508 
Distance a baseball player runs to make 
a catch, 508 
Distance from a boat to a dock, 501 
Distance from a boat to shore, 379, 501 
Distance between centers of 
bolt holes, 430 
Distance between cities, 361 
Distance between a control tower and 
an observation post, 502 
Distance across flat sides of a hexagonal 
nut, 430 
Distance of a guy wire from a pole, 435 
Distance from a landmark, 502 
Distance a plane flies, 429, 436 
Distance of a plane to an observer, 389 
Distance from a plane to a radar 
antenna, 409 
Distance a ship travels, 429 
Distance across a swamp, 429 
Distance from a television camera to 
a parade, 410 
Distance between towns, 430 
Distance between two planes, 545 
Distance between two ships, 429, 508 
Flying distance, 89 
Flying speed, 61, 612 
Free fall, 189, 706 
Height of a ball, 211 
Height of a balloon, 379 
Height of a baseball, 257 
Height of a bouncing ball, 717 
Height of a weather balloon, 137 
Length of a football pass, 89 
Length of guy wires, 508 
Path of a ball, 138, 285, 633, 818, 847 
Path of a diver, 211 
Path of a projectile, 784, 818, 819 
Range of a projectile, 484 
Speed of a bicycle, 362, 434 
Speed of a floppy disk, 362 
Speed of an automobile, 339 
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Stopping distance, 36, 168, 190 
Velocity of a ball, 195 

Velocity of a baseball, 522 

Velocity of a bullet, 522 

Vertical motion, 586 

Vertical rise of a railroad grade, 435 
Wind speed and direction, 522 


U.S. Demographics 


Average age of a bride and groom, 280 
Average cellular phone bill, 179 
Average community hospital costs, 697 
Average heights of males and 
females, 326 
Cigarette consumption, 211 
Civil jet transport aircraft built in 
theWUES 030 


Civilian labor force, 755 

Computer and word processor sales, 192 
Federal debt, 109, 697 

Federal deficit, 10 

Health care costs, 169 

Health maintenance organizations, 734 
Labor force, 88 

Life expectancy of a child, 109 

Life insurance per household, 734 
Median ages at first marriage for men 
and women, 613 

Merchandise trade balance of 

the U.S., 150 

Money spent on shoes, 767 

Monthly rates for cable television, 234 
New car sales, 179 

Number of employees, 187 





Number of military personnel, 235 

Number of VCR’s in use, 212 

Outstanding mortgage debt, 161 

Paperboard production, 563 

Per capita soft drink consumption, 180 

Price of a mobile home, 136 

Recreational vehicle sales, 196 

Salaries of hockey players, 191 

Temporary help agency workers, 754 

Truck fuel use, 161 

Unemployment rate, 467 

Value of farm sales, 281 

Value of foreign trade, 256 

Values of U.S. imports from Mexico 
and Canada, 196 

Wages of mining industry workers, 197 


Index 


Absolute value 

of a complex number, 532 

equations involving, 57 

function, 152 

inequalities involving, 66 

properties of, 5 

of a real number, 5 
Acute angle, 353 
Additive identity 

for a complex number, 237 

for a matrix, 639 

for a real number, 7 
Additive inverse 

for a complex number, 237 

for a real number, 6 
Adjacent side 

of a right triangle, 370 
Adjoining matrices, 651 
Algebra of calculus, 76 
Algebraic expression, 6 

domain of, 38 

evaluating, 6 

equivalent, 38 
Algebraic functions, 288 
Ambiguous case (SSA), 496 
Amplitude 

of simple harmonic motion, 426 

of sine and cosine curves, 392 
Amplitude modulation, 427 
Angle, 352 

acute, 353 

central, 353 

complementary, 355 

conversions between degrees and 

radians, 356 

coterminal, 352 

degree, 355 

of depression, 422 

of elevation, 422 

initial side, 352 

measure of, 353 

negative, 352 

obtuse, 353 

of one degree, 355 

positive, 352 

reference, 383 

standard position, 352 

supplementary, 355 

terminal side, 352 

between two lines, 771 


between two nonzero vectors, 525 

vertex, 352 
Angular speed, of a particle, 357 
Arccosine function, 414 
Arc length, 357 
Arcsine function, 412 
Arctangent function, 414 
Area 

of an oblique triangle, 498 

of a triangle, 669 
Argument 

of a complex number, 533 
Arithmetic combination, 163 
Arithmetic sequence, 699 

common difference of, 699 

nth partial sum of, 702 

nth term of, 700 

sum of a finite, 702 
Associative property of addition 

for complex numbers, 238 

for matrices, 638 

for real numbers, 7 
Associative property of multiplication 

for complex numbers, 238 

for matrices, 638 

for real numbers, 7 
Asymptote 

horizontal, 259 

of a hyperbola, 797 

of a rational function, 260 

slant, 264 

vertical, 259 
Augmented matrix, 621 
Average of n numbers, A20 
Axis (axes) 

coordinate, 81 

of an ellipse, 786 

of a hyperbola, 795, 797 

imaginary, 532 

of a parabola, 203, 778 

polar, 820 

real, 532 

rotation of, 804 

of symmetry, 203 


Back substitution, 555, 626 

Bar graph, 82 

Base, 12 
of an exponential function, 288 
of a logarithmic function, 300 
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Basic rules of algebra, 7 
Bearing, 424 
Bell-shaped curve, 332 
Bimodal, A20 
Binomial, 25, 728 
Binomial coefficient, 728 
Binomial expansion, 731 
Binomial Theorem, 728 
Bounded interval on the real number 
line, 3 
Break-even point, 559 


C 


Calculator 
use with exponential 
expressions, 288 
use with exponents, 13 
use with logarithmic functions, 301 
use with radicals, 20 
use with scientific notation, 14 
use with trigonometric functions, 
BO 4: 
Cartesian plane, 81 
Cardioid, 830 
Center 
of a circle, 105 
of an ellipse, 786 
of a hyperbola, 795 
Central angle of a circle, 353 
Change-of-base formula, 311 
Circle, 105 
center of, 105 
classifying by discriminant, 808 
classifying by general equation, 801 
radius of, 105 
standard form of equation of, 
105, 363 
Closed interval, 3 
Coded row matrices, 672 
Coefficient matrix, 621 
Coefficient of a polynomial, 25 
Coefficient of a variable term, 6 
Cofunction identities, 442 
Cofactor(s) 
expanding by, 661 
of a matrix, 660 
Collinear points 
in the plane, 670 
tests for, 670 
Column matrix, 620 
Column of a matrix, 620 
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Combination of n elements taken r 
at a time, 741 

Common logarithmic function, 301 
Commutative property of addition 

for complex numbers, 238 

for matrices, 638 

for real numbers, 7 
Commutative property of multiplication 

for complex numbers, 238 

for real numbers, 7 
Complement of an event, 753 
Complementary angles, 355 
Complete the square, 52 
Complex conjugate, 239 
Complex fraction, 42 
Complex number(s), 236 

absolute value of, 532 

addition of, 237 

conjugate of, 239 

dividing, 239 

equality of, 236 

multiplication of, 238 

nth root of, 537, 538 

nth roots of unity, 539 

polar form of, 533 

powers of, 536 

product of, 239, 534 

quotient of, 239, 534 

standard form of, 236 

subtraction of, 237 

trigonometric form of, 533 
Complex plane, 532 

imaginary axis, 532 

real axis, 532 
Component form of a vector v, 512 
Component of a vector, 527 
Composite number, 8 
Compound interest, 293, 294 
Conditional equation, 49 
Conic or conic section, 777 

alternative definition, 834 

classifying by discriminant, 808 

classifying by general equation, 801 

degenerate, 777 

locus of, 777 

polar equations of, 834 

rotation of axes of, 804 
Conjugate, 18 

of a complex number, 239 
Consistent system of equations, 568 
Constant, 6 
Constant function, 152, 202 
Constant of proportionality, 182 
Constant term, 6 


Constant of variation, 182 
Constraint, 601 
Consumer surplus, 595 
Continuous compounding, 293 
Continuous function, 213 
Conversions between degrees and 
radians, 356 
Coordinate axes, 81, 155 
reflections in, 155 
Coordinate system, 81 
Correlation coefficient, 186 
Correspondence 
one-to-one, 2 
Cosecant function, 364 
of any angle, 381 
graph of, 404, 407 
odd, 367 
Cosine function, 364 
amplitude of, 392 
of any angle, 381 
common angles, 384 
curve, 390 
domain of, 366 
even, 367 
graph of, 390, 394, 407 
inverse of, 414 
period of, 366, 393 
special angles, 372 
Cotangent function, 364 
of any angle, 381 
graph of, 403, 407 
odd, 367 
Coterminal angle, 352 
Counting principle, 737 
Cramer’s Rule, 666, 668 
Critical number, 67 
Cryptogram, 672 
Cube of a binomial, 27 
Cube root, 15 


D 


Damping factor, 406 

graph of, 406 
Decimal degree, 356 
Decreasing function, 142 
Degenerate conic, 777 
Degree 

of an angle, 355 

in decimal form, 356 
DeMoivre, Abraham (1667-1754), 536 
DeMoivre’s Theorem, 536 
Denominator 

of a fraction, 6 

rationalizing a, 18 


Dependent variable, 126, 132 
Descartes, René ( 1596-1650), 81, 113 
Descartes’s Rule of Signs, 250 
Determinant 

of a square matrix, 661 

of a2 x 2 matrix, 653, 658 
Difference 

of functions, 163 

of two cubes, 29 

of two squares, 29 

of a vector, 513 
Difference quotient, 44, 131 
Difference and sum formulas, 468 
Directed line segment, 511 

initial point, 511 

magnitude (length), 511 

terminal point, 511 
Direction angle of a vector, 517 
Directly proportional, 182 

as nth power, 183 
Directrix of a parabola, 778 
Direct variation, 182 

as nth power, 183 
Discriminant, 808 
Distance Formula, 83 
Distance between a point and a line, 772 
Distance between two points 

in the plane, 83 

on the real number line, 5 
Distinguishable permutation, 740 
Distributive property 

for complex numbers, 238 

for matrices, 638 

for real numbers, 7 
Dividend for polynomial division, 227 
Division algorithm, 227 
Divisor of an integer, 8 
Domain, 125, 132 

of an algebraic expression, 38 

of a composite function, 166 

of cosine, 366 

defined, 132 

of an exponential function, 290 

implied, 129, 132 

of a logarithmic function, 303 

of a rational function, 258 

of sine, 366 

undefined, 132 
Dot product 

properties of, 524 

of vectors, 524 
Double-angle formulas, 475 
Double inequality, 65 

solution of, 65 


e, the number, 292 
Eccentricity 
of an ellipse, 790 
of a hyperbola, 799 
Elementary row operation, 622 
Eliminating the parameter, 813 
Elimination 
Gaussian, 578 
Gauss-Jordan, 627 
method of, 565, 567 
Ellipse, 786, 834 
center of, 786 
classifying by the discriminant, 808 
classifying by general equation, 801 
eccentricity of, 790 
focus of, 786 
latus rectum of, 794 
major axis of, 786 
minor axis of, 786 
standard form of the equation of, 787 
vertex of, 786 
Endpoint of an interval, 3 
Entry of a matrix, 620. 
Equality 
of complex numbers, 236 
of matrices, 635 
of vectors, 512 
Equation(s), 49 
conditional, 49 
of an ellipse, 787 
equivalent, 50 
exponential, 317 
graph of, 100 
identity, 49 
involving absolute value, 57 
involving fractional expressions, 51 
involving a radical, 56 
involving a rational exponent, 56 
of a line, 110, 116 
in general form, 116 
in point-slope form, 115 
in slope-intercept form, 110 
in two-point form, 115, 671 
linear, 110 
in one variable, 49 
in three or more variables, 577 
in two variables, 110 
logarithmic, 317 
of a parabola, 778 
polar conversion of, 823 
polynomial, 55 
position, 583 


quadratic, 52 

of quadratic type, 459 

solution of, 49, 100 

system of, 554 

in two variables, 100 
Equivalent 

directed line segments, 511 
Equation editor of a graphing utility, xvi 
Event(s), 746 

certain, 747 

complement of, 753 

impossible, 747 

independent, 752 

mutually exclusive, 750 

probability of, 747 
Existence theorem, 243 
Expanding a binomial, 731 
Expanding by cofactors, 661 
Experiment (in probability), 746 
Exponent(s), 12 

negative, 13 

properties of, 12 

rational, 19 

zero, 12 
Exponential decay model, 328 
Exponential equation, 317 
Exponential form, 12 
Exponential function, 288 

base of, 288 

graph of, 289 

natural, 292 
Exponential growth model, 328 


F 


Factor(s) 
of an integer, 8 
number of, 243 
of a polynomial, 247 
Factorial, 690 
Factoring, 28 
completely, 28 
formulas, 29 
by grouping, 32 
a polynomial, 28, 247 
to solve a polynomial equation, 55 
to solve a quadratic equation, 52 
to solve trigonometric equations, 459 
special polynomial forms, 29 
Factor Theorem, 230. 
Feasible solutions, 601 
Finite sequence, 688 
Finite series, 693 
Fitting a line to data, 186 
Focal chord, of a parabola, 780 


Index A161 
Focus 

of an ellipse, 786 

of a hyperbola, 795 

of a parabola, 778 
FOIL Method, 26 
Formula(s) 

change-of-base, 311 

for compound interest, 294 

double-angle, 475 

half-angle, 478 

Heron’s area, 506 

multiple-angle, 475 

for the nth term of a sequence, 723 

power-reducing, 477 

product-to-sum, 479 

of projection, 527 

reduction, 470 

sum and difference, 468 

sum-to-product, 480 
Fraction(s) 

complex, 42 

improper, 227 

partial, 271, 583 

proper, 227 

properties of, 8 
Fractional expression, 38 
Frequency of simple harmonic 

motion, 426 

Frequency distribution, A18 
Frequency modulation, 427 
Function(s), 125, 152 

absolute value, 152 

addition of, 163 

algebraic, 288 

common logarithmic, 301 

composition of, 165 

constant, 142, 152, 202 

continuous, 213 

cubic, 152 

decreasing, 142 

difference of, 163 

division of, 163 

domain of, 125, 129, 132 

evaluating, 128 

even, 146 

exponential, 288 

family of, 154 

graph of, 139 

greatest integer, 145 

identity, 152 

increasing, 142 

iMVvetserOrel ila ty 2, lidS 

linear, 144, 202 

logarithmic, 300 
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of multiple angles, 462 

multiplication of, 163 

name of, 127, 132 

natural exponential, 292 

natural logarithmic, 304 

notation, 127, 132 

odd, 146 

period of, 366 

periodic, 366 

piecewise-defined, 128, 145 

polynomial, 202 

product of, 163 

quadratic, 152, 202 

quotient of, 163 

range of, 125, 132 

rational, 258 

square root, 152 

step, 145 

subtraction of, 163 

sum of, 163 

summary of terminology, 132 

testing for, 126 

transcendental, 288 

trigonometric, 364, 381 

of any angle, 381 

value of, 127, 132 

vertical line test for, 140 

zero of, 141 
Fundamental Counting Principle, 737 
Fundamental Theorem 

of Algebra, 243 

of Arithmetic, 8 
Fundamental trigonometric identities, 

373, 442 


G 


Gauss, Carl Friedrich (1777-1855), 578 
Gaussian elimination, 578 

with back-substitution, 626 
Gaussian model, 328 
Gauss-Jordan Elimination, 627 

to find inverse matrix, 651 
General second-degree equation, 777 
Geometric sequence, 708 

common ratio of, 708 

nth partial sum of, 711 

nth term of, 709 

sum of a finite, 711 
Geometric series, 712 

sum of an infinite, 712 
Graph 

of arccosine function, 414 

of arcsine function, 413 

of arctangent function, 414 


of common functions, 152 
of cosecant function, 404, 407 
of cosine function, 390, 394, 407 
of cotangent function, 403, 407 
damped trigonometric function, 406 
of equation, 100 
of exponential function, 289 
of function, 139 
reflection of, 155 
shifts in, 153 
shrinks of, 157 
stretches of, 157 
transformations of, 219 
of inequality, 62 
of inequality in two variables, 590 
of the inverse of a function, 173 
of line, 110 
of linear inequality, 64 
of logarithmic function, 302 
of polar equations, 826 
of polynomial function, 213 
of quadratic function, 152, 203 
of rational function, 261 
of the reciprocal functions, 404 
of secant function, 404, 407 
of sine function, 390, 394, 407 
special polar, 830 
of tangent function, 401, 407 
Greatest integer function, 145 
Growth and decay, 329 


H 


Half-angle formulas, 478 
Half-life, 295 
Half-plane, 591 
Harmonic motion, simple, 425, 426 
Heron’s area formula, 506 
Hipparchus, 469 
Histogram, A18 
Horizontal asymptote 
of a rational function, 259 
Horizontal components of a vector, 516 
Horizontal line test, 174 
Horizontal shift, 153 
Hyperbola, 795, 834 
asymptote of, 797 
branch of, 795 
center of, 795 
classifying by discriminant, 808 
classifying by general equation, 801 
conjugate axis of, 797 
eccentricity of, 799 
focus of, 795 
standard form of the equation of, 795 


transverse axis of, 795 
vertex of, 795 
Hypotenuse of a right triangle, 83, 370 


Identity, 49 
Identity function, 152 
Identity matrix, 642 
Identity of trigonometry, 373, 442, 450 
Imaginary axis, of a complex 
plane, 532 

Imaginary number, 236 
Imaginary unit i, 236 
Implied domain, 129, 132 
Improper rational expression, 227 
Inclination, 770 
Inclusive or, 8 
Inconsistent system of equations, 568 
Increasing function, 142 
Independent event(s), 752 

probability of, 752 
Independent variable, 126, 132 
Index 

of a radical, 15 

of summation, 692 
Inductive, 661 
Inequality (inequalities), 3 

addition of, 63 

double, 65 

equivalent, 63 

graph of, 62 

and intervals, 62 

involving absolute value, 66 

linear, 64, 591 

nonlinear, 67 

polynomial, 67 

properties of, 63 

rational, 68 

solving an, 62 

system of, 592 

in two variables, 590 
Inequality symbol, 3 
Infinite sequence, 688 
Infinite series, 693, 712 
Infinity, 4 

negative, 4 

positive, 4 
Initial point of a directed line 

segment, 511 

Initial side of an angle, 352 
Integer, 2 

divisors of, 8 

factor of, 8 
Integer exponent, 12 


Intercept of a graph, 102 
Interest, 293 
Intermediate Value Theorem, 220 
Intersect feature of a graphing utility, xx 
Interval on the real line, 3 
Inverse function, 171 

cosine, 414 

definition of, 172 

exponential, 302 

finding the, 175 

graph of, 173 

horizontal line test for, 174 

sine, 412 

graph of, 413 
tangent, 414 
trigonometric, 414 
properties of, 416 

Inverse of a matrix, 649, 653 
Inverse properties, 317 
Inverse variation, 184 
Inversely proportional, 184 
Invertible matrix, 650 
Irrational number, 2 
Irreducible over the integers, 28 
Irreducible over the reals, 248 


J 


Jointly proportional, 185 
Joint variation, 185 
Jordan, Wilhelm (1842-1899), 627 


K 


Kepler, Johannes (1571-1630), 24 
Kepler’s Laws, 837 
Key points 
intercepts, 391 
maximum points, 391 
minimum points, 391 
of a trigonometric function, 391 


L 


Latus rectum 

of an ellipse, 794 

of a parabola, 780 
Law of Cosines, 503 
Law of Sines, 494 
Law of Trichotomy, 4 
Leading coefficient of a polynomial, 25 
Leading Coefficient Test, 215 
Least squares regression line, 186 
Lemnsicate, 830 
Length 

of a directed line segment, 511 


of a vector, 512 
Like radicals, 18 
Limagon, 830 
Line graph, 82 
Line(s) in the plane, 110, 770 
equation of, 116 
graph of, 110 
horizontal, 111 
parallel, 117 
perpendicular, 117 
slope of, 110, 113 
vertical, 116 
Linear combination of vectors, 516 
Linear depreciation, 118 
Linear equation 
in one variable, 49 
in three or more variables, 577 
in two variables, 110 
Linear extrapolation, 116 
Linear Factorization Theorem, 243 
Linear function, 144, 202 
Linear inequality, 64, 591 
solution of, 64 
Linear interpolation, 116 
Linear programming, 601 
Locus of a conic, 777 
Logarithm(s) 
change-of-base formula, 311 
properties of, 301, 312 
Logarithmic equation, 317 
Logarithmic function, 300 
base of, 300 
common, 301 
graph of, 302 
natural, 304 
Logarithmic model, 328 
Logistic curve, 333 
Logistic growth model, 328 
Long division, 226 
Lower bound, 251 
Lower limit of summation, 692 


M 


Magnitude 
of a directed line segment, 511 
of a vector, 512 
Major axis of an ellipse, 786 
Mathematical induction, 718 
extended principle of, 720 
principle of, 719 
Mathematical model, 181, 186 
Matrix (matrices), 620 
addition, 636 

properties of, 638 
adjoining, 651 
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augmented, 621 

coded row, 672 

coefficient, 621 

cofactor of, 660 

column, 620 

column of a, 620 

determinant of, 653, 658, 661 

elementary row operation on a, 622 

entry of a, 620 

equality of, 635 

identity, 642 

inverse of, 649, 653 

invertible, 650 

main diagonal of a, 620 

minor of, 660 

multiplication, 640 

properties of, 642 

nonsingular, 650 

operations, 636 

order of a, 620 

in reduced row-echelon form, 624 

row, 620 

row of a, 620 

in row-echelon form, 624 

row-equivalent, 622 

scalar multiple of, 636 

properties of, 638 

singular, 650 

square, 620 

subtraction, 637 

uncoded row, 672 

zero, 639 
Mean of n numbers, A20 
Measure of an angle, 353 
Measure of central tendency, A20 
Measure of dispersion, A21 
Median of n numbers, A20 
Method of elimination, 565, 567 
Method of substitution, 554 
Midpoint, 85 
Midpoint Formula, 85 
Minor axis of an ellipse, 786 
Minor of a matrix, 660 
Minors and cofactors of a square matrix, 
660 
Mode of 1 numbers, A20 
Model, 181 
Modulus, of a complex number in 
trigonometric form, 533 
Monomial, 25 
Multiple-angle formula, 475 
Multiplicative identity 
of a real number, 7 
Multiplicative inverse, 6 

for a nonsingular matrix, 649 
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of a nonzero real number, 6 
property, 7 
Multiplicity of a zero, 217 
Mutually exclusive event, 750 
probability of a, 750 


N 


Natural base e, 292 
Natural exponential function, 292 
Natural logarithmic function, 304 
Negation, properties of, 7 
Negative 

angle, 352 

exponent, 13 

infinity, 4 

real number, 2 

of a vector, 513 
Nonnegative real number, 2 
Nonrigid transformations, 157 
Nonsingular matrix, 650 

determinant of a, 661 
Nonsquare system of equations, 582 
Normally distributed populations, 332 
nth root 

of a complex number, 537, 538 

of unity, 539 
nth term of a sequence, 689 

arithmetic, 700 

finding a formula for, 723 

geometric, 709 
Number 

complex, 236 

composite, 8 

critical, 67 

imaginary, 236 

irrational, 2 

negative, 2 

nonnegative, 2 

positive, 2 

prime, 8 

rational, 2 

real, 2 

of solutions of a linear system, 

568, 580 

Numerator 

of a fraction, 6 

rationalizing a, 19 


0 


Objective function, 601 

Oblique asymptote, 264 

Oblique triangle, 494 
area of, 498 

Obtuse angle, 353 


One cycle, of a sine curve, 390 
One degree, of an angle, 355 
One-to-one correspondence, 2 
One-to-one properties, 317 
Open interval, 3 
Operations that produce equivalent 
systems, 578 
Opposite side, of a right triangle, 370 
Optimal solution of a linear 
programming problem, 601 

Optimization, 601 
Order of a matrix, 620 
Order on the real number line, 3 
Ordered pair, 81 
Ordered triple, 577 
Origin 

in Cartesian plane, 81 

on real number line, 2 
Orthogonal vectors, 526 
Outcome (in probability), 746 


P 


Parabola, 202, 778, 834 
axis of, 203, 778 
classifying by discriminant, 808 
classifying by general equation, 801 
directrix of, 778 
focal chord of, 780 
focus of, 778 
latus rectum of, 780 | 
reflective property of, 780 
standard form of the equation of, 778 
tangent line, 781 
vertex of, 203, 207, 778 
Parallel lines, 117 
Parallelogram Law, 513 
Parameter, 812 
Parametric equation, 812 
Parametric mode, 813 
Partial fraction, 271 
Partial fraction decomposition, 271 
Pascal’s Triangle, 730 
Perfect 
cube, 16 
square, 16 
square trinomial, 29 
Period 
of a function, 366 
of simple harmonic motion, 426 
of sine and cosine curves, 393 
Periodic function, 366 
Permutation of n elements, 738 
distinguishable, 740 
taken r at a time, 739 


Perpendicular lines, 117 
Phase shift for a trigonometric 
function, 394 
Plane curve, 812 
orientation of, 813 
Point of intersection, 558 
Point-plotting method of graphing, 100 
Polar axis, 820 
Polar coordinate, 820 
conversion of, 821 
test of symmetry in, 827 
Polar coordinate system, 820 
Polar equation, 823 
of conics, 834 
conversion, 823 
zeros and maximum r-values, 828 
Polar form of a complex number, 533 
Pole, 820 
Polynomial(s), 25 
addition of, 26 
coefficient of, 25 
completely factored, 28 
constant term, 25 
degree of, 25, 
division of, 226 
finding test intervals for, 67 
guidelines for factoring, 32 
inequalities, 67 
multiplication of, 26 
number of factors of, 243 
subtraction of, 26 
Polynomial function, 202 
bounds for zeros of a, 251 
complex zero of, 247 
constant, 152, 202 
graph of, 213 
of higher degree, 55 
rational zero of, 244 
real zero of, 217 
zero of, 248 
Position equation, 583 
Positive 
angle, 352 
infinity, 4 
real number, 2 
Power, 12 
Power-reducing formulas, 477 
Prime factor of a polynomial, 28 
Prime number, 8 
Principal nth root of a number, 15 
Principal square root of a negative 
number, 240 
Probability 
of a complement, 753 
of an event, 747 


of independent events, 752 
of the union of two events, 750 
Producer surplus, 595 
Product 
of functions, 163 
of matrices, 640 
Product-to-sum formulas, 479 
Projection 
formula of, 527 
of a vector, 527 
Proper rational expression, 227 
Properties 
of absolute values, 5 
of the dot product, 524 
of equality, 7 
of exponents, 12 
of fractions, 8 
of inequalities, 63 
of inverse of trigonometric 
functions, 416 
of logarithms, 301, 312 
of matrix addition and scalar 
multiplication, 638 
of matrix multiplication, 642 
of natural logarithms, 304 
of negation, 7 
of radicals, 16 
of sums, 693 
of vector(s) 
addition, 515 
scalar multiplication, 515 
of zero, 8 
Proportionality 
direct, 182, 183 
inverse, 184 
joint, 185 
Pythagorean identities of trigonometry, 
373, 442 
Pythagorean Theorem, 83 


Q 


Quadrant, 81 
Quadratic equation, 52 
general form of a, 52 
solution of, 52, 240 
Quadratic Formula, 52 
Quadratic function, 152. 202 
standard form of, 205 
Quotient 
of functions, 163 
for polynomial division, 227 
of two complex numbers, 239, 534 


R 


r-values of polar equations, 828 
Radian, 353 
Radical(s) 

equations involving, 56 

index of, 15 

properties of, 16 

in simplest form, 17 

symbol, 15 
Radicand, 15 
Radius of a circle, 105 
Random selection 

with replacement, 736 

without replacement, 736 
Range of a function, 125, 132 
Rate or rate of change, 112 
Ratio, 112 
Rational exponent(s), 19 

equations involving, 56 
Rational expression(s), 38 

addition of, 40 

division of, 40 

improper, 227 

multiplication of, 40 

proper, 227 

simplifying, 39 

subtraction of, 40 
Rational function, 258 

domain of, 258 

graph of, 261 
Rational number, 2 
Rational Zero Test, 244 
Rationalizing 

a denominator, 18 

a numerator, 19 
Real axis of a complex plane, 532 
Real number(s), 2 

absolute value of, 5 

addition of, 6 

division of, 6 

multiplication of, 6 

negative, 2 

nonnegative, 2 

positive, 2 

subtraction of, 6 
Real number line, 2 

bounded intervals on, 3 

distance between two points on, 5 

interval on, 3 

unbounded intervals on, 4 
Reciprocal function, graphs of, 404 
Rectangular coordinate system, 81 
Recursive formula, 690 
Reduced row-echelon form, 624 
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Reduction formula, 470 
Reference angle, 383 
Reflection 
in the coordinate axis, 155 
in the x-axis, 393 
Reflective property of a parabola, 780 
Regression capabilities of a graphing 
utility, xxi 
Relation, 125 
Relative maximum, 143 
Relative minimum, 143 
Remainder, 227 
Remainder for polynomial division, 227 
Remainder Theorem, 230 
Repeated zero, 217 
Resultant of a vector, 513 
Right triangle, 370 
adjacent side, 370 
definition of trigonometric functions, 
370 
hypotenuse, 370 
opposite side, 370 
solving, 375 
Rigid transformations, 157 
Root(s) 
of a complex number, 537, 538 
cube, 15 
principle nth, 15 
square, 15 
Root feature of a graphing utility, xix 
Rose curve, 830 
Rotation 
of axes, 804 
invariant under, 808 - 
Row-echelon form, 577, 624 
reduced, 624 
Row-equivalent matrices, 622 
Row matrix, 620 
Row of a matrix, 620 
Row operations, 622 


Sample space, 746 
Scalar, 513 , 636 
Scalar multiplication 
for a matrix, 636 
properties of 638 
of a vector, 513 
properties of, 515 
Scatter plot, 82 
Scientific notation, 14 
Secant function, 364 
of any angle, 381 
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even, 367 
graph of, 404 , 407 
Second-degree polynomial equation 
ee ay 
Sequence, 688 
arithmetic, 699 
finite, 688 
first differences of, 725 
geometric, 708 
infinite, 688 
nth term of, 689 
recursive, 690 
second differences of, 725 
Series, 693 
finite, 693 
infinite, 693, 712 
Shrinking of a graph, 157 
Sigma notation, 692 
Sigmoidal curve, 333 
Simple harmonic motion, 425, 426 
amplitude of, 426 
frequency of, 426 
period of, 426 
Sine function, 364 
amplitude of, 392 
of any angle, 381 
common angles, 384 
curve, 390 
domain of, 366 
odd, 367 
graph of, 390, 394, 407 
inverse of, 412 
period of, 366, 393 
special angles, 372 
Singular matrix, 650 
Slant asymptote, 264 
Slope of a line, 110, 116 
Solution 
checking, 50 
of an equation, 49 
extraneous, 51 
of an inequality, 62 
of a quadratic equation, 52, 240 
of a right triangle, 375 
of a system of equations, 554 
graphical method, 558 
of a system of inequalities, 592 
of a trigonometric equation, 457 
Solution point, 100 
Solution set, 62 
Solving 
an absolute value inequality, 66 
a double inequality, 65 
an equation, 49 
an equation involving absolute 
value, 57 


an equation involving fractions, 51 

an equation involving radicals, 56 

an equation involving rational 
exponents, 56 

exponential and logarithmic 
equations, 317 

a linear equation, 50 

a linear inequality, 64 

a linear programming problem, 602 

a polynomial equation, 55 

a polynomial inequality, 67 

a quadratic equation, 52 

by completing the square, 52 


by extracting square roots, 52, 458 


by factoring, 52 
by the Quadratic Formula, 52 
a rational inequality, 68 
a right triangle, 375 
a system of equations, 554 
graphical method, 558 
a system of inequalities, 592 
a trigonometric equation, 457 
Special binomial products, 27 
Speed, angular, 357 
Speed of a particle, 357 
Square of a binomial, 27 
Square matrix, 620 
Square root, 15 
extracting, 52, 458 
function, 152 
of a negative number, 236 
principle, 15 


Square setting of a graphing utility, xviii 


Square system of linear equations, 582 
Standard deviation, A21 
alternate formula, A23 
Standard form(s) 
of a complex number, 236 
of the equation of a circle, 105, 363 
of the equation of an ellipse, 787 
of the equation of a hyperbola, 795 
of the equation of a parabola, 778 
of a polynomial, 25 
of a quadratic function, 205 
Standard position 
of an angle, 352 
of a vector, 512 
Standard unit vector, 516 
Stem-and-leaf plot, A16 
Step functions, 145 
Stretching of a graph, 157 
Substitution, method of, 554 
Substitution Principle, 6 
Sum(s) 
of a finite arithmetic sequence, 702 
of a finite geometric sequence, 711 


of functions, 163 

of powers of integers, 722 

of vectors, 513 
Sum and difference formulas, 468 
Summation 

index of, 692 

lower limit of, 692 

notation, 692 

upper limit of 692 
Sum-to-product formulas, 480 
Supplementary angles, 355 
Surplus 

consumer, 595 

producer, 595 
Symmetry, 103 

with respect to the origin, 103 

with respect to the x-axis, 103 

with respect to the y-axis, 103 

tests for, 104 

in polar coordinates, 827 

Synthetic division, 229 
System of equations, 554 

consistent, 568 

equivalent, 566 

inconsistent, 568 

solution of, 554 

unique solution of, 654 
System of inequalities, 592 
System of linear equations 

nonsquare, 582 

square, 582 

in three of more variables, 577 

in two variables, 565 

with a unique solution, 654 


if 


Table feature of a graphing utility, xvii 
Tangent function, 364 
of any angle, 381 
common angles, 384 
graph of, 401, 407 
inverse of, 414 
odd, 367 
special angles, 372 
Tangent line, of a parabola, 781 
Term 
of an algebraic expression, 6 
constant, 6, 
of a sequence, 688 
variable, 6 
Terminal point of a directed line 
segment, 511 
Terminal side of an angle, 352 
Test interval, 67 
Trace feature of a graphing utility, xviii 


Transcendental function, 288 
Transitive property 
of inequalities, 63 
Triangle 
area of, 669 
oblique, 494 
right, 370 
Trigonometric equation, solution of, 457 
Trigonometric form 
of a complex number, 533 
argument of, 533 
modulus of, 533 
Trigonometric function 
of any angle, 381 
cosecant, 364 
cosine, 364 
cotangent, 364 
damping factor, 406 
evaluating, 381, 384 
even and odd, 367 
inverse properties of, 416 
key points, 391 
intercepts, 391 
maximum points, 391 
minimum points, 391 
of quadrant angles, 382 
right triangle definitions, 370 
secant, 364 
sine, 364 
tangent, 364 
Trigonometric identities, 373, 442 
guidelines for verifying, 450 
Trigonometric values of common 
angles, 384 
Trigonometry, 352 
Trinomial(s), 25 
with binomial factors, 31 


U 


Unbounded interval on the real number 
line, 4 

Uncoded row matrices, 672 

Unit circle, 363 

Unit vector, 512 

Upper bound, 251 

Upper limit of summation, 692 

Upper and Lower Bound Rule, 251 


V 


Value of a function, 127, 132 
Variable, 6 
dependent, 126, 132 
independent, 126, 132 
term, 6 
Variance, A21 
Variation 
constant of, 182 
direct, 182 
as nth power, 183 
inverse, 184 
joint, 185 
in sign, 250 
Vector 
addition of, 513 
properties of, 515 
angle between two, 525 
component form of, 512 
difference of, 513 
directed line segment of, 511 
direction angle of, 517 
dot product of, 524 
properties of, 524 
equal, 512 
horizontal component of, 516 
length of, 512 
linear combination of, 516 
magnitude of, 512 
negative of, 513 
orthogonal, 526 
projection, 527 
resultant, 513 
scalar multiplication of, 513 
properties of, 515 
standard position of, 512 
standard unit, 516 
unit, 512 
vertical component of, 516 
zero, 12 
Vector components, 527 
Vector v in the plane, 511 
Vertex 
of an angle, 352 
of an ellipse, 786 
of a hyperbola, 795 
of a parabola, 203, 207, 778 
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Vertical asymptote, 259 

Vertical components of a vector, 516 
Vertical line test for a function, 140 
Vertical shift, 153 

Vertical shrink, 157 

Vertical stretch, 157 

Viewing window of a graphing utility, 


XVil 
Ww 
Work, 529 
X 
x-axis, 81 


x-coordinate, 81 
x-intercept of a graph, 102 


Y 


y-axis, 81 
y-coordinate, 81 
y-intercept of a graph, 102 


Z 


Zero, 2 
division by, 8 
of a function, 141 
of multiplicity k, 217 
of a polynomial function, 248 
bounds for, 251 
complex, 247 
rational, 244 
real, 217 
properties of, 8 
Zero-Factor Property, 8 
Zero feature of a graphing utility, xix 
Zero matrix, 639 
Zero polynomial, 25 
Zeros and maximum r-values, of polar 
equations, 828 
Zero vector, 512 
Zoom feature of a graphing utility, xviii 
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Definition of the Six Trigonometric Functions 





















































‘ x 
Right triangle definitions, where 0 < @< 1/2. 
sin 9 = PP csc 8 = “TP. ; 
hyp. opp. 
dj. : 
cos 0 = oy ae 6= a 
Adjacent ines SEE: ot bx adj. . 
adj. Opp. 
Circular function definitions, where 6 is any angle. 
sin 9 = ~ csc 9 =~ 
r y 
cos 9 = a sec 6= is 
7 x 
tang@=~ cot 9 =~ 
EK oils ge 
Double-Angle Formulas 
sin 2u = 2 sinu cos u Wie | 
Reciprocal Identities cos 2u = cos? u — sin? u = 2cos*u—1=1—2sin?u 
1 1 1 2 tan u 
7s = = =—- AR Qu ee Serer 
Pe Vesou i. Sec'n ‘an t= cot 1 — tan? u Hs 
Bet | sec x Na een se 1 Power-Reducing. Formulas © \ 
sin u cos u .  tanu 
Gee pe 1 — cos 2u 
Quotient Identities | 2 
: ; 1 + cos 2u 
tan y = Su ae ee C= 
cos u sin u 
z Se } cist (ANd = SOSH 
Pythagorean Identities St ah aT Ea Bi ne 
Sb} phy aie 
eee coe A Sum-to-Product Formulas 
1 + tan? u.= sec? u 1+ cot? u = csc*u , ¥ \ 
be LRH AN ites Be UeM 
Cofunction-Identities cae ons 2 sin( 2 )cos( 2 
¢ a Cie eas | + = 
sin 2 Ny u) = cos u coi(F - u| = tan u ; . sinu — sinv = 2 cos > *) sin(* 7 *) 
‘ uae : Bee as Whe a , 4 ye 
cos( 3 u) = sinu seo(2 u) cs¢ u Ap Ae RE 2 cos(# ; *) cos : Vv, 
tan(F ~ u) = cotu eso( Zu} = see Si i Ve RY: 
2 2 cos u — cosv = —2 sin sin 
| 2 2 
Even/Odd Identities Product-to-Sum Formulas _ 
sin(—u) = —sinu cot(—u) = —cotu 1 ; 
cos(—u) ='cos u ~ sec(—u) = secu sin usinv = zleos(u — y) ~cos(u + y)] 
tan(—u) = —tan u esc(—u) = —cscu é 


1 ' ante 
; cos u cos v = =[cos(u > v) + cos(u + v)] 
Sum and Difference Formulas 2 
ame Lien : ; { ‘ 
sin(u + vy) = sinucosv + cos usin | Le todas slsin(u + Nein 09] 
cos(u + v) = cosucosv = sinuwsinv 


tan u + tanv 


+ = 
. tony + v) 1 = tan utanv 


1 
cos u sinv = plsin(u + v) + sin(u — v)] 


‘ 
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; ~ FORMULAS FROM GEOMETRY 


Triangle: 
C a - 
































‘Sector of Circular Ring: 


~ (p = average radius, As a \ 


‘Kea ; bh b w = width of ring, aay 
‘ (Laws of Cosines) a aanecig — 
c2 = a2.t b? — 2abcos @ cee ae 


























Right Triangle: Ellipse: 

; (Pythagorean Theorem) y a Area = arab 

} c2.= a? + b? 4 2 2 

+ 

b Circumference ~ 277 . 5) ? 

| Equilateral Triangle: Cone:: 

be pies V3s 5 5 (A = area of base) 

2 

} ; 2 

; Rréa /3s 

| é Ry 

Parallelogram: ~ Right Circular Cone: 

aS he 2 

in ae hn Volume = = “ 

b \ Lateral Surface Area = ar Jr +e 
| Argpazele: | a Frustum of Right Circular Cone: 
; 2 + 2 
‘Area = Le + b) Volume = fase le 
pigte b | Sy. 

: 4 Lateral Surface Area = as(R + 7) 
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Circle: Right Circular Cylinder: 


2 


Area = mr Volume = mr7h 


Circumference = 27r Lateral Surface Area = 27rh 





Sector of Circle: 


b 
pe EN 
Or 
Area = ta ; 
s=r0- 


Sphere: 
4 
Volume = 37" 


~ Surfacé Area = 4ar2L 









Wedge: 





Circular Ring: 


(p = average radius, (A = area of upper face, 






w = width of ring) 
Area = 71(R? — r?) 
= 27pw 


B = areaof base) /\ 
A = Bsec 0 j 
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GRAPHS OF COMMON FUNCTIONS 
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| f@)=vx 
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SSO A as, 
Constant Function Identity Function Absolute Value Function Square Root Function 
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Squaring Function Cubing Function _ Exponential Sasa! Logarithmic Function 


art \ bets ; 
SYMMETRY © 

















y-Axis Symmetry ‘ x-Axis Symmetry Origin Symmetry 
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